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FISCAL POLICY IN A GROWING
ECONOMY WITH PUBLIC CAPITAL

STEPHEN J. TURNOVSKY
University of Washington

Public capital subject to congestion is introduced into an endogenous growth model and
the transitional dynamic paths under alternative fiscal policies are characterized. Several
new insights are obtained from this more general framework. During the transition, the
two capital stocks always approach their common equilibrium growth rate from opposite
directions. Government policy induces the more volatile response in the capital stock
upon which it impinges most directly: private capital in the case of a tax, public capital in
the case of expenditure. Finally, we characterize a time-varying income tax that enables
the decentralized economy to replicate both the first-best transitional dynamics and
steady-state equilibrium of a centrally planned economy. The steady-state component
corrects for externalities that arise when government expenditure deviates from its social
optimum, and the effects of congestion. The transitional component corrects for myopic
behavior by the representative agent along the adjustment path.
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1. INTRODUCTION

The role of public investment is emerging as a major policy issue as governments
around the world downsize and reassess what functions they should perform. Em-
pirical research into the impact of public investment was stimulated by Aschauer
(1989a,b) who suggested that public capital has a powerful impact on the produc-
tivity of private capital. Aschauer’s results were controversial and have generated
substantial empirical research directed at determining the robustness of his find-
ings. Although the evidence regarding the productivity of public capital is mixed,
there seems to be a consensus generally supporting the productivity of public
investment, although suggesting that its impact is somewhat weaker than that
originally argued by Aschauer.1

The theoretical analysis of the productivity of public investment has focused on
its impact on the accumulation of private capital and output in the economy. Most
of this work is based on Ramsey-type models having the characteristic that the
economy converges either to a stationary state, in which all real variables includ-
ing the capital stock remain constant, or to a balanced growth path along which
the economy grows at some exogenously given rate. Government expenditure is
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introduced as an argument in the production function to reflect, among other rea-
sons, an externality in production. Two formulations can be identified. Most of the
existing literature treats the currentflow of government expenditure as the source
of contribution to productive capacity; see, e.g., Aschauer (1988), Barro (1989),
and Turnovsky and Fisher (1995). Although this specification has the virtue of
tractability, it is open to the criticism that insofar as productive government expen-
ditures are intended to represent public infrastructure, it is the accumulatedstock,
rather than the current flow, that is relevant.

Despite this criticism, few authors have adopted the alternative approach of
specifying productive government expenditure as a stock. Arrow and Kurz (1970)
were the first authors to formulate government expenditure as a form of investment.
More recently, Baxter and King (1993) study the macroeconomic implications
of increases in the stocks of public goods. They derive the transitional dynamic
responses of output, investment, consumption, employment, and interest rates to
such policies by calibrating a real business-cycle model.

The impact of fiscal policy, including the role of government capital, on long-
term economic growth is an important policy issue. However, the Ramsey model,
with its steady-state growth rate being determined by long-term demographic and
technological factors, and therefore independent of the usual macroeconomic pol-
icy instruments, does not provide an appropriate framework for addressing this
question. By contrast, the recent endogenous-growth literature places particular
emphasis on fiscal policy as a determinant of long-run national growth rates and
growth differentials.2 As in the Ramsey model, most authors have introduced
productive government expenditure as a flow; see, e.g., Barro (1990), Turnovsky
(1996a,b). These studies therefore are subject to the limitations noted above.

A recent exception is a paper by Futagami et al., (1993), which introduces gov-
ernment capital as a pure public good, along with private capital, in an otherwise
standard endogenous-growth model.3 They show how this yields transitional dy-
namics, in contrast to models in which government expenditure impacts as a flow,
when the economy is always on its balanced growth path. The authors employ
their model to analyze the transitional dynamic effects of a change in the income
tax rate, as well as its long-run consequences.

Although the Futagami–Morita–Shibata (FMS) model represents an important
step forward, it is limited in certain key respects. First, by treating government
capital as a pure public good, it fails to take account of the congestion typically
associated with public capital. As Barro and Sala-i-Martin (1995) and others have
argued, almost all public services are characterized by some degree of conges-
tion. Even national defense, sometimes cited as the purest of public goods, is not
congestion-free. These considerations suggest that the incorporation of congestion
is an important consideration in assessing the effect of public capital on economic
growth. Second, although the FMS analysis is based on a decentralized economy,
its specification of fiscal policy is restrictive. The assumption of a continuously
balanced budget in which the only tax is an income tax, the (endogenous) revenue
of which is spent on productive capital, makes the economy behave essentially like
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a centrally planned economy. In effect, the income tax provides the mechanism
whereby the central planner appropriates the resources from the private sector.
Thus, insofar as the resources withdrawn from the private sector are reinvested
productively by the government, raising the income tax has both a contractionary
effect and a stimulating effect. The fact that this restrictive form of fiscal pol-
icy gives rise to both a growth-maximizing the welfare-maximizing tax rate is a
reflection of the dual role played by the income tax rate.

The objective of the present paper is to redress these two shortcomings, by
introducing congestion and a more complete array of fiscal instruments; in addition
to an income tax, the government may impose a consumption tax, as well as issuing
debt.4 In contrast to the usual specification of congestion in macro growth models,
which is typically to normalize aggregate government expenditure by the size
of the economy, we allow for a more general parameterization of the degree of
congestion, using a form of congestion function from the public goods literature.
This is important because the degree of congestion turns out to be an important
determinant of optimal tax policy. The introduction of government debt enables
the tax and expenditure effects to be decoupled, thereby clarifying the respective
roles played by each in the growth process.

The paper begins by deriving the equilibrium in a centrally planned economy,
briefly characterizing its steady-state and dynamic properties. The main purpose is
to provide a benchmark against which the decentralized economy can be assessed.
The effects of both permanent and temporary tax shocks in such an economy are
analyzed.

An important aspect of our analysis concerns the design of an optimal tax policy
in an economy with gradually accumulating public capital. With the economy now
following a transitional dynamic path, this requires the introduction of a more flex-
ible tax scheme than if the economy is always on its balanced growth path, when,
for example, afixedincome tax in conjunction with afixedconsumption tax—the
latter essentially acting as a lump-sum tax—can replicate the first-best optimum;
see, e.g., Turnovsky (1996a). To attain the first-best optimum, the decentralized
economy must replicate both the steady-state equilibrium and the transitional ad-
justment path followed by the former. This requires the optimal income tax to
consist of two components: one constant and permanent, the other time-varying
and transitory. The former is required to correct for two potential permanent sources
of externalities that arise from: the deviation of the actual stock of public capital
from its optimum, and the degree of congestion. The latter is required to induce
the right mix between private and public capital so as to ensure that the optimum
transitional path is followed.

