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Abstract

For 7 € S, let 17 denote the uniformly random probability measure on the set of 7-avoiding permutations
in S,. Let N* =N U {co} with an appropriate metric and denote by S(N, N*) the compact metric space
consisting of functions o = {0;}?°, from N to N* which are injections when restricted to o~'(N); that is,
if 0, = 03, i #j, then o, = co. Extending permutations o € S, by defining o; =j, for j > n, we have S, C
S(N, N*). For each 7 € S;, we study the limiting behaviour of the measures {17} on S(N, N*). We obtain
partial results for the permutation v = 321 and complete results for the other five permutations 7 € S;.

2010 MSC Codes: Primary 60C05; Secondary 60B10, 05A05

1. Introduction and statement of results

We recall the definition of pattern avoidance for permutations. Let S,, denote the set of permuta-
tions of [n] =={1,...,n}.Ifo =0102- -0, €S, and T =11 - - - T) € Sy, where 2 < m < n, then
we say that o contains 7 as a pattern if there exists a subsequence 1 < i} <ip <+ <i, < nsuch
that for all 1 < j, k < m, the inequality 0j; < 0j, holds if and only if the inequality 7j < 74 holds. If @
does not contain 7, then we say that o avoids T. We consider here permutations on S, that avoid
a pattern 7 € S3. Let S,(7) denote the set of permutations in S, that avoid 7. It is well known that
[S,(t)| = Cy, for all six permutations 7 € S3, where

()

=n+1

n

is the nth Catalan number [2]. Let i1}, denote the uniformly random probability measure on S, (7).
In this paper we investigate the limiting behaviour of the probability measures p;, as n — co. In
the limit we will obtain a probability measure not on the set of permutations of N:={1,2,.. .},
but on a more general structure that we now describe.

Let N* = N U {oo} with the metric dy= (i, j) = Z]k_:lz 27k for1 <i < j < 0o. Denote by S(N, N*)
the set of functions o = {07}, from N to N* which are injections when restricted to o ~1(N); that
is, if 0; = 0j, i # j, then 0; = 0. Let S(N, N) C S(N, N*) denote the subset of injections from N to
N, let Squr(N, N*) € S(N, N*) denote the subset of surjections from N to N*, and let Soo C S(N, N)
denote the set of bijections from N to N, that is, the set of permutations of N.
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The space S(N, N*) can be identified with the countably infinite product N* x N* ... . Since
N* is a compact metric space, it follows that S(N, N*) is also a compact metric space with the
metric

dn+ (07, T
D(o, 1) = Z %
i=1

For any n € N, we identify the set S, of permutations of [#] with the subset {0 € Sx:0j =j,j > n}.
Consequently, if 11, is a probability measure on S, for each n € N, then {u,};° ; may be consid-
ered as a sequence of probability measures on the compact metric space S(N, N*). Thus, any such
sequence has a subsequence converging weakly to a probability measure on S(N, N*).

If one uses the above framework to study the limit of the uniform probability measure on
Su> then it is easy to show that the sequence of measures converges weakly to the degenerate
distribution 8 () on the point 00(®) e §(N, N*), where 00(® denotes the function o € S(N, N*)
satisfying o,, = 00, for all n € N. On the other hand, consider the Mallows distribution on S,, with
parameter q > 0. This is the probability measure that gives to any permutation o € S,, a probability
proportional to g™(?), where inv(c') denotes the number of inversions in the permutation o;
that is,

inv(o) = [{(i,j)):1 <i<j<nando; > oj}|.

When g =1, the Mallows measure is just the uniform measure. When g € (0, 1), the Mallows
measure favours permutations with few inversions, and when g > 1, it favours permutations with
many inversions. When g > 1, the sequence of Mallows distributions converges weakly to § ),
but when g € (0, 1), these distributions converge weakly to a non-trivial distribution on S(N, N*)
which is in fact supported on the set of permutations So. The form of this limiting distribution
is regenerative. See [4, 5] for the limiting behaviour of the Mallows distribution, and see [10] and
references therein for more on the general theory of regenerative infinite permutations.

