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Abstract We consider the Klein—Gordon equation on asymptotically anti-de-Sitter spacetimes subject
to Neumann or Robin (or Dirichlet) boundary conditions and prove propagation of singularities along
generalized broken bicharacteristics. The result is formulated in terms of conormal regularity relative to
a twisted Sobolev space. We use this to show the uniqueness, modulo regularizing terms, of parametrices
with prescribed b-wavefront set. Furthermore, in the context of quantum fields, we show a similar result
for two-point functions satisfying a holographic Hadamard condition on the b-wavefront set.
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1. Introduction and main results

The Klein-Gordon equation on asymptotically anti-de-Sitter (aAdS) spacetimes was
studied in a number of works in the last several years. We refer the reader to
[2, 14, 15, 23, 25-28, 47, 50] to mention only a few. Notably, the results include
well-posedness for the Klein—Gordon equation by Vasy [46] and Holzegel [23] in the
case of Dirichlet boundary conditions as well as well-posedness for Neumann and Robin
boundary conditions by Warnick [47].

In applications to quantum field theory, the main objects of interest are propagators,
which are singular distributions in the two spacetime variables. The key additional
ingredient that is needed is a microlocal propagation of singularities theorem. In the case
of Dirichlet boundary conditions, this was established by Vasy [46] and applied in [49]
to yield a result on distinguished parametrices largely analogous to that of Duistermaat
and Hormander [11].

The goal of the present paper is to provide these types of theorems in the case of
Neumann and Robin boundary conditions on the boundary 9X of an aAdS spacetime
(X, g). These boundary conditions appear frequently in the physics literature; see, e.g., [9,
10]. Further motivation comes from the study of the Dirichlet-to-Neumann operator,
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which was recently shown to coincide with a power of the wave operator in the case of a
static metric [13].

The main difficulties are two-fold. First of all, the positive commutator estimates in
[46] have no direct generalization outside of the Dirichlet case, for the same reason
that the associated energy is ill-defined for Neumann and Robin conditions. Second,
the boundary conditions must be understood in terms of weighted traces y+ related to
the polyhomogeneous expansions of solutions to the Klein—Gordon equation near the
boundary (the corresponding elliptic setting is well-understood thanks to [31, 36]).

In [46], Vasy proves propagation of conormal regularity relative to a scale of 0-Sobolev
spaces whose weights (or lack thereof) correspond directly to the form domain of the wave
operator. Unless one introduces additional weights, it is not possible to pose the Neumann
or Robin problems in these spaces. The use of weighted 0-Sobolev spaces in turn makes it
difficult to apply the quadratic form techniques first developed in [44] (and subsequently
applied in [37, 45, 46]). To circumvent these problems, we adopt an approach based on
microlocalizing a certain twisted Sobolev space 'HIIOC(X) - x_lleoc(X, dg), introduced in
the present context by Warnick [47].

We show that b-pseudodifferential operators have good mapping properties on these
Sobolev spaces. This allows us to consider a b-wavefront set WF&’S(M) which microlocalizes

the space ’Hllog (X) of conormal distributions of order s with respect to ’HIIOC(X) (i.e., the
subspace of HIIOC(X ) stable under applications of at most s vector fields tangent to the
boundary).

On an aAdS spacetime (X, g) of dimension n > 2 (see §4.1 for the precise definition),

we consider the Klein—-Gordon operator
P:Dg—%—i—vz, v > 0. (1.1)

The condition v > 0 corresponds to the well-known Breitenlohner—Freedman mass bound
[3, 4]. Let vy = % + v denote the indicial roots of P. The definition of #] (X) (which
depends on the Klein-Gordon parameter v) is based on stability under first-order
differential operators Q on X° which are twisted in the sense that x™"~ Qx"~ is smooth
up to the boundary for any boundary-defining function (bdf) x. In other words, we work
with the largest space of first-order differential operators preserving x¥-C%(X). This is
motivated by the following observation: if F € x"-C®°(X) is any function satisfying

F~'P(F) € x*C®(X), (1.2)

then one has

P=—(FDiF )g"(FD_ i FY+ F~'P(F),
where T refers to the dg-adjoint. Following the terminology in [28], we call F an admissible
twisting function (the existence of admissible twisting functions is discussed in §4.3).
Thus, modulo zeroth-order terms, P is the sum of twisted derivatives composed with
their adjoints.

Compared with (1.1), one gains two powers of x in the zeroth-order terms, which turns
out to be crucial. This observation was first employed systematically in the study of AdS
spacetimes by Warnick [47] and also appeared earlier in the closely related asymptotically
hyperbolic setting [6, 18]. We then associate to P a Dirichlet form on HllOC(X), and
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following the philosophy of [44] carries out a positive commutator argument at the level
of quadratic forms.

For x a bdf, the Dirichlet data y_u of u is simply x~"~u restricted to the boundary;
this restriction exists as a distribution (and transforms simply under changes of bdf).
The Neumann data yyu is slightly more difficult to define; this is achieved in §§4.4 and
4.5 for v € (0,1). When v € (0, 1), we consider the Robin or Neumann realization Pg,
corresponding to

Yeu—pBy-u=0

for B € C*(0X) real-valued. When v > 0, we can also consider the Dirichlet realization
Pp of P, corresponding to imposing y_u = 0. We prove the following propagation of
singularities theorem.

Theorem 1 (Propagation of singularities). Let v € (0,1). If s € RU{+o0}, and u €
H]I(;;"(X) for some m <0, then WF&’S(u)\WF;LSH(PRu) is the union of mazimally
extended GBBs (generalized broken bicharacteristics) within the compressed characteristic

set N.

The same result holds for allv > 0 if u € 7{11(;2"(X) and we consider Pp instead of Pg.

The notions of compressed characteristic set and generalized broken bicharacteristics
(or GBBs, see Definition 6.1) are defined relative to the conformally rescaled metric
¢ = x2g and are exactly the same as those used to describe propagation of singularities
for smooth boundary value problems. Results analogous to Theorem 1 were obtained
in those settings by Melrose, Sjostrand, and Taylor [34, 35, 41, 42]; cf. the works of
Lebeau [30] and Vasy [43] for the case of manifolds with corners and of Melrose, Vasy,
and Wunsch [37] for edge manifolds. Here, the behavior of P at the boundary and the
different nature of the boundary conditions pose particular difficulties, which we cope
with by a systematic study of continuity properties of y+ and of the interactions of the
b-pseudodifferential calculus with twisted derivatives.

Theorem 1 encodes the law of reflection when a GBB from the interior (where it is just
an ordinary null bicharacteristic of g up to reparametrization) is transversally incident
upon the boundary. In the case of tangential incidence, our theorem is likely not optimal in
the sense that it does not rule out null bicharacteristics with finite-order contact sticking
to the boundary (this problem was studied in a model case by Pham [38] for Dirichlet
boundary conditions). The latter propagation phenomenon is automatically ruled out
when g is a solution of the Einstein equations with negative cosmological constant since
the boundary is necessarily conformally totally geodesic (for null geodesics, which is a
conformally invariant notion).

Our framework allows us to define an operatorial b-wavefront set WFbOP(A) for

continuous operators A : Hg 1’_OO(X) — ”Hlloc_ ®°(X) and to study the wavefront set of
induced operators on the boundary, i.e., of the form y+Ayf.

In quantum field theory, one is particularly interested in two-point functions, which, in
the setting of Robin or Neumann boundary conditions, are pairs of continuous operators
A% such that

PRAF = A5Pr=0, A5>0, Af—Ag=iGg,
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where G is the difference between the retarded and advanced propagators (fundamental
solution) for Pg. Following [49], we introduce a condition on the b-wavefront set of Af,
which we call the holographic Hadamard condition, namely

WEP(AS) € NE x N,

Here, N* are the future- and past-directed components of N relative to a given time
orientation (the additional global geometric hypotheses are described in §7.1; note that
these are not needed for Theorem 1, which is purely local). We show the following.

Theorem 2 (cf. Theorems 5 and 7). Two-point functions Af satisfying the holographic
Hadamard condition exist and are unique modulo terms whose Schwartz kernels are
smooth in the interior of X. Furthermore, y_A?‘f * and y+A§yjf are unique modulo
terms with smooth Schwartz kernels.

This extends the results of [49] to Neumann and Robin boundary conditions and,
thus, provides the fundamental ingredients for constructing linear quantum fields and
renormalized non-linear quantities in our setting. We remark that local conditions on
singularities of two-point functions in the interior X° were studied on special examples of
aAdS spacetimes by several authors [5, 8, 29]. Our holographic Hadamard condition has,
however, the advantage of giving enough information to define and study the induced
operators on the boundary, y_Af * and y+A§yi. We also stress that the proof of
the existence statement in Theorem 2 crucially relies on the fact that the holographic
Hadamard condition propagates well thanks to Theorem 1.

Finally, we obtain a similar result on the uniqueness modulo b-regularizing terms of
parametrices for Pg; see Theorem 6 for the precise statement.

The paper is structured as follows. In § 2, we recall elementary definitions and facts on
the b-pseudodifferential calculus. Section 3 introduces the weighted Sobolev spaces and
reviews continuity results for the weighted trace y_. In §4, we discuss Green’s formula for
the Klein—Gordon operator and asymptotic expansions for approximate solutions, which
allow us to define the weighted trace y4+. In §5, we introduce the Dirichlet, Neumann,
and Robin problems and derive some microlocal estimates. The main steps of the proof of
Theorem 1 are contained in § 6. Section 7 is devoted to propagators and their operatorial
b-wavefront sets and, in particular, to the proof of Theorem 2.

2. b-Pseudodifferential operators

2.1. Basic definitions

In this section, we briefly discuss the theory of b-pseudodifferential operators, mostly to
fix the relevant notation. The presentation closely follows [44, §§2, 3], where additional
details and complete proofs can be found. A pedagogical treatment of the b-calculus can
be found in the book [32]. Other useful references include [24, 33, 37, 46].

If X is a smooth manifold with boundary, C*°(X) denotes the space of smooth functions
in the interior, smoothly extendable across the boundary 9X, and C*®°(X) is the subspace
consisting of functions vanishing with all derivatives at 9X.
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Let X° denote the interior of X, and let x be a smooth boundary-defining function of
0X,ie,x >0o0n X° X = {x =0}, and dx # 0 on dX. We can work in local coordinates

(x,y) = (x,y1,...,Yn—1) on X, where n is the dimension of X. An essential remark is that
the smooth vector fields that are tangent to dX are in the C°°(X)-span of xd, and dy,,
i=1,...,n—1, and thus can be viewed as smooth sections of a vector bundle, denoted

by T X. The b-cotangent bundle, °T*X , is by definition the dual bundle of T X . It follows
that smooth sections of °T*X are in the C*(X)-span of dx/x and dy;, i =1,...,n— 1.

We use the standard notation Diff{;(X ) for the space of b-differential operators of order
k, which consists of differential operators of order & which are polynomials in xd, and
dy, (i=1,...,n) with C*(X) coefficients. Let W"(X) denote the algebra of properly
supported b-pseudodifferential operators of order m, equipped with its canonical Fréchet
space topology. If k € N, then Diff’g(X) C \IJ§(X). The corresponding symbol space is
S™(®T*X). A priori, we consider A € W{'(X) as a continuous map

A C®(X) > C*(X), (2.1)

which extends to a continuous endomorphism of C*°(X).

By definition, the space of extendable distributions C~°°(X) is the dual of C®(X). The
abstract sesquilinear pairing of u € C™°°(X) with ¢ € C®°(X) (or, more generally, for the
pairing between a space and its anti-dual) will be written (u, ¢). For the remainder of
this section, we fix a positive C* density w on X in order to trivialize the density bundle.
Then u € leoc(X) determines an element of C™°°(X) by

<u,¢>=fu-¢du.
X

As discussed below, W{"(X) is closed under adjoints; so A € W{"(X) also extends to
continuous endomorphisms of C™%°(X) and C~°°(X). The fact that the action of A on
C™°(X) extends that on C*°(X) comes from the fact that

(Au, v) = (u, A*v)

for u, v € C*°(X); in other words, there are no boundary terms when integrating by parts.
We recall the symbol isomorphisms for b-pseudodifferential operators. There is a
principal symbol map oy, : W' (X) — §™ (®T*X) which descends to an isomorphism

Obm (W /W (X) — (88" HET*X).

The symbol map can be inverted explicitly by fixing a non-canonical quantization map
Opy, : S"(°T*X) — W (X) such that oy, (Opy(A)) = a in (S"/S"HCT*X).
If Ae W (X) and B € lIll')"/(X)7 then AB € \IJ,TH”,(X) with principal symbol

Ob,m+m' (AB) = 0 m(A) - 0, (B).

Furthermore, their commutator satisfies [A, B] € \IJ{)”“L’"/_I. To describe the principal
symbol of [A, B], observe that the Poisson bracket of a € $”(°T*X) and b € S’"/(bT*X)
restricted to the interior T*X° extends by continuity up to the boundary as an
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element of Sm+m,_1(bT*X). In local coordinates (x, yl, e, y"_l) with dual b-momenta
(0,01, ..., Mn—1), this is just the expression

n—1

{a.b} = d5a-x05b—xdya-9sb+ Y 8yia-dyb—dya-0,b.

i=l
Then oy y+m'—1([A, B]) = {ob,m(A), 0 n (B)}. If A* denotes the formal adjoint of A with
respect to p, then A* € W'(X), and oy, (A*) = 0p,m(A). Finally, if x is a bdf, then
x 7 Ax* € W' (X) for each s € C, and op p (x * Ax*) = op m (A).

We will frequently use the following terminology: a continuous map C*®°(X) — C~°(X)

is said to be supported in U C X if its Schwartz kernel has support in U x U. Then any
compactly supported operator A € \118 (X) defines a bounded map

L} .(X) — LX(X).

More precisely, suppose that A is supported in K for K C X compact and U C X is
a neighborhood of K. Then there exists x € C°(U) and a compactly supported A’ €
W, "(X) such that

1Aul 205y < 25up lowo (A lxull 2 + 1A Ul 20y

Since \Ilg(X ) is invariant under conjugation by powers of a bdf x, the same result is true
if L2 (X) is replaced by any weighted space x"L? (X), where r € R.

loc loc

2.2. Microlocalization

We say that A € W'(X) is elliptic at a point g € bT*X \ 0 if there exists b € ST (PT*X)
such that

obm(A)-b—1¢e S'OT*X)
in a conic neighborhood of gg. The set of elliptic points of A will be written ell,(A) C
bT*X \ 0. We say that A is elliptic on a conic set U C °T*X \ 0 if U C ellp(A).

Next, we define the operator b-wavefront set (or microsupport) of B € W['(X).
Following [44, § 3], it is important to give a uniform definition for bounded families of
operators.

If BC ¥'(X) is bounded, we say that g ¢ WF,(B) if there exists A € \Ilg(X) with
q € ell(A) such that AB is bounded in \Ifb_oo(X). This agrees with the usual definition of
WEF{ (B) when B = {B} consists of a single operator. For bounded families A, B, we have
the usual relations ,

WEF, (A + B) C WF;(A) UWF{(B),

, , , (2.2)
WF, (AB) C WF; (A) NWF; (B).

Furthermore, for operators,
WE(A*) = WF (A), WEF,(x*Ax") = WF|(A). (2.3)

Next, we introduce some useful but non-standard terminologies: if S C W{"(X) is a closed
subspace, we say that a bounded linear map M : § — lng (X) is microlocal if

WF, (M (A)) C WF,(A)
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for all A € S. A typical S is the set of operators with support in a fixed compact set.
Note that M necessarily preserves bounded families as well. According to (2.2) and (2.3),
multiplication by a fixed operator, taking adjoints, and conjugation by a bdf are all
microlocal maps.

Let A € W["(X) and B € \IJ{)"/(X). If A is elliptic on WFy, (B), then the standard symbolic

parametrix construction yields F € \Il]’:',_m (X) and R, R" € W *°(X) such that
B=AF+R=FA+R.

We also need to mention the indicial family of A € W{'(X). For a fixed bdf x and
v € C*°(X), define ' '
N(A)(s)v = x"" A" u)lgx,

where u € C*°(X) is any function restricting to v. This definition is independent of the
choice of extension u and depends only mildly on x. Given u € x"*C*°(X),

xHAwlax = N(AY S (0 ulyx).
The indicial family N (s) is an algebra homomorphism; in particular, it satisfies
N(AB)(s) = N(A)(s) o N(B)(s).

Furthermore, N(A*)(s) = N(A)(3)*. Here the adjoint on the left is with respect to a C*
density u on X, whereas the adjoint on the right is with respect to the pullback wu|sx.
This can also be rewritten as

ﬁ(A*)(S) — ﬁ(x_ZImSAXZImS)(S)*.

Using the indicial family, it is possible to prove the following facts: let U be a boundary
coordinate patch with coordinates (x, y!, ..., y"~1), and suppose A € W' (X) has support
in a compact set K C U. As emphasized in [44, §2] (see [44, Lemma 2.2] in particular),
there exist A’, A” € U"(X) such that

D,A=A'D,+A". (2.4)

Indeed, one can take A’ =x"'Ax and A” =x~![xD,, A], the key here being that
[xD,, A] € x¥{'(X), as seen by analyzing its indicial family. In particular, the maps
A A" and A+ A” are microlocal. Since op p,(A") = 0b,,(A), one deduces as in [44,
Lemma 2.8] that the commutator [Dy, A] can be written in the form

[Dx, A] = A1 Dx + Ao, (2.5)
where A; € \y{j“f(X). Here op u—1(A1) = (1/i)dsa and op n(Ag) = (1/i)dra. Again, the

maps A — Ag and A — A; are microlocal.

