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Abstract

For n > 3, let O, ¢ C be an arbitrary regular n-sided polygon. We prove that the Cauchy transform Fyp,
of the normalised two-dimensional Lebesgue measure on Q,, is univalent and starlike but not convex in

C\ Q..
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1. Introduction

Let i be a regular Borel measure with compact support K C C. The Cauchy transform
of u is defined by

F(z)=F,1(z):fM (1.1)

K<—W
If z ¢ K, this integral is well defined; if z € K, the integral is defined in the sense of the
Cauchy principal value. It is well known that F, is continuous in the whole plane if K
has positive area and y is the two-dimensional Lebesgue measure [9, page 2]. Lund,
Strichartz and Vinson [13] initiated an investigation of the Cauchy transform F,, of a
self-similar measure. They gave a condition on u such that F, is Holder continuous in
C and proposed the Cantor set conjecture for the Cauchy transform on the Sierpifiski
gasket. This conjecture was verified by Dong and Lau [4].

The Sierpinski gasket is constructed by infinite iterations of a regular triangle. For
the general case, the iterated function system

Si(z) = ¥ 4 p(z = ¥MIM), pe(0,1), j=0,1,...,n—1,

induces a self-similar measure u,, and an attractor K, ,. The chaotic behaviour of the
Cauchy transform Fj, near K, , was studied by Dong er al. in [2, 3, 5, 6, 12]. In
particular, K4, is the square with vertices {1,7, —1, —i} and u4,, is the normalised
Lebesgue measure on Ky /2. It is shown in [6] that the Cauchy transform F, , is
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univalent outside the square Ky 1. Indeed, the authors proved in [7] that F,, , is

starlike but not convex in C \ K4.172-

In this paper we generalise the results in [7] to regular n-sided polygons. Let P, be
the regular n-sided polygon with vertices {g = e**D7/" . k = 0,1,...,n— 1} and let
Up = 2/(nsin(2r/n)).L2 be the restriction of the normalised two-dimensional Lebesgue
measure to P,. By (1.1), we can write the Cauchy transform F,, of w, as

Fn(z):fw, zeC. (1.2)
P,

—w

The normalisation of y, ensures that F, is normalised. Then F), is continuous in the
whole plane C [9, page 2]. In [7, 16], the authors proved that if n = 3,4, then F),
is univalent and starlike but not convex in C \ P,. In these two papers the authors
calculated the specific expressions for the real and imaginary parts of F3 and Fjy.
However, it is almost impossible to write the specific expressions for F,, for n > 5.
We use the symmetry of F, to deal with the cases n > 5. Our method is different
from [7] and [16] and also applicable to n = 4. Hence we have the following main
theorem.

THEOREM 1.1. Ifn > 3, then F, is univalent and starlike but not convex in C \ P,.

Let O, be an arbitrary regular n-sided polygon and let F, be the Cauchy transform
of the normalised two-dimensional Lebesgue measure restricted to Q,. Since any
two regular n-sided polygons are similar, Fp, and F, have the same univalence,
starlikeness and convexity. Hence the following theorem follows immediately from
Theorem 1.1.

THEOREM 1.2. Ifn > 3, then Fy, is univalent and starlike but not convex in @\ O,.

2. Preliminaries

Let Int(P,) be the interior of P, and ¢, = 1/(nsin(27/n)). By the Cauchy—Pompeiu
formula [1, Theorem 2.1],

wd
F(2) = 27,7 + icy f YW e t(p,). 2.1)
op, W—2
The Sokhotski—Plemelj formula [11, Theorem 7.8] implies
=4 .
Fu(2) = icnf Y W, z€C\P,. (2.2)
or, W—Z
Both equations (2.1) and (2.2) contain the expression
wd
fu@) = f T zgop,. 2.3)
op, W—2

n

Our main tool in proving Theorem 1.1 is the second derivative of f;,.

https://doi.org/10.1017/50004972720000696 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972720000696

[3] Starlikeness and convexity of Cauchy transforms 293

PROPOSITION 2.1. Forn = 3, let f, be as in (2.3). Then

(@) = PRTETOR Z ¢ 0P,.