2. ANALYTICAL FRAMEWORK

We consider an economy populated by identical representative agents who con-
sume a private consumption goodC, deriving intertemporal utility represented by
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the isoelastic utility function

W ≡
∫ ∞

0

1

γ
Cγe−ρt dt −∞ < γ < 1, (1a)

where the exponentγ is related to the intertemporal elasticity of substitution,
s= 1/(1− γ ), with γ = 0 corresponding to the logarithmic utility function.

Output,y, of the representative firm takes place by means of a constant returns-
to-scale production function specified in the form

y = α
(

K s
g

k

)β
k α > 0; 0< β < 1, (1b)

wherek denotes the representative firm’s capital stock of private capital andK s
g

denotes the services derived by the firm from its use of public capital. Equation
(1b) embodies the assumption that the services of public capital enhance the pro-
ductivity of private capital, though at a diminishing rate. Neither form of capital
is subject to depreciation. The model abstracts from labor so that private capital
should be interpreted broadly to include human, as well as physical, capital; see
Rebelo (1991).

The productive services derived by the agent from government expenditure are
represented by

K s
g = Kg(k/K )1−σ 0≤ σ ≤ 1, (1c)

whereKg denotes aggregate public capital andK denotes the aggregate private
capital stock. Equation (1c) incorporates the possibility that the public capital may
be associated with congestion.5 The specification in (1c) characterizes what one
can call relative congestion, in that the productive services derived by an individual
agent from a given stock of public capital is enhanced as his/her individual capital
stock increases relative to the aggregate.6 This encourages the use of private capital
and is important in the determination of the optimal tax rate.7 In particular, (1c)
implies that, for the level of public capital services,K s

g, available to the individual
firm to remain constant over time, given its individual capital stock,k, the growth
rate ofKg must be related to that ofK in accordance witḣK g/Kg = (1−σ)K̇/K
so thatσ parameterizes the degree of (relative) congestion associated with the
public good.

The caseσ = 1 corresponds to a nonrival, non-excludable public capital good
that is available equally to each firm, independent of the size of the economy; there
is no congestion. There are few examples of such pure public goods, so that this
case should be treated largely as a benchmark. At the other extreme, ifσ = 0,
then only if Kg increases in direct proportion to the aggregate capital stock,K ,
does the level of the public service available to the individual firm remain fixed.
We refer to this case as being one ofproportional congestion, meaning that the
congestion grows in direct proportion to the size of the economy.8 Road services
and infrastructure that play a productive role in facilitating the distribution of
the firm’s output may serve as examples of public goods subject to this type of
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congestion. In between, 0< σ < 1 describes partial congestion, whereKg can
increase at a slower rate than doesK and still maintain a fixed level of public
services to the firm.9 This intermediate case also can be thought of as being some
aggregate composite of the types of public capital we have noted.

Substituting (1c) into (1b), the firm’s production function can be expressed as

y = α
[

Kg

K

(
K

k

)σ]β
k. (1b′)

Providedσ 6=1, so that the public good is associated with some congestion, ag-
gregate private capital is introduced into the production function of the individual
firm in a way analogous to that of Romer (1986).

With all agents being identical, the aggregate and individual capital stocks are
related byK = Nk, whereN is the number of representative agents (firms). Thus,
in equilibrium, the individual outputy and aggregate outputY= N y may be ex-
pressed as

y = α
(

Kg

K
Nσ

)β
k; Y = α

(
Kg

K
Nσ

)β
K . (1b′′)

The critical difference between the perception of the world as seen by the represen-
tative firm and as seen by the central planner is as follows. The representative firm
treats the aggregate capital stockK as given, with the relationshipK = Nk, as
employed in (1b′′) holding as an equilibrium one. The central planner, on the other
hand, takes this relationship into account when determining his/her decisions.

For expositional convenience, we set the number of agentsN = 1, enabling us
to drop the distinction between aggregate and individual quantities in equilibrium.
Although this normalization is not innocuous, it suffices for our purposes. In the
absence of this normalization, the growth equilibrium would remain identical to
the one that we derive below, with the exception that the productivity parameter,
α, is scaled toαNσ . Thus, the tax and expenditure effects upon which we are
focusing remain unchanged. However, a change inσ would lead to a change in
αNσ (for N 6= 1) and this would need to be considered in assessing the impact of
a change in the degree of congestion on the equilibrium.10

We assume that new output can be transformed costlessly either to consumption,
to new private capital, or to new public capital, subject to the economywide resource
constraint

Y = C + K̇ + K̇ g. (2a)

With costless adjustment and no depreciation, private capital and private invest-
ment,I , are related by

K̇ = I . (2b)

For an equilibrium with steady ongoing growth to be sustained, the current flow
of government expenditure,G, must itself be tied to some index of growth in
the economy. Whereas several such measures are plausible, a natural case to
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consider is that the central planner sets gross public investment as proportional of
output11:

K̇ g = G = gY 0< g < 1. (2c)

In analyzing the centrally planned economy, it is instructive to proceed in two
stages. In the first, we assume thatg is set arbitrarily in (2c), whereas in the second,
g is set optimally along withC andK . This latter case is equivalent to optimizing
directly with respect toG (along withC andK ) and the outcome is independent
of the specific constraintG = gY. One advantage of this two-stage approach is
that it preserves comparability of our analysis with much of the existing literature
which, by tying expenditures to tax revenues for a given tax rate is essentially
assuming thatg is set arbitrarily.12 More important, this approach enhances our
understanding of the optimal tax structure which, as we show in equation (20),
reflects two potential sources of externalities for the representative agent: one due
to deviations in government expenditure from its social optimum; and another due
to the degree of congestion,σ , associated with the public good.

3. CENTRALLY PLANNED ECONOMY

As a benchmark, it is convenient to begin with the case in which the govern-
ment acts as a central planner and chooses all quantities directly to maximize
intertemporal utility, (1a), subject to the production function (1b′), the aggregate
resource constraint (2a), and the accumulation equations (2b) and (2c). With the
normalizationN = 1, the present-value Hamiltonian for this optimization is

H ≡ (1/γ )Cγe−ρt + νe−ρt
[
(1− g)αK β

g K 1−β − C − K̇
]

+µe−ρt
[
gαK β

g K 1−β − K̇ g
]
, (3)

whereν is the shadow value (marginal utility) of private capital in the form of new
output andµ is the shadow value of public capital. The analysis is simplified by
using the shadow value of private capital as numeraire. Consequently,q ≡ µ/ν is
the value of public capital measured in terms of units of private capital. Likewise,
the subsequent dynamics can be expressed conveniently in terms of quantities
relative to the stock of private capital, namely,c ≡ C/K ; z≡ Kg/K .

