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We prove a new upper bound on the second moment of Maass form symmetric
square L-functions defined over Gaussian integers. Combining this estimate with the

recent result of Balog—Biro—Cherubini-Laaksonen, we improve the error term in the
prime geodesic theorem for the Picard manifold.
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1. Introduction
Consider the three-dimensional hyperbolic space
H? ={(z,7); z=x+iyeC; r>0}
and the Picard group defined over Gaussian integers
I' = PSL(2, Z[i]).

The prime geodesic theorem for the Picard manifold I'\H? provides an asymptotic
formula for the function 7p(X), which counts the number of primitive hyperbolic
or loxodromic elements in I' with norm less than or equal to X. In 1983 Sarnak
[15] proved that

mr(X) = Li(X?) + O(X%/3F). (1.1)

Since then the function 7r(X) was intensively studied, see [1,3,9,11]. The cur-
rently best known result due to Balog-Biro-Cherubini-Laaksonen [4] states that
the error term in (1.1) can be replaced by

O(X3/2+49/7+e)7 (1.2)

where 6 = 1/6 (see [12]) is the best known subconvexity exponent for quadratic
Dirichlet L-functions defined over Gaussian integers. In the current paper, we
improve this result further.
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Symmetric square Li-functions over Gaussian integers 55

THEOREM 1.1. For any € >0
(X)) = Li(Xz) + O(X3/2+((3202+28071)/(46+400))+e)' (1.3)
REMARK 1.2. Substituting § = 1/6, we obtain that the error term in (1.3) is
O(X3/2+41/474+6) _ O(X1'586'“),
while (1.2) is equal to
O(X3/2+2/21+5) — O(X1'595”').

Theorem 1.1 is a direct consequence of the following estimate on the sec-
ond moment of Maass form symmetric square L-functions defined over Gaussian
integers.

THEOREM 1.3. For s =1/2 +it, |t| < T we have

D ajlL(sym®uy, 5)] < T (1.4)
T<r;<2T

where o is the standard normalizing coefficient, see (2.6).

Theorem 1.3 improves [1, theorem 3.3], where it was shown that the left-hand
side of (1.4) can be bounded by T**¢. The main new ingredient that leads to the
improvement is a more careful treatment of sums of Kloosterman sums.

The strategy for proving [1, theorem 3.3] consists of using an approximate func-
tional equation for both L-functions followed by the application of the Kuznetsov
trace formula. This results in expressions containing sums of Kloosterman sums
multiplied by some complicated weight function. Then [1, theorem 3.3] is proved
by estimating the Kloosterman sums using Weil’s bound and analysing the weight
function thoroughly.

The proof of theorem 1.3 is quite different. As the first step we apply an approx-
imate functional equation only for one L-function, which reduces our problem to
the investigation of the first twisted moment of symmetric square L-functions. For
this moment we prove an explicit formula which is similar to the one derived in
[3]. The advantage of such hybrid approach is that it allows us to evaluate sums
of Kloosterman sums by replacing them with sums of Zagier L-series weighted by
a double integral of the Gauss hypergeometric function. The Zagier L-series can
be estimated using the subconvexity result of Nelson [12]. Consequently, the main
difficulty of our approach is the analysis of the sums of the weight function given
by the following expression

§ § : |TL2 _4l2|26
U<T o<l

1 2T 2
] ) redrdy
F((1—s-— 1— 1; — l —_ 1.5
X /[; /71 ( §—1r, s+, 1 zi(n/ 7y)) (1 — y2)3/2_sa ( )
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where for ¥ = arg(z) we have

fi(z?y)

g )= y* £ |zlycosd + |z/2%.

T4 (Z7 y) =
When s = 1/2, the asymptotic formula for the hypergeometric function in (1.5)
as 7 — oo was proved by Jones [8] and Farid Khwaja—Olde Daalhuis [5]. How-
ever, for the application to the prime geodesic theorem, it is required to consider
s = 1/2 +it. For this reason, we prove a uniform version of [5, theorem 3.1]. Apply-
ing the resulting asymptotic formula for the hypergeometric function in (1.5) and
evaluating the integral over r, we show that the contribution of the summands with
|z (n/l,y)| > T2 in (1.5) is negligible. The final result comes from the opposite
case: |z4(n/l,y)| < T< 2. In this case the hypergeometric function is approximately
1, and therefore, there is no cancellations in the r-integral. Luckily, the situation
when |z (n/l,y)| < T<? is sufficiently rare so that we can detect all such cases by
dividing the sums over n and [ into many different ranges. Analysing (1.5) carefully
in these ranges, we complete the proof of theorem 1.3.

The paper is organized as follows. All required preliminary results and notation
are collected in §2. The explicit formula for the first twisted moment of symmet-
ric square L-functions over Gaussian integers is given in §3. Section 4 is devoted
to the generalization of the results of Farid Khwaja and Olde Daalhuis concern-
ing a uniform asymptotic formula for the Gauss hypergeometric function. Finally,
theorem 1.3 is proved in §5 and theorem 1.1 in §6.

2. Notation and preliminary results

Let k = Q(4) be the Gaussian number field. All sums in this paper are over Gaussian
integers unless otherwise indicated. For #(s) > 1, the Dedekind zeta function is

defined as
) =471 |n|77.
n#0
Let 04(n) =471 2 din |d|?*. For R(s) > 1 and r € R we have

Uzr (S)C (S + ZT)C (S - ZT)
4 Z |n|2€+27r - - Ck(QS)k : (2.1)

Let [n,z] = R(nz) and e[z] = exp(2miR(x)). For m,n,c € Z[i] with ¢ # 0 the
Kloosterman sum is defined by

S(m,n;c) = Z e[mi—i—nac] , aa*=1 (mod c).
a (mod c)

(a,c)=1

Form € Z, ¢ € C and R(s) > 1 let

+&\" 1
Ck(s;mag) = < - > P
2 ve) e
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LEMMA 2.1. If m # 0 then (k(s;m, &) is entire function of variable s. Otherwise,
it is reqular in s except for a simple pole at s = 1 with residue w. For Re(s) < 0 we
have

e e DO = s+ ml/2) o~ (T elng]
Gilsim, €) = (i) L { %(m) i e

Proof. Equation (2.2) follows from [10, lemma 2] by making the change of variable

n — 7 on the right-hand side of [10, (4.1)] and using the fact that e[né] = e[ng]. O

Let I'(z) be the Gamma function. By Stirling’s formula we have

L(o +it) = V2r[t|"~'/* exp(—nt|/2) exp ( (t log ] — ¢ + W»

x (L+0(1t™) (2.3)

for |t| — oo and any fixed o. Evaluating sufficiently many terms in the asymptotic
expansion, it is possible to replace O([t|~!) in (2.3) by an arbitrarily accurate
approximation.