PROOF. Pute_; = ¢,-1 and €, = ¢. Then

— n—1 —
., 2w dw Gl 2w dw
po- [ Zde 3 [ B
6Pn (W - Z)\ k=0 € (W - Z)

Let w = € + t(€+1 — €). The last integral above can be written as

f‘ 2@ —@dt | fl 2 @it — 6@ + WGt — &) dr
0 0

(& + t(€&+1 — &) — 2)° (€& + 1(€+1 — &) — 2)°

These two integrals are not difficult to calculate and then sum from O to n — 1 to give

” sinn/n) . 2« 73
2i —i2 — P,.
fn @) = Z 2e-7) 2nsin ===, z2¢0 O

In the following, we study the Laurent expansion of F, in |z| > 1. By (2.2), the
Laurent series of F), in |z| > 1 can be written as

F —icy —dw k, > 1,
=cie, [ T =2

where a;, = —ic, fap wwkdw. Tt follows from Proposition 2.1 that

2773 > (k+ Dk +2
z =2(+)(+)ak’ o> 1.

7 _
Fy () = o 43

Comparing the coefficients, we obtain the following result.

COROLLARY 2.2. Ifn > 3, then

S (-
Fuz) =2 RSt 2.4
© kzz(;(nk+1)(nk+2)z"k” & 24
2n73
Fl()= ——, zeC\P,
1+2z¢

We now write another expression for F,. The polygon P, is a union of n-similar
triangles. If T} is the triangle with vertices {0, e /", ¢™/"}, then

dr? .
f j: ( ) ; COS _[(1 _ Ze—m/n) IOg(l _ Z—lem/n) (1 _ Zem/n) 10g(1 _ Z—le—m/n)]
T, -
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This implies
n—1
—Dkni dL*(w
k=0 T, %€ - W
) n—1
= 0 Zf_kz(z — &) log(1 — '&), zeC\P, 2.5)
k=0

1

where the branches of log(1 — 77" €) are chosen as follows. If z € (cos(rr/n), +c0), then

{arg(l ~7'q) = —arg(l — 27 €14 € (-1, 0), 0 <k <[n/2] -1, 2.6)

arg(l — z '€/ =0 if n is odd,

where

sin((2k + 1)xt/n) )
cos(m/n) — cos((2k + Dm/n) /)
REMARK 2.3. If z € C\ P,, we can also calculate F’/(z) from (2.5).

Ani = arctan(

2ri/n

Noting that P, is invariant under the rotation e z, we have the so-called n-fold

symmetry of F,,.
LEMMA 2.4 (n-fold symmetry). Ifn > 3, then F,(z) = e”>™/"F,(e"*"/"z) for all z € C.

PROOF. By the definition of F),,

i , dL*w , dL*w ,
F(e 27 = 20,,62’”/"[ # = 20,,32’”/"[ # =e”"F. (7). O
p, Z— eXiny mimp Z— W

Since P, is symmetric with respect to the x-axis, by definition (1.2) F), also has the
same property.

LEMMA 2.5. Ifn > 3, then F,(2) = F,(2) for z € C. In particular, F,(x) € R for x e R.

A set E c C is said to be starlike with respect to a point wy if the linear segment
joining wy to every other point w € E lies entirely in E. The set E C C is said to be
convex if it is starlike with respect to each of its points; that is, if the linear segment
joining any two points of E lies entirely in E (see Duren [8, page 40]). We say that an
analytic function f is starlike (or convex) in a domain D C C if f(D) is a starlike (or
convex) domain (with respect to wy). In this paper we always assume wy = 0.

We give a result on univalent and starlike functions in an unbounded domain.

LEMMA 2.6. Let y C C be a Jordan curve and D be the unbounded connected
component of C\vy. Suppose that f: D — C is analytic and has a continuous
extension to D. Then fis univalent and starlike in D if and only if f(OD) is a Jordan
curve and arg f(z) is decreasing when z moves anticlockwise on 0D.
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PROOF. Without loss of generality, we assume f(co) = 0. By the Riemann mapping
theorem, we can choose a conformal map ¢ : D — D such that ¢(0) = co. Then the
starlikeness of f in D is equivalent to the starlikeness of f o ¢ in D. The rest of the
proof is similar to that of Theorem 2.10 in [8] (or Lemma 3.1 in [16]). O

3. Starlikeness and convexity

In this section, we study the starlikeness and convexity of F,, in C \ P, forn > 4. By
Lemma 2.6, we need to study arg F,,(z) on dP,. According to the n-fold symmetry of
F,, we only consider F, on one edge of P, (see Figure 1).

If n > 3, we parameterise the side P, N {z : larg z| < m/n} and its image by

Z(t):cos;—r+itsin% and  F,(z(0) = u(t) + iv(D), te[-1,1].  (3.1)

For convenience, we write z(¢) in exponential form

cos(mr/n)
os 6
By Corollary 2.2 and (2.5), we obtain the smoothness of « and v.