The optimality conditions with respect toC, K , andKg, for giveng, thus can
be expressed as

Cγ−1 = ν, (4a)

(1− β)αzβ [(1− g)+ qg] = ρ − (ν̇/ν), (4b)

[(βαzβ−1)/q][(1− g)+ qg] + (q̇/q) = ρ − (ν̇/ν). (4c)

Equation (4a) equates the marginal utility of consumption to the shadow value of
private capital. The left-hand side of equation (4b) describes the marginal return
to investing in a unit of private capital. This comprises three components. The first
is the gross marginal physical product∂Y/∂K ≡ (1− β)αzβ . With government
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investment tied to output in accordance with (2c), private investment also induces
an increase in public capitalg(∂Y/∂K ), which is valued at its imputed real priceq.
Offsetting this are the resource costs embodied in the public capital,g(∂Y/∂K ),
the price of which in terms of the numeraire is unity. In equilibrium, the sum
of these components must equal the return to consumption, measured in terms of
private capital as numeraire, and given by the right-hand side of (4b). Equation (4c)
describes the analogous relationship for public capital. The only difference is that
the return to investing in public capital, when expressed in terms of private capital
as numeraire, includes the rate of capital gains,q̇/q.

Dividing the public capital accumulation equation (2c) byKg, while noting the
production function, the growth rate of public capital,φg, may be expressed as

φg ≡ K̇ g

Kg
= gαzβ−1. (5a)

Likewise, dividing the goods market condition (2a) byK , and noting (5a), the
growth rate of private capital,φk, becomes

φk ≡ (K̇/K ) = (1− g)αzβ − c. (5b)

Using these relationships, the dynamics of the centrally planned economy can be
represented by the system of equations

(ż/z) = gαzβ−1− (1− g)αzβ + c, (6a)

ċ

c
= [(1− g)+ qg]α(1− β)zβ − ρ

1− γ − (1− g)αzβ + c, (6b)

q̇ = [(1− β)zq− β]αzβ−1[(1− g)+ qg]. (6c)

The first of these equations describes the differential growth rate between public
and private capital and is obtained by substituting (5a) and (5b) into the relationship
ż/z = K̇ g/Kg − K̇/K . The second equation determines the differential growth
rate between consumption and private capital. It is obtained from the relationship
ċ/c = Ċ/C − K̇/K , whereĊ/C is obtained by combining the time derivative
of (4a) with (4b). The third equation is obtained by equating (4b) and (4c). To
ensure that the intertemporal resource constraint is met, the following transversality
conditions must hold:

lim
t→∞ νKe−ρt = 0; lim

t→∞µKge−ρt = 0. (7)

3.1. Steady State

The steady state of this system is characterized byż= ċ = q̇ = 0, so that all real
quantities grow at a common rate, with the shadow value of public capital being

https://doi.org/10.1017/S1365100597004045 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100597004045


           

622 STEPHEN J. TURNOVSKY

constant. This implies the following relationships, where tildes denote steady-
states:

c̃ = (1− g)αz̃β − gαz̃β−1, (8a)

[(1− g)+ q̃g]α(1− β)z̃β − ρ
1− γ − (1− g)αz̃β + c̃ = 0, (8b)

z̃q̃ = β/(1− β). (8c)

Thus, in steady-state equilibrium, the relative value of public to total capital,
z̃q̃/(1 + z̃q̃), equalsβ, the elasticity of public capital in the production func-
tion. Given q̃, the other two equations determine the ratios of consumption to
private capital and public to private capital, consistent with a balanced-growth
equilibrium.

However, equations (8a–c) may, or may not, be consistent with a well-defined
steady state in which̃c > 0, z̃> 0. To see this, first substitute (8c) into (8b). The
resulting equation, together with (8a) then defines a pair of nonlinear equations inc̃
andz̃. From this pair of equations, one can establish that a necessary and sufficient
condition for these two loci to intersect in the positive quadrant and therefore for
a well-defined steady statẽc > 0, z̃ > 0 (and consequentlỹq > 0) to obtain, is
that13

ρ − αγgβ

(1− g)β−1
> 0. (9)

This condition is clearly met if the utility function is logarithmic, but it may be
violated if the share of output claimed by government investment is large and
γ > 0. In this case, the large intertemporal elasticity of substitution indicates that
the agent has a preference for consumption, leaving insufficient output available
to enable private capital to maintain the same (high) growth rate as public capital,
required to maintain a balanced-growth equilibrium. Henceforth, we assume that
(9) is met, in which case, using (8), the corresponding (common) equilibrium
growth rate of consumption and the two capital stocks may be expressed in the
following equivalent forms:

φ̃ ≡
˜̇C

C
=

˜̇K

K
=

˜̇K g

Kg
= gαz̃β−1 = (1− g)αz̃β − c̃

= [(1− g)(1− β)z̃+ βg]z̃β−1− ρ
1− γ . (10)

Finally, it is straightforward to establish that this equilibrium is consistent with the
transversality condition (7), so that it is intertemporally viable.14
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3.2. Equilibrium Dynamics

Because the dynamic system (6) is nonlinear, we proceed by considering the
linearized dynamics about steady-state: ż

ċ
q̇

 =


−α[g(1−β)+ (1− g)β z̃]z̃β−1 z̃ 0

[(γ −β)(1− g)+ q̃g(1−β)]αβ z̃β−1c̃

1− γ c̃
gα(1− β)z̃β c̃

1− γ
(1− β)q̃[(1− g)+ q̃g]αz̃β−1 0 (1−β)[(1− g)+ q̃g]αz̃β



×
z− z̃

c− c̃
q − q̃

. (11)

One can show that the linearized system (11) has two unstable eigenvalues and
one stable eigenvalue,λ < 0. It is therefore a saddlepoint. As usual, the shadow
value,q, can respond instantaneously to new information, and the consumption-
to-capital ratio,c, is also free to jump. With both types of capital being constrained
to continuous accumulation, we assume that, in general, their ratio,z, also is
constrained to continuous adjustments. However, in the case in which all resources
are under the control of the central planner, and there are no adjustment costs, we
permit the central planner to choose the initial ratio,z0, by transforming one type
of capital to another; see Section 3.3.

Starting from a given initial ratio of the two types of capital,z0, the stable
solution in the centralized economy is

z(t)− z̃= (z0− z̃)eλt , (12a)

c(t)− c̃ = (1/z̃)[g(1− β)αz̃β−1+ (1− g)βαz̃β + λ](z− z̃), (12b)

q(t)− q̃ = − (1− β)q̃[(1− g)+ gq̃]αz̃β−1

[(1− β)[(1− g)+ gq̃]αz̃β − λ]
(z− z̃). (12c)

Equation (12c) implies that as the ratio of public capital to private capital increases,
the shadow value of public capital in terms of that of private capital declines.