3. Function spaces

3.1. Twisted derivatives

Let X be an n-dimensional smooth manifold with boundary. It will also be convenient to
fix some bdf x. Motivated by [47], we define certain twisted differential operators. Given
v € R, define vy = "—51 +v, and then set

Diff! (X) = {x"- Bx~"~ : B € Diff!(X)}.
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This space is independent of the choice of bdf x. The dimension-dependent shift between
v and vy is merely due to our eventual choice of weighted L? space.
Of course Diff‘l)(X) c Diff! (X°), but twisted differential operators do not necessarily
have coefficients that are smooth up to 9X. On the other hand, if Q € Diffllj (X), then
0:C (X)) = C(X)

is continuous since this is true for multiplication by any power of x. One should think
of Diff}, (X) as the largest space of differential operators preserving x'-C°(X). This is in
contrast to the much smaller space Diffllj(X ), which preserves x*C*°(X) for every s. More
precisely, we have the following.

Lemma 3.1. Diff}(X) C Diff}(X) C x~'Diff}(X) for each v € R.
Proof. For the first inclusion, any A € Diffll)(X ) can be written as

A =x""(x""-Ax"")x "'~ e Diffl (X).

For the second inclusion, it suffices to work in local coordinates (x, y!, ..., y*~!) near the
boundary, where this is just the observation that x(x"-0,x7"~) = xdy —v_ € Diffé(X).
O

Finally, note that Diff,lj (X) is a C*°(X)-module under both left and right multiplication
and, hence, also closed under commutators. Since every operator in Diff!' (X) is the sum
of a vector field and a multiplication operator, and since the space of C* vector fields is
finitely generated over C*°(X), it follows that DiffL (X) is also finitely generated.

3.2. Twisted Sobolev spaces

We now restrict to v € (0, 1) and define the relevant function spaces. Given a C* density
to (to be fixed later on) on an n-dimensional manifold X with boundary, define u =
x2 "o and set

L2(X) == x""PPLAX, po) = LA(X, w),
where x is a fixed global bdf. This space depends on w and x, but, of course, the local
versions £120C(X ) or CE(X ) do not. We also sometimes write H?OC(X) for LIZOC(X ).

The twisted Sobolev spaces corresponding to Diffllj(X) are defined by the following
condition: given u € C~*°(X),

u e M (X) <= Qu e L2.(X) for all Q e Diff (X).

loc
1

loc

Given a compact subset K C X, write H!(K) for the set of u € H
K. We also set

(X) with support in

HUX) = HL(X)NCTo(X).
Note that HIIOC(X) is a local space in the sense that u € HIIOC(X) implies ¢u € HllOC(X) for
every ¢ € C(X).
As noted in the previous section, Diff‘l) (X) is finitely generated over C*°(X). Fixing a
generating set Q1, ..., Oy, we equip HIIOC(X) with the family of seminorms

N
u > lgull oo + O 1o Qiull 2y & € CEX0.

i=1
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The restriction of these seminorms to %! (K) for K C X compact defines a Hilbert space

topology; we write
N

3 ) = Ml 2oy, + D 1Qittl 7oy,
i=1
when u has compact support. Then ’Hg (X) is equipped with the inductive limit topology
corresponding to H!'(K) as K ranges over all compact subsets of X. Because we are
assuming v € (0, 1),
x"=C®(X) C Li.(X).

Since by construction Diffll) (X) preserves x"~CZ°(X), it follows that x"-C*°(X) C ’Hlloc(X).

Remark 3.2. Sometimes it is useful to have a globally defined Hilbert space, at least
when X =R . We use standard coordinates @, ...,z Hon R = R4 x R"_l, where
2% = x € Ry, and define
LXRY) =x"PPLARY)
with respect to Lebesgue measure. Consider the coordinate vector fields conjugated by
xV=,
Qi =x""Dix""". (3.1)

Along with the constant function, these generate Diff},(Ri). Of course, in this case,
Q,’ = Dzi for i 750.

We say that u € ”H](Ri) if ue Ez(Ri) and Qju € £2(Rﬁ) for each i =0,...,n—1.
This is a Hilbert space under the obvious norm. Note that u € #! (R%) is equivalent to

uex"L*Ry; H'R™YY),  (xDy+iv_)u € xX"HL2(Ry; L2RY), (3.2)

when r = (n —2)/2 and the Euclidean L? spaces are defined with respect to Lebesgue
measure. If u € C™*°(X) has compact support in a boundary coordinate patch U, then
ue HIIOC(X) is equivalent to uox € Hl(Ri).

Next, we discuss the relationship between "Hlloc(X ) and some weighted Sobolev spaces.
For simplicity, we first consider the case X = R’}. If u € H! (R%), then setting v =x"""u
we have

vex""LERY), Duvex-LARYL)
for i =1,...,n. Weighted Sobolev spaces of this kind are well studied; see [20] for
example. In particular, C°(X) is dense in the corresponding weighted space by the usual
translation, truncation, and mollification arguments. Since ’HI(R’i) is a local space, this
implies the density of x"-C3°(X) in Hé (X) for an arbitrary manifold with boundary X
and, hence, also in Hlloc(X).

From the identification with a weighted space as in the previous paragraph, it is possible
to show that u € ’HIIOC(R’}r) admits a weighted trace

(x""wlox € H'(RY), (3.3)

extended by continuity from x"-CZ°(R’}). We give an alternative proof in Lemma 3.3
since the same methods will be used later on.
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Lemma 3.3. Let v € (0,1), and set r = (n—2)/2. If u € HI(R’i), then the restriction of
u to any half-space {x < e} admits an asymptotic expansion

u=x""u_+x""TH ([0, ¢); LXR" ")), (3.4)
where u_ € H'(R"™ Y. The map u — y_u := u_ 1is continuous HI(R{D — HY(R" ).

Proof. Given ¢ > 0, let ¢ € CS°(R4) be such that ¢ = 1 near {x < ¢}. Replacing u# with
du e H! (R%), we can assume that # has compact support. Taking the Mellin transform,
it follows from the second equation in (3.2) that

Mu(s) = (s +iv_) " Mu(s),

where v = (xDy +iv_)u € x* T 'L2(R; L>(R*~1)) has compact support. Thus, Muv(s) is
holomorphic in {Ims > r —1/2}.

If v € (0, 1), then (s +iv_)"'Mu(s) has precisely one pole at s = —iv_; so by standard
contour deformation arguments, we obtain

w=x""u_+x""TH ([0, ¢); L2 R""))

when x < e. Note that u_ € LZ(R"!) is just a scalar multiple of Muv(—iv_). By the
complex interpolation method as described in [31], one actually has that u_ € H VR,

Continuity of the map u — y_u follows by the closed graph theorem. Indeed, suppose
that u; — u in ’HI(R'_D and y_u; — i in H'(R"1) (hence in distributions). If ¢; €
CF(R4) is identically one on supp¢, then we can replace u; with ¢ju; (which also
converges to u) and, hence, assume that u; has compact support. As noted above,
y—(uj —u) is a multiple of M(v; —v)(—iv_), where

vj = (xDyx +iv_)uj,

and v; - v in xr+1L2(Rﬁ_). Since v; —v has compact support, it follows by the
Cauchy—Schwarz inequality that

IM@; =) (=iv) () ng TP ) = vy ) dx
+
< Clx™ 7 = )G W2,
for v € (0, 1), which shows that y_u; — y_u in L2(R"1) and, hence, also in distributions.
This implies # = y_u, completing the proof. O
If u admits a partial asymptotic expansion as in (3.4), then the coefficient u_ is uniquely
determined by u in the sense that

u=0—=u_=0.

Since elements of x'~C°(R".) certainly have an expansion as in (3.4), the map y_ agrees
with the extension by continuity of the weighted restriction (3.3).

Passing from R’ to an arbitrary manifold with boundary X by a partition of unity,
Lemma 3.3 shows the existence of a continuous trace map

y— t HUX) — H!(3X),
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hence also between the corresponding local spaces, extending u — (x 7"~ u)|sx when u €
x"=C°(X). When v # 1/2, the map y_ on H!l (X) depends on the choice of bdf x but

loc
only in the mildest way: if X = ax is another bdf with a € C*°(X) and a > 0, then

Jou = (alax) ™" -y_u.

Here, y_ and p_ are the traces defined with respect to x and x, respectively.

Lemma 3.4. There exists a continuous right inverse
o HY(BX) — Hi(X)

for y_, which restricts to a continuous map H}(0X) — ’Hé (X), and moreover takes
CP(0X) into x"-C°(X).

Proof. First, we construct a continuous right inverse oo : H"(R}) — ’HI(R’_D for y_ on
R’ as follows: let ¢ € C2°([0, €)) be one near x = 0, and then specify the Fourier transform
of po(v) by

Fpo()(x, ) =0() - p({&)x)x"".

Standard manipulations using a partition of unity allows for the construction of a suitable
extension p on a general manifold as well. O

From (3.4), the kernel of y_ on H! (X) is just

loc

kery_ = Hl .(X)NxLE . (X),

loc

and this latter space is independent of v € (0, 1) (cf. (3.2)). In particular, taking v = 1/2,
Hioe (X)) Nx L (X) = x"2H (X) NxL3.(X),

where Hll)c (X) is the ordinary space of extendable Sobolev distributions on X. In view of
Hardy’s inequality in one dimension, this equality also holds at the level of topologies.
Applying Lemma 3.3 again,

Hi(X)NxLE (X) = x"?H] (X)

loc

by the well-known characterization of I-'IILC(X ) as the kernel of the usual smooth trace

1/2
y : HL.(X) > H

loc

(0X).

Indeed, if v = 1/2, then y_ agrees with y ox "2 If we let 7-.11106(X) denote the closure of
Ce(X) in H| (X)), it follows that
kery_ = 7-'£lloc(X).

We then let Hé (X)) = 7{1100(X) NC;*°(X) as a subspace of Hé (X). We also obtain the
following corollary of Hardy’s inequality.

Lemma 3.5. If x € C*®(X) is any bdf, then multiplication by x~! defines a bounded linear
map 'HIIOC(X) — L2 (X).

loc
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We will also need a trace interpolation inequality. From [16, Lemma 4.2], if u € Hg (X),
then
||V 14||L2(3X) C”“”CZ(X)”L{”HI(X)’ (35)
where C > 0 depends only on the support of u. Using Young’s inequality, we conclude
that for any ¢ > 0, there exists C, > 0 such that

ly—ull}2 gy < elullygi g+ Cellul oy (3.6)
For a different proof of (3.6), see [48, Appendix B.2]. We will use (3.6) frequently.

Remark 3.6. In the smooth setting, one gets an even stronger version of (3.5) by noting
that for u, v € C°(X),

(yu, VU>L2(ax) = (Rou, U>L2(X) —(u, R1U>L2(X) (3.7)

for suitable Ry, Ry € Diff' (X). Suppose that A € W' (X) is formally self-adjoint and v =
Au. Trivially estimating (3.7) by Cauchy—Schwarz yields an upper bound of the form

Nl g1 oy N Al 2y + el 2 o) 1Al g1 x)-

On the other hand, one can also commute A through R; to bound (3.7) (modulo
lower order terms) by lull g1 oxy llAull 2 xy alone. One cannot obtain an analogous type
of estimate in the twisted setting from (3.5) directly, which will cause some slight
complications later on.

One can also define the spaces ’Hl (X ) for v > 1 in exactly the same way, the important
observation being that ’H,IOC(X) Hloc(X) since x"~ is not square integrable for v > 1.

3.3. Dual spaces

For the dual spaces, we define
HX) = [HL.(01,  H'(X) = [HL.(X)T

with their strong dual topologies. The duals of the spaces with compact supports are
defined by exchanging the roles of the subscripts ¢ and loc. We use the notation H ' (X)
in analogy with the smooth setting, where the dual of HIIOC(X) is HC LX) ¢ CC *(X),
the corresponding space of supported distributions. In this slightly more general setting,
when v € (0, 1),

HN(X) € x7-C7°°(X)
by transposition of the dense inclusion x"-C%°(X) C HfOC(X). Similarly, there is an
inclusion ’H];é (X) C x V-~ (X). Identifying £2(X) with its own anti-dual gives rise
to inclusions

L2(X) C H (%), (X) C Hy,

The situation for ’Hl;i(X ) is simpler since it can be identified with a subspace of
C™%°(X) by transposing the dense inclusion Cé’o X) c Hg (X). A similar comment applies
to HC_I(X) C C;>(X). Given a compact set K C X, we write HY(K) and H~Y(K) for
the subsets of elements with compact support in K.

L(X).

loc loc

https://doi.org/10.1017/5147474802000002X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802000002X

Propagation of singularities on AdS spacetimes 79

3.4. Interaction with the b-calculus
In this section, we discuss the interaction between Diff,l)(X ) and W' (X). Throughout this
paper, we will use the notion of a smooth twisting function F, meaning that

Fex"C*®X;R), x""F>0onX.

Note that F itself is not a smooth function, but rather its polyhomogeneous expansion is
smooth in the sense of not containing any logarithmic terms. Thus, Q € Diff}} (X) if and
only if it is of the form Q = FBF~! for some B € Diff! (X). Of course, x"- is itself a valid
smooth twisting function.

We also introduce some notation for the coordinate vector fields twisted by F
(cf. Remark 3.2). Given fixed local coordinates (z°, ..., z"~!) on a local coordinate patch
U C X (not necessarily a boundary coordinate patch), we use the notation

Qi=FD,F "
Suppose that A € W' (X) has compact support in U. First, note that
[Qi, Al = F(DiF 'AF — F'AFD_)F™!
= F[D,, F'AFIF". (3.8)

Because F is a smooth twisting function, F~1AF e W' (X) with the same principal
symbol as A. Now consider the special case of boundary coordinates (x, y!,..., y"™1) so
that Q9 = FD, F~! in the notation above. Combined with (2.5), we obtain the following.

Lemma 3.7. Let A € W' (X) have compact support in U with a = opm(A). There exist
Ay e W'H(X) and Ag € W"(X) such that

[Qo, Al = A1 Qo + Ay,

where opm—1(A1) = (1/i)dsa and oy n(Ao) = (1/i)dxa. The maps A — Ap and A — A
are microlocal. Furthermore,

QoA =A'Qo+A" (3.9)
for some A’, A" € W['(X). The maps A A" and A~ A" are microlocal.

Recall in the next lemma that all pseudodifferential operators are assumed to have
proper support.

Lemma 3.8 (cf. [44, Lemma 3.2, Corollary 3.4]). Each A € W)(X) defines a continuous
linear map

Moo (X) = Hine(X), Hipo(X) = Hjo (X).

By duality, A extends to a continuous map
HIAX) - HX), HIX) - HIX).

The same result holds with the roles of the subscripts loc and ¢ reversed.
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Here the action of A € \DS(X) on HC_I(X) is by duality, namely (Af, v) = (f, A*v) for
v E HIIOC(X). This is just the restriction of the action of A on the larger space C™°(X).

The action of A on 7-'LC_ 1(X) is also by duality. Recall that for v € (0, 1), there is an
identification

H(X) Cx 7 Coe ),
and any A € W' (X) acts on )cf"—(fc’<>o (X) by the formula
A7V v) =x7""(x""Ax7 " )v.

In this sense, the action of A on 7-1; 1(X) is given by restriction from the larger space
x7V-C7(X).

The proof of Lemma 3.8 gives even more information: if A € \Ifg(X) has compact
support in U C X, then there exists x € C3°(U) such that

lAullggrxy < Clixullgkx) (3.10)

for every u € ’H{‘OC(X ) with k = &1, where the constant C > 0 is bounded by a seminorm

of A in \IJS(X ). Similar estimates hold for H¥ spaces, again with constants bounded by a
seminorm of A in \Ilg (X).

In exact analogy with [44, Definition 3.5], for k = 0, &1, we define subspaces of H*(X)
(or HE (X )) with additional regularity as measured by operators in W' (X).

Definition 3.9. Let k = 0, 1 and m > 0. Given u € HX_(X), we say that u € "Hﬁ;én(X) if

loc

Au e HE (X) for all A € W{'(X). When m = oo, we define

loc

HE®(X) = ﬂ HEM(X).

m

The spaces H¥" (X) for k = £1 are defined analogously.

For finite m, it suffices to check that u € H{‘OC(X) and Au € H]]COC(X) for a single elliptic

A (cf. [44, Remark 3.6]). The corresponding spaces with compact supports are defined in
the obvious way; for u € H/é’m(X) with m > 0, we set

||M||Hkvm(x) = ||'4||7-¢k(x) + ||AM||Hk(x),

for a choice of elliptic A, with the analogous definition for u € HX" (X).
It is also true that the weighted trace y_ maps ’HIIO’ZI(X ) into HI‘;:”" (X) (with continuity
following by the closed graph theorem) for m > 0. This follows from

y—(Au) = N(A)(=iv_)(y—u) (3.11)

and the fact that 1’\7(A)(—v,) € WM (9X) is elliptic whenever A € W' (X) is elliptic. Indeed,
(3.11) holds when m = 0 by the density of x"-C*(X) in ’HIIOC(X) and for m > 0 by a
regularization argument.

One can also give a definition of the spaces H5" (X) or H¥™(X) for m < 0 as follows.

https://doi.org/10.1017/5147474802000002X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802000002X

Propagation of singularities on AdS spacetimes 81

Definition 3.10. Let k = +1 and m < 0; fix an elliptic A € \Ill;m(X). We let Hﬁ;én(X)
denote the set of u € C*°(X) of the form

u=u+ Aup,
where u1, ur € H* (X). The same definition applies to ﬁféé"(X), where H_""(X) is

loc " loc
considered as a subspace of x7"-C~*°(X).