Let {rk; =1+ 7“]2-, j=1,2,...} be the non-trivial discrete spectrum of the hyper-
bolic Laplacian on L?(I'\H?), and {u;} be the orthonormal basis of the space of
Maass cusp forms consisting of common eigenfunctions of all Hecke operators and
the hyperbolic Laplacian. Each function u; has the following Fourier expansion

ui(2) =y Y pj(n)Kir, (27|nly)e[nal,
n#0

where K, (z) is the K-Bessel function of order v.
The corresponding Rankin—Selberg L-function is defined as

L(Uj & uj,s) = Z |pj(n)

‘n|25
n#0

‘ 2

. R(s) > 1.

Using the relation to the Hecke eigenvalues p;(n) = p;(1)A;(n), we obtain

Ck(s)
Ck(ZS)

L(uj @ uj,8) = |p;(1)]? L(sym® uj, s),
where
Aj(n?)

‘n|2s :

L(sym®u, s) = (i(2s) Z
n#0

The symmetric square L-function is an entire function (see [16]) which satisfies the
functional equation

(2.4)

L(Sym2 Uy s S)’}/(S,Tj) = L(Sym2 Ugs 1- 5)7(1 - Svrj)a
where

(s, rj) = w‘sSF(S)F(s +ir;)I'(s —irj). (2.5)
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The standard normalizing coefficient is defined as follows
il (P
7 sinh(mry)

LEMMA 2.2. The following approzimate functional equation holds

Lisym?uj,s) = 3 Ill(%) (il vy, s +Z|l|2 2V (i,r1—s),  (27)

10 140
where for any y > 0 and a > 0
Vi =g [ BEZ0Germsn =T ey
(2) = exp(z”) Po(2?)
with P, being a polynomial of degree n such that P,(0) = 1.
Proof. The proof is similar to [13, lemma 7.2.1]. O

Using (2.5) and (2.3) we prove the following estimates (see [13, lemma 7.2.2]).

LEMMA 2.3. Let rj ~T and s = 1/2+ it with |t| < T°. For any positive numbers
y and A we have
2\
Viy,rj,s) < ) (2.9)

For any positive integer N and 1 < y < r1+€

) 2z s .
V(y,rj,s) = 217”/((1) (wf:/j?y) F<I‘(—~s_) )Ck(2s+2z)§(z)

x (1 + Nz_:l L“(”If t>> d= O(r; Vo), (2.10)

k=1 J

where v = S(z) and p,(v) is a polynomial of degree n.

Let

G2 )
L(sin) = o) 2z TP R(s) > 1, (2.11)

pq(n) = #{z (mod 2q) : 22 =n (mod 4q)}.
We have (see [17] and [3, (3.20)])

Lie(5:0) = 4G(25 — 1). (2.12)
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Furthermore, the following subconvexity bound holds (see [3, Eq. (3.12)])
Fe(1/2 +it;n) < (14 |t])?n|?0F, (2.13)

where 6 can be taken as 1/6 according to the result of Nelson [12]. As an analogue
of [2, lemma 4.1], we derive the following equation relating sums of Kloosterman
sums and the L-series (2.11)

c Lic(s;n? — 412
Z |q|2+2s Z S(1%, ¢ q)e [nq] = k(gk(%)) (2.14)

q7#0 ¢ (mod q)

3. Explicit formula for the first moment

In this section, we evaluate the first twisted moment

1(l,s;h) Zh i)\ (1%) L(sym? u;, s), (3.1)
where h(t) is an even function, holomorphic in any fixed horizontal strip and
satisfying the conditions

h(£(n—1/2)i) =0, h(£ni)=0 for n=1,2,... N, (3.2)
h(r) < exp(—c|r|?) (3.3)

for some fixed N and ¢ > 0.

THEOREM 3.1. For 1/2 < R(s) < 1 and any even function h(t) that is holomorphic
in any fized horizontal strip and satisfies the conditions (3.2) and (3.3), we have

My(l,s;h) = MT(1, h; s) + CT(1, h; ) + ET(, hy s) + S(1, by s),

where
MT(l, h; s) = ff;ﬁfi) /_ O; r2h(r) tanh(7r)dr, (3.4)
CT(l, h; 5) = —8mCic(s) [ Z h(r)gmgﬁf) g‘;((fiz:;gji:z:i dr, (3.5)
ET(1,h;s) = —1672h(i(s — 1))%‘:(228__81)) <“|1l|2_(£2) “'l';(_lj)) . (36)
S(1, ki s) = So(l, i 8) + Sa(l, b 8) + Sgen(l, b 5), (3.7)

Yo(l, h;s) = %ﬁ{(s 412)/7r/21(0 7,8)dr,

2(2m)25 1 (25 — 1)
Ez(l,h;s):?’(”) G (2 / ZIiQTs

7T2|l|2 2s
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8(2m)2s—1 ™/ n
Sgen(l by 5) = 752“3“ 3 Adsin® —412)/ I (7,7, s) dr,  (38)
n0,+21 0
11, Nl—s—ir)l'(1—s+ir)
I(z,1,8) = 1 /_DO rh(r) cosh(mr) zi: 1(cos 1)
xF(l=s+4ir,1—s—ir,1;—xy(z,7))dr (3.9)

where for ¥ = arg(z) we define

|z|2 + 4sin® 7 & 4|z sin T cos ¥
(2cosT)?

x4(z,7) =

Proof. This result is a generalization of [3, theorem 4.13] and can be proved in the
same way. We will indicate the required changes in the proof of [3, theorem 4.13].