, 6 = arctan (ttan 71) € [— 7—T, 7—T]. (3.2)
n n n

2(t) = p(0)e”,  where p(6) =

PROPOSITION 3.1. Ifn > 3, then u and v are C* in (—1, 1). Moreover,

2(sin(rr/n))*p" > (6)
[T+ z(n)]?

where R,(0) = cos(n — 3)0 + p"(0) cos 30 and 1,(0) = sin(n — 3)8 — p"(6) sin 36.

u”’ () + (1) = R,(6) +1i1,(0)), te(-1,1),

PROOF. By the continuity of F,(z) and (2.5),

n—1

u(®) + iv(e) = lim Fo(rz(0) = 2 > &G0 — &) log(l - i) re(=1,1). (33)
r—1+ n Z(l‘)

> <

e"E,(OP,)

(D)

FIGURE 1. Left: the polygon Pg. Middle: the image F¢(C \ Pg). Right: ¢™/"F, (C \ P,) is not convex.
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Since log(1 — €/z(¢)) is C* in (-1, 1), u and v are C* in (-1, 1). Taking the derivatives

of both sides of the above equation, we obtain the second conclusion. O
In the following, we deal with R, (6) and [,,(6).

LEMMA 3.2. (i) Ifn >4, then cos(n — 3)0 cos” 8 is decreasing in (0, /n).
(i1) Ifa = b > 0, then sinax/ sinbx is decreasing in (0, 7/a).

PROOEF. (i) The derivative of cos(n — 3)0 cos” 6 is
0s" ! @sin(n — 3)0sin @ [(n — 3) cot & + ncot(n — 3)6] .

It is not hard to check (n — 3) cot @ + ncot(n — 3)68 > (n — 3) cot(w/n) — ncot(3x/n) > 0.
Hence cos(n — 3)0 cos” 0 is decreasing in (0, 7/n).
(i1) The conclusion comes from a calculation of the derivative of sinax/sinbx. 0O

PROPOSITION 3.3. Ifn > 4, then R,(0) > 0 and I,,(6) > 0 for 6 € [0, w/n).

PROOF. By Lemma 3.2, R,(6)cos" 6 = cos(n — 3)fcos” 6 + (cos(n/n))" cos 30 is
decreasing. Hence R, (6) > 0.
Note that

L,(0) sin(n—3)0 cos"(n/n)(4 cos? 0 —1)
sin  sin@ cos" @ '

It is easy to check that (4 cos®>@ — 1)/ cos" 6 is increasing in (0, 7/n). This, together
with Lemma 3.2, shows that 7,(8)/sin6 is decreasing. Then [I,(6) > 0, since
I,(r/n)=0. O

We now show the monotonicity of u and v.
PROPOSITION 3.4. Forn > 4, let u and v be given by (3.1). Then:

(1) u is strictly decreasing in [0, 1] and u(t) = u(—t) > 0
(1) v is strictly decreasing in [—1, 1] and v(t) = —v(—t).

PROOF. By Lemma 2.5,
u(t) =u(-t) and v(t) =—-v(-1), te[-1,1].

So it is sufficient to consider 7€ (0, 1). Let 8 be defined as in (3.2). Then 6 € (0, 7/n)
for t € (0, 1). Propositions 3.1 and 3.3 show that ' () < 0 and v’(¢) < 0in (0, 1).
(1) It follows from (2.5) that

-1

T
F’ 1 , > -.
x) = Z(; og ) X > cos ,
By (3.3),
W(0)+0/(0)= Lim  isin ~F'(x).
x—cos(m/n) n
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Since F,(x) € R and F,(x) € R, we see that u’(0) =0 and hence u(f) is strictly
decreasing in [0, 1]. Therefore

u(t) > u(l) = lim Re F(re™™y > 0,

where the last inequality comes from the Laurent series (2.4).
(i1) Corollary 2.2 implies

2x"73
lim PF/(x)= -1 and F/(x)= >0, x> cos—.
Xx—+00 1 + x" n
We obtain F/,(x) < 0, and hence v'(f) < v'(0) < 0. O

REMARK 3.5. If n = 3, it is easy to check that (i) holds, but (ii) does not hold. In fact,
there exists ¢ty € (0, 1) such that v/(r) < 01in (0, #y) and v'(¢) > 0 in (¢, 1).