This definition is independent of the choice of elliptic A. Again the spaces with compact
supports are defined in the obvious way; in that case, one can choose u1, uy with compact
support (for a more detailed analysis of supports, see the discussion preceding [44,
Definition 3.17]). For u € Hlé’m(X) with m < 0, we set

||u||7-[k~m(x) = inf{]|u; ||7-Lk(x) + ||u2||7-ﬂ<(x) tu=uy+ Aus},

taking uy, up with compact supports, with the analogous definition for u € H’é’" (X).
Extending Lemma 3.8, one can show that any A € \Ilg (X) defines a continuous map
between the spaces

HEM(X) — HEM(X),  HET(X) — HE™(X)

loc loc
for k =0, £1 and any m € R (cf. [46, Lemma 5.8]). Furthermore, the analogue of (3.10)
holds. For instance, if A € ‘-Ilg (X) has compact support in U C X, then there exists x €
C(U) such that
| Aullzgem ) < Cllxullzgeon

k,m

lee (X), where the constant C > 0 is bounded by a seminorm of A in

for every u € H
W(X).
We will also need to extend the definition of y_ to Hll(;gl(X ) for m < 0. It is easy to see

that x"-C%(X) is dense in 7—[110’2" (X) since A as in Definition 3.10 preserves the former

space. Furthermore, the restriction of y_ to x"-C°°(X) extends to a continuous map

Hi"M(X) — HYT™(X),

loc
which follows immediately from the definition of the 7! (X) norm and the fact that
N(A)(—iv_) € U™ (3X) is elliptic on 9X. In analogy with [44, Remark 3.16], given u =
uy+Auy € Hlloé" (X) with A € ‘-I-f;m (X) elliptic and uy, up € Hlloc(X), we equivalently have
y_u = y_ui + N(A)(—iv_)(y—uz) € H'T™(DX). (3.12)
In particular, this definition is independent of the choice of A and uy, us.
With these definitions, Hg "™ (X) is identified with the dual of Hll(;c_m (X) via the £2(X)
inner product for each m € R; similarly, Hc_l’m(X) is the dual of 7-.[11(;(:_’" (X). One also
shows that Q € Diff]]} (X) defines a bounded map

Higl! (X) = Higl' (X
for each m € R. This follows from the comments following Lemma 3.7. Since this is

also true for the spaces with compact support, by duality (replacing m with —m), the
transposition Q* defines a bounded map

0 L 1Y (X) — Hi " (X).
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In particular, any operator of the form L = Zi R,-*Qi with Q;, R; € Diff}) (X) defines a
bounded map L : 7—[110’2" (X) — ngé’m(X) for each m € R:

(Lu,v) =Y (Qiu, Riv),

1

where u € ;" (X) and v € He' ™" (X).
There is a natural wavefront set corresponding to H*" (X).

Definition 3.11. Let k& =0,%1, and assume u € ”Hﬁ;g(X) for some r € R. Given
g € °T*X\ 0, we say that g ¢ WF{‘)’m(X) if there exists A € W[ (X) such that
g €elly(A), AueHE (X).

loc

When m = +o00, we say that g ¢ WF]];’OO(X) if there exists A € \IJS(X) such that g € ell,(A)
and Au € ’Hk’OO(X).

loc
This wavefront set is microlocal in the sense that
WEL™ (Au) € WES™ ™ () UWF; (A)

for each A € W)(X); the proof is identical to that of [44, Lemma 3.9]. From the
construction of microlocal parametrices, one also obtains the following quantitative
version.

Lemma 3.12. Let A be a bounded family in Wi (X) and G € W, (X) be such that
WE{ (A) C ellp(G).

Suppose further that A and G have compact support in U C X. Let m € R. Then there
exists x € CP(U) and C > 0 such that

1Aul301 ) < CUGHI71x) + X230 (x))
for every u € 7—[1102" (X) with WF:)’S (u) ﬂWF{)(G) = and every A € A.
We also make the following useful observation.
Lemma 3.13. Let A be a bounded family in Wi (X) and G € \Ilg_l(X) be such that
WE, (A) C elly(G).

Suppose further that A and G have compact support in U C X. Let m € R. Then there
exists x € C(U) such that

lAull z2x) < CUIGullggxy + Ixullggmx))
for every u € HE™(X) with WFllj’S_l(u) NWEF(G) =0 and every A € A.

loc
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Proof. By a microlocal partition of unity, we can assume that U is a coordinate

patch with coordinates (x, yl, el y"_l) and that at least one of the vector fields
{xDyx, Dy1, ..., Dy} is elliptic on WFy (A). Then we can write
n—1
A=Y 0iGi+R,
i=0

where G; € lIlf)_l(X) has WF{ (G;) C ell,(G), and R € ¥ *(X). Since Q; € Diff,l)(X)7 the
proof is complete. O

The point of this lemma is that G has one order lower than the family A.

3.5. Logarithmic twisting functions

We will also need to consider more general twisting functions with logarithmic corrections.
It should be stressed, however, that the material in this section is not needed in any of
the following three situations:

(1) ve O D\{1/2};
(2) v=1/2 and a certain mean curvature assumption along 3X is satisfied;

(3) v >0 but one is only interested in propagation of singularities with Dirichlet
boundary conditions.

The first two conditions are explained in more detail in §4.3 and the third in §5.1. We
say that
F € x"-C®(X) + (x"+ logx)C®(X)

is a logarithmic twisting function if x7"-F > 0. This is in contrast to the notion of
a smooth twisting function from the previous sections, where the logarithmic terms
were absent. Throughout this section, we assume v € (0, 1). First, we work on R with
standard coordinates (zo, el z”il), where x = 79 € Ry and y* =z%fora=1,...,n—1.

Lemma 3.14. If g € L(RY) satisfies Dfg € L*(R}) for la| <1 and
X" IDxg(x, Il oo a1y € X" PPLARY),

then multiplication by g defines a bounded map HI(R’_L) — Hl(Ri).

Proof. It is clear that D;’fg : HI(R’i) — EZ(RZ_) is continuous for |a| < 1. Next, let u €

’H](R’i) and let u, € x"-C°(R’}) converge to u in Hl(R’j_). We can use the Sobolev
embedding from [20, Proposition 1.1’] to conclude that

supx " [lun (x, M 2@n-1y < C||un||Hl(R'jr),
X
where C > 0 is independent of n. Now write

" D™ gun) | 2y < Cllttnllpgr gy + 1D ()t 22 -
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The last term on the right-hand side is estimated by

”D)C (g)un||2£2(Rr_;_) < A (x_z\), "un(x’ ')”iz(R”—l)) ()C2V7 ”ng(x’ ')”ioo(Rn—l)) x2—n dx.
By hypothesis, we conclude that
6" Dy (x "= gun)ll 2y < Cllttnllggr e -

In particular, the left-hand side is uniformly bounded in n since u, — u in H! (R%). This
shows that x"-Dyx7"-u € Ez(R ), and continuity of

X" Dex'—g : H'(RY) — L2(RY)

then follows from the closed graph theorem. O

Next, consider a logarithmic twisting function F on R, and assume that x~"~ DY F

is bounded for |a| < 1. We show that the function x"—F ! satisfies the hypotheses of
Lemma 3.14. Since (x "~ F)~2 is bounded, it suffices to show that

XD (x| oy € x"TPPLAR).

We can write x 7"~ F = Fy+ (x"+ 7V~ log x) F] with Fy, F| € C*°(X), and the proof follows
since v € (0, 1). Thus, multiplication by x "~ F is a multiplier on ! (R%). The following
result is an immediate corollary.

Lemma 3.15. If F is a logarithmic twisting function and B € Diff' (X), then
FBF™' i1l (X) — L£}.(X)
is bounded.

Next we consider what happens when we conjugate A € W;'(X) by a logarithmic
twisting function F. This necessitates the use of b-pseudodifferential operators with
conormal coefficients. A function a € LIOC(bT*X ) is said to be a symbol with conormal
coefficients if in local coordinates (x, y, o, n) it satisfies

|(x0:)* %05 0P a(x, y, 0. )| < Creap (0. )™~ 1FI7E.

Roughly speaking, the conormal calculus consists of the quantizations of conormal
symbols; we denote by \Ilg'fC(X) D W{'(X) the corresponding operators of order m. These
operators form a filtered x-algebra just as in the case of smooth coefficients. Furthermore,
each A € \IIO .(X) defines a bounded operator on EIOC(X)

The only subtlety arises in the definition of the normal operator or the indicial family
of A e \IJ;’)’C(X ). This will not pose a problem here since we only consider operators

A e W (X) +x° W (X)

for some § > 0. If A = B+ C with B € ¥{'(X) and C € xS\Ugf‘C(X), then we set ﬁ(A) =
N(B). With this definition, (3.11) still holds.
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Lemma 3.16. If A € V' (X) and F is a logarithmic twisting function, then
FAF™' e W' (X) + x> ~F W' (X)

for each ¢ > 0.

Using Lemma 3.14, it is easy to see that A € lI'S(X) +x2”_8\IJS,C(X) maps HllOC(X) to
itself. This is because given such an A, we can still find A" € lIlg(X) +x2”_8\D8’C(X) such
that

D:A=A'D,+ A",

the only difference being that now A” € \IIS(X) +x2”_8_1\l'g’C(X). This is because the
commutator of xD, with an element of xzvfe\llg’c(X) does not gain an extra order of
vanishing. On the other hand, x?"~1=¢ maps HIIOC(X) to EIZOC(X) by arguing as in the
proof of Lemma 3.14 since v € (0, 1) and & > 0 is arbitrary.

Also note that the union of W' (X) + x2v—e W' (X) over m € R forms a filtered *-algebra,
which is moreover closed under taking parametrices of invertible elements. Thus, if A as
above is elliptic on WF,(B) for some B € \Ilg(X ), then the microlocal parametrix one

obtains dividing B by A can also be taken in ‘llg_m (X) +x2"_8\11§;m (X), and similarly
for the residual terms. This makes it possible to test for WFﬁ’m using these operators for
k=0,=x1.

Finally, consider the analogue of Lemma 3.7. The simplest way to generalize the latter
is to note that it holds for operators of the form A = FBF~! with B € W' (X). This
means that when carrying out commutator arguments with a chosen commutant A, it
should actually be applied with FAF~! (which has the same principal symbol).

4. Asymptotically anti-de-Sitter spacetimes

4.1. Basic definitions

Let X be an n-dimensional manifold with boundary dX. Suppose that X° is equipped
with a smooth Lorentzian metric g of signature (1,7 —1). Assume that the following
conditions are satisfied near 9 X:

(A) If x € C°°(X) is a bdf, then § = x%g extends smoothly to a Lorentzian metric on X.
(B) The pullback g|sx of ¢ to the boundary has Lorentzian signature.
(C) g7 '(dx,dx) = —1on 9X.

These properties are independent of the choice of bdf. When all three are satisfied, we
say that (X, g) is an aAdS spacetime. The pullback g|3x is only determined by g up to
a conformal multiple (corresponding to a change of bdf); hence, X is referred to as a
conformal boundary.

4.2. Special bdfs

At various points, it will be convenient to use a special bdf x € C°°(X) such that

gldx,dx) =—1 (4.1)
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in a neighborhood of dX. In fact, if ko is a representative of the conformal class of
boundary Lorentzian metrics, then x is uniquely determined near X by specifying that
ko = glax. The existence of such an x is well known. For a proof in the Riemannian
(conformally compact) setting, see [17, Lemma 5.2]; the proof applies verbatim in the
Lorentzian case.

Given U C 90X with compact closure, we can always choose a collar neighborhood
of U diffeomorphic to [0, &) x U in which the special bdf x € C*°(X) is identified with
projection onto the first factor. Since X will typically be non-compact, we make no
claim about the uniformity of ¢ = ¢(U) > 0 as U varies. With this identification near U,

_ —dx’+k

g = 2
where x — k(x) is a family of Lorentzian metrics on d X depending smoothly on x € [0, €)
such that k(0) = ko. In particular, one can choose local coordinates (x, y', ..., y"~1) such

that x is a special bdf, and
gfl(dx, dy*) = 0 near 90X,

where =1, ...,n— 1. We call coordinates of this form special coordinates.

We say that g is even modulo O(x%**1) (in the sense of Guillarmou [21]) if the Taylor
expansion of k at x =0 contains only even terms modulo O(x?*1). This condition is
independent of the choice of special bdf (cf. [21, Lemma 2.1]). Furthermore, as shown in
[21, §2], any two special coordinate systems (x, y) and (X, ¥) on overlapping coordinates
patches are related by

k+1 k+1
F=x Z a;j(xP 4 x*Heex), 5= b;(y)x¥ 4 xH*3ce(x). (4.2)
j=0 j=0

Evenness of ¢ modulo O(x?) is implicit in the works of [23, 28, 47] and is verified for
solutions to the Einstein equations. In particular, it implies that dX is totally geodesic
with respect to the conformal metric g. In this paper, we do not insist on evenness
assumptions for the metric.

4.3. The Klein—Gordon operator
Let (X, g) be an asymptotically AdS spacetime, and consider the Klein—-Gordon operator

_ (n—1)>
P=0g—%, A<I55,

It is convenient to parametrize A = % — 2, with v > 0. As in §3.1, set vy = % +
v. Fixing an arbitrary representative kg in the conformal class of boundary Lorentzian
metrics, we use the special bdf x as in the previous section.
Since detg = x " detg, it follows that in special coordinates on a coordinate patch
[0,e) x U,
Op = —(x3)? + (n — Dxdy + (xE)xd, + x> P,
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where P = Oy is a family of second-order differential operators on dX depending smoothly
on x € [0, ¢), and E € C*(X) is given by

E = —0,(log |det g|). (4.3)

Observe that up to a scalar multiple, E|yx is the mean curvature of 9X with respect to
g. Using the product structure near the boundary, we can identify the normal operator
N(P) of P with an operator on X. Thus,

N(P)= (xDy)*+i(n—1)xD, — A.

In this case, the indicial family ﬁ(P)(S) =s24+i(n—1)s— X can be identified with a
scalar multiplication operator.
In general, the difference between P and N (P) in an operator in xDiff%(X ). However,

P — N(P) = i(xE)x D, + x*Diff2 (X); (4.4)

so if X has zero mean curvature with respect to g, then actually P — N(P) € xzDiffg(X).

There are two important L? spaces on X. The first is L>(X,dg) = x/*L*(X, dg),
and the second is L?(X, x?dg). It is this second space that is compatible with the
normalization in § 3.1, and unless specified explicitly, we use

L2(X) = L*(X, x%dg) = x'L*(X, dy).

The inner product of u, v € £2(X) will be denoted by (u, v), whereas the induced inner
product of f, g € L?>(3X) coming from the volume density dky will be denoted by (f, g)ax.

Recall the notion of a twisting function, either smooth or logarithmic, as in § 3.4. For
the next definition, we fix such a function F.
Definition 4.1. Given u € C®(X), define the twisted differential dpu € C®(X; T*X) by

dpu = FA(F'u) =du—uF~'.dF.
The one-form F~!.dF € x~1C%®(X; T*X) can be thought of as a singular magnetic

potential. Note that dpu continues to make sense as a T*X-valued distribution on X
when u € C~°°(X). In local coordinates (z°, ...,z 1), set

Qi =FD,F™!
so that —i -drpu = (Q;u)dz'. We define the twisted Dirichlet form for the metric by setting
Eo(u,v) = —/ G(dru,drv)dg = — / G(dFu, drv) xzdg,
where G is the induced inner product on the fibers of 7*X. Thus, in coordinates, we have

G(dru,drv) = —g"7 Qiu- Q.

Ifu,ve ’HIIOC(X), at least one of which has compact support, then & (u, v) is finite. We
now come to the main reason for introducing the twisting function: as observed in this
context by [47] and [28],

P = —(dp)'dp + F~'P(F),
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where (dp)": C°(X; T*X) — C®(X) is the dg-adjoint of dp. This is useful, provided F
is chosen so that multiplication by the function

Sp=F'P(F) e C®(X°)

is bounded £2(X) — x2£%(X). For instance, Sp = O(x?) is sufficient. We thus make the
following definition.

Definition 4.2. We say that a twisting function, either smooth or logarithmic, F is
admissible if Sp € szi’g’c(X).

We now discuss conditions under which it is possible to choose an admissible twisting
function, which plays an important role when considering Neumann or Robin boundary
conditions; for Dirichlet boundary conditions any smooth twisting function suffices,
essentially due to Lemma 3.5 (for more details, see §5.1). In particular, we only need to
consider the case v € (0, 1).

First suppose that v # 1/2; so the difference between the indicial roots vy —v_ = 2v
of P is not an integer. Then there always exists an admissible smooth twisting function,
which can actually be chosen to satisfy

Sp € C®(X)

(cf. [46, Lemma 4.13]). The terms in the polyhomogeneous expansion of F are uniquely

determined by specifying x "~ F|3x (which should be non-vanishing) for some choice of

bdf x. More explicitly, let x be a special bdf. Then in special coordinates, we can take
v_E(Q,y)

N(P)(—i(1+4v-)

F,y)=x"0+xfO), fO)=

We can simply multiply this F by a function of y to specify the restriction x "~ F|3x.

On the other hand, if v = 1/2, then vy —v_ = 1 differ by an integer. We can still find a
logarithmic twisting function but not necessarily a smooth one. Following the arguments
in [46, Lemma 4.12] and referring to (4.4), the existence of an admissible smooth twisting
function when v = 1/2 is equivalent to the vanishing of the mean curvature of X with
respect to g. This condition is independent of the choice of special bdf.

For simplicity, we henceforth focus on the case where there exists an admissible smooth
twisting function. This is just to avoid some of the technicalities associated with operators
with conormal coefficients as discussed in § 3.5.