We start by assuming that $(s) > 3/2. Substituting (2.4) into (3.1), applying the
Kuznetsov formula (see [3, theorem 3.2]) and using (2.1), we obtain an analogue of
[3, lemma 4.2], namely

My(l,s;h) = MT(l,h;s) + CT(l, h; s) + X(s)

with

2.
= (i(29) Z| = Z 5(n ’Q)h(%l”), (3.10)

2
o = ldl q

where h(z) is defined in [3, (3.15)]. Note that the main difference between (3.10) and
[3, (4.4)] is in the arguments of Kloosterman sums. Furthermore, (3.10) contains
the additional multiple (i (2s).

The next step is to adapt the proof of [3, lemma 4.6] to our case. The main
changes occur while proving an analogue of [3, (4.44)]. Using (2.2) and (2.14) we
obtain

Z|q|2+29 Z S, ¢ q) k(s +w/2;2m, ¢/q)

470 ¢ (mod q)
= (1)

\2m| 2s+w—1 F(l — S5 ’U)/Z + |m|)
I'(s+w/2+ |m|)

—2m
25+ 2
S ) S

n#0 q#0

X Z S(1%,¢%;q)e[ne/q]

¢ (mod q)

_ (_1\Ilm]| 2s 'w—lF(l_S_w/2+|m|)
= (pimla T(s +w/2 +|m|)

—2m
2s54+w—2 gk(s;rﬂ — 412) 3.11
,§)<| ) W@ 4y
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Applying (3.11) in place of [3, (4.44)], we finally derive the following analogue of

3, (4.40)]
8(271‘ 2.5 1
X(s) = W/ Lie(s;—4*)1(0, 7, 8)dr
8(271')28_1 w/2 ) )
+ m/o ka(s;n — 4 )I(’n/l,T,s)dT,

n#0

where I(0,7,s) and I(z,7,s) are defined by [3, (4.39)] and [3, (4.38)]. The rep-
resentation (3.9) is proved in [3, lemma 4.10]. Using (2.12) we show that for
R(s) >1/2

X(s) =2o(l,hys) +Xa(l, hys) + Xgen(l, by 5).

The final step is to continue analytically the term CT'(l,h;s) to the region
R(s) < 1. Doing so, we obtain the additional summand ET(I, h; s) defined by (3.6)
which comes from the poles of (i (s + ir)(k(s — ir). Thus the theorem is proved for
1/2 < R(s) < 1. In order to extend our result to the critical line R(s) =1/2 and
specially to the point s = 1/2, we proceed in the same way as in [3, theorem 4.13,
remark 4.14]. O

4. Special functions

According to (3.9), in order to estimate I(z,7,s) it is required to investigate the
asymptotic behaviour of the Gauss hypergeometric function

F(1/2 —it+ir,1/2 —it —ir,1; —x) (4.1)

for r~ T, |t| K T¢ as T — 400 and uniformly for 0 < x < co. When ¢t = 0, the
asymptotic formula for (4.1) was proved by Jones [8] using the Liouville-Green
method. Furthermore, this result was reproved by Farid Khwaja and Olde Daalhuis
[5, theorem 3.1] by means of the saddle point method.

For our application, it is required to have an asymptotic formula for (4.1) for
any small ¢. This can be achieved by generalizing [5, theorem 3.1]. Accordingly, we
introduce two new variables A = ir and a = t/r and consider

F(1/24+ M1 —a),1/2—-XX1+a),1;—x)

for A — oo in |arg(\)| < 7/2 and |o < |A|71TE. Consequently, we derive the
following result.

THEOREM 4.1. For 0 < z < 0o and |a| < |\|717¢ we have

1
2

F (; FAl—a) i oA tant; —x)

n— 1

= (Io()\f) )\] -+ 511 A¢) ZE +0(2 ()\,f))> (4.2)

=0
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as A — oo in |arg(\)| < 7/2, where aj = a;(x, «, &) and bj = bj(x,a,§), In(x) and
I (z) are I-Bessel functions, and

n=alog(l+x), (4.3)

ar + /x? + z(1 — a?)
x4+ /22 4+ x2(l — a?)

§alog(1+x)(1+a)log<

_i_(l_oé)log(1—Oz+:10—&-1acZé—i—:zc(l—oﬂ))7 (04)
_ g2
ap = _21/2(1;2 + (1 — a2))1/4’ (4.5)
_ ! (11 (A9)]
¢n(Aaf)|AVl<LR(A£)|+ € >,

Proof. Using [5, (3.14)] with a = 1/2 — Aa, z = 1 + 22 we obtain

1 1 1 (0+)
F <2+)\(1—a),2 —A(l—i—a),l;—x) = —/ g(t)eMN D de,

2mi o

where

fuy=u+an%(“?fi_t

1 1—t \2
g(t):tl/Q :
I=t)\l+az—t

As in [5] the branch-cuts are (—o0,0) and (1,1 + ). Since

rO =0 (o - g ) -

) - (- yoxto

t—1-z t—1 t
the saddle points (the solutions of f’(t) = 0) are

r+1—at /22 +2(1-a?)
11—« )

Spi =

Similarly to [5, (3.18)], we make the change of variable

52
t) = - . 4.6
=+t (4.6)
If x = a =0 this transformation reduces to —logt = 7, and therefore, the point
t =1 corresponds to 7 = 0. Thus under the transformation (4.6) we have that as
7 grows from —oo to 0, the variable ¢ decays from +oo to 1+, and 7 = —§/2
corresponds to ¢ =sp,. As 7 grows from 0 to +oo, the variable ¢ decays from
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1 to 0, and 7 = £/2 corresponds to ¢t = sp_. An important consequence of these
observations is that dt/dr < 0. Solving the following system

{f(sp+) =—E+7
fsp_)=¢&+n

we obtain the equality (4.4) for £ and (4.3) for 7. Finally, we prove an analogue of
[5, (3.20), (3.25)], namely

1 1 A 2
F ( +AM1l—-a), - —AN1+a),l; —.73) S Go(1)erT+¢ Mﬂg,
2 2 T Je T
where (see [5, (3.21)])
dt
Go(r) = (1) 2o
-

and € is the steepest descent contour (see [5, figure 3]).! Following [5] we obtain
(4.2). It is left to evaluate ag, by which are defined by (see [5, (3.31)])

_¢
07y

(4.7)

“OZ%(G0<5/Q>+G0<75/2>>, bo = = (Go(&/2) — Go(—£/2)). (4.8)

As a consequence of (4.7) we find that

I3 dt

+£/2) = += — 4.