3.3. Optimal Government Expenditure

The nature of the equilibrium changes dramatically when instead of setting the
public investment share of output,g, arbitrarily, the government does so optimally.
Setting∂H/∂g = 0 in (3) leads to the conditionq = 1, implying thatq̇ ≡ 0. It
then follows from (6c) thatz = β/(1− β), so thatż ≡ 0. With z constant, (6b),
together with the transversality condition, implies thatc must also be constant.
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Thus the first-best equilibrium, where the government chooses its expenditure
optimally, requires that the system always be at its steady state [in this case denoted
by (ˆ)]:

q̂ = 1, ẑ= β

(1− β) , ĉ = ρ − αγ (1− β)ẑβ
(1− β)(1− γ ) , (13)

in which the shadow values of the two capital stocks are equal, and the share of
public capital to the total capital stock equalsβ, its elasticity in production. The
planner transforms one form of existing capital to the other so as to attain the
optimal ratio as determined in (13) and there are no dynamics. The corresponding
share of output devoted to government expenditure and the steady-state growth
rate are given by

ĝ = β − βĉ

αẑβ
< β, φ̂ = (1− β)αẑβ − ρ

1− γ . (14)

3.4. Long-Run Effects of Fiscal Expansion

The long-run effects of a fiscal expansion in the centrally planned economy are
described by the following expressions:

dz̃

dg
=

z̃

[
1+ 1

1− γ [(1− β)z̃− β]

]
(1− β)

[
g+ β

1− γ [(1− g)z̃− g]

] , (15a)

dc̃

dg
= γ z̃β(g− β)
(1− β)(1− γ )

[
g+ β

1− γ [(1− g)z̃− g]

] , (15b)

dφ̃

dg
= z̃β(β − g)

(1− γ )
[
g+ β

1− γ [(1− g)z̃− g]

] , (15c)

where recalling (8a) (and̃c > 0) we have(1− g)z̃ > g. The most significant
result is that the long-run growth-maximizing rate of government expenditure,ḡ
say, is determined wherēg = β, as in the flow model of Barro (1990). Comparing
ḡ=β with (14), we find that as in Futagami et al. (1993), this value exceeds
the welfare-maximizing value of government expenditure. This contrasts with the
flow model when the two quantities coincide. The difference is accounted for
by the fact that, when government expenditure influences production as a flow,
maximizing the growth rate of capital is equivalent to maximizing the growth
rate of consumption and therefore to maximizing its level at each instant of time,
thereby maximizing overall intertemporal welfare. By contrast, when government
expenditure affects output as a stock, consumption is foregone in the process of
accumulating public capital. Maximizing the common growth rate of the two types
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of capital involves a consumption loss. The central planner is better off reducing
the growth rate, thereby enjoying more consumption.15

Equation (15a) implies that if̃z ≥ ẑ, so that the economy does not have a
shortage of public capital, then if the central planner increases the share of output
devoted to public capital, the long-run ratio of public to private capital is increased.
However, ifz̃< ẑ, one cannot rule out the possibility that the short-run growth in
private capital generated by the increase ing will be sufficiently great as to reduce
the steady-state ratio of public to private capital.

4. DECENTRALIZED ECONOMY

We now consider the representative agent in a decentralized economy. The objec-
tive of the agent is to maximize his constant elasticity utility function, (1a), subject
to his accumulation of private capital, (2a), and flow budget constraint, represented
by (recalling the normalizationN = 1)

K̇ + Ḃ = r (1− τ)B+ (1− τ)Y − (1+ ω)C − T, (16)

whereB is the stock of government bonds paying an interest rater , τ is the rate of
income tax,ω is the rate of consumption tax, andT denotes time-varying lump-sum
taxes. In performing this optimization, the agent is assumed to treat the stock of
public capital as given and independent of his own decisions. Thus in (1b′) Kg and
the aggregate capital stockK are taken as given, though with the normalization,
the conditionk = K is assumed to hold in equilibrium.

Two further points concern the specification of the tax rates. First, for the present,
we assume thatτ andω are fixed through time, being subject to, at most, once-
and-for-all policy changes at discrete times. As we show in Section 5, to replicate
the first-best optimum,τ will need to be time-varying.

The agent’s decisions are to choose his consumption level,C, private capi-
tal stock, K , and holdings of government bonds,B, leading to the optimality
conditions

(C∗)γ−1 = ν∗(1+ ω), (17a)

r = α(1− βσ)(z∗)β, (17b)

(1− τ)α(1− βσ)(z∗)β = ρ − (ν̇∗/ν∗), (17c)

where the asterisk identifies the decentralized equilibrium. Equation (17a) equates
the marginal utility of consumption to the consumption tax-adjusted marginal
utility of wealth. Equation (17b) asserts that the equilibrium interest rate equals
the marginal physical product of private capital. The latter reflects the fact that more
(relative) congestion, i.e., a smallerσ , raises the productivity of private capital in
the sense that it increases the quantity of the productive services of public capital
derived by the individual agent, as he increasesk. The final equation equates the
after-tax marginal physical product of capital (and the corresponding real return
on bonds) to the rate of return on consumption.
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The dynamics of the equilibrium in the decentralized economy are represented
by

(ż∗/z∗) = gα(z∗)β−1− (1− g)α(z∗)β + c∗, (6a′)
ċ∗

c∗
= (1− τ)α(1− βσ)(z∗)β − ρ

1− γ − (1− g)α(z∗)β + c∗, (6b′)

and the relevant transversality conditions are now

lim
t→∞ ν

∗K ∗e−ρt = 0; lim
t→∞ ν

∗Be−ρt = 0. (7′)

The difference between the evolution of the decentralized economy is that the
dynamics now are represented by a pair of equations inz∗ andc∗ and proceed
independently of the shadow value of public capital,q. This is because the private
agent in the decentralized economy responds to the given tax rate,τ , in contrast to
the central planner who takes account of the endogenously evolving shadow value
of public capital,q.

4.1. Steady State

Steady-state equilibrium is determined by

c̃∗ = (1− g)α(z̃∗)β − gα(z̃∗)β−1, (8a′)

(1− τ)α(1− βσ)(z̃∗)β − ρ
1− γ − (1− g)α(z̃∗)β + c̃∗ = 0, (8b′)

which jointly determine the equilibrium values ofz̃∗ andc̃∗. Analogous to the cen-
trally planned economy, there may or may not be a viable solution to these equa-
tions, and a condition similar to (9) can be derived.16 The steady-state equilibrium
growth rate now is given by the first pair of equations in (10). The transversality con-
dition now requires(1−τ)(1−βσ)z̃∗ > g, or equivalently, thatρ > γgα(z̃∗)β−1.
As long asγ > 0, this imposes a restriction on the government policy parameters
g andτ , though the condition certainly will be met when these policy parameters
are chosen optimally so as to replicate the equilibrium of the centrally planned
economy; see equation (20).