Hypothesis 4.3. If v = 1/2, then the mean curvature of 3X with respect to g vanishes.
In other words, there exists a function F € x"-C%®(X) satisfying x 7"~ F > 0 such that

SF € x*C®(X).
It will also be convenient to define a sesquilinear pairing on one-forms relative to a

fixed C* positive-definite inner product H. We use this to measure the inner product of
differentials twisted by a fixed twisting function F (to be chosen). Introduce the Dirichlet
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form associated with H by
Qu,v) = f H(dFu, dri) x* dg.

Thus, the H! norm-squared of u € ’Hé (X) can be taken to be Q(u, u) + ||“||2LZ(X)’

4.4. Asymptotic expansions
Next, we discuss asymptotic expansions of solutions to the Klein—Gordon and related
equations. Given an aAdS spacetime (X, g) and k € RU {£o00}, define the spaces

XK = {u e Hik(X) : Pu e xHE (X))

loc

We also abbreviate X = X°. For finite k, we equip these spaces with the seminorms

-2
u > [Qullyrexy + Ix @ Pullgoxx,

and when k = 0o, we use the collection of all seminorms for all finite k. The main technical
difficulty is that X* is not closed under applications of A € \Ilg (X). In fact, it is not
closed under multiplication by arbitrary C°(X) functions either. However, it turns out
that closedness does hold if we work with b-pseudodifferential operators satisfying certain
evenness properties with respect to a special bdf.

Given an aAdS spacetime that is even modulo O(x we introduce in Appendix B

a class of b-pseudodifferential operators W' . (X) C W' (X) whose coefficients are even

modulo O(x%*3). Note that every aAdS spacetimes is even modulo O(x); so this
construction is always non-trivial. The definition mirrors a similar construction by Albin
within the 0-calculus [1]. The key property of Wy even(X) is the following.

2k+l)
b

Lemma 4.4. Let B € \Ilg'feven(X) have compact support in a boundary coordinate patch

with special coordinates (x,y', ..., y"™1). There exists B’ € W (X) and B" € x¥['(X)
such that
QoFBF~' = B'Qy+ B".

Proof. Recall that Qg = FD,F~'. It suffices to show that (2.4) holds with A” € xW/" (X)
since the result follows by conjugating (2.4) by F. Tracing through the proof of (2.4) in
[44, § 2], one can take

A" = x"[xDy, B).

The key here is that [xD,, B] has a vanishing indicial family and, hence, lies in x W' (X)
in general. However, since x D, € \Ilg) even(X) and we are assuming that B € ‘-I/l’)’feven(X ), it
follows that

[x Dy, B] € x*¥"(X)

according to Lemma B.6. This shows that A” € x W' (X). O

m
b,even

The additional order of vanishing when A € W
action of A on X*.

(X) is crucial when considering the

Lemma 4.5. If B € " _(X), then A = FBF~! maps X¥ — X*=™ for each k € R.

b,even
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Proof. Since A maps Hl’k(X) s HLkm (X), the only additional point to verify is that

loc loc

Pu € x2H (X)) = PAu e x*H> " (X).

loc loc

Now PAu = APu+ [P, Alu, and since APu € xz’H?o’g_m(X), it suffices to consider the
commutator. Also,

x2[P,Al=[x"2P, Al —[x 2, A]P
and [x 2, A] € x’zlllg’*l(X); so [x72, AlPu € ’H?O’f_m (X). Recall that the distributional
action of x 2P is given by

xTIP = 0500 +K,

where
K = Q6% Qp +x2Sp eW2(X). Thus, [K, Ale W™ (X); so [K, Alu € HuF " (X). As
for the final term,

[05Q0. Al = Qj[Qo, A1+1Qg. AlQo
= Q§[Qo, A1—[Qo, A*T" Qo.

Now use Lemma 4.4 to write [Qo, A] = A1 Qo+ Ao, where Ag € x¥{'(X) and A; €
\IJ{)"_l(X). As a consequence, we can write

05[Q0, Al = Qj(A1Q0 + Ag) = (A’ Q5+ A”) Qo + Qg Ao,

where now A’, A” € ‘lll;”_l(X). For the term QjAo, we use the fact that Qjx = Qox +
\Ilg(X) to see that QfAou € O k=m (X). We can also write

loc
(AQs+A")Qo=Ax"2P—A'K +A"Qo,

so when applied to u, this is also in "H?O’é(_m (X). In conclusion, Qj[Qo, Alu € H%]c(_m (X).

The term [Qq, A*]*Qp is handled analogously. O
One application of Lemma 4.5 is when A is multiplication by a cutoff function x €
CovenX) (see Appendix B for notation). We can always find a partition of unity {x;}
subordinate to a covering of X by either interior or special boundary coordinates patches
such that x; € CQuen(X) in the latter case. This allows us to reduce the study of XK to
a local one.
First, we work locally, assuming that X = R’ . Assume that g is an aAdS metric given

in standard coordinates (x, y) by

—dx? + kP (x, y)dy*dyP
- .

g= (4.5)
x

We show that any u € HI(R'}F) with compact support and satisfying Pu € xzﬁz(Rﬁ)
admits a partial asymptotic expansion. Fix an admissible twisting function on R’

satisfying x 7"~ F = 1 when x = 0.
Lemma 4.6. Let g be an asymptotically AdS metric on R of the form (4.5), and set

r=m-2)/2. If
ueHMHMRY), Puex*HINRL)
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for k >0, then the restriction of u to any half-plane {x < €} admits an asymptotic
expansion

u=Fu_+x"tuy +x"2HNT(0,6); HF 3R, (4.6)
where u_ € H'YF R and u, € H~ =T @R"* 1. Furthermore, u_ = y_u.

Proof. Assume that k = 0; the general case is proved analogously. We have that P is a
differential operator of the form

P=(xDy)?+i(n—1)xDy +i(xE)xDy +x*P,
with E € C*(R") and P € Diff2(R"). Since P — N(P) € xDiff}(X), it follows that
NP e X TL2Ry; H'®R™Y).

Applying the Mellin transform (which is uniformly square integrable on horizontal lines
with Ims > r + %) and deforming the contour to any horizontal line with Ims > r — %,
we obtain
u=x"u_+u (4.7)

when x < &, where u; € x" "' H2([0, &); H-'(R"™!)) and u— € H~!(R"™"). As in Lemma
3.3, by interpolation, u_ € H?"~!(R"~1). On the other hand, u_ = y_u, where y_ is the
trace from Lemma 3.3 since u_ in a partial expansion of the form (4.7) is unique. This
shows that in fact u_ € H'(R"™!), which is a stronger statement since v € (0, 1).

Let ¢ = ¢(x) € C°(R4) be identically one on suppu. Replacing uy with ¢u;, we can
write u = x"~¢u_ +u; on Ry, with u; of compact support. Then

N(P)uy = Puy —i(xE)xDyu; — x*Puy,

and the latter two terms lie in x"t2L2(R4; H73(R"*™1)) by the properties of uj. On the
other hand,
Pui = Pu— P(x"~pu_) = —P(x"~pu_) +x*L*(RY).

Thus, the only obstruction to having ﬁ(P)ul e x™P2L2(Ry; H3 @R 1) is the term
P(x"-¢u_), which a priori is merely in x" "' L2(R; H~'(R""1)).

This is remedied by replacing u_ with Fu_, which corresponds to replacing u; with
uy+ (x¥~ — F)¢pu_. Thus,

u=Fou_+u,

where we still have u; € x’+1Hbz(R+; H~'(R"*1)). Now we repeat the same argument to
obtain an asymptotic expansion for u;. When x < ¢, this yields

u=Fu_+x""uy+un,

where uy € x’+2Hb2([0, e); H3@®R" 1) and uy € H3@R" ). The a priori regularity of
u can be improved by interpolation to give uy € H~!72V(R"~1). 0

Suppose that in Lemma 4.6, we can take k = co. Then the residual term on the
right-hand side of (4.6), denoted in the proof by u, is in sz?(;so([O, g) x R~ 1. By
Sobolev embedding, this implies that

Luy € x" V2L ([0, ) x R"™) (4.8)

for each b-differential operator L. Next, we show that X> is dense in X* for each k € R.
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Lemma 4.7. Let (X, g) be an aAdS spacetime. If v € (0, 1) and k € R, then X*° is dense
in Xk

Proof. The proof is standard, making sure to use regularizers in W, o (X). Let

{A, € Wy ®(X) i1 € (0, 1))

be a compactly supported bounded family in \IIS(X) such that A, — 1 in \Ilg (X) for each
8 > 0. We may furthermore arrange that

A, =FB.F~', B, e U7 (X).

b,even

According to Lemma 4.5, A,u € X*°. Tracing through the proof of Lemma 4.5 also shows
that [P, A,] converges to zero strongly on X*, and so A,u — u in the graph norm of X*.
O

For simplicity, to define y_ on Hlloc (X) (which we recall depends on the choice of bdf),
let us fix once and for all a reference special bdf x. Given this choice of x, we also fix an
admissible twisting function F normalized by x "~ F|3x = 1. We then define the second
trace y4+ on X' by

yru = xT2 (F u)lyx.
This is well defined in light of Lemma 4.6 which shows that the restriction of u to a
special coordinate patch can be written in the form

u=x"Fu_+x""uy+uy, upée xz’Hﬁ;fo([O, g) x R"™ 1.

Appealing to (4.8) shows that
o (F i) € x!TVLRS([0, ) x R,

which therefore vanishes when x = 0. Thus, in these coordinates, yju = 2vu,. In the
next section, we extend y; to X*.

4.5. Green’s formula

Let v € (0, 1), and suppose that u € X*° and v € x"-C°(X). If either y;u = 0 or y_v =0,
then

/Pu~6dg :50(u,v)+/SFu-17dg. (4.9)

Because X' is dense in the graph space X, if v € Hé (X) is fixed, then (4.9) is also valid

for arbitrary u € ’H]]OC(X ) satisfying Pu € x2£1200(X ). More generally, however, there are

boundary terms, and the correct Green’s formula is
/Pu-{)dg=Eo(u,v)+/SFu~f)dg+/y+u-y_z7dko (4.10)
forue X* andv e ’Hg (X). This formula can be extended to more general u as follows.

Lemma 4.8. Given k € R, the map yy estends to a bounded map X* — HEV(X).

loc

Moreover, if u € XX, then Green’s formula (4.10) holds for every v € 'Hé’_k(X).
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Proof. We focus on the case k = 0. Note that the proof of Green’s formula would be

trivial if we a priori knew that y; maps continuously into H, (X). As it stands, however,

(X) with Pu € x2£2

we must proceed differently. Given u € H; loc

loc

functional ¢ defined on v_ € C°(9X) given by

(X), consider the linear

Z(v_)=/Pu'ﬁdg—&)(u,v)—/Spwﬁdg,

where v € x¥-C2°(X) is any element such that v_ = y_v. This is well defined in view of
(4.9). In particular, it is possible to take v = pv_, where

p: H(3X) - Hl(X)

is a continuous extension that maps C°(3X) onto x'-C°(X) (as in Lemma 3.4). If ¢ €
C¥(X) is such that ¢ =1 on supp pv_, then

1)l < C(Ix 2@ Pull z2x) + l9ullzg ) 10v—llgg ) < Cllv- e ox).-

By Hahn-Banach, there exists an element of H, ’(X), which we denote by ity such that
L(v_) = (L4, v_)sx, and, furthermore,

it ll v ox) < C(IIx 2@ Pull 205y + ldullagr x))-

This shows that u + i is a continuous map from the graph space to H, ) (X) and that
(4.10) holds for arbitrary u in the graph space, provided yju is replaced with . It
therefore remains to show that yyu = 4. This is true if u € X*° by (4.10) and, thus,

also holds for u € X by the density of X'*°. O

5. The boundary value problem
5.1. The Dirichlet form

The Dirichlet problem is given a weak formulation in the usual way. For a fixed smooth
twisting function F, define

Ep(u,v) =E(u, v)—i—/SFu -vdg.

For an arbitrary F, in general, one only has Sp € xC*°(X). By Hardy’s inequality in one
dimension, this is enough to guarantee that multiplication by Sr is bounded HIIOC(X) —
x2£2% (X). We then define the map Pp : 7-'l1100(X) — leé (X) by

loc
(Ppu,v) = Ep(u, v).

This agrees with the distributional action of P on ’}-'llloc(X ). As in the discussion following
3.10, we can also extend Pp to a map ﬂl’m(X) — ’Hfol’m(X) for each m € R. The

loc
only additional ingredient needed is an extension of Lemma 3.5 to spaces with general
conormal regularity. This latter statement is deduced from Lemma 3.5 by writing

xA = A'x, where A’ = xAx~! e Wt (X) whenever A € W' (X).
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Next we consider the Robin problem under the assumption that an admissible twisting

function exists. Formally, we consider u € HIIOC(X ) satisfying the boundary conditions

yiu—By—u =0, (5.1)

where 8 € C*(3X). Eventually, we will restrict to the case where g is real-valued. These
boundary conditions are well defined in the strong sense provided Pu € xZEIZOC(X ). For
the weak formulation, set

Er(u, v) = &E(u, v)—l—/SFu-ﬁdg—}—‘/ﬂy,u-y,ﬁdko.

Note the importance of the requirement that Sr € szﬁf’c(X): the weaker condition
Sr € xC®(X) does not guarantee that Sg is bounded H.! (X) — x2£2 (X), unlike in

loc loc

the Dirichlet case. We then define Pg : HIIOC(X) — H! (X) by

loc
(Pru, v) = Er(u, v).

If fe c? (X) C 'Hl:)i (X), then Pgru = f implies that x2Pu = f in distributions and

loc

that the Robin boundary conditions (5.1) is satisfied in the strong sense.

Remark 5.1. At first glance, the statement that

Pru = f = x 2Pu = f in C"°(X)

may look contradictory because of the x~2 weight. The reason for this apparent

inconsistency is that the definitions of the distributional action of P and of the operator
Pr refer to duality relative to different inner products. More precisely, P acting on
distributions extends to a map X — x2£%(X), and X C EIZOC(X). In this sense, P acts
on L2?-based spaces with different weights. On the other hand, when defining the Robin
(or Dirichlet) realization of P via a sesquilinear form, we have that Pgr maps Hlloc (X) to
a dual space relative to the x?dg inner product, in which EIZOC(X ) is embedded (rather
than xzﬁlzoc(X)).

Just as for the Dirichlet problem, we can also extend Py : Hllog' (X)) —> ﬂlz)i’m(X)‘ In
this case, we must also show that the boundary pairing makes sense; this follows from
the regularity y_u € H'T™(X), valid with any m € R for which u € 7-[11(;2" (X).

loc

5.2. Microlocal estimates

We give some microlocal estimates for the Dirichlet form. We always work with
b-pseudodifferential operators having compact support in a fixed coordinate patch. Near
the boundary, it is convenient to use special coordinates (x, y!, ..., y*~1), where x is our
fixed special bdf.

Lemma 5.2. Let U C X be a boundary coordinate patch and m < 0. Let A={A, :r €
(0, D} be a bounded subset of W, (X) with compact support in U such that

Ay € W'(X) for each r € (0, 1).
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Let G € \Ilgfl/z(X) be elliptic on WE| (A), with compact support in U. Then there exists
Co > 0 and x € C*(U) such that

Eo(Aru, Aru) < Eou, AT Azu) + CollGrulliy ) + 1xullgim x)

1.s—1/2

for every r € (0, 1) and every u € 'Hllogn (X), provided WE,; (u) N"WF,(G1) = 0.

Proof. Note that AfA,u e Hé’fm(X) for r € (0, 1); hence, the pairing Ey(u, Af A u) is
well defined (the precise order of each individual A, does not play an important role and
is simply chosen to justify the pairings; the order of the family A is the crucial point).
Commuting twice,

Eolu, AfAsu) = (A, 87O ju, OxAru) + (87 Qju, [Qk, AJ1A u)
= Eo(Aru, Aru) + ([Ar, 8750 1u, QuAru) + (8750 ju, [Qk, AF1Au).

The two commutator terms are of lower order; since both can be treated in the same
way, we focus on the first of them. Here it is convenient to distinguish the commutators
with Q; in the cases j =0 or j # 0. Thus, we write

([Ar, 875 Q 1u, QkAsu) = ([Ar, Qolu, QoAru) + ([Ar, 8P Qqlu, QpAru), (5.2)

where «, 8 range only over 1,...,n— 1. The second commutator term in (5.2) can be
handled entirely within the b-calculus; so we consider only the first term.

Let Aypp € Wé/2(X) be everywhere elliptic, and let A_1,; € \I/b_l/z(X) be a parametrix
so that 1 = A1pA_1/2+ R, where R € W °°(X); in that case,

([Ar, Qolu, QoAru) = (A7 plAr, Qolu, A—12QoAru) + ({[Ar, Qolu, RQoAu).  (5.3)

Now for any A € W} (X) with compact support in U, repeated applications of Lemma 3.7
show that the first term on the right hand side of (5.3) can be written as

(AT )olA, Qolu, A—1/2Q0Au) = ((QoA" + A")u, (QoB'+ B")u),

for some A’, B’ € \Ilgfz(X) and A”, B” € \I/f:l(X)7 where the maps A — (A, A”, B', B")
are microlocal. Applying this in particular to A=A, € A, it follows that the
corresponding families

A ={A.:re© 1}, A"={A]:re(0,1)}
are bounded in lI/g*l()( ) and Wy (X), respectively, and
WEL(A) UWF, (A”) € WF(A) C ellp(G)).
Since the same is true of the families formed by B, and B/, we can bound
(AT 2lAr, Qolu, A—172Q0Aru)| < CoUllGrullyyi iy + Ul 0m x)

with Co > 0 independent of r, for a suitable cutoff x € C°(U). The second term in (5.3)
involving R can be bounded by ”X””%-LLM(X) itself. O
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Now we consider the Robin problem, always assuming the existence of an admissible
twisting function F with Sp € x>C®(X).