Go(££/2) = £59(sp=x) - (4.9)
+¢/2
Next, we evaluate g(sps). Since 0 < sp_ < 1 we have
1 1-a\"? 1

sp_) = = . 4.10
o) Vsp_(1—sp_)(I+z—sp_) <1+0<> a7 sp 410

Since sp, > 1+ z the following holds
1/2
—1 11—« 1
S = = — . 411
9(sp) Vspy(spy —1)(sp, —1—x) <1+a> z1/? - sp, (411)

Differentiating (4.6) we obtain f/(¢)(dt/dr) =1 —&%/472. Taking one more
derivative we infer

e\ d? 2 dt\?
ro(g) Hrom-2= = (§)

Evaluating the second derivative at the saddle points

+4

§f"(spz)

+£/2

1—az?2+z(1—-a?)
1+« x - spi

f//(SPi) =F2

INote that there is a typo in [5, (3.20),(3.25)]: the minus sign is missed. This is because the
contour € is taken in the opposite direction to the contour obtained after the change of variable
(4.6).
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and using the fact that dt/dr < 0, we have

1+a\? (22)Y/% - sp
T (1—a> 51/2(x2+x(1—;2))1/4' (4.12)

dt

dr

+£/2
Substituting (4.10)—(4.12) into (4.9), we conclude that

(&/2)1/2
(22 4 z(1 — a2))1/4" (4.13)

Go(if/Q) =

Substituting (4.13) into (4.8), we prove (4.5) and show that by = 0. O

We will apply theorem 4.1 with A = ¢r. In this case I-Bessel functions can be
written in terms of J-Bessel functions (see [14, 10.27.6])

I()(’LT’&) = JQ(T'E), Il(ZTf) = ZJl(T'g) (414)
Furthermore, it follows from (4.4) that as © — 0 and x — oo we respectively have

£ =2yx(1—a?) +0(=%?), ¢=log(z)+O(1). (4.15)

Also it will be required to study £ as a function of «. In this case, as &« — 0 we have
£(a) =£(0) +0(a?), £(0) =log(1 + 2z + 2V 22 + ). (4.16)

5. Proof of theorem 1.3

Following the paper of Ivic and Jutila [7], let us define

wr(r) = ﬁ /2T exp (-W} dK. (5.1)

T

For an arbitrary A > 1 and some ¢ > 0 we have (see [7])

wp(r) =1+ 0@ A) if T+ cG\/logT < r < 2T — ¢G+/1og T,

wr(r) = O((Jr| + T)™ ) if r < T — ¢cG\/log T or r > 2T + ¢G+/log T,
and otherwise

wr(r) =1+ O(G*(G + min(|r — T, |r — 2T]))7®).
To prove theorem 1.3 we consider
Mo(T) = Z ajwr (r;) L(sym? u;, 1/2 + it) L(sym® u;, 1/2 — it),
7

where wr(r) is defined by (5.1) with G =T'"¢ and [t| < T¢. Applying the
approximate functional equation (2.7) for L(sym?u;,1/2 —it) and using (2.9), we
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infer

Mo(T) < Y o

|”<<T1+5

Zang )V (|1, 75, 1/2 £ it)\;(1?) L(sym?® u;, 1/2 + it)| .

Then it follows from (5.1) that
1 2T

G7r1/2

1

My (T) < Z 7|

|| < T +e

My (L s, h(HV(JI],-,1/2 £it)) dK]|, (5.2)

where s = 1/2 + it and as in (3.1) we have
My (1 s; (V)Y -, 1/2 = it)) Zh )V (|U|,75,1/2 £ it)a;\;(1*) L(sym? u;, s)

(5.3)
with

h(r) = qn(r) exp (—(Tz;f)j +gn(r) exp (-W) ; (5:4)

q (’I“): (T2+1/4)...(7‘2+(N_1/2)2) (7"2+1)"'(7“2+N2)
N (r2 + 100N2)N (r2 + 100N2)N

To evaluate (5.3) we apply theorem 3.1 and then substitute the result in (5.2).
This way the contribution of (3.4)—(3.6) is bounded by O(7T3%¢). Thus to prove
theorem 1.3 it is required to show that

1
]

1

3+46+¢
Gl <T ;

My (T) <
[Tt +e

2T
[ S snvn -z s ax
T

where (1, h; s) is defined by (3.7).

The most difficult part is to estimate the term which involves the Xy, (1, h; s)
summand of X(I, h; s). The contribution of the term with X (1, k; s) can be estimated
similarly (see also [3, (6.42), (6.43)]). The summand X (l, k; s) is a part of the main
term (see [3, p. 24]), and therefore, is of size O(T3¢). Furthermore, it is sufficient
to consider only one (‘+’ or ‘=") case for V(]I|,-,1/2 £ it) since both cases can
be treated in the same way. Consequently, using (2.13) and (3.8) and making the
change of variable y = sin 7, we prove that

Myr) <7 Y 35 5:5)

‘l|<<T1+€

Se(l)= Y |n? AP

n#0,21,—21

1 1 2T n dy
f @ e () o i
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and (see (3.9))

Ii(z,y,8) = /jo r2h(r)V (|I],r,s) cosh(m")F(1 — S(I Z_T)yl;gi_s s +ir)

XF(1—s+ir,1—s—ir,1;—xL(z,y))dr (5.7)

Here for ¢ = arg(z) we have

Z?

rile) = EED i) = 2 lyeoso + 222 68)
According to [3, lemma 4.11]

Le(e09) = Gy | k) coshimnai”(z.y)
Nl-s+ zr) ( 2ir)
T(s—ir)
—1
><F<1—s—|—ir,1—s—|—ir,1+2ir;)dr. (5.9)
I:I:(Zay)

First, we show that the contribution of large |n| in (5.5) is negligible. To this
end, we prove an analogue of [3, lemma 4.12]. The only difference in our case is the
presence of the function V(JI[,r,s) in (5.7). Moving the line of integration in (2.8)

to R(z) = M we obtain
.\ 2M
V(Ji|,r —iM,s) < <|l|> :