Since the limit of the Mallows distribution with g € (0, 1) is a distribution on Sy, the more
general framework of S(N, N*) is not needed there. However, this more general framework is
necessary for our study of the limiting behaviour of the measures {x},}°° |, for T € S3. It will turn
out that the limiting distribution is trivial in two out of the six cases, while in three out of the
other four cases, the limiting distribution has a regenerative structure. In order to describe this
regenerative structure, we will need to consider permutations of subsets I C N not as functions
with a domain, but rather just as images. We will call such an object a permutation image of I.
Thus, for example, if I = {3, 4, 9}, then there are six permutation images of I, which we denote by
(349),(394),(439),(493),(934),(94 3). We will denote a generic permutation image of I by

oiM. We also define 0ol to be the j-fold image of oo:

oo(j)z(oooo'~oo), jeN.
—_——
j times

We will use these permutation images to build functions in S(N, N*). For example, if I; = {3, 4, 9}
and I, = {20, 22, 24, 26, 28, 30 - - - }, and if the permutation images UI‘;“, i=1,2,aregiven by O’Illm =
(9 3 4) and a}zm =(222026243028 --- ), theno = a}lm * a}zm denotes the function in S(N, N)
givenby o1 =9, 0y = 3,03 = 4, 04 = 22, 05 = 20, 96 = 26, . . . , while 0 = 00® % a}lm x oo x olizm
denotes the function in S(N,N*) given by o) =00,02 =00,03=9,04 = 3,05 =4, 06 = 00,
o7 =22,08 =20,09=26,....

The mathematical description of our results in the propositions and theorems that follow looks
a bit complicated, so we deem it worthwhile to begin with a verbal synopsis of the results. In
what follows, a permutation image of a block means a permutation image of a set of consecutive
numbers.
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1. 7 =123: Weak convergence to the trivial distribution §_ (o).
2. T =132: Weak convergence to the trivial distribution § ).

3. T =312: Weak convergence to a limiting distribution which is supported on S(N, N) — Sy, and
whose structure is a concatenation that alternates uniformly random 312-avoiding permutations
images of random finite blocks of infinite expected length with permutation images of random
singletons, each random singleton being the largest value smaller than the values in the preceding
finite block permutation image. The random finite blocks are obtained in a regenerative fashion,
and their lengths are i.i.d.

4. T =231: Weak convergence to a limiting distribution which is supported on S, (N, N*), and
whose structure is a concatenation which alternates uniformly random 231-avoiding permuta-
tions images of random finite contiguous blocks of infinite expected length with permutation
images of the singleton co(!). The contiguous random finite blocks are obtained in a regenerative
fashion, and their lengths are i.i.d.

5. T =213: Weak convergence to a limiting distribution which is supported on S(N, N*) —
S(N, N) — Squr (N, N*), and whose structure is a concatenation which alternates permutation
images of blocks of 0o of random finite length with permutation images of singletons whose val-
ues increase along the concatenation. The values of the singletons are obtained in a regenerative
fashion, and the lengths of the blocks of oo are i.i.d. and have infinite expectation.

6. 7 = 321: Here we only have partial results. The limit of any weakly convergent subsequence is a
concatenation of a Geom (1/2) number of uniformly random block irreducible (for the definition,
see the paragraph preceding Lemma 1.5) 321-avoiding permutations of finite contiguous blocks,
whose union is [N], for some random N. The blocks, whose lengths have infinite expectation,
are obtained in a regenerative fashion. If in fact, the limit is in Sy, then the continuation Z of
the concatenation is supported on block irreducible 321-avoiding permutations of the infinite set
{N +1,...}. Thus, the regenerative structure only maintains itself for a finite length.

Remark. Note that the supports of the limiting distributions in cases (3), (4) and (5) are all disjoint
from one another.

We now state our results in full.
Proposition 1.1.

(i) Let T =123. Then limy,_, o0 (b}, = 8 og(c0)-

(if) Let T =132. Then limy,—, oo (], = 8og(c0)-

To present the rest of the results, we need to introduce some more definitions. The distribution
of the random variable X defined below will play a fundamental role in our results.

Chn
P(Xzi’l)zm, f’l=0,1,..., (11)

where C,, is the nth Catalan number.

Remark. As is well known [9],

1—V1—dx & 1
SR C,x" for|x| < —.
o > G Il < 5

n=0
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Since C, ~ 7~ Y2 4"y =3/2 if follows that the series converges for x =1/4, and
o 1 n
het 1) =2
n=0

Thus, (1.1) does indeed define a distribution. It also follows that EX? < oo for p € (0, 1/2) but not
forp=1/2.

Let Y denote a random variable with distribution Geom (1/2):

1 n
P(Y=n)= <5> , neN. (1.2)
Define
T =Ty =0,

n n
1.3
TX=>"X, Ty=)Y, neN, (13)

j=1 j=1

where {X,}7°, and {Y,}7°, are mutually independent ii.d. sequences with X distributed
according to (1.1) and Y; distributed according to (1.2).