4.2. Equilibrium Dynamics

The linearized equilibrium dynamics for the decentralized economy are described
by(

ż∗

ċ∗

)
=
 −α[g(1− β)+ (1− g)β z̃∗](z̃∗)β−1 z̃∗[

(1− τ)α(1− βσ)β(z̃∗)β−1

1− γ − (1− g)αβ(z̃∗)β−1

]
c̃∗ c̃∗


×
(

z∗ − z̃∗

c∗ − c̃∗

)
, (11′)
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which again can be shown to be a saddlepoint, with the stable eigenvalue being
λ∗ < 0. The dynamic paths forz∗ andc∗ are described by relationships analogous
to (12a) and (12b), namely,

z∗(t)− z̃∗ = (z∗0 − z̃∗
)
eλ
∗t , (12a′)

c∗(t)− c̃∗ = (1/z̃∗)[g(1−β)α(z̃∗)β−1+ (1− g)βα(z̃∗)β +λ∗](z∗ − z̃∗). (12b′)

It is convenient to focus on the transitional dynamics in terms of the growth
rates of the two types of capital. Recalling (5a) and (5b), the respective growth
rates in the decentralized economy are

φ∗g ≡
(
K̇
∗
g

/
K ∗g
) = gα(z∗)β−1, (5a′)

φ∗k ≡ (K̇
∗
/K ∗) = (1− g)α(z∗)β − c∗. (5b′)

In steady-state equilibrium, the ratio of public to private capital remains constant,
so that both types of capital grow asymptotically at the same rateφ̃

∗
. Thus, the

linearized transitional paths followed by the growth rates of the capital stocks are

φ∗g − φ̃∗ ≡
(
K̇
∗
g

/
K ∗g
)− φ̃∗ = −gα(1− β)(z̃∗)β−2(z∗ − z̃∗), (18a)

φ∗k− φ̃∗ ≡ (K̇
∗
/K ∗)− φ̃∗ = −(1/z̃∗)[gα(1−β)(z̃∗)β−1+λ∗](z∗− z̃∗). (18b)

These are illustrated in Figure 1. The locusXX corresponds to the stable tran-
sitional adjustment path in the growth of private capital and can be shown to be
positively sloped17; the corresponding path for public capital is illustrated by the
negatively sloped locus,YY. The key feature of the adjustment is that, during any
transition, the growth rates of the two forms of capital are moving in opposite di-
rections. This is because the transitional dynamics are driven by the ratio of public
to private capital,z∗, and the fact that, as this ratio increases, the productivity of
private capital rises, whereas that of public capital declines.

4.3. Steady-State Fiscal Effects

The long-run effects of fiscal policies on the relative capital stock,z∗, consumption
ratio, c∗, and the growth rate,φ∗, are obtained by considering (8a′), (8b′), and
(10). We discuss the effects of changes in the income tax rate; and the share of
government expenditure, assuming that the government budget constraint is met
through an appropriate adjustment in debt, or equivalently in lump-sum taxes. The
equilibrium is independent of the consumption tax,ω, which therefore also operates
as a lump-sum tax, and also may serve as the balancing item in the government
budget.

Omitting details, the following results can be established:

∂ z̃∗

∂τ
= (z̃∗)2

(1− γ )J > 0; ∂ z̃∗

∂g
= z̃∗

(1− βσ)J > 0, (19a)
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FIGURE 1. Stable adjustment paths for growth rates of public and private capital.

∂ c̃∗

∂τ
= α(z̃∗)β [(1− g)β z̃∗ + g(1− β)]

(1− γ )J > 0;
(19b)

∂ c̃∗

∂g
=
α(z̃∗)β

[(
β − g

1− βσ
)
− (1− τ)β(1+ z̃∗)

1− γ

]
J

,

∂φ̃∗

∂τ
= −gα(1− β)(z̃∗)β

(1− γ )J < 0; ∂φ̃∗

∂g
= αβ(1− τ)(z̃∗)β

(1− γ )J > 0, (19c)

where

J ≡
(

1− β
1− βσ

)
g+ β(1− τ)z̃

∗

(1− γ ) > 0.

A reduction, say, in the income tax rate,τ , raises the net rate of return to private
capital, thereby inducing investors to switch from consumption to saving, thus
lowering the consumption/capital ratio and increasing the growth rate of private
capital. This positive effect on the return to private capital favors its accumulation
and leads to a long-run decline in the ratio of public to private capital.18
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FIGURE 2. Transitional dynamics of capital: tax cut.

In contrast to the centrally planned economy, an increase in the share of out-
put claimed by the government, financed by a lump-sum tax (or bonds), raises
the equilibrium growth rate of capital unambiguously. This is because lump-sum
taxation avoids the excess burden associated with distortionary taxes, which the
central planner is effectively imposing.19

The case considered by Futagami et al. (1993) in which government expen-
diture is determined by tax revenues, corresponds tog= τ and hencedg= dτ .
It is straightforward to verify that such a balanced-budget increase ing leads to
responses that are qualitative similar to those in the centrally planned economy.
In particular, whereas the increase ing raises the growth rate, the corresponding
increase inτ has the opposite effect, rendering a net effect that depends upon
(β − g), precisely as in the centralized economy; see (15c).

4.4. Transitional Dynamics

Figure 2 illustrates the transitional dynamics in private and public capital in re-
sponse to a fiscal expansion taking the form of a cut in the income tax rate, financed
by a lump-sum tax. Both permanent and temporary tax cuts are discussed.

Suppose that the economy is initially in steady-state equilibrium at the point
P and that apermanenttax cut is introduced. The immediate effect of the lower
tax is to raise the net return to private capital, inducing agents to reduce their
level of consumption and to increase their rate of accumulation of private capital.

https://doi.org/10.1017/S1365100597004045 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100597004045


           

630 STEPHEN J. TURNOVSKY

This increase in the growth of private capital causes the ratio of public to private
capital,z∗, to begin to decline. Asz∗ declines, the average productivity of private
capital,α(z∗)β falls, causing its growth rate to decrease; see (5b′). The transitional
adjustment in the growth rate of private capital is illustrated by the initial jump
from P to A, on the new stable armX′X′, followed by the continuous declineAQ,
to the new steady state atQ. With the growth of public capital being tied through
aggregate output to the capital stocks in accordance with (2b), the growth rate of
public capital does not respond instantaneously to the lower tax rate,τ . The stable
armYYremains fixed. Instead, asz∗ declines, the average productivity of public
capitalα(z∗)β−1 rises, causing the growth rate of public capital to rise gradually
over time along the pathPQ.