Using this estimate and following the proof of [3, lemma 4.12] we infer

1 2T 2N+1
1 dy T
— I dK —2— < T3 [ — .
/0 G7Tl/2/T ) CEOREE <|ZZ|>

Consequently, the contribution of n such that |n| > T€|l| to (5.6) is negligible.
Next, we consider the contribution of small n. Let

o (ont) = g [0 (o) o

Then we have

Se() < > |n® -4
n#£0,21,—21
In|<T|1|

9 (o) =

LEMMA 5.1. Suppose that for 1 — T8 <y <1 the following inequalities hold:
f+(z,y) >T % and B—5>a > 0. Then

1
dy
J T) ——2 <« 7G+a=B)/2, 5.11
/1_T7B i(l7y7 ) (1_y2)1/2 << ( )
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Proof. Tt follows from (5.8) and the statement of the lemma that zi(z,y) ! <
T8 < T75 Thus the hypergeometric function in (5.9) can be estimated by a
constant. Consequently,

n T5/2
J (7, ,T) <TG9/
A\ ) S €

Then the lemma follows by substituting this estimate in (5.11). O

LEMMA 5.2. For0 <y <1, [z1(2,y)| > T2 and an arbitrary fivzed A > 0 we have

n "y
For0<y <1, |zs(z,y)] < T2 we have
n T3+
Jj: (7,y7T> < (1_y2)1/2~ (513)

Proof. To prove the required estimates we substitute (4.2) to (5.7). All terms coming
from (4.2) can be estimated in the same way and the error term is negligible. Using
(4.14) we obtain

n ot log(1+4 (2,9)) 2
Ji (jvyaT> - (1 _ 1 s G7T1/2/ / |l| T 5)

X cosh(m‘) (I=s—ir)T'(1 —s+ir)Jo(r§)drdK +---  (5.14)

Suppose that |24 (2,y)| < T¢ 2. Since r ~ T it follows from (4.15) that r¢ < T€.
Estimating everything on the right-hand side of (5.14) trivially we prove (5.13).

Suppose that |4 (z,y)| > T 2. In this case we have r£ > T¢. Thus we can apply
the asymptotic formula [6, 8.451.1] for Jy(r€) (again it is enough to consider only
the main term). Consequently, it is required to evaluate

1

arn / r2h(r)\V (1], 7, s) cosh(mr)T(1 — s — ir)D(1 — s + ir)e S dr.

Using (5.4) and the Stirling formula (2.3) for the Gamma functions, we infer (see

[3, (6.12)])

n -1z 2l
Ja (7,y,T) <! G7r1/2 / K t/ 51/2 Vil s)
X exp < % + zr§> drdK.

In the integral over r we first make the change of variable r = K + Gv. Note that £
depends on « (and therefore depends on ). To overcome this difficulty, we expand
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it in Taylor series (4.16) at o = 0 with sufficiently many terms. As a result, we
obtain

n £(0)~1/2 o 3/2+42it_iKE(0)
Jr (*,Zj,T) <<W/T K e

X /OO V(|I], K + Gv, s) exp (—v” + iGv€(0)) dvd K, (5.15)

— 00

where

€(0) =log(1 + 2z (2,y) + 2v/2+(2,9) + 2+(2,y)).

In order to evaluate the integral over v, it is convenient to use the representation
(2.10) for V(|I|, K 4+ Gw, s). Before doing this, at the cost of a negligible error term
we truncate the integral over v at v = 4-(log T')%. Now we apply (2.10) (with a being
chosen as a small fixed €; > 0). It is sufficient to consider only the main term from
(2.10) since all other terms can be treated in the same way and are smaller in size.
The error term coming from the remainder in (2.10) is negligible. Therefore, we
have

/OO V(|l], K + Gv, s) exp (—v* + iGv&(0)) dv

(log 7)° 1 K+ Gv\™
2 .
= exp(—v° + 1Gv&(0 —/ <>
/—(logT)2 ( ())271'1 (e1) 7T3/2|l|

" I'(s+u)

du
0s) Ck(2s + 2u)§(u);dv + e

Since the function §(u) decays exponentially we can truncate the integral over u at
|Su| = log T with a negligibly small error term. Consequently, we have |Gvu/K| <
T—¢, and therefore, it is possible to replace (K 4+ Gv)* by K“ since

(K + Gv)* = K" (1+C;(w+~-->.

As a result,

/OO V(|l], K + Gv,s) exp (—v® + iGv&(0)) dv

_;/ K \"T(s+u)
2w J i) \ w32l I'(s)

(log T)?

X Ck(2s + 2u)F(u) / exp(—v2 + ing(O))dvd—s 4

—(log T')?
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Now we can extend the integral over v to the whole real line at a cost of a negligible
error term. Evaluating the resulting integral, we obtain

/OO V(|I], K + Gv, s) exp (—v* + iGv€(0)) dv

1 K \*I(s+
= gl/2 exp (_Ggf(O)Q) i /(61) (71_3/2”) <‘;(S)U)

X k(28 + 2u)§(u)d?u +-- (5.16)

Substituting (5.16) into (5.15) and estimating the integrals over u and K trivially,
we prove that

n exp (*GZSQ(O)) +74 5/2+€
s (puT) < =g e T

Finally, since G = T'"“ and |z4(z,y)| > T2 we have G¢(0) > T. This com-
pletes the proof of (5.12). O

The next step is to apply lemmas 5.1 and 5.2 for estimating (5.6). To prove
theorem 1.3 it is enough to show (see (5.5)) that

Z ZSi < Z Z\|2 Z n? — 4122

[T +e |l|«T +e n#0,2l,—
\n|<<T€\l|

1

where for S1 (1) we used the estimate (5.10). We consider further only S_(I) since
the sum S (1) can be estimated similarly. Moreover, without loss of generality we
may assume that [ belongs to the first quadrant (we denote this as { € I'). To prove
theorem 1.3 it is enough to show that