Lemma 5.3. Let U C X be a boundary coordinate patch and m < 0. Let A={A, :r €
(0, D)} be a bounded subset of W, (X) with compact support in U such that

Ay € W{'(X) for each r € (0, 1).

Let Go € ¥;(X) and Gy € \Ilg_l/z(X) both be elliptic on WF,(A), with compact support

in U. Then there exists C¢ > 0 and x € C°(U) such that

Eo(Aru, Ayu) —eQ(Aru, Aru)
< Celllxulzgm gy +1X PRUNG, 1y T 1G 1150 ) + 1 GoPRUNT, ) )

for every r € (0, 1) and every u € ’Hll(;g"(X), provided
WE () N\WF(G1) =,  WF, " (Pru) N\ WF,(Gg) = 0.

Proof. Let f = Pru. By definition, Eg(u, AfA,u) = (A, f, Aru), and according to Lemma
3.13,

(A f, Aru)| < AF fllgg- ) 1 Arellggn x)

<
2 2 2
< 8||AFM||H1(X) +C£(||G0f||H—1(X) + ”Xu”HlJn(X))

< eQ(Aru, Arit) + Ce(IGo f 113, + G131 ) + XN g1m -

It remains to bound the difference between Eg(u, ATA,u) and &y(A,u, Ayu). First,
consider

Er(u, A Aru) — Eolu, A Aru) = (x72Spu, AL Asu) + (By—u, y— (AT Asu))sx.
By Lemma 3.13, we have

x2S Fu, ATA)] < Colllxullyim gy + 1G1l3 x)-

This estimate would be true even with G| € \Ilg_l (X). Next, we must handle the boundary
terms. Recall that for any B € W' (X),

y—(Bu) = (x ™~ Bu)lyx = N(B)(—iv_)(y_u).
As in §2.2, we have
N(AF A (—iv_) = N(A)(—iv)*N(A,)(=iv),

where A, = x2-A,x~ 2~ and the adjoint on the right is with respect to the induced
density dkg. Extend B arbitrarily to a C* function on X; so multiplication by 8 on the
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boundary can be written as ]/V\(,B)(—iv,). Then
(By—uy—(AFAri))ax = (N(AB)(—iv_)y—u, N(A:)(—iv_)y_u)sx
= (y-(ArBu), y—(Aru))ox
= (y-(BA,u+ 1A, Blu), y—(Aru))ox.
Note that A, has the same principal symbol as A,; so by (3.6),
[(By—u,y— (A} Asu))| < Q(Aru, Arut) + Co(IG1ul G ) + XUl )

for every ¢ > 0. Again, this would even be true with G| € \Ilg_l(X). Combining these
facts with Lemma 5.2 finishes the proof. O

Lemma 5.3 also holds for the Dirichlet problem, this time taking u € H," (X) with m <

loc
0. Here it suffices to work with an arbitrary twisting function. There are two differences:

first, there is no boundary integral to estimate, and second, because Sg € xC*(X),
[(Arx2Sp, Avu)| = (e Arx™Dx ™ Spu, x ™ Ayu)|
< C(”Glu”?—[l(x) + ||XM”HI-m(X))”Aru”Hl(x)
by Hardy’s inequality in one dimension. Therefore,
[(Arx 2k, Au)| < £Q(Au, Ar) + Ce(IG 1l ) + xull3yr )

by Cauchy—Schwarz and Lemma 3.13.
Next, we consider properties of Im&y(u, A*Au). This will be used in the positive
commutator arguments. If u € Hlloc (X) and A € ‘-Ifg (X) has compact support, then

Eou, Au) — E(Au, u) = (8" Qju, Qi Au) — (3 Q;Au, Qiu)
= (8 Qju,[Q;, Alu) —([8" Q;, Alu, Q;u)
+((A* = A)2" Qju, Qiu). (5.4)
If A is replaced with A*A, then the third term vanishes. Therefore, we have
2i Im Eg(u, A*Au) = (87 Qju, [Qi, A*Alu) — (187 Q. A*Alu, Qju)
= (Qou, [Qo. A*Alu) — ([Qo, A*Al, Qou) + ([Qud® Qp, A*Alu, u).
With a = 01,0(A),
(Qou, [Qo, A*Alu) — ([Qo, A*A], Qou) = (Qou, QoAru) — (QoAru, Qou)
+(Qou, Aou) — (Aou, Qou),
where oy, _1(A1) = (1/i)3, (a*) and op,0(Ag) = (1/i)dx(a?).

6. Propagation of singularities

6.1. The characteristic variety and bicharacteristics

The principal symbol of x~2P, as a function on T*X°\O0, is given by p = —§ij§i§‘j,
where we have written covectors in coordinates (zo, e, z"‘l) as ¢;dz'. Note that the
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mass parameter A plays no role in this expression. Furthermore, p extends smoothly to
a function on T*X \ 0. Let

N={p=0CT*X\0
denote the characteristic set of p. The compressed characteristic set A/ is the image of
N in ®7*X \ 0 under the quotient map 7 : T*X — PT*X. We equip N with the subspace
topology inherited from ®T*X. This is the same as the quotient topology; cf. [44, Lemma
5.1].
There is a natural decomposition of °7*X \ 0 into its elliptic, hyperbolic, and glancing
components. Thus,

E={qelT*X\0: 7 Y (¢)NN =0},
G=1{g € " T*X\0:|x~ (@) NN =1},
H={qe®T*X\0: |7 " (¢)NN| =2}.
Let U be a boundary coordinate patch with coordinates (x, y', ..., y"~!), where x is a

special bdf and dx is orthogonal to each dy'. If (x, y, o, n) are the corresponding canonical
coordinates on bTU*X , then a point

q0 = (x0, Y0, 00, N0) € bTJX
is in ‘H precisely if go € T*3X (namely xo = op = 0) and
870, yo)(m0)a (mo)p > 0.

Similarly, a point go € T*3X is in G when g% (0, y0)(0)a(10)g = 0. There are several
equivalent definitions of GBBs in this setting, but we choose the following.

Definition 6.1. If / C R is an interval, we say that a continuous map y : I — N is a GBB
if the following two conditions are satisfied for each sg € I:

(1) TIf go = y (s0) € G, then for every f € C*(T*X),

d
75 oo = {p. 7" fH(no),
s

where ng € AV is the unique point for which 7 (1) = go.

(2) If go = y(s0) € H, then there exists ¢ > 0 such that 0 < |s —sg| < ¢ implies that
x(y(s)) #0.

Continuity of y implies that tangential momentum is conserved upon interaction
with the boundary. The second condition, at hyperbolic points, says that GBBs reflect
instantaneously.

Since p is a smooth function on T*X, various properties of GBBs that are true in the
setting of smooth boundary value problems are also valid here. In particular, the entire
discussion in [44, § 5] applies verbatim.
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6.2. Elliptic estimates

It is convenient to introduce a normal coordinate system as follows: given a point p € 9X,
fix a spacelike surface in dX (with respect to ko) passing through p. We can then choose

coordinates (y!, ..., ") such that kal is of the form
—1 2 b
ko' =951 — Zh dyadyp.,
where a,b range over 1,...,n—2 and h® is positive-definite. Transporting these

coordinates to a collar neighborhood of X using the product structure, we see that
g~ = x2(—02 — h*dyad,p + ai,l,l +0O(x)).
This is useful for the following reason: if v has support in {|x| < §}, then

E0(v. v) = [QovlI 72y, + (&% Qav. Qpv)
2> [1Qovl7a ) = (1 4+ COIQu-1vl72 , + (1 = C) (1 Qv, Qpv),  (6.1)
where C > 0 is independent of § > 0. Furthermore, the principal symbol p restricted to
Ty X is just
Plryx =& +hnanp — ).
Let go € bT;‘X \ 0 be such that go ¢ N. Thus, there are two possibilities: either gq is

not in the compressed b-cotangent bundle, or if it is, then h®n,n, > 175_1 at go. This
observation is rephrased as follows.

Lemma 6.2. If g € bT}TX \ 0, then there is a conic neighborhood V of qq in which one of
the following is true:

(1) There is & > 0 such that 0% < &2(n?>_, +hnanp) and h®nanp > (1+e)n?_,.
(2) There is C > 0 such that |n,—1| < Clo]|.

Using this observation, it is simple to prove the following elliptic regularity for either the
Dirichlet or Robin (Neumann) problem. Since the proofs are identical upon substituting
the appropriate function spaces, we focus on the Robin case.

Theorem 3. Let u € Hl’m(X) for some m <0, and qo € bT;‘X\O. If s e RU{+o00} and

loc

g0 € WEY* () \ WE, ¥ (Pgu),

then go € N.
Proof. Assume that go ¢ N. We show that if qo ¢ WF;]’S(PRM) and qo ¢ WF;‘sfl/z(u),
then

qo ¢ WEL* (u).

The proof is then finished by induction; the inductive hypothesis is satisfied for any
s < 1/2+ m by the assumption that u € Hl’"I(X). Let A={A, :r € (0, 1)} be a bounded

loc

https://doi.org/10.1017/5147474802000002X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802000002X

100 0. Gannot and M. Wrochna

subset of W) (X) such that A, € \Ilé)"fl (X) for each r € (0, 1). We assume that WF; (A) is
contained in a sufficiently small neighborhood of V so that
WE* ™2 (u) N\WF (A) = 0.

Fixing a boundary coordinate patch U containing gg, assume in addition that A has
compact support in this patch. We consider two cases corresponding to those of Lemma
6.2, letting V be a conic neighborhood of ¢gg as in the lemma.

(1) If C > 0 and § > 0 is sufficiently small, then

(1= CORnanp — (1+C8n2_; = (1 — C8)(h*nanp — n2_)) — 2C8n2_,
> (e(1—C8) —2C8) n>_,
> (e/2m>_,

on V. This implies that (1 — C8)h®n,n, — (1 + C8)n>_, is elliptic near V. If the family
A has support in {|x| < 8}, we can choose B € \I/tl) (X) with WF@(A) C ellp(B) such that

WEF((1 — C(S)h“bQZ Qp—(1+C8Q;_1Qn-1—B*B+T)NU =0,
where T € \I!tl) (X). Therefore, for each r € (0, 1),
Eo(Aru, Arit) > 1| QoAritl 7oy + I BArulZa ) = (T Aru, Aru)
> C7 Q(Ayu, Aru) — (T Ayu, Aru).

Note that this pairing makes sense since A, € Up'(X) and T € \Illi (X), using that u €

1,m
Hige (X).

(2) The second case is similar, noting that for v with support in {|x| < §},

1QovlI 2y = 8721l QovliZa x,-
Consider the operator (282)~1(x Q9)*(x Qg) — (1 + C8) Q% _Qn—1, which is in \Ilg(X) with
principal symbol
2

o 2 2
W — (1 + CS)T]n_l >Ny,

on V. In particular, (26%)~1(xQ0)*(x Qo) — (1 + C8)Q* 0,1 is elliptic on V, so again
we can find B € \I!tl) (X) with V C elly(B) such that

WE((26%) 7 (x00)* (x Qo) — (1 + C8) Q% Qni — B*B+F)NU = 0,
where T € \Ilé (X). Again we find that for each r € (0, 1),
Eo(Aru, Arit) > 51| QoAulla ) + (1 = C8) (A Quv, Qpv) + I BAullza ) = (T Artt, Art)
> C ' O(Ayu, Aru) — (T Aru, Ayu).

Let Ay € \Dé/z(X) be elliptic with A_;/» € \IJ;UZ(X) a parametrix. Then in both cases,
we can write

(TAyu, Ayu) = (Ail/zTArua A1/2Ar”> +(TAyu, RAyu)
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with R € W °°(X), which shows that [(T A,u, A,u)| is uniformly bounded in r € (0, 1) by
Lemma 3.13 and the a priori hypothesis on u.

Finally, we choose the family A. Let A € ¥, (X) be elliptic at go, with compact
support in UN{x < §}. Let {J, :r € (0, 1)} be a bounded family in \Ilg(X) such that
J, € \Ilt’)"_s_l(X) for each r € (0, 1), converging to the identity in \Ilg (X) asr — 0. We
then let

A =JA
so that, in particular, A,u — Au in C;*°(X). Taking ¢ > 0 sufficiently small in Lemma
5.3, combined with Lemma 3.13, shows that A,u is uniformly bounded in H!(K) for
a suitable compact set K C X. Extracting a weakly convergent subsequence in H'(K)
shows that Au € H'(K). O

Combined with standard elliptic regularity away from 9 X, we have shown the following.

Corollary 6.3. Ifu € ’Hl’m(X) for somem <0 and s € RU {400}, then

loc

WE}* () \ WE, " (Pru) € N

The same result holds for the Dirichlet problem, now taking u € 'HIIO;" (X).

6.3. The hyperbolic region
Now we focus on the hyperbolic region. Fix a boundary coordinate patch U with
coordinates (x, y',...,y" "), and let ¢o € 'Hﬂle’jX. In coordinates (x,y,o,n), this
means that

q0 = (0.0.0.¢0). &7 (0, y0) (m0)a (10)p > 0.

Let u € HIIO’Z"(X) for some m < 0, and suppose that gg ¢ WF;I’SH(PRM). In order to
prove propagation of singularities through hyperbolic points, it suffices to show that

q0 € WF,ID’S(u) implies that go is an accumulation point of WFg'x(u) N{o < 0}.

Proposition 6.4. Let u € H-"(X) for some m < 0, and suppose that qo ¢ WF;I’SH(PRM),

loc

If there exists a conic neighborhood W C T*X \ 0 of qo such that
WN{o <0y NWE (1) =4,

then qo & WEY ().
It suffices to prove the proposition with any conic subset Wo C W containing gq. If Wy
is sufficiently small, we can assume Wo N WF, 1s+1 (Pru) = 0. In particular,

Wo NWE () € N

by elliptic regularity; so x # 0 on WoN{o < 0} ﬂWF&’S(u). Thus, if g € WF&‘x(u), then
qo is the limit of points in the wavefront set intersected with the interior.

The rest of this section is dedicated to the proof of Proposition 6.4. The proof proceeds
iteratively, increasing the regularity by 1/2 at each step. Thus, we assume that the
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hypotheses of the proposition hold and that gg ¢ WF:)‘S*]/ 2(u). We then show that

qo ¢ WFII,’S (u). Note that the inductive hypothesis is always satisfied for s < 1/2+m.
As in §6.2, we can further choose coordinates (y!, ..., y*~!) such that

%P0, V)nang = n>_y — h(y)nanp.

In particular, 7,_1 is non-vanishing at go. If « :PT*X\0 — "$*X is the canonical
projection,! then in a sufficiently small neighborhood of x(gg) in °S*X, we may use
projective coordinates

X, y, 6 =p"'o, flu=p""na,
where we define p = |n,_1]. Closely following [44, § 6], define the functions

1
— P 2 N
o=xP+ly=yl*+ ) _ 1= Goal>. ¢ =6+ 75"
The parameters 8, 8 will be chosen later; § > 0 will be chosen as an overall large
parameter, whereas § > 0 will be chosen small to localize near gg. Choose cutoff functions
X0, x1 with the following properties:

e xo is supported in [0, 00), with xo(s) = exp(—1/s) for s > 0.
e x1 is supported in [0, 00), with xi(s) =1 for s > 1, and x; > 0.
In a small neighborhood of k(gq), define the functions

a=x02—¢/8)x1(2+6/8). (6.2)

For each fixed B8 > 0, the support of a is controlled by the parameter § > 0 as in the
following lemma; in particular, we can extend a to a globally defined symbol in SO(PT*X).

Lemma 6.5. Given a neighborhood V .C ®S*X of k(qo) and B > 0, there exists 8o > 0 such
that suppa C V for each § € (0, §).

Proof. Necessary conditions to lie in the support of a are ¢ < 28 and —28 < 6. From the
definition of ¢,

61 <28, 0<w< p28Q28—6)<4p%s?
on suppa, i.e.,
suppa C {|6] < 28, w'/? < 288). (6.3)

Finally, observe that any neighborhood of V of x(gg) contains a set of the form {|6| <
28, w'/? < 288} provided § is sufficiently small. O

Fix a conic neighborhood Vy of go having compact closure in which g*# neng > 0. If
Yo € CF° (>$*X) is identically one Vo with support in a sufficiently small neighborhood of
Vo, then

Nn—1 # 0 on supp Y.

LRecall that PS*X is the b-cosphere bundle, obtained by quotienting °T*X \ 0 by the fiberwise R, action
of dilations.
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To facilitate the regularization argument, fix a bounded family of operators {J, :r €
0, D} in \IJgHﬂ(X) such that J, € W["(X) for r € (0, 1). We choose J, so that its principal
symbol j, = op,0(J,) is given by

jr — wo _ps+1/2(rp>7_¥71/2+m.

In particular, J, is elliptic near V. We then define A, = AJ,, which is bounded in

s+1/2
vy (X).

We also need some additional auxiliary operators. Let B € W, Y 2(X) have principal
symbol

b=p" 2872 (xfx0) 1.

Here the arguments of xo, x1 are as in (6.2). Let B, € \Ilg‘H(X) have principal symbol
ob.s+1(By) = pjr-b, and let B, € Wi (X) have principal symbol O’b,s(ér) = jyb. Finally, let
Ce \Ilg (X) have principal symbol

06,0(C) = p~2(&*% nanp)*Po. (6.4)

This makes sense since §%° Nenpg > 0 near supp Y. In order to handle terms bounded by

the inductive hypothesis, fix Gy € \IJgfl/z(X) and Gg € ng“(X) such that

WEF,(G1) N\WE* ™ 2(u) =0,  WF,(Go) N\WF, T (Pru) = 0

and gg € ellp(G1) Nelly(Go).