Now, suppose that the tax decrease announced and implemented at time 0 is
only temporary, lasting until timeT . Being only temporary, it is discounted par-
tially by the private agent, so that the initial decline in consumption is reduced,
thereby inducing a smaller initial increase in the growth rate of private capital,φ∗k .
This takes it to the pointR lying below A. At that point the economy begins to
follow the unstable locusRS, reaching the point of intersectionSwith the original
stable saddlepathXX at timeT , when the tax rate is restored to its original level.
Thereafter, the growth rate of the private capital stock follows the locusXX back
to the original steady-state equilibriumP.

With the initial increase in the growth rate,φ∗k , being scaled down, the initial
rate of decline in the ratio of public to private capital is reduced, implying that the
rate of decline of private capital growth is larger than if the tax cut were permanent.
Indeed, by the time the growth rate of private capital reaches the pointS during
the transition,φ∗k has been driven below its initial equilibrium. The elimination of
the tax cut at that time causes consumption to begin rising, so thatz∗ begins to
increase as well; i.e.,̇z∗ > 0 see (6a′). This gradually increases the productivity
of private capital so that the growth rate of private capital begins to increase; see
(18b).

The response of the growth rate of public capital to the temporary tax cut is more
gradual, moving continuously alongPQ on theYY locus. As the ratio of public
to private capital begins to decline, the growth rate of public capital gradually
increases, reaching a maximum at the pointV , which corresponds to the minimum
value of the ratioz∗ along the transitional path,RS. Thereafter, asz∗ increases,φ∗g
retraces its steps along the pathVP, back toward the original equilibrium atP.

The paths for the two capital stocks over time are illustrated in Figure 3. It is
clear that the tax being imposed on private capital income generates more volatile
behavior in private capital than it does in public capital, the response of which is
rather gradual. This is particularly true insofar as a temporary tax cut is concerned.20

It is straightforward to conduct the same analysis for government expenditure.
In that case we again find that the two types of capital approach their respective
equilibrium growth rates from opposite directions, though the pattern of adjust-
ment is reversed. Now, the growth rate of public capital initially overshoots its
long-run increase, whereas the growth rate of private capital always undershoots
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A) Permanent tax cut

B) Temporary tax cut

FIGURE 3. Time paths for private and public capital.
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on impact—and indeed may respond perversely—before gradually increasing to
its new equilibrium. Public capital now exhibits greater volatility, especially in
response to a temporary expenditure shock.21

5. OPTIMAL TAX

We turn now to the determination of the tax structure that will enable the decentral-
ized economy to replicate the first-best outcome of the centrally planned economy.
There are two aspects to consider. The first is that the decentralized economy must
attain the steady state of the centralized economy. The second is that, having repli-
cated the steady state, the transitional adjustment path to that equilibrium also must
be followed. Because the dynamics generatingz andc are of the same form in the
two economies [cf. (12a,b) and (12a′,12b′)], this will be attained—at least to the
linear approximation representation—by replicating the stable eigenvalue. That is,
the solution forλ to (11) must equal the solution forλ∗ to (11′). In general, this
requires the income tax,τ , to be time-varying.

To see this, consider first the case in which the income tax rate remains constant
through time at the rateτ = τ̄ . Comparing the corresponding relationships (8a–c)
with (8a′) and (8b′), we see that the steady-state equilibrium values(z̃∗, c̃∗) will
replicate the first-best optimum in the centrally planned economy,(z̃, c̃), if and
only if τ̄ satisfies

(1− τ̄ )(1− βσ) = (1− g+ q̃g)(1− β),

whereq̃ = [β/(1− β)z̃] and z̃ is determined by (8a–c). Simplifying this relation-
ship, the optimal steady-state income tax can be expressed as

τ̄ = g(1− q̃)+ β(1− σ)
1− βσ . (20)

Setting the income tax in accordance with (20) ensures that the steady-state equi-
librium of the centrally planned economy will be replicated. We discuss the sig-
nificance of this tax policy presently, but before doing so we show how, ifτ is
maintained at ¯τ during the transition, the adjustment path followed by the decen-
tralized equilibrium will fail to mimic that of the first-best optimum. To see this,
we consider the respective eigenvalues and show how in this circumstanceλ∗ 6= λ.

For notational convenience, we denote the elements of the matrix of coefficients
in the linearized centralized economy by(ai j ). These elements can be immedi-
ately identified by referring to (11). The equilibrium eigenvalue in the centralized
economy is the negative solution to the cubic equation

F(λ) ≡ (a33− λ)[(a11− λ)(c̃− λ)− a21z̃] + z̃a23a31 = 0. (21)

Using this notation and if the tax rate ¯τ in the decentralized economy is set
in accordance with (20), thereby replicating the first-best steady state, then the
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corresponding eigenvalue,λ∗, in the decentralized economy is determined
where

G(λ∗) ≡ (a11− λ∗
)
(c̃− λ∗)− a21z̃= 0. (21′)

Combining (21) and (21′), we find thatF(λ∗) = z̃a23a31 > 0. It then follows from
the fact that the functionF(·) is cubic inλ and thatλ, λ∗ are stable eigenvalues
that the relationshipλ∗ < λ < 0 must hold. In other words, if the tax rate is
fixed over time atτ = τ̄ as in (20), then the ratio of public to private capital in the
decentralized economy,z∗, determined by (12a′) will converge too rapidly, relative
to the optimal rate of adjustment as described by (12a).

The intuition for this result is straightforward and is a consequence of the fact
that the private agent treatsτ as fixed and does not respond to changes in the shadow
value of public capital,q, as does the central planner. Suppose some change oc-
curs causingz to increase fromz0 to z̃. During the transition asz is increased, the
shadow value of public capital declines. This, however, is not reflected by a fixed
τ , so that during the transition ¯τ overstates the proper social value of public capital.
Accordingly, private capital is taxed too much and there is an overinvestment in
public capital relative to private capital along the transitional path in the decentral-
ized economy, but, although the relationshipz∗ > z holds along the transitional
path, asymptoticallyz∗ → z̃.

We now propose modifying the income tax rate to

τ(t) = τ̄ + θ [z∗(t)− z̃∗], (22)

where ¯τ is given by (20) andθ is a constant to be determined. The income tax
rate as specified by (22) is time-varying, tracking the evolution of the economy as
the relative stocks of capital change over time.22 Intuitively, the time-varying tax
rateτ(t) in effect permits the representative agent to track the endogenous shadow
value of public capital. Becauseθ is relevant only along the transitional path (when
z∗ 6= z̃∗), it has no impact on the steady-state equilibrium. Consequently, setting ¯τ

in accordance with (20) still will replicate the steady-state capital and consumption
ratios,z̃, c̃, of the first-best optimum.