X & T3t40+e

S_(1
>

|l|<<T1+‘
lel
2 226 ! n dy
S_(1) = Z|n%ul/JQ%ﬂquW,
neN(,T) 0

where N(I,T) = {n:n # 0, £2l, |n| < T¢I}
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First, we decompose the sum S_ (1) into two parts depending on whether cos =

cos(arg(n/l)) < 0 or cos¥ = cos(arg(n/l)) > 0, namely
S_(1) = SL(1) + 82(1),
St)y= > |n® 4P

neN(,T)
cos <0

SPWy= Y |n? -4

neN(1,T)
cos >0

)

1
o 2 (pon) =y

1
o - (po?) =y

LEMMA 5.3. The following estimate holds

1
Z S—(l)<<T2+49+e
5 .
1T e 4

Proof. Since cos®) = cos(arg(n/l)) < 0 we have (see (5.8))

v+ /2D

e (nfly)>

(5.17)

(5.18)

Let B be a fixed large number. Since |n/(20)| > T—17¢ lemma 5.1 implies that

1
n dy _A
J (f, ,T>7 T4,
/WB SAVALCRV TR TE

where A can be made arbitrary large by taking sufficiently large B.

Let us now consider the case y < 1 —T~5. Due to (5.12) the contribution of n
such that x_(n/l,y) > T~2*¢ is negligible. When z_(n/l,y) < T~2T¢ we apply
(5.13). It follows from (5.18) that in this case y < T—'*€ and |n| < [I|T~17¢ < T°.

Therefore, the contribution of such n can be estimated by

T—1+6 3+E
sSsh< Y |n2—4l2\29/ ——dy < I
|n|<Te 0 y

Summing (5.19) over |I| < T**¢ we obtain (5.17).
Next, we consider the case cos ) = cos(arg(n/l)) > 0. Let
2l =a+1b, n=c+id,

where a, b, ¢,d are integers (and a,b > 0). Since ¥ = arg(n/2l) we have

Yn = %(2) = ’%‘60519: ac + bd

a? +0v%’
n ni . ad — be
=9 (57) = [gi|sm 7 = G5

2
v’ —2y’%)60819+ ‘%‘ =(y—yn)+s5.
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Since |21]2 = a? + b? < T?T¢ either y, = 1, 5, = 1 or

1
1Y — 1], |80 — 1| > T2+e

Using (5.21)—(5.23) it is possible to rewrite (5.8) as

(y—yn)?+s2

f—(n/l’y):(y_yn)2+53“ x_(n/l,y) = -

71

(5.24)

(5.25)

It follows from lemma 5.2 that the main contribution to S? (1) comes from n such
that z_(n/l,y) < T~2*¢. This may happen (see (5.25)) only if (y — y,)? + 52 <
T—2%¢, Furthermore, the contribution of y close to 1 should be treated separately
by lemma 5.1. We split the sum over n in S2(I) into several parts depending on

values of y,, and s, as follows

2 2 21260 ! n dy
S =) 50, Si)= Y In* -4 J_ (j,y,T>721/2 7
i=1 neN; (1,T) 0 (1-9?)
VASE]
cos V>0
(5.26)
where
N T) = {n € N, T)|sn] > T},
No(l,T) = {n €N, T)|yn =1, 50| < T—1+6} ,
N3(I,T) = {n e NIy < 1,80 = 0},
Ni(t,T) = {n € N T)|yn < 1= 1,0 < Js] < T71},
Na(, T) = {n ENLT)1 =T <y, < 1,0 < |s,] < T_1+€},
N6(17T) = {n S N(Z,T) -6 <y, <1 7T*2+670 < |5n| < T71+6},
N2(1,T) = {n € N T) |y > 1+ T727,0 < [s,| < T}
No(t,T) = {n € NI )1 <y < 1477240 < || < T4}
No(l,T) = {n e NI, T)|1 < yn, sn = 0},

Furthermore, we will separately estimate the integrals over y < 1 — T2 and over

1-TB<y<l.

LEMMA 5.4. The following estimate holds

> 510) o p-a

2
T+ 1]
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Proof. Since s,, > T~7¢ we have f_(n/l,y) > T—2%¢. Consequently, by lemma 5.1

1
n dy —A
J_ (7, ,T>7 T4,
/1,@ DY) Aoz ©

Next, we consider the part of S;(I) with the integral over y < 1 —T~5. In this case
x_(n/l,y) > T~2T¢ and therefore, the contribution of this part to S; (1) is O(T~4)
by (5.12). O

LEMMA 5.5. The following estimate holds

> 52()  p-a,

2
[l T1+e g

Proof. In this case y, = 1 and 0 < |s,,| < T~'T¢. Using (5.21), (5.22), we obtain

In| < |20]y/1+ O(T—2+e). (5.27)

It follows from (5.21) that y, = 1 is equivalent to ac + bd = a? + b?. The set of
solutions of this linear equation is as follows
bj aj
di =b—
(a,0)" (a,b)’

c;=a+ ] € Z.

Let nj = ¢; +id;. Then s,, = —j/(a,b). Thus (5.25) can be rewritten as

2 .
Snj >>|5 |:A>>
1y~ il = (o) = Tive

r_(ni/liy)>1—y+

Furthermore, |n;| = |2l|y/1+ j2/(a,b)?. Consequently, from (5.27) we conclude
that |j| < T¢. Therefore, the contribution to Sz(l) of the integral over y < 1 — T—5
for such n; is negligible.

To deal with the integral over 1 — T—5 < y < 1 we note that

7 > !
(a,b)2 = T2t

f-(ni/ly) = (1 —y)? +s0 >

Applying lemma 5.1 we again obtain O(T~4). O

LEMMA 5.6. The following estimate holds

Z S3(1) « T2HA0+e
5 .
| Tt |1
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Proof. According to (5.22) the condition s,, = 0 is equivalent to ad — bc = 0. The
set of solutions of this linear equation is given by

aj bj . .
Cj:(a,b)’ dj:(a’b)7 ]EZ, nj:chrzdj.
In this case, (5.25) can be rewritten as
(y B ynx)2
z(nj/ly) = o F-(ni/ly) = (y = yn,)*. (5.28)
By (5.21) we have
J . 1

Applying lemma 5.1 and using (5.29) to estimate f_(n,;/l,y) from below, we obtain