Throughout the rest of this section, there appear various operators with wavefront sets
contained in {6 < 0}. Given B, 8, we use the notation E, to denote a generic operator
such that & = {E, : r € (0, 1)} forms a bounded family (in a space of operators of fixed
order, to be specified) and

WF, () C {—28 <6 < -8, 0'/? < 288). (6.5)
Similarly, we denote by T, a generic operator such that
WE,(T) C {16] <28, 0'/? < 288}, (6.6)

where we set 7, = {T, : r € (0, 1)}. Terms of the form 7, will arise as lower order errors
bounded by the inductive hypothesis. For notational flexibility, we allow the operators
E,, T, to change from line to line, but their orders will always be made explicit.

Lemma 6.6. Let g € SKPT*X). Given B > 0 and ¢ > 0, there exists 8y, Co > 0 such that
for each & € (0, 8p),
l0:1+ 0" (¢, £} < Co6+ B8+ ")

whenever |6| < ¢8 and w'/? < cBs.

Proof. Note that we must take §o > O sufficiently small even to make sense of ¢ since
it is only locally defined near gg. First consider the Poisson bracket {¢, g}, consisting of
three terms

(¢, 8y =10 " glo+{o, glp™ ' +(B28) o, g).
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The term p'~%|{p~!, glo| is bounded by a constant times 8. Furthermore, because
p' @, g}l + p 7 Ixdxgl < Co'/?

locally uniformly, the desired bound holds. Similarly, |9,w| < Cw!/?, which completes the
proof. [

Lemma 6.6 can be applied to compute the commutator [AFA,, G] for G € \IJ/g(X). Recall
the convention regarding generic operators E,, T, discussed before Lemma 6.6.

Lemma 6.7. Let G € \If]];(X). Given B > 0, there exists 8o > 0 such that for each § €
(0, 80),

i[A*A,,G] = B*D,B, + E, +T,,
where E, € \Illfﬁ'k(X), T, € \Ilgﬁ'k_l(X), and D, € \Ilg_z(X). Moreover, there exists
Co > 0 such that for every r € (0, 1),

0> Klobs_2(Dr)| < Co(BS+8+B7H).

Proof. Let g = 01,x(G); so the principal symbol of i[A}A,, G] € ‘~IJ§S+k(X) is 2a,{ay, g}-
The claim is that we can write

{ag’ g} =drb%+er

with d,, e, representing the principal symbols of the operators D,, E,. The lower order
term 7, then arises since we have arranged equality at the level of principal symbols.
Recall that
ar = x02—¢/8)x12+0/8)jr;

so the Poisson bracket with g is a sum of terms with derivatives landing on xg, x1, or jy.

Fix a cutoff ¥ € C(’S*X) such that ¥ =1 on {|6] < 28, w'/? <288} and suppy C
{16] < 38, w!/? < 3B8}.

(1) When o is differentiated, we obtain a term —2p~!{¢, g}bf. Now set

di, = —2yp o, g},

to which Lemma 6.6 applies. The term d; , will partly comprise d,; note that dj , is in
fact independent of r.

(2) The second constituent of d,, in addition to dj, above, arises when j, is
differentiated. Thus, we have a term of the form a?{j2, g}. By construction, xo(s) =
s2x(s) for s > 0; so

0%a = p'2—¢/8) (xix0) P x1 = 822 — ¢ /8) pb.

Also note that [2—¢/8| <4 on suppb. Using that j. is elliptic on Vy, given 8y > 0
sufficiently small, we can write

a*(j2, g} = do b2,

where p>X|ds .| < Coé. Finally, we let d, = dy, +d>.,.
(3) The term e, arises when x; is differentiated and, hence, has the desired support
properties. O
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Now we expand 2i Im&y(u, AfAru), recalling from the end of §5.2 that
2iIm E(u, Ay Aru) = (Qou, QoA ru) — (QoArru, Qou)
+(Qou, Ao ru) — (Ao,ru, Qou)
+{[0u8* 0p. AFArlu, u), (6.7)
where oy, _1(A1,,) = (1/)35(a}) and op,0(Ag,r) = (1/i)dx(a}).

Lemma 6.8. There exist C1,c,pB,80 >0, a cutoff x € C(X), and an operator G, €
W (X) with
WEF,(G2) C WN{o < 0},

such that

cllBrull3,, —21m Ey(u, AFAru) + C1[|Gaull3,,

(X) (X)
2 2
+ CrllGo PRl gy + 1G1121y + 18Iy + X PRI )
for every § € (0, 8g).

Proof. Note that WF{,(GZ) ﬂWFl’S(u) = ) by the hypotheses on u. According to (6.1),

provided § > 0 is sufficiently small. Here we used the fact that B, and D,, _, I§’r have the
same principal symbol (up to a sign which is irrelevant when taking norms). On the other
hand, Lemma 5.3 applies to the family {B, : r € (0, 1)}, and, thus,

QBru, Bru) < CllByulllyyy,

2 2 2 2
+CiIGoPrul, g, + 1G 13, + 1K ) + 1 PREIZ, )
Therefore, it suffices to bound || B,ul| z2(x using (6.7).
Arguing as in Lemma 6.7, we can expand i A, = E,*Er + E, +T,, where E, € lIlgs(X)
and T, € lI/sS_I(X). Therefore,
(Qou, i QoA1u) = (Qou, Qo(B} B, + Er + Ty)u).
The pairing involving Efér can be re-expressed in terms of the Dirichlet form itself:

(Q0,i QoA u) = Eo(u, B} Byu) — (8% Quu, Qp B Byu) + (Qou, Qo(E, + T,)u),  (6.8)

recalling that E,, T, are allowed to change from line to line. The last term on the
right-hand side of (6.8) is~ b?unded by a constant times ||G1“||%.[1(X)+ ”quH'Hl(X)
||Xu||3_ll - As for &(u, B Byu), it is bounded by acceptable terms by arguing as in
Lemmas 5.2 and 5.3. Finally, we can write

(8“7 Quu, Qp B Byu) = |ICBull 7y,

modulo acceptable errors, where C has principal symbol (6.4).
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It remains to consider the second and third lines of (6.7). For the third term, we apply
Lemma 6.7 to write

(i[Qu8® Qp. A} Arlu,u) = Bf DB, + E, +T,,
where D, € \118 (X) satisfies
lob,0(Dr)| < Co(BS +8+ 1.
Given ¢ > 0, we can first fix 8 > 0 large and then take §; > 0 sufficiently small so that
{[1Qud® Qp, AT AU, u)| < ell Brull o, + CUG U1 gy + 1G2l151 0y + 115 g1 )

As for the term (Qg, iAo u), note that we can write iAo, = B}D, B, + T, where T, €
\Ilgs (X) and D) € \IIQ(X) satisfies

lob,0(D;)| < CopBsé.
Thus, we can similarly bound
1{Qo, i Aoru)| < ell Brull o ) + CUIG1Ull1 )+ 1G2ul 3 ) + X2 NG 10 x)-

We can now take ¢ sufficiently small, noting that C is elliptic on WF{ (B), where B =
{B, :r € (0, 1)} O

The final step in the proof of Proposition 6.4 is to bound Im &y(u, AFAu).

Lemma 6.9. Given ¢ > 0, there exist B > 0 and 8y > 0 such that
Im & (u, AT Aru) < ellBrullyy o+ CillGaull3i iy,
2 2 2 2
T Cr1llGoPrullyy—y ) T IG 1l )+ Ixullgym )+ IX PRUNG -1 )

for every § € (0, 8p).

Proof. Let A_y); € \llg/z(X) be elliptic. First, we bound &g (u, A¥A,u) similar to the
beginning of proof of Lemma 5.3:

|Er G, ATAn| < el AcipArullFg )+ CoUlGOf 11 ) FIG 1131 x) + XN g1m -

On the other hand, as in the proof of Lemma 6.7, we can write A_12A, = LB, + T, with
Le \IJS(X) and T, € \IJI‘;_I(X); thus, we can bound

IA—12Au 031 oy < CUBrull3 g1 0+ 1G1uliy x)-

It thus remains to bound the difference between ImEg(u, AFA,u) and Im E(u, Af A u).
There are two terms to consider. Since Sg is real-valued, the first is

(Arx72Spu, Apu) — (Apu, Arx 7 Spu) = (AF[Ay, x2Splu, u) — (u, AF[A,, x>Sp]u).

Note that Af[A,, x~2SF] is uniformly bounded in ‘-Ilgs (X);s0if G| € lI/g_l/z(X) is elliptic
on WF{ (A), then

tm (x 2 Spu, AFA )] < CUG Ty gy + 1X2 510 x)-

Of course, this is actually true if the order of G| is merely s — 1.
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Next, we must consider the boundary terms. In the setting of smooth boundary
value problems, it is easy to see that the analogous boundary terms are bounded by
(the appropriate analogue of) a multiple of ||Glu||%{1(X) + ”X””%-t'vwxﬁ see Remark 3.6.
Unfortunately, it is not obvious how to do this in general. Instead, write

(By—u, y— (A7 Aru))ox — (v—(A7Aru), By—u)sx
= (r-(AF Ay, Blu), y—u)ox + (By-((AFA, — ATA ), y-u)ox.

where A, has the same principal symbol as A,. Here we have extended B arbitrarily to a
function on X; it is particularly convenient to choose this extension to be independent of
x. Now consider [AfA,, B] € \I-'gs (X). Lemma 6.7 applies to this commutator with m = 0.
Because we are assuming that g is independent of x, we can take E, = 0. Thus, we can
write

i[A;kAry ,3] = B,D,B, +T,, (69)
where T, € W2 ~'(X), and D, € W2(X). Then

(y—([A*A,, Blu), y—u)sx = (y—(DyB,u), y—(Bru))sx.

modulo terms bounded by ||Gul| + |l xull Now write

2 2
HU(X) HLm (X))
(y—(Dy Byu), y—(Byu))ax = (N(=iv-)(D)N(=iv_)(B)y—u, N(=iv_)(B,)y-u)ax.
In coordinates (x, y, o, ), the total symbol of ﬁ(—iv_)(ﬁr) e UOaX) is just
0b.0(Dr) (0, y, —iv—, 1) € S*(T*9X);
hence, ]’V\(—iv,)(br) forms a bounded family. Using (3.5), we can bound
[{y=(Dy Brw), y—(Bru))ax| < ellBrull3yr oy + CUIG 1l ) + 0013010 x))-

Note that the supremum of |ab,o(br)| can in fact be made small by choosing 8,6
appropriately, but that is not needed here.
Next, consider (,8)/_((1&:‘14, — A¥A)u), y—u)yx. Note that A;“A, = xz"*AfA,x_z"*, and
hence
A*A, — A*A, = xP-[A% A, x2-].
Thus, the principal symbol of A*A, — A*A, € WX (X) is just 2iv_d, (a?), and we can write

A*A, — A*A, = Qiv_)B'B, + E, +T, (6.10)
as in Lemma 6.8. Again using (3.5), the corresponding boundary term can be estimated
by ellBrully y, + CUG2IZ )+ 1G5, )+ 1K T 1 ) O

Combining Lemmas 6.8 and 6.9 shows that B,u is uniformly bounded in H!(K) for
an appropriate compact set K C X. Since the limiting operator By € \Ilg(X) asr— 0
is elliptic at gq, it follows that go ¢ WFtl,’s(u) by the same argument as in the proof of
Theorem 3. Arguing inductively, this establishes Proposition 6.4 for finite s. For infinite
s, one merely needs to be more careful in choosing the operators Gog, G, G, at each step
of the induction so as to shrink their microsupport by only an arbitrarily small amount;
this is done exactly as in the proof of [44, Proposition 6.2] (see also [22, paragraph after
(8.42)] for a textbook style account of the standard version of this argument). O
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6.4. The glancing region
Next we consider the glancing set G. Fix a boundary coordinate patch as in §6.3. If
goegn T*E)XﬂbT{jX, then in coordinates (x, y, o, 1),

g0 = (0, 50,0, 10),  £*(0, o) (m0)a (110 = 0.

Since n,—1 # 0 at go, we continue to use projective coordinates (x, y, &, fls) on °S*X near
k(qo). We need the following result for the Dirichlet form.

Lemma 6.10. Let U C X be a boundary coordinate patch, and m < 0. Let A={A, :r €
(0, D} be a bounded subset of W, (X) with compact support in U such that

Ar e W'(X) for eachr € (0,1).
Let Vs ={q € bT(jX\O : §“ﬁ§a§/g < 81¢n—11%}, and assume that WEF{ (A) C V5. Let Gg €

VP (X) and Gy € \Ifg_lﬂ(X) both be elliptic on WF, (A), with compact support in U. Then
there exists Ce > 0 and x € CS°(U) such that

1Q0A 7y, — £ QA U, Artt) < 2811 Q1 At Ty,

+ Celllxul3gm ) + 1K PRI, 1 )+ 1G 1151 ) + GO PRUNG, )

for every r € (0,1) and every u € ’Hl’m(X), provided

loc
WE () "\WF, (G1) =0, WE, " (Pru) "\WF}(Go) = 0.

Proof. We have || QoA ull> = (8% QuAru, QpAru) +Eo(Aru, Aru). According to Lemma
5.3,

1Q0Aul? — e Q(Au, Aru) < (Qp8% QuAru, Au)
+ Collxullgm gy + X PRUNG 1y + 1G04y +1G0f 151 )
Choose F e W)(X) such that WF,(Qu_1FQn_1+ 0p2*?0u) "\WF (A) =¢ and
WEF{ (F) C V5. In particular,
sup |op,0(F)| <6,
which implies that [(Qp8* QuAru, Aru)| < 28||Qn71Aru|I'22(X) +C||xu||§{1,m(x) as
desired. O

To formulate the relevant estimates in the glancing region, we follow [44, §7] and
introduce in local coordinates the map 7 : ;X — T*(U NdX) given by

T,y &.m) = (y.m).
Let W denote the ‘gliding vector field” on T*(U N3 X) given in coordinates by

n—1

W m) =Y (3, $)(0. .0, )d,i — (3, $)(0. ¥, 0, 1)y,
i=1
Note that W is just the b-Hamilton vector field of §*ngng € S*?(°T*X) (which is hence

tangent to T*9X) restricted to T*3X.
We then prove the following analogue of [44, Proposition 7.3].
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Proposition 6.11. Let u € Hl’m(X) withm < 0. If K C bS;}X is compact and

loc
K C(GNT*3X)\ WE, " (Pgu),

then there exist Co, 8o > 0 such that for each qo € K and § € (0, 8g), the following holds.
Let ag € N be such that w(ag) = qo. If the conditions

€N, [7(@)—exp(—8W) (@ (x0))| < Co8*,  |x(a)] < Co8* (6.11)
imply m(@) ¢ WEY' (u), then go ¢ WEL® (w).

The proof Proposition 6.11 goes through nearly exactly as in [44, § 7], working directly
with the Dirichlet form, just as we did in §6.3. For this reason, we only briefly sketch a
proof of the proposition, referring to [44, § 7] for more details.

Fix q1 = (0, y1, 0, 71) € K. Note that p~'W descends to a vector field on $*3X, at least
near (y1, 1), recalling that p = |n,_1]. Note that p~'W does not vanish near (yi, n1) since

p "Wy = 2sgn(,-1)

near g;. Thus, in a neighborhood of (yi, (f1)s) € S*3X, we straighten the p~'W
flow, finding homogeneous degree zero functions pi,..., p2p—3 on T*3X with linearly
independent differentials such that

o0 "Wp =1, p'"Wp; =0 fori=2,...,2n—3.

In fact, since W annihilates p(0, y, 0, n), and since this function has a non-vanishing
differential, we can always take

p2(y,n) = p, y,0,n).

The functions pp, ..., p2,—3 are then extended to be independent of (x,o) so that
(x,0,p1,...pwm—3) form a valid coordinate system near k(q1), say in some neighborhood
V. Now for go € KNV, introduce the function

2n—-3

wo =Y (pi—pi(q)’, ©=x"+w.

i=1
We then define ¢o = p1 + (8%8) 'wo and ¢ = p; + (828)'w. With xg, x1 denoting the
same cutoff functions as in §6.3, set

a = xo(2—=¢/8)x1(1+ (po+38)/(Bd)).

Note that when a is differentiated, any derivatives falling onto x; yield a term supported
on
{88 < p1 < =5, w'/? <25} (6.12)

Suppose we take B = cod for some fixed cg > 0. If « € M and 7 () is contained in the set
(6.12), then o satisfies (6.11) for Co > 0 sufficiently large depending on cy.

Recall that the restriction of the Poisson bracket p~!{g*f 5, ng, ¢} to bTa*XX is p~'W¢ =
1. Since |x| < w!'/2,

108 nang, ¢} — 11 < C1(1 + 7267 0! 2y /2,
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Observe that C; > 0 is not only uniform on V for g¢ fixed, but it is also uniform on V
as go ranges over VoN K, where Vy C V is a neighborhood of «(gq1). Since K is compact,
it suffices to prove Proposition 6.11 with VoN K replacing K, and as we shall see, the
uniformity of Cy implies the uniformity of ¢p in the preceding paragraph.

Let A have principal symbol a. With J, denoting the same operator as in §6.3, let
A, = AJ,. Also define B, and B, as in §6.3. We let E,, T, denote operators as in (6.5)
and (6.6), except that everywhere 6 should be replaced with p;, and the right-hand side
of (6.5) should be replaced with (6.12). Finally, let G, G| be the same as in §6.3. We
then have the analogue of Lemma 6.8.