However,θ will affect the eigenvalueλ∗ in the decentralized economy and there-
fore the speed of adjustment along the transitional path. The critical modification
to be made is to the linearization of (6b′) [appearing as the second row in (11′)],
which now becomes

ċ∗

c∗
=
[
(1− τ̄ )α(1− βσ)β(z̃∗)β−1− α(1− βσ)θ(z̃∗)β

1− γ
]
(z∗ − z̃∗)+ (c∗ − c̃∗).

If τ̄ is set in accordance with (20), the eigenvalue,λ∗, in the decentralized economy
is now determined by

G(λ∗) ≡ (a11− λ∗
)
(c̃− λ∗)− z̃

[
a21− α(1− βσ)θ z̃β c̃

1− γ
]
= 0. (21′′)
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It then follows that the speed of adjustment in the decentralized economy will
exactly replicate that in the centralized economy (i.e.,λ∗ = λ) if and only if

θ = −gq̃

(
1− β

1− βσ
)

a33

(a33− λ)z̃ < 0, (23)

wherea33 = (1− β)[(1− g)+ q̃g]αz̃β .
Thus the time-varying income tax rate (22) where ¯τ is determined by (20)

and θ is determined by (23) will replicate the first-best optimum in the sense
that both the steady state and the transitional path will be attained. Having set
the distortionary income taxes optimally, any combination of lump-sum taxes,
consumption tax, and bonds satisfying the flow government budget constraint
and consistent with the consumer transversality condition, (7′), and therefore the
intertemporal government budget constraint, will replicate the first-best optimal
path. Note further that, with the availability of a full set of tax instruments, the
problem of time inconsistency of optimal policy does not arise. With the target
value for the income tax rate at each instant of time being determined by the
time path followed by the first-best optimum, the government always will want to
choose the income tax rate to attain that given and unchanging target path.

We return to the optimal steady-state tax rate, ¯τ , given in (20). The intuition
behind this optimum can be understood by comparing thesocialandprivatereturns
to private capital accumulation in the presence of public capital. Recalling (4b),
the social return to accumulating a marginal unit of private capital is

rs ≡ [(1− g)+ qg](1− β)αzβ.

This takes account of the fact that, because the government maintains a fixed
expenditure ratio,gY, the accumulation of private capital indirectly causes the
government to increase its rate of investment.

By contrast, the individual in the decentralized economy computes the marginal
physical product of private capital on the assumption that the value of the public
capital, Kg, remains unaffected by his individual decision. Thus, the after-tax
private rate of return on private capital is

r p ≡ (1− τ)(1− βσ)αzβ,

which takes account of the degree of congestion associated with the public capital.
The optimal tax rate ¯τ is set so as to equater p tors. The income tax rate thus corrects
for two potential sources of externality: the size of the government relative to its
social optimum, and the degree of congestion.

Suppose that there is no congestion, so thatσ = 1 and that̃q > 1, i.e., z̃ < ẑ
so that the relative stock of government capital is less than optimal. In this case,
the optimal tax on private capital income is ¯τ < 0; see (20). Because private
investment increases output and therefore has the desirable effect of increasing the
size of public capital, it generates a positive externality and therefore should be
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encouraged through a subsidy. On the other hand, ifq̃ < 1 and the government is
too large relative to the optimum, the accumulation of capital generates a negative
externality and should be discouraged through a positive tax on capital income.
Finally, if q̃ = 1, so that the size of the government sector is optimal, the induced
change in government expenditure is just worth its cost. There is no externality and
so private capital income should be untaxed. The first-best optimum can be reached
either through lump-sum taxation alone, or equivalently through a consumption
tax.

Suppose now thatσ = 0, so that congestion is proportional. If the stock of public
capital is at its social optimum,q̃= 1, the income from private capital now should
be taxed at the rate ¯τ =β, the proportion of public capital in the overall social
optimum; see (13). Because at the optimumĝ < β [see (14)], this implies ¯τ > ĝ.
Thus, to attain the first-best optimum in the presence of proportional congestion, the
government should impose an income tax in excess of its current investment costs,
rebating the excess either as a lump-sum tax, or equivalently as a consumption tax.

The idea that the presence of congestion favors an income tax over lump-sum
taxation or a consumption tax has been shown previously by Barro and Sala-i-
Martin (1992) and Turnovsky (1996a). In models in which government expenditure
appears as a flow, the optimal tax rate turns out to be ¯τ = ĝ, so that the expenditure
is exactly self-financing. In the present case, because congestion in public capital
enhances the return to private capital, a larger tax is required to offset this incentive
to overaccumulate private capital.

Becauseθ < 0, the transitional component of the tax rate,τ(t) is a subsidy as
long asz̃∗ > z∗(t), favoring the accumulation of private capital. In the absence
of such a subsidy, the ratio of public capital in the decentralized economy will
accumulate too fast relative to the social optimum and the effect ofθ < 0 is to
slow down the speed of adjustment. Notice that as the ratioz approaches its steady
state along the path, the magnitude of the subsidy declines. Ifz̃∗ < z∗(t), it is a
tax slowing down the contraction ofz (i.e., speeding up the relative contraction
of private capital). In the case of the first-best optimum government expenditure,
in which the centrally planned economy is always in steady state [see (13), (14)],
this can be replicated in the decentralized economy by lettingθ →∞.23

6. CONCLUSIONS

The role of public expenditure in determining the productive performance of the
economy has become an important issue in both academic research and policy
debates. Virtually all of the analytical work addressing this issue has introduced
government expenditure as a flow in the production function, and therefore has been
subject to the criticism that insofar as it is intended to represent the infrastructure of
the economy, what is really relevant is the accumulated stock of publicly provided
capital. This paper has introduced both public and private capital in a model of en-
dogenous growth. Some aspects of the model, such as the presence of transitional
dynamics and the noncoincidence of the growth and welfare-maximizing tax rates,
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familiar from previous models having multiple capital goods, apply here as well.
However, the extension to congestion and the more complete set of fiscal instru-
ments introduces new insights.

First, during the transition, the two capital stocks always approach their common
equilibrium growth rate from opposite directions. In response to a permanent in-
come tax cut the growth rate of private capital initially overshoots its new (higher)
long-run level before declining during the subsequent transition. By contrast, the
growth rate of public capital increases, although only gradually, in response to
a tax cut. This pattern of adjustment is reversed in response to a permanent in-
crease in government expenditure. Second, government policy induces the more
volatile response in the capital stock upon which it impinges most directly; private
capital in the case of a tax, public capital in the case of expenditure. This rela-
tive volatility is more pronounced in the case of temporary policy shocks. Third,
whereas an expansion in government expenditure financed by a lump-sum tax al-
ways increases the equilibrium growth rate in a decentralized economy, its effect
in a centralized economy depends upon the size of government,g, relative to its
growth-maximizing level,β.