1
n; dy _A
=9, T) —=—-<<T
/1_T-BJ (Fv )(1fy2)1/2 <

if B is sufficiently large. To estimate the remaining integral over 0 <y < 1—T-5
we decompose it into two parts. The first part is over

le{y

and the second one is over

Y2={y

The integral over Y; is negligible due to (5.28) and (5.12). Using (5.13), the integral
over Yo can be bounded by

1 (y—uyn,)? P
1l —, =—7° T2t
O<y< TE T—y >

1 (y_yn')2 -2
O<y<l— —, T2 T 2Fe}
y 5o <

T3dt T2+e

/ T3dy < / <
Ya -y |t| T — 1+, /1=yn, 1- Yn; — 3 RV I- Yn,; ’

where the estimate (5.29) was used. It remains to sum (5.30) over n; and over
|I] < T1F< (see (5.26)). As a result,

(5.30)

(a,b)—1 o 21260
S3(l ns — 4l T2+e
I
[l|<T1+e |l|<Ti+e j=1 Yn,;
(a;b)—1 j 20-1/2
< T2+6 l 460—2 1_
Z 2 Z (a,b)
[l|<T e Jj=1

< T2+6 Z (a7 b)(a2 + b2)29—1 < T2+40+€.
a2+b2<<T2+e
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LEMMA 5.7. The following estimate holds

Z Sa(l) « T3+40+e
5 .
[T e 4

Proof. Since y,, < 1 — ¢; for some ¢; > 0 it follows from (5.25) that for 1 — T 5 <
y < 1 we have f_(n/l,y) > €}. Therefore, by lemma 5.1

1
n dy —A
J (% y1r)—Y A
/1_TfB <z’y’ )(1—y2)1/2 <

To estimate the remaining integral over 0 < y < 1 — T~ we decompose it into two
parts. The first part is over y such that z_(n/l,y) > T~2T¢ and the second one is
over
(y — yn)2 + 57 —2+
x,(n/l,y):—l_y2 LT
The first part is negligible due to (5.12). Using (5.13) to estimate the second part
and enlarging it to the domain |y — y,,| < T~17¢ we obtain

T3
/ Ty o pose, (5.31)
[y —=yn | LT~ 1+ 1- Y

Next, we sum (5.31) over n and over |I| < T1+¢ (see (5.26)). Since y,, < 1 — €1 and
0 < |sp| < T71F€ it follows from (5.21) and (5.22) that |n| < |2[|(1 — €). Therefore,

S.(1 n2—412 260
> ade >y g
[l| T 1+e [T e |n|<|2l|(1—€)
0<|sp|T e

S VAED D W § (5.32)

[l T1+e (e, d)EQu.p

where (see (5.20) and (5.22))

e {(07 d)|c® +d* < (a +b*)(1 — €), |ad — be| < (a® + bQ)T_ﬁe} :

The sum over (¢,d) € Q,; can be estimated by the double integral over €, ;. To
evaluate this integral we make the change of variables

c=wxcos¥ —ysind;, d=zxsind; +ycost;, U =arg(2l),

and obtain

> 1<<// ldzdy < |20>T 1+, (5.33)
Q)21

(C,d)EQa,b
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where

2?2 < (1—e)203 Jy| < |21T‘1+€} .

Qay) = {(:my)
Substituting (5.33) to (5.32), we infer

54(l) 1+€ 460 3+40+¢
> < T oM< .
U< T+ 1< T 1+

LEMMA 5.8. The following estimate holds

> ()  p-a,

2
€T hte |

Proof. Since s, > T~27¢ using (5.25) we have f_(n/l,y) > T~4¢. Therefore, by
lemma 5.1

1
Joaa? oot i =7
Next, we are going to show that s,, cannot be very small if y,, is close to 1, namely
1-T 2 <y, <1=ls,|>T " (5.34)
Using (5.21) and the fact that 0 < 1 —y,, < T2, we obtain

a(a —c¢) +b(b—d)

< T—2te,
a? + b2

0<

This implies that a? + b% > T?7¢. Furthermore, a? + b? = |2[|? < T?T¢. Let ¢; =
a— ¢, dy = b—d. Then it follows from the condition 1 — 7727¢ < y,, < 1 that

T <a® +b* < T?, 0<ac +bdy < T (5.35)
According to (5.22)
b01 — ad1
Sp = —5—5—-
a2 + b2

Note that since we assumed that [ belongs to the first quadrant, we have a,b > 0.

Let ¢1dy > 0. Thus ¢q,d; > 0 since acy + bd; > 0. Suppose that both a and b
are larger than T°. Since ac; + bdy < T€ this implies that ¢; = d; = 0, which is
impossible since n # 2[. Therefore, without loss of generality, we assume that a >
T¢ and b < T°. Tt follows from the first double inequality in (5.35) that 71 —¢ <
a < T ¢ Hence c; can only be 0 (since ac; + bd; < T¢€). Therefore,

ad1
a? + b2

|sn| =

1
> > T-1-e,

Let ¢1d; < 0. Suppose that ¢; > 0 and d; < 0 (the other case can be treated sim-
ilarly). It follows from the second double inequality in (5.35) that ¢; > b(—dy)/a.
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Therefore,
—d
Sp > —r > T717¢
a
Since 1 — T727¢ < y,, < 1 and |s,,| > T~17¢ we conclude that for all 0 < y < 1 we
have
(y B yn)2 + 52 T

o> —

S =

Therefore, we can apply (5.13) showing that the contribution of this case to S5(1)
is negligibly small.
O

LEMMA 5.9. The following estimate holds

Z Se(1) « TH10+e
- .
|l T e | |

Proof. In this setting 1 —e; <y, <1—T727and 0 < |s,,| < T~1*¢. Here in con-
trast to the case when y,, < 1 — €; it is required to be more accurate in estimating
the integral in (5.31). In particular, (1 —y) ~ (1 —y,) can be very small (like
T=27¢). Nevertheless, due to (5.24) and since s, > T727¢ we have f_(n/l,y) >
T4 <for 1 — T8 <y <1 (see (5.25)). Therefore, by lemma 5.1

1
n dy A
J_ -y, T) ——— T,
/1_T73 <z’y’ )(1—y2)1/2 <

To estimate the remaining integral over 0 < y < 1 — T~ 5 we decompose it into two
parts. The first part is over