To study the starlikeness of F,,, we now analyse arg F,,(z(¢)). Since arg F,,(z(¢)) is C™
in(—=1,1),

W (t) + iv’(t)) _ Wy ) —wev® (-1,1). (3.4

d
—-arg Fy(z(1)) = Im( u(t) + iv(t) u(t) + vA4(1)

dt

By Proposition 3.4, we see that the numerator of the last term is negative. This is the
most important step in proving the starlikeness of F,.

THEOREM 3.6. Ifn > 4, F, is univalent and starlike in C \ P,.

PROOF. It follows from (3.4) and Propositions 3.4 that

d

7 arg F,(z(1) <0, te(-1,1).
From the n-fold symmetry of F,,

Fo(e® 1)y = e ME (2(1)), k=0,1,....,n—1, t € [-1,1].

Hence arg F(z) is decreasing when z moves anticlockwise on dP,,.

Since F,(z(0)) € R, equation (2.6) implies that arg F,,(z(0)) = 0. Consequently, by
the continuity of arg F,(z(7)), the total variation of arg F,,(z(¢)) in [-1,1] is —2n/n,
that is,

2
Arel-1.11arg F(2(1)) = arg F,(z(1)) — arg Fiu(z(=1)) = —f-

Using the n-fold symmetry again, the total variation of arg F,(z) on 0P, is —2m.
By the argument principle, F,(0P,) is a Jordan curve. The theorem follows from
Lemma 2.6. O

Observing Figure 1, we can see that the domain Fn(@ \ P,) is not convex. Before
proving this fact, we need a lemma.
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LEMMA 3.7. Let R, (0) and I,,(6) be given as in Proposition 3.1. If n > 4, then
R, () cos T_ 1,(0) sin T 0, f¢ ( _r 7_T)
n n n’'n

PROOF. It is easy to check R,(—6) = R,(0) and I,,(—6) = —1,,(6). By Proposition 3.3,
we only need to consider 6 € [0, r/n). Note that

Ry(0) cos = — I,(0) sin = = cos ((n — 30+ ’—T) + 0(6) cos (39 - f). 3.5)
n n n n
It is obvious that cos(36 — r/n) > 0 for 6 € [0, 7/n) and n > 4. One can easily verify
-2
cos((n—3)0+ 5)>0 with ae[o,’f)<=>ose<u. (3.6)
n n 2n(n —3)
If n = 4, the lemma follows from (3.6). If n > 5, by (3.5) and (3.6), we only need to
consider
(n-2rm T
—_— - i
2n(n—3)<9<n 3.7)
Let

f(0) =log (p"(@) cos (39 - %)) —log ( —cos ((n -3)0+ Z))

Then f'(0) =ntand —3tan(30 — /n) + (n — 3)tan((n — 3)6 + /n). The equation
(3.7) implies

T cm-30+2<n-30+2, 0<o<30-=<Z.
2 n n n 2
This gives f’(6) < 0. Thus f(6) > 0, since f(xr/n) = 0. The proof is complete. O

THEOREM 3.8. Ifn > 4, F, is not a convex function in C \ P,.

PROOF. Since a rotation does not change the convexity, we prove that the domain
e™/"F,(C \ P,) is not convex (see Figure 1). For ¢ € [-1, 1], we introduce the notation
2(t) = cos t/n + itsinm/n and €™/"F,(z(t)) = x(f) + iy(t). Then

(1) = u(t) cos = —v(t)sin X, y() = u()sin = + w(r)cos Z, 1€ (~1,1).
n n n n

It follows from Proposition 3.1 and Lemma 3.7 that
20"73(0)(sin r/n)?
11+ 270
Using (3.3), we decompose x’(¢) as x’(f) = X,(¢) — X»(¢), where

X(r) = —zm:l—ﬂmglm(ele_kz log(l - %))

X'(t) = -

(H(H)cos——l(é?)sm )<0 te(—1,1).

ZSinn/n( |
n

Xo(t) =

ol

b
cos — arg (1 - —) —sin — log
n z(t) n
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Since ZZ;% e_kz log(l — &/z) is analytic in {z:|argz| < 2n/n}, it follows that
SUp_;,<; X1 (#)| < co. The choices of the branches of the logarithms (see (2.6)) imply

€
1 - =2

2(1)
It is easy to check that lim,,; log |1 — €/z(t)] = —co and so lim,—,; x’(#) = —c0. On the
other hand, the proof of Proposition 3.4 gives x'(0) > 0. Hence there exists a unique
T, € (0, 1) such that x'(7,) = 0. This means that 7}, is the unique maximum point of
Re ¢™/"F,(z(1)) for t € [-1,1]. Let A, = e"MF,(z(T,)) and L, = (A,,A,) denote the
open line segment jointing A, and A, (see Figure 1). Then

L, N (¢"/"F,(C\ P,)) = 0,

arg( )‘ <2m, te(-1,1).

which shows that ™/"F,(C \ P,) is not convex. ]
Finally, we prove Theorem 1.2.