Lemma 6.12. There exist Ci,c, 8,80 > 0, a cutoff x € C®(X), and an operator G, €
Wi (X) with
WE,(G2) € WN{-288 < p1 < —8/2, o' <385}

such that

cllBrull3y gy < —21m Eou, AT Aru) + CillGaullyy

2 2 2 2
+CrIGo Prul, 1 g, + 1G 1121y + 1K1y + X PRI )
for every § € (0, 80) and cpd < B < 1.

Proof. As in the proof of Lemma 6.8, consider the expansion (6.7). In this case, since
a is independent of o, we can write A; , = T with T, € lIlgs_l(X). As for Apr, we have
that op 2s+1(Ao,r) = (1/i)0dxa,, and since the only dependence on x is through ¢, we can
write

iAO,r = B:(Dr Qn—lgr + T,
where T, € \IIS‘Y(X) and D, € \IIS(X). Furthermore, since |x| < w!'/2,
sup o, 1(D,)| < CB~".

Finally, consider the term i[ Q4 8*? 0p, AfAr] € lIllzﬁ'z(X), which in analogy with Lemma
6.7, we can write as

i1028° 0, A*A,1 = B*(14+ D.)B} + E, +T,.

As in Lemma 6.7, D, has principal symbol dy , + da ,, corresponding to when xo or j, is
differentiated. When xq is differentiated, we are left with a term

—2p 8 nangp, $1b7,

and, hence, sup|d; | < C(BS+9); in this case, di, can be taken independent of r. To
handle the terms where j. is differentiated, we argue as in Lemma 6.8 to see that
sup |da,-| < C$.

As observed in Lemma 6.8, it suffices to control || By ul| Write

2
L2(X)"

(118 Qp, AT A Tu, u) = | Byt ) + (D) Byut, Byut) + (Epu,u,) + (T, ).
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Modulo error terms bounded by the a priori hypotheses, we can write

[{Qou, iAO,ruH = (ér Qou, D, anlérln = (Q()Bru, D, anlérl'”

and, hence,
{Qou, i Aoru)| < 1 QoBrutll £2(x) | Dr Qu—1 Brull 2y + CUG1ull 31y + X231 x))-

Now WE{(B,) C {o!/? <288}, and since |p2(y, )| = [5(0, y,0, )| < o'/ and |x| < 0/,
it follows that |§°‘ﬁnanﬂ| < B8 on WF (B,). If we are given & > 0 and let ¢ < 8 < 1 for
co > 0 sufficiently large, then an application of Lemma 6.10,

{Qou, i Ao, ru)| < e Q(Bru, Byu) + Cel| Gaullr iy,

+ Colll Xl + X PRING 1 )+ 1G 101551 )+ IGOPRUNT 4 ))-

Since we have controlled || B, u|| — Q(Byu, Byu), the proof is complete. O

2
L2(X)
The proof of Proposition 6.11 now follows by combining Lemma 6.12 and the analogue
of Lemma 6.9. Note that estimating the boundary terms as in the latter lemma is done
slightly differently. For the analogue of (6.9), there appears an extra term E, € \llgs (X)
(which is, of course, harmless). The analogue of (6.10) is simpler: since a, is independent
of o,
AFA, —ATA, =T,

with 7, € W& ~1(X).
We now proceed inductively, the difference being that at each step of the iteration, the
commutant must be modified slightly. This is done exactly as in [44, §7].

6.5. Proof of Theorem 1

In order to prove Theorem 1, it now remains to combine Theorem 3 (the elliptic estimate),
Proposition 6.4 (propagation in the hyperbolic region), and Proposition 6.11 (propagation
in the glancing region). The proof proceeds by showing that every point in the relevant
wavefront set is contained in a GBB segment (cf. [44, Equations 8.2, 8.3]). Proposition 6.4
allows one to construct a GBB through a hyperbolic point as a limit of bicharacteristics
in the interior; this is explained carefully in [44, Proof of Theorem 8.1]. Meanwhile,
Proposition 6.11 allows one to construct a piecewise linear approximations to a GBB
in the same spirit as the Cauchy—Peano theorem. This geometric construction, which is
explained in [44, Proof of Theorem 8.8] (following Melrose and Sjéstrand [34] and Lebeau
[30]), applies directly to our case as well.

7. Propagators and their singularities

7.1. Retarded and advanced propagators

We begin by discussing well-posedness for the Klein-Gordon equation on an aAdS
spacetime. In the case of Dirichlet boundary conditions, well-posedness for the forward
problem was first studied by Vasy [46] (see also [23] for a related study of the Cauchy
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problem). In the setting of Robin boundary conditions, well-posedness of the Cauchy
problem was studied by Warnick [47], including certain results on higher order conormal
regularity. It should also be noted that [47] considers the situation where the metric is
even modulo O(x3), whereas [46] does not.

We will need a more refined study of the forward Klein—-Gordon problem, akin to
the results of [46], in the case of Robin boundary conditions. In order to give a global
formulation, we make the following assumptions as in [46, 49] (cf. [24, §24.1]).

Hypothesis 7.1. We assume that (X, g) is an aAdS spacetime with the following
properties.

(TF) There exists t € C*°(X; R) such that the level sets of ¢t are spacelike with respect
to g.
(PT) The map ¢ : X — R is proper.

Given a choice of ¢, we orient N by declaring dt to be future-oriented. Let N'* denote
the corresponding future/past light cones. This yields a decomposition

N =NTUN~

of the compressed characteristic set. The main well-posedness result we need is the
following.

Theorem 4. Lets,tg e R. If f € Hloé s+l (X) is supported in {t > to}, then there exists a
unique u € Hloc (X) supported in {t > ty} such that

Pru = f.

Furthermore, for each K C X compact, there exists K' C X compact and C > 0 such that

lull sy < CIS oo iy

Observe that Theorem 4 exhibits the loss of one conormal derivative from the source
term to the solution. Now ?—[é’s (X) C ”HO’SH(X) for each s € R; so by transposition,

SX) C My T

loc

In particular, given f € ﬁlOC(X), we obtain a solution u € ’HIIOC(X) of x“2Pu = f satisfying
Robin boundary conditions in the strong sense. Replacing ¢ with —¢ yields a result for
the backward problem as well.

We sketch a proof of this result adapting the approach of [46], which along the way
gives a different perspective on the twisted stress-energy tensor introduced in [27]. As
usual, the key step is an appropriate energy estimate.

We make a preliminary reduction: we will need that the level sets of r meet 9X
orthogonally with respect to g. Note that the level sets of ¢ automatically meet 9X
transversally, but since ¢ is provided by the problem, there is no reason to assume that
the intersection is orthogonal. On the other hand, to prove Theorem 4, given § > 0, it
suffices to replace ¢’ with an analogous function t’ satisfying the required orthogonality
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property such that |t -t } < § on any given compact subset of X. This is arranged in [46,
Lemma 4.9], and we henceforth assume that dt and dx are orthogonal along 3X.

Let u € HI](;C] (X). Given an appropriate real b-vector field V € V,(X) with compact
support, set V' = FVF~l ¢ Diffé(X) and compute 2 Re{Pgru, V'u); note that this pairing
makes sense by our assumption on the conormal regularity of u. For illustrative purposes,
let us assume that the Robin function  and Sp both vanish identically; these terms
can easily be handled in general. In particular, {Pgu, v) = & (u, v). Setting A =iV’ and

applying (5.4),
2ReE(u, V'u) = (8Y Qju, [Qi, V'Iu) +(81Q;, Vlu, Qiu)
+ (187, V'1Qju, Qiu) + (V' + (V))& Qju, Q;u).

The commutator [Q;, V'] can be computed exactly using (3.8): if V = Vjaz,-, then

[Qi,V'1=F[D,, F"'V'FIF~!
=F[D,,VIF™!
= 3,: (V5 0.

It is interesting to observe that if one instead uses V rather than its twisted version
V' (despite the fact that both are b-operators), there arise error terms that cannot be
estimated appropriately.

We also have [V, V'] =[g", V]. Finally, (V/)* = F~!'V*F, and since the adjoint is
taken with respect to x%dg,

(V) ==F 'WF —divgV+(n—2)x"'V(x)
=—V+FVF ) —divgV+(n—2)x""'V(x).

In particular, this shows that

2Re E(u, V'u) = (BY Qiu, Qju) (7.1)

where
B=(divgV+2FV(F H+n—-x V) - g —Lyg™!

is symmetric. Now we take V = fW for a suitable function f and a real b-vector field
W; expanding out the tensor B yields

B=(Wf+f -divg;W+2FfV(F )+ @m-2)fx ' Wx)g™!
—fLwg ' =2V )@ W,

where ®; denotes the symmetric tensor product. Observe that all the terms in B where
f is differentiated can be written in the form —2T;(W, V; f), where

Ts(W, Vi f) = (Vo /)@ W —La(Vof, W) - 57

is the stress-energy tensor (with respect to g) of a scalar field associated with W and
Vi f.
8
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We make our choices of W and f as follows. First, set W = V¢, which is indeed in
Vp(X) by the assumption that the level sets of t meet dX orthogonally. Fix ty < t1, and
let § > 0 be small. Assume that u € Hllo’cl (X) satisfies

suppu C {to+96 <t < 11}.
Let x € C(R) satisfy the following properties:
e supp x C [n, 11 +3],
e x > 0 everywhere and x(s) > 0 for s € [ro+ 6, 111,
o x'(s) <O0fors e ftg+6, 1 +38]
We then set f = e 2"(x ot). Note that Vof = (X ot =2yx ot)efZV’Vg,t. Since Vgt is

strictly timelike, the stress-energy tensor term controls

y / e V" H(dpu, drit) x* dg.
X

We can also control the £2(X) norm of u by writing
2Re(u, Vu) = —(divg(V)u + (2 — n))f1 V(x)u,u).

Again using that —div,V =—-Wf — f-divpW, we can bound the first term on the
right-hand side

—Wf =—8(Vst, Vi f) = coye " (x o).
This allows us to control y||e_”’u||252(x) and hence )/||e_V’1,t||%_[1 as well. All of the

X)
remaining terms can be absorbed into the latter positive term for large y > 0 by

Cauchy—Schwarz. Thus, we obtain an estimate of the form
yle " ullzxy < Cy~ e ™ Prutllzia x)-

Equipped with this energy estimate, standard functional-analytic arguments as in [46, §4
and Theorem 8.12] and Theorem 1 on propagation of singularities allow one to deduce
Theorem 4.

Let us denote by Hi (X) the space of future/past supported elements of ’HIIOC(X), ie.,

HL(X) = {u € M}y (X) : suppu C (£t > o} for some 19 € R}, (7.2)

and let us define 7—1;1 (X) analogously. By hypothesis (PT), the elements of the intersection
’Hi_(X) NHL (X) are compactly supported in X.

Corollary 7.2. There exist unique retarded/advanced propagators Pg it’ i.€., continuous
operators

PRl 7T 00— HE (X (7.3)

such that Pg Plzli =1 on 7-.[;1(X) and PI;LPR =1 on ’Hi(X). Furthermore, Pl;,li maps
continuously
Pply i H O (X) — HES(X).

By uniqueness, the formal adjoint of Py li equals Py gF

https://doi.org/10.1017/5147474802000002X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802000002X

Propagation of singularities on AdS spacetimes 115

7.2. Symplectic space of solutions
We continue to focus on Robin (or Neumann) boundary conditions. The difference of the
two propagators,

Gr:=Prl, — PRl i H TN (X) — Hit () (7.4)

loc

will be called the causal propagator (associated with the choice of boundary conditions).
A natural space of solutions is given by

{ue o0 : Pru=0}.

Exactly as in [49], we can show that this space is the range of G acting on a quotient
space which is suitable for field quantization. A similar statement is true for Dirichlet
boundary conditions.

Proposition 7.3. The causal propagator (7.4) induces a bijection

He )
PrHe ™ (X)

Moreover, i(-|Gr-);2 induces a non-degenerate Hermitian form on the quotient space
Y1 1
Hc ’OO(X)/PRHC’OO(X)-

[Gr]: s [u e HE®(X) 1 Pru = o} . (7.5)

loc

We remark that a similar statement was obtained in [9, §4] in the case of the Poincaré
patch of AdS; cf. [7, Proposition 34] for static spacetimes with smooth timelike boundary.

Remark 7.4. We can use the present framework and Proposition 7.3 to extend the recent
results in [12] on quantum holography to the case of Neumann and Robin boundary
conditions. This can be done by replacing the space Hy, ,;Coo (X), respectively Hol’ﬁi(X)
considered therein by H¢ 1’OO(X), respectively "Hé’oo(X), and by replacing the map 94
therein by the pair of trace maps (y—, y+). In this way, one obtains a direct analogue of
[12, Theorem 3.7], the statement of which is non-trivial if one has the following unique
continuation property for some open set O C 9X: for any u € ’H]l(;c_oo (X) solving Pru = 0,
if y_u =0 and yyu = 0, then u = 0 on some non-empty V(0) C X. Results of this type
were obtained by Holzegel and Shao [25, 26] in the case of high regularity solutions.

7.3. Microlocal regularity of traces

We will need more precise mapping statements for y+ in the case of high conormal
regularity. We show that as in the case of conventional traces, the wavefront set of yru is
controlled in terms of the b-wavefront set of u; cf. [49, Proposition 3.9] for a similar result,
proved therein only in the Dirichlet case and assuming Pu = 0. Here we are assuming
ve,1).

To handle the y; case, we need the following observation: if u € X*° and B € \Ilg’ even(X);
then FBF~'u € X* as well by Lemma 4.5. In particular, y, (FBF~'u) can be computed
by the formula

y+(FBF~'u) = x'"20:(BF ~'u)lax.
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Now write
x x0, BF ' = x (B, x0,)F ' + Bxa, F )

— x272vB/F—lu + B//xlizvax(Filu),
where B’ =x7?[B, x0;] € W)(X) since B €Wy . (X), and B” =x"2"Bx? € W) (X).
Since u € X*° and v € (0, 1),

xz—sz/F—lu|aX — 0
by (4.6) and (4.8). Furthermore, B”x'=2"3,(F~'u)|yx = N(B)(—2iv)(y4u). Since X is
dense in X*, we conclude that if B € W0 (X) and u € X¥, then

b,even
y+(FBF~'u) = N(B)(=2iv)(ysu). (7.6)

The other observation we need is the following.

Lemma 7.5. Let u € X=°°, and suppose that q ¢ WFé’w(u)UWFg’oo(x*ZPu). If Be
w0 (X) and WE{ (B) is a sufficiently small conic neighborhood of q, then

b,even

x72PAu € HOE®(X)

loc
if we set A= FBF™!.
Proof. By taking WF{(B) to be a sufficiently small conic neighborhood of ¢, we may
assume that Au € ’Hll(;:o(X). Tracing through the proof of Lemma 4.5 and further

shrinking the microsupport of B as necessary, we see that x 2P Au € HIOO’SO(X ) as well;
this is a consequence of the microlocality of the operations involved in Lemma 4.5. [

Lemma 7.6. Ifu € H! (X), then

loc
WE(y_u) C WE-™(u) N T*3X. (7.7)

Moreover, if Pu € x2£3 (X), then

loc
WE(y4u) C (WEY™ (u) UWEY ™ (x 2 Pu)) N T*3X.

Proof. The proof for y_ is standard: let ¢ € T*3X, and suppose that g ¢ WFIIJ’OQ(M)7

meaning that there exists B € \Pg (X) elliptic at g such that Bu € ’H,llo’so (X). Then

N(B)(—iv_)y_u = y_Bu € C®°(X),

which finishes the argument since N (B)(—iv-) is elliptic at ¢.
Now consider the yp; case. Let ¢ € T*0X, and suppose that g ¢ WF})’OO(u) U

WFg’oo(x*ZPu). By Lemma 7.5, we may find B € W0 __(X) elliptic at ¢ such that

b,even
FBF 'u e X™.
In particular, y. (FBF~'u) € C*(3X) by Lemma 4.8. Finally, according to (7.6),
N(B)(=2iv)(y4u) = y+(FBF~'u) € C¥(3X),
which shows that ¢ ¢ WF(yu). O

https://doi.org/10.1017/5147474802000002X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802000002X

Propagation of singularities on AdS spacetimes 117

7.4. Holographic Hadamard condition

Let v € (0, 1). We denote by Wb_oo(X) the set of bounded operators from 7-'lc_l’_°°(X) to

’Hll(;fo(X ). Following [49] (though using different spaces of distributions), we introduce an
operatorial b-wavefront set which is a subset of P§*X x P§*X.

Definition 7.7. Suppose A:ﬁ{l’foo(X)er(;goo(X) is continuous. We say that
(g1, q2) € PS*X xPS*X is not in WFSP(A) if there exist B; € W)(X), elliptic at g
(i =1,2), and such that BiAB} € W, *(X).

The notion of holographic Hadamard two-point functions introduced in [49] has the
following straightforward adaptation to the present case.

Definition 7.8. We say that two continuous operators A% : ’Hc_l’_oo (X) — Hllo’c_oo (X) are
(Robin) two-point functions if
i) PRAL =AZPR=0,
K (7.8)

i) Af—Agr=iGg and A% >0 on H;"(X).

We say that A% are holographic Hadamard two-point functions if in addition they satisfy

WEP(A%) € N x N, (7.9)

The first definition is a direct adaptation of the standard definition of two-point
functions to the setup provided by Proposition 7.3. We refer to, e.g., [19, §7.1] for a
brief introduction to two-point functions, field quantization, and for remarks on the
relation with the more commonly used real formalism. We point out that once some
two-point functions A* are given, the general formalism of quasi-free states and of the
Gelfand—Naimark—Segal representation applies, and as an outcome one obtains quantum
fields (which are not discussed here in any detail).