1 _ n2 2
le{y 0<y<1l—— W“>>T_2+€}

TB’ 1—vy
and the second one is over

Y2={y

The integral over Y; is negligible due to (5.28) and (5.12). To estimate the integral
over Yy we first simplify the set Y5. Since 1 — €1 < y, < 1 — 7721 we show that

YgC{y

Applying (5.13), we prove that the integral over Y5 can be bounded by

T3dy / T3dt T2+
< < . (5.36)
/Y2 -y ltl«T-1+eyTgn L= Yn—t  V1—yy

1 (y—yn)?+ 52 o
O<y<l———, LTIn) Ton o p-2iel
y or - <

1

|y_yn|<<T_H_€ 1_yn}-

https://doi.org/10.1017/prm.2020.96 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.96

Symmetric square Li-functions over Gaussian integers 7

It remains to sum (5.36) over n and over |I| < T**¢ (see (5.26)). Note that
[n|* = 2% (y, + s7) < [20*(1 + O(T7*79)).

Therefore, we obtain

2

|| < T1+e

Z |TL2 - 412‘20 T2+e
|l|2 V1 _yn.

i (5.37)
T4 [ <[21](1+4¢) s | €T 1+
T 2 ecl—y,<er

As in the previous case, let ¢; =a — ¢, dy = b —d. Then

acy + bdy bcp — adyq
1—ynzm7 Sn:W7 |2l_n|2:C%+d?

Moreover,
In|*> = |22 + ¢ + d? — 2(acy + bdy).
The condition on ¥, in (5.37) can be rewritten (and slightly simplified) as
0 < acy +bdy < |21
The condition on |n| in (5.37) can be rewritten (and slightly simplified) as
cd+di < €2l
So (5.37) can be rewritten as

3 5|fls|()<<T2+e S o (A +dp) (5.38)

acy + bdy)1/2’
[l T1+e || <<Ttte (cl,dl)eﬁ(mb)( ! v

where

0 <ac; +bd < 61‘2”27

Q(a, b) = {(01, dl)

A+ di < €21, |bey — ady| < |2l|2T_1+6}.

The sum over (c1,d1) € ©(a,b) can be estimated by the double integral over Q(a, b).
To evaluate this integral we make the change of variables

¢y =xzcosV —ysindy, dy =axsind; +ycosv;, U = arg(2l).
Using the fact that a = |2l cos¥; and b = |2I|sin¥;, we infer

3 (cf +d})* // (2 +y)dzdy
eriyaan, (@er+bd)2 = oqany (@l2i)H
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where

22 +y? < e|20]?, |yl < 20T 2 > O} .

Q(|21]) = {(%y)
Estimating the integrand 22 + y? by |2l|?, we obtain

2 12\26
Z (cf +di) < ‘2”29—1/2/

1/2
(e dye,,, (@61 bd)Y lyl<|2t/T -1+

12U dzdy
14260 —14e€
/ Y < |21 T .
0

(5.39)
Substituting (5.39) to (5.38), we conclude that
56(l) 1+e 460 34+460+¢
> T <T oM< .
[T e [T e
O

LEMMA 5.10. The following estimate holds

> Sill) o p-a,

2
[T e 4

Proof. Since y, > 1+ T2 and 0 < |s,| < T~1"¢ we have

in f_(n/ly) = (y, — 1)% + s2 > T4~
Ogl;glf (n/ly) = (y )"+ s > ,

see (5.25) and (5.24). Thus for 1 — T-5 < y < 1 we can apply lemma 5.1 showing
that

1

n dy —A

=y, T) —=—+ T,
| (o) g <

To estimate the remaining integral over 0 < y < 1 —T~5 we are going to prove
that z_(n/l,y) > T~2%¢ (according to (5.12) this would imply that the integral is
negligible). For 1 — T—2+¢/2 <y < 1 the following estimate holds

(y —yn)? _ T4 —2+43¢/2

T =l /2, (5.40)

For 0 < y < 1 — T—2%¢/2 we have

(y—wyn)® _ (14+T 2 —y)? —24¢/2

1-— 7T/, 5.41
e > T > y > (5.41)
Now the required estimate x_(n/l,y) > T—2%¢ follows from (5.25), (5.40) and
(5.41). 0

LEMMA 5.11. The following estimate holds

> 55()  p-a,

2
[l|T1+e g
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Proof. As in lemma 5.8 (see the proof of (5.34)) we show that
1<yn <14+T72T = |s,| >T 1

Similarly to the previous case, the contribution of the integral over 1 — T8 < ¢y < 1
is negligible. Furthermore, by (5.25) we have

n — 2 2 1— 2 2 2
Wn—y) +s  (1-y) +8n:1_y+18n

> 8, > T C
1—y? l1—y -y~

z-(n/l,y) =

Thus by (5.12) the contribution of the integral over 0 <y <1—T-5 is also
negligible. (]

LEMMA 5.12. The following estimate holds

> So) p-a,

2
izire
Proof. As in lemma 5.6 we obtain that
1
Yn — 1 > T1+€7 (542)

and therefore, we conclude that the contribution of 1 — T~ < y < 1 is negligibly
small. Next, using (5.25) and (5.42) we obtain

Ptk (= y) + (= D)

Yn
o-(nftg) = L e

>1—y+(ya—1)>T 7

Finally, by (5.12) the contribution of the integral over 0 < y < 1 — T~F is negligibly
small. 0
6. Proof of theorem 1.1

Assume that for some o > 0

D oyl Llsym®uy,8) < T
T<r;<2T
Then following the arguments on [1, p. 5363] we obtain
Z Xi’rj < T(7+2a)/4+5X1/4+e + T2.
0<r; <T

Using this estimate and following the proof of [4, corollary 1.4] we conclude that
the error term for 7 (X) is bounded by

(X2+oz/2+e

X2
(46+6)/5+ey,2/5 | > 14e
Y3/4+a/2 +X Y + Y +X ) '

Choosing
Y = X(100+16(1-0))/(23+10a)
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we have

O(X3/2+(a(2+166)+24971)/(46+20a)+e).

Theorem 1.3 allows us to take o = 20 which yields theorem 1.1.
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