PROOF OF THEOREM 1.2. Let Q, be a regular n-sided polygon, with centre a and
circumradius R. Since Q,, is similar to P, there exists a constant 6 € [0, 27) such that
0, = ReP, + a. Let |Q,| denote the area of Q,,. It is easy to check that

1 dL>(w)
|Qn| O, —w

Thus Fyp, and F, have the same univalence. Obviously, rotation and scaling transfor-
mations do not change the starlikeness and convexity of a set. Hence Fp, and F), have
the same starlikeness and convexity. O

Fo,(2) = =R e F,(R ez - a)).

4. Open question

For an arbitrary regular n-sided polygon Q,, we have proved that the Cauchy
transform F, is univalent and starlike in c \ Q.. For many general polygons, we used
Mathematica to draw images of the corresponding Cauchy transforms. From these
images, we observed that:

(1) ifapolygon P is convex, then the corresponding Cauchy transform Fp is univalent
and starlike in C \ P;

(2) there exists a nonconvex polygon P’ such that the corresponding Cauchy trans-
form Fp: is not univalent in C \ P.

Note that any convex set can be approximated by convex polygons. Based on our
observations, we make the following conjecture.

CONJECTURE 4.1. If K ¢ Cis a compact convex set, then the Cauchy transform of the
two-dimensional Lebesgue measure restricted to K is univalent and starlike in C \ K.

For general convex polygons, the corresponding Cauchy transforms do not have
symmetry (see Lemmas 2.4 and 2.5) and Proposition 3.4 may not hold. Since our
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proofs strongly depend on Proposition 3.4, our method fails for general convex

polygons.
The well-known criterion for univalence due to Nehari may shed some light on

Conjecture 4.1. For f analytic in D, the Schwarzian derivative of f is defined by

@\ (@Y
5 = - A 5 1'
-2 (f'(z)) 2(f’(z)) I <

THEOREM 4.2 (Nehari’s criterion, [14]). Let f be an analytic function in D. If the
Schwarzian derivative of f satisfies

n.Z

2
Hf. 2l < RS or [{f.z}l < bR lz] <1,

then f'is univalent.

Nehari’s criterion is a sufficient condition for univalence, but not necessary [10, 15].
We give two examples for which Conjecture 4.1 is true, but one of them satisfies the
conditions of Nehari’s criterion and the other does not.

EXAMPLE 4.3. The Cauchy transform of the two-dimensional Lebesgue measure
restricted to the closed unit ball D is

2
FD@:f‘”: (::){, > 1.

D 2~

Obviously, F is univalent and starlike in |z] > 1, that is, Conjecture 4.1 is true for D.
The Schwarzian derivative of F5(1/z) is 0, hence it satisfies the sufficient conditions
in Nehari’s criterion.

EXAMPLE 4.4. Let A be the regular triangle with vertices {1, e**/3, e**/3}. The Cauchy
transform of the normalised two-dimensional Lebesgue measure restricted to A is

4 (dlw)
FA(Z)—3\/§ W

e C.

By Theorem 1.2 or [16, Theorem 1.1], Fa is univalent and starlike in 6\ A.
For the triangle A, we can use the Schwarz—Christoffel formula and the Schwarz
reflection principle to construct a conformal mapping ¢ : D — C \ A such that:

() @(0) =0, p(~1) = -5 and (1) = 1;

(i)  ¢((0,1]) = [1,+00) and ¢([-1,0)) = (—c0, -3 ];

(iii)) ew)=1+¢ f()_(l_w3)2/4w3 (& = 1)712¢7184¢ where 0 < argw < /3 and the con-
stant ¢ is given by ¢ = e/AT(3)(V3al ().
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One can verify directly that

32
lim |1 —xX){Fao@.x} = 52

.
x€(0,1)

Thus F o ¢ does not satisfy the sufficient conditions of Nehari’s criterion.

REMARK 4.5. For a general convex set, it seems difficult to give an explicit formula
for the Schwarzian derivative. However, for convex polygons, we may hope to invoke
the argument principle which shows that the Cauchy transform in Conjecture 4.1 is
univalent if and only if the boundary image of the Cauchy transform is a Jordan
curve.
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