Finally, we have characterized a time-varying income tax that enables the decen-
tralized economy to replicate both the first-best transitional dynamics and steady-
state equilibrium of a centrally planned economy. The steady-state component has
a simple structure aimed at correcting for potential externalities due to the deviation
in government expenditure from its social optimum, and the effects of congestion
associated with public capital. One interesting aspect of this is that, in the case of
proportional congestion(σ = 0), the government should impose an income tax in
excess of its current investment costs, rebating the excess. The transitional com-
ponent is aimed at inducing the representative agent to take proper account of the
fact that the shadow value of public capital varies inversely with the changing ratio
of public to private capital along the adjustment path. With the consumption tax
essentially operating as a lump-sum tax, the issue of time inconsistency does not
arise. Given an unchanging time path characterizing the first-best optimum, the
policy maker will have no incentive to deviate from it.

NOTES

1. A comprehensive review of recent empirical literature is provided by Gramlich (1994).
2. See, e.g., Barro (1990), Jones and Manuelli (1990), Rebelo (1991), Saint-Paul (1992), Jones et al.

(1993), Turnovsky (1996a,b). Recently, this implication of new growth models has become a source
of criticism because of the suggestion that it runs counter to the empirical evidence. See Jones (1995),
who proposes a new class of nonscale growth models as an alternative.

3. There is a substantial literature of two-sector endogenous-growth models in which the two capital
goods are human and nonhuman capital; see, e.g., Lucas (1988), Mulligan and Sala-i-Martin (1993),
and Davereux and Love (1995). The present analysis shares some of the characteristics of these models,
in particular transitional dynamics.

4. Glomm and Ravikumar (1994) also emphasize congestion. Their model is one in which private
capital fully depreciates each period, rather than being subject to gradual depreciation. This enables
the dynamics of the system to be represented by a single state variable alone, so that it behaves like
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the Barro model in which government expenditure is introduced as a flow. In particular, under constant
returns to scale in the reproducible factors there are no transitional dynamics and the economy is always
on a balanced growth path.

5. The function (1c) is the standard specification in the median voter model of congestion; see, e.g.,
Edwards (1990). It implies decreasing marginal congestion providedσ < 1.

6. A natural alternative specification of congestion is to assume that it is of the absolute form
K s

g = KgK σ−1. However, this formulation is, in general, inconsistent with an equilibrium of ongoing
endogenous growth.

7. Previous studies to analyze the effects of congestion on optimal tax policy include Barro and
Sala-i-Martin (1992) and Turnovsky (1996a).

8. In the caseσ = 0, the good is like a private good in that the median voter receives his proportionate
share.

9. The caseσ < 0 can be interpreted as describing an extreme situation in which the congestion
of the public good is faster than the growth of the economy. There is substantial empirical evidence
supporting this case; see Edwards (1990). Although we do not discuss it, one can easily interpret our
results whereσ < 0.

10. The dependence of the growth rate on population size is emphasized by Glomm and Ravikumar
(1994). In note 18, we determine the effect of the degree of congestion on the equilibrium growth rate.
One motivation of the nonscale models proposed by Jones (1995) and others is to eliminate such scale
effects from long-run growth rates.

11. This specification is a standard one in the growth literature. For example, it is adopted by
Devereux and Love (1995) in their analysis of government consumption expenditure. As long asg
remains constant, the government is claiming a fixed share of the growing output for investment, so
that an increase in the share,g, parameterizes an expansionary fiscal policy in a growing economy.

12. Barro (1990), Rebelo (1991), and Futagami et al. (1993) in effect parameterize government
expenditure in this fashion by assuming that all income tax revenues are spent; i.e.,G = τY.

13. This is the counterpart in the centrally planned economy to Proposition 1 of Futagami et al.
(1993).

14. Solving (4c) and (10), the transversality condition onK can be expressed as limt→∞ ν(t)
K (t)e−ρt = limt→∞ ν(0)K0e−(θ̃−φ̃)t = 0, whereθ̃ ≡ (1− β)αz̃β [1 − g+ q̃g] and φ̃ is defined in
(10). Thus, the transversality condition will hold if and only ifθ̃ > φ̃. Recalling (8a) and (8c), this
reduces tõc > 0, a condition that is ensured by (9). An analogous condition holds within respect to
the transversality condition onKg.

15. In Turnovsky (1996b), where we introduce government expenditure as a flow, we assume that
it not only improves the productivity of existing capital, but also that it reduces the cost of adjustment
associated with investment. This latter aspect also leads to the result that the growth-maximizing rate
of government expenditure exceeds the welfare-maximizing rate.

16. The condition isα[(1− g)(1− γ )− (1− τ)(1− βσ)](g/(1− g)β + ρ > 0.
17. Using the fact thatλ∗ is an eigenvalue of (11′), one can establish

[gα(1− β)(z̃∗)β−1 + λ∗] = αβ(z̃∗)β [(1− g)λ∗ − c̃∗(1− τ)(1− βσ)]
(1− γ )(c̃∗ − λ∗) < 0.

18. In the case in whichN is not normalized to unity, one can show that

∂φ̃∗

∂σ
= gz̃β(1− τ)αβ
(1− βσ)(1− γ )J [(β − 1)+ (1− βσ) ln N].

Thus, an increase in the degree of congestion (lowerσ ) associated with the public good has two offsetting
effects on the equilibrium growth rate. On the one hand, to maintaing constant, the government must
increase its rate of investment and this has a positive effect on the growth rate. However, this is offset
by the reduction in productivity of capital because of the higher congestion and the adverse impact this
has on the growth rate.
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19. This result does not mean that the government can increase the growth rate indefinitely by
increasingg indefinitely. There are constraints becauseg ≤ 1 and the transversality conditions must
be met.

20. It is straightforward to introduce an investment tax credit (ITC),x say. All that happens is that
the after-tax income factor(1− τ) is replaced by [(1− τ)/(1− x)], so that the ITC is qualitatively
identical to a reduction in the income tax rate. Hence, Figure 3 implies that a temporary ITC also induces
instability in the growth of private capital. The ITC is discussed in detail by Turnovsky (1996b).

21. The dynamics of permanent and temporary government expenditure shocks are analyzed in an
expanded version of this paper.

22. The time-varying tax rate (22) is assumed to be a function of the ratio of the aggregate stock of
public to private capital and therefore is taken as given by the representative agent.

23. It is possible to replicate both the steady state and the time path of the centrally planned economy
with a fixed income tax and a fixed tax/subsidy ontotal capital usage (e.g.,xz∗). In this case, the tax
on capital does affect the steady state, so that a corresponding adjustment in the income tax rate is
required. The more familiar investment tax credit (i.e.,xż∗) will not work, because it is equivalent to
an adjustment inτ and therefore does not provide the necessary extra independent policy instrument.
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