The second definition provides a replacement for the celebrated Hadamard condition,
which is widely used on globally hyperbolic spacetimes, and which is formulated in terms
of the (usual, smooth) wavefront set since the work of Radzikowski [39]. The main interest
for Hadamard two-point functions comes from Radzikowski’s theorem, which asserts their
uniqueness modulo smoothing operators. Thus, their singularities have a universal form
that comes from the local geometry and which can be subtracted by a renormalization
procedure. In our setup, Radzikowski’s theorem is replaced by the following result.

Theorem 5. Holographic Hadamard two-point functions exist and are unique modulo
W, ©(X).

Proof. The proof is largely analogous to that of [49, Theorem 5.11] and [49, Proposition
5.13]; so we only sketch it.

As in [49, Theorem 5.9], one can reduce the existence problem to a neighborhood of a
time slice. By a spacetime deformation argument, this allows one to reduce the problem
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further to the case of a standard static spacetime. By the same argument, one can assume
without loss of generality that Sg > Ax? for some A > 0 and that g = 0.

Then P equals fi (at2 + L) f», for some smooth multiplication operators fi, f» € C®°(X),
where the spatial part L is a differential operator on S associated with a quadratic
form like &y, except that the signature is Riemannian. We can associate to L a positive
self-adjoint operator consistent with Neumann boundary conditions, as discussed in
Appendix A. From this point on, the construction of A* can be done exactly as in [49,
Lemma 4.5] and the proof of the holographic condition from [49, Theorem 5.9] can be
repeated verbatim. The only subtle point is the mapping properties of L™/ on H>°(S),
which is discussed in Lemma A.1. O

We now turn our attention to singularities of parametrices for P. If g1, g> € °S*X, then
we write ¢1~q2 if g1, g2 € N and ¢y, g2 can be connected by a GBB. We can also define
the backward flow-out of a point ¢ € A" to be

Fo=1d' e N': ¢'~q. 1(¢") <1(9)}.
Since GBBs exhibit possible branching behavior at glancing points, it is not completely
trivial that JF, is closed; this instead follows from the compactness of the set of GBBs
with values in a fixed compact subset of ®S*X (as discussed in [44, Proposition 5.5]).

With our new propagation of singularities result at hand, it is straightforward to
repeat the proof of [49, Theorem 5.12] to obtain the following result. In this setting,
by parametrices, we mean bounded operators from Hg 1’_OO(X) to Hll(;c_ (X) that are
inverses of P modulo errors in Wy’ *(X).

Theorem 6. Ifv € (0, 1), then
WEFP(Pp o)\ diag* € {(q1.92) - 1702, %t(q1) > £1(g)}, (7.10)

where diag* = {(q1, q1) € PS*X x PS*X}. Furthermore, suppose that A% are holographic
Hadamard two-point functions. Then

WEP(AT) C {(q1, 02) € NE X NE 2 g1%ga). (7.11)

: 1 il At p-] P L
Moreover, setting Ppp:=1i""Ap+ Pp _ and PR,F = —i" Ap+ Pp_, we have

WF P (P )\ diag" C {(q1.42) : q1°q2, and £1(q1) < £1(q2) if 1 € N'E),

7.12)
O, 1\ 1 : , : (
WE," (P D)\ diag" C {(g1,92) : q1%q2, and F1(q1) < F(g2) if g1 € N'F).
Furthermore, the respective condition in (7.10) or (7.12) characterizes P1€1+, PIEI_, PI;’;,

and PI;IF uniquely modulo terms in Wy, °(X) among parametrices of Pg.

The analogue of this theorem also holds for the Dirichlet realization Pp (and any
v > 0).
7.5. Induced two-point functions at the boundary

We continue to assume v € (0, 1). Any continuous operator A : H{l’_m(X) — 'Hll(;c_oo(X)
induces an operator on the boundary:

y_Ay* : E'(X) = D'(3X).
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Defining y4 Ay is more delicate and requires additional hypotheses; sufficient conditions
are given in the next lemma. Observe that X'*° is dense in Hll(;fo (X); so we can view
.7 (X) as a dense subspace of the dual (X*°)'.

Lemma 7.9. Let v € (0, 1), and suppose that

PATHIVT®X) = xPHp X (X)), PAT T HI YO X) — PHPE (X)),
P(PA)* : x2HE®(X) — x*H O (X).
Then A extends to a continuous map (X)) — X~°.

Proof. First observe that A* : 7-.[;1’00(X) — 7—[110:0 (X); so by the mapping properties of
P A*, we conclude that
A% HIERX) - &%

This shows that A admits an extension

A (XY = HET®x).

loc

Similarly, the mapping properties of PA and P(PA)* imply that in fact A : (X*®) —
x-o° O

Since y4 1 X*° — C*(3X), we can view yf : £'(0X) — (X*°)’, which allows us to define
y+Ayl : E'OX) - D'(9X).
We show that the wavefront sets of y+ Ay{ can be estimated in terms of WFS P(A).
Lemma 7.10. Let v € (0,1) and A : 7-'10_1’_00(X) — H]I(;C_OO(X) be a continuous operator.
Then
WF (y_Ay*) N (S*3X x S*9X) C WEP(A) N (S*3X x S*3X). (7.13)
Furthermore, if A restricts to a continuous map 7:Lc_1’°o(X) — Hll(;fo(X) and satisfies
PAH " T®(X) = FPHEZ(X), PAY  HT N TOX) = xPHE (X)),
P(PAY* : x 2HO~(X) — x*HEX(X),

then the y4+ analogue of (7.13) is true.

Proof. We focus on the more delicate y; case, which is essentially the microlocalization
of the proof of Lemma 7.9. Note that we are assuming stronger mapping properties as
compared to Lemma 7.9. Now suppose (g1, g2) ¢ WFSP(A) N(S*9X x $*3X) so that there
exists B; € W0 (X) elliptic at ¢; such that

b,even
AIAAS € W (X),

where we have set A; = FB; F~!'. Note that A : (X*®) — X~%°: hence, the same is true
of A{AAj3. The claim is that A;AA} extends to a map (X*°)" — X' First, we show that
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the range of AjAAJ in this extended sense is contained in HI‘OO(X). To see this, note

loc
that
(AJAAS* = ApA*AT T HT 70 (X) — HE(X)
since A1AAj € )/Vb_oo7 and then Lemma 7.5 shows that (A;AA3) has its range contained
in X*°. Thus, AjAA} maps (XY*) — HI’OO(X). It then suffices to show that

loc
PAIAAL : (X%) — XPHYX(X).
Again applying Lemma 7.5, we see that PA;AA% maps HV X)) — sz?(;fo(X). It
then suffices to show that
P(PAIAAY* 1 x 2HE™®(X) — x2H)Z(X). (7.14)
Using our previously established mapping properties, we can write this composition as
PAY(PAIA)* = PAy(PA) AT+ PAy ([P, Aj]A) .

According to Lemma 7.5, we see that PA»(P A)* A7 has the requisite mapping properties.
Now following the proof of Lemma 4.5, we can write [P, A{] = B'P + QB” + B", where

B e v, '(X), B"ex™W)(X), B"ex*W\(X), 0 eDiffl(X).

We then write

([P, A11N)* = ((B'P+ QB" 4+ B")A)" = (PA)*B'+ A*(B"Q)" + A*(B")*.  (7.15)
Write B” = B”'C + xR, where C € W)(X) satisfies WF, (1 — C) N"WF, (B") = and R €
W, "*(X). Consider the term

A*(B")* = A*C*(B")* + A*R*x™.
Note that (B”")* maps x—ZHB""O(X) — 7-'[;1’_00(X) and that
ArA*C* = (CAAY* : H V(X)) — HEZ(X)

if C has sufficiently small wavefront set near g, which can be arranged by choosing A;
appropriately. Similarly,

A A*R* = (RAAD* : HI W ™0(X) — H(X).
This shows that Ay A*(B"")* maps x—z}t?"“(X) — Hlléfo(X), and since P A*(B")* maps
x—%rt?’*"o (X)) —> )cz?'-lo’oo(X)7 a final application of Lemma 7.5 shows that

loc
PAZA*(BW)* :xizﬂg’foo(X) — X2H?(;(:OO(X)
The desired mapping properties of the other terms arising from (7.15) are obtained

similarly, which establishes (7.14).
We have shown that AjAA} extends to a map (X>) — X°°. In particular,

Y+(AIAAY) YL 1 E'(0X) — CF(0X).

Finally, note that we can use (7.6) to write yyA; = ﬁ(Bi)(—Ziv)y+ on X, where B; =
N(B;)(—2iv) € \Ifg(aX) is elliptic at g;. Thus,

BiyyAyiB; € W™(0X),
which finishes the proof. O
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We can now conclude as in [49, Theorem 5.16] the following result, which applies to
holographic Hadamard two-point functions of the form A%.

Theorem 7. Suppose (X, g) is an asymptotically AdS spacetime and v € (0, 1). If A% 18
a pair of holographic Hadamard two-point functions, then

WF (y1 Ay N (S*IX x §*8X) C WFSP(Afg) N(S*3X x S*9X)
C WEXNE)N(S*IX x §*9X),
and the same is true for y_Aiyf. Furthermore, if ]\ﬁ is another pair of holographic

Hadamard two-point functions, then y+(1~\§ - A%)yjf and 7/_([\% - A%)yf have smooth
Schwartz kernel.

The operators y,Aiyf and y+A$yjﬁ are interpreted as two-point functions of an
induced theory at the boundary, in the formalism of generalized free fields, see [40] (the
word ‘generalized’ refers to the fact that they are not solutions of a natural differential
equation). Theorem 7 asserts that these two-point functions satisfy a generalized version
of the Hadamard condition which is nevertheless sufficient in applications (see also [40]).

Appendix A. The elliptic setting

A.1. Mapping properties

In this appendix, we consider the analogue of the operator Pg in the Euclidean signature.
The manifold with boundary will be denoted by S and will be assumed compact. With
x € C*°(S) a smooth boundary-defining function, fix F € x"-C°(S). Given a smooth
Riemannian metric 2 on §, we then consider the quadratic form

E(u,v)=/H(dpu,dpv)+au1_)x2dh,

where H is the sesquilinear pairing on one-forms induced by the metric, and @ > 0 is a

constant chosen to make £ coercive on H!(S). We can associate to £ an operator
L:H'(S) — HWS),

which extends to a positive self-adjoint operator L : D(L) — £2(S) with form domain

D(L'?) = H'(S). The key mapping property we need is that L~!/? preserves conormality.

Lemma A.1. The operator L=/ maps HV%°(S) — H*(S) continuously.

Proof. First, note that for u € H°°(S), we have a trivial estimate

for ¢ > 0. Arguing as in Lemma 5.3, induction then shows that for each integer s > 0,

We also have the estimate

L+ 1) g s)mmis) < Cu™! (A2)
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since L*!1/2 commutes with the resolvent and the estimate is clearly true for £2(S)
replacing H'(S). The claim is that for each s > 0 an integer, we also have

||(L+M)_1”Hl.x(5)_)7_tl.s(5) < CH«_I, (AS)

for some C > 0 depending on s. Note that the analogue of Theorem 3 (in Riemannian
signature) applied to L shows that L 4 u is invertible H15(S) — HIS(S) for each s € R;
so (A 3) is well defined. Let Ay € W) (S) be elliptic and A_; € ¥, *(X) be a parametrix;
50 A;JA_g+R=1and A_jA; + R =1 for some R, R" € W °(S). Given u € H1-2(S),

L+ ) ullggs sy < CIASL + w) ullggr sy + CIEL + ) ull 3 s)-

The second term on the right-hand side we bound by u~! lullggr sy < w! el sy, using
(A 2). Now write u = (A_sAs + R")u. We then bound

A (L +w) " A Agullzg sy < 1AL+ )" A (L + 1301 (51201 5y I L+ 10~ Agttl g1
Now write
AgL+ ) "A(L+p) = Ag(L+ ) TAL L+ AA_y — Ag(L+w) LA,

and apply (A 1) to see that this operator mapping H'(S) = H'(S) is uniformly bounded
in y1. On the other hand, [[(L + )" Agullgyr < Cu™Yull31(s), which shows that

A (L +w) " A Agullzg sy < Crullpgscs)-

The term ||As(L +,4,L)R’u||H1(S) is bounded similarly.
Since we can write

1 o
112 = _/ WL+ ) P d,
T Jo
the estimate (A 3) shows that L~!/? indeed maps H!>(S) — H1(S). O

Appendix B. Even b-calculus

B.1. Even b-pseudodifferential operators

Let (X, g) be an aAdS spacetime which is even modulo O (x%*1). We sketch a construction
of the b-pseudodifferential operators of order m on X that are even modulo O(x*7*3),
which we denote by \IJI’)’feven(X); the construction closely mirrors that of an even
subcalculus by Albin in the O-calculus [1]. The operators we consider are described in
terms of their Schwartz kernels, and for this reason, we assume familiarity with the
construction of the usual b-calculus in terms of conormal distributions on the b-stretched
product [32, Chapter 4, 5].

Definition B.1. We say that f € C®(X) is even modulo O(x%*+3), written f € Coo (X)),
if in any special coordinate system (x, y), the Taylor of expansion of f at 0X contains

only even terms modulo O(x2+3)
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This space is well defined (i.e., independent of the choice of special coordinates) in view
of (4.2). Similarly, we can define the space C33,(X) of odd functions modulo O(x2k+4.

Next we consider b-pseudodifferential operators. We write X% for the b-stretched
product, which we recall is obtained by blowing up the corner X x dX in X x X. For
simplicity, we will neglect various b-half-density factors. Let (x, y) and (x’, y") be special
local coordinates on X such that x = x’. Thus, (x, y, x’, ¥) are valid local coordinates on
X2 near 3X x 3X. Near the front face in va local coordinates are given by

X x’
T ox+x’
where r is a bdf for the front face.

r=x+x', y, Yy,

Definition B.2. We say that a smooth function f € C‘X’(Xz) is even modulo O(r2+3),
written f € Coen (Xi 2y if the Taylor expansion of f at the front face {r = 0} in coordinates
(z,r,y,y') contains only even terms modulo O(@r%*+3).

In other words, f € C*® (X%) is even modulo O(rZ+3) if we can write

f@ry, y) = folw.r? y, y)+r¥ 3 f(x,r, v, y)

for smooth functions fy, f/'. Again by (4.2), this definition is independent of the
choice of special coordinates in either factor. We can now define the space of even
b-pseudodifferential operators, recalling that elements of V" (X) have Schwartz kernels on
Xg that are conormal to the lifted diagonal. In local coordinates (t, r, y, y'), we can view
these as distributions conormal to {t =0, y = y’} with smooth parametric dependence
onr.

Definition B.3. If A € W' (X), then we say that A € Yy even(X) if its Schwartz kernel K4
in local coordinates (, r, y, ') as above has a Taylor expansion at the front face {r = 0}
containing only even terms modulo O(r%+3).

The Schwartz kernel 4 also has the usual infinite order of vanishing at the side faces.
Roughly speaking, this definition means that the total symbol of K4 in local coordinates
(r,y,0,1) is even in r modulo O(r2+3),

Next, we discuss composition of even b-pseudodifferential operators. First, we note that

even(Xb) even(Xb) C Ceven(Xl%)
and that the lifts of C., (X) functions to X2 from either the left or right factors land

even

in Cgﬁen(Xg). Using partitions of unity x; € Cgvoen(X ), one can reduce to composition of
even operators with localized Schwartz kernels, just as considered in [32, §5.9]. It is then

straightforward to see that even operators are closed under composition.

(X), then AB € W™ (X).

b,even

Proposition B.4. A € "

On R’ consider the quantization procedure given by

(X) and B € pn

b,even b,even

Opb(a)u(x,y):/ i((x/x'=Do+(y—y, )¢(x/x Ya(x, y, o, ,7) dy do dn,
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where ¢ € C°(R) satisfies supp¢ C (1/2,2) and ¢(s) = 1 near s = 1. If a € S"(R"}) is of

the form

I3/ (x, y, 0, 1),

then Opy,(a) € V[, ,(RY) irrespective of the choice of aAdS metric on R’} of the form

b,even

a(x,y,o,n) = ap(x*,y,0,1) +x

—dx? + k% (x, y)dy*P
x2 ’

By using an even partition of unity to patch these local quantization procedures together,
we can quantize even symbols on an arbitrary aAdS spacetime (X, g). In particular, we
can always construct elliptic operators A € W', . (X).

B.2. The indicial family

Apart from composition and the existence of elliptic elements, the other key property
of even b-pseudodifferential operators is an improved statement about the kernel of
the indicial family map. Given A € W["(X), recall that N (A)(s) is defined invariantly
as follows: first, one restricts the kernel K4 to the front face in X%. The front face is
then identified with the inward pointing spherical normal bundle to X x 0 X, which is
further identified with X x X x Ry (these identifications depend on choices, which can
be carefully accounted for). Finally, the indicial family is the Mellin transform of the
resulting function in the R4 factor. The vanishing of N(A) is thus equivalent to the
statement that A € xW}"(X).

Now suppose that (X, g) is an aAdS spacetime; in particular, it is trivially even modulo
O(x). The even calculus on X is thus defined modulo cubic terms. In particular, we have
the following.

Lemma B.5. If A € W', (X) and N(A) =0, then A € x2¥"(X).

This implies the following corollary.
Lemma B.6. Let (X, g) be an asymptotically AdS spacetime. If A € W["(X) has compact
support in a coordinate patch with special coordinates (x, y', ..., y*™1), then
[xDy, Al € x> W™ (X).

Proof. The operator x D, is always even, which implies that xDyA, AxD,, and, hence,
[xDy, A] are also even. The proof is finished by observing that N([xD,, A]) = 0. O
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