We define pattern avoidance for permutation images in the obvious way; for example the per-
mutation image (5 3 9 1) is 123-avoiding, but is not 321-avoiding (because of the terms 5 3 1).
For fixed 7 € S3 and for all finite blocks I C N, define the random permutation images I} of I as
follows:

I} is uniformly distributed over 7-avoiding permutation images of the

1.4
finite block I C N and {P}:I C N, |I| < oo} are independent. (14)

Note on notation. Henceforth we will frequently use the following notation for blocks: [a, b] :=
{a,...,b} C N, fora,beNwitha<b.

Theorem 1.2. Let T =312. Let {X,,};2,{Yu};2, and {H%U:ICN} be mutually independent

random variables with {1—[?12: I C N} asin (1.4) and with {X,,}7° 1, {Ya}52 Tf, TZ as in the para-

n=1"
graph containing (1.3). Then limy,_, oo u}, is the distribution of the (S(N, N) — Se)-valued random
variable
0o 312 Y X
*n=1 H[T,¥+Tf,‘_1+1,T,¥+Tff] #(Ty +Thy)
312 Y 312 Y Xy, .
— H[T1Y+1,T1Y+Tf(] * (T * H[T2Y+T{‘+1,T2Y+T§‘] #(T +T) %0

Theorem 1.3. Let T =231. Let {X,,}°°, and {H%ﬁ: I C N} be mutually independent random vari-

n=1

ables with {H%n: I C N} as in (1.4) and with {X,,}7° | and Tff as in the paragraph containing (1.3).

Then lim,_, oo 14}, is the distribution of the Se,r(N, N*)-valued random variable
oo 17231 (1) ._ [231 1) 231 ., . .
*fl:lH[Tf_lH,Tff] * 00" 1= H[I’T{(] * 00" * H[T{‘+1,T§] * 00" * .

For the next result, we will need some additional notation. Define

X 1) @
TY=T, =Ty =0,

.o L (1.5)
=% 17 =3 v neNi=12 '
j=1 j=1
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where {X, Joo 1,{Y(1)}°° and {Y(z)}oo are mutually independent ii.d. sequences with

X dlStX—i- 1, where X is as in (1.1), and Y(l) dist Y,i=1,2, where Yisasin (1.2).
Let
dist 1 1
Xo,1 = Ber 2 :P(x0,1=0)=P(x01=1)= 7 (1.6)
For ] = {J,};2 |, where J, € N, and I = (i1, i3, . . . ) C N an increasing sequence, define
oo 5= *Zozloo(]”) % (i) = 00UV x (i) % 00U2) s (iy) % - - - . (1.7)

e 1o 1 {Y(l)}C>o p i=12, and o1 be mutu-
}OO

L as in the paragraph containing (1.3), with

Theorem 1.4. Let T =213. Let {X,}5,,

ally independent random variables with {X,
e 1o 1 {Y;(f)}zo 15 TX Y(l) i=1,2, as in the paragraph containing (1.5), and with xo, as in

(1.6). Then limy,— o }, is the distribution of the S(N, N*) — S(N, N) — S,(N, N*)-valued random
variable
xo1 (00 % IV) + (1 = xo.1) - (007 1),
where coU) x I is as in (1.7), with
= {Xu}nZs
and
= [ + TX o LT+ TX )]

) (1)
10 = uge [ +TX o+ 1TV 1+TX ol

n+1 n+1

with I, i = 0, 1, understood as the increasing sequence of its elements.

For the final pattern, T = 321, we need some more notation and another concept. Let I C N be
a (possibly infinite) block of integers, and let S(;) denote the set of permutations of the block I.
(In this notation, S, = S([x)).) Let o € S(1) and write I generically as I ={j+i:0 <i < n*}, where
n* € N*. If there does not exist a k satisfying 0 < k < n* and such that ¢ maps {j,...,j+k} to
itself, then we call o a block irreducible permutation in S(7). Let S1(321) denote the set of 321-

avoiding permutations in S(j), and let SE’I)‘“(321) denote the set of block irreducible permutations
in S¢;(321). We will prove the following lemma.

Lemma 1.5. Let [ ={m, ..., m+j— 1}, for some m,j € N. Then
ISt (G2D) =Gy, j> 1 (1.8)

Remark. Of course, |S(1)(321)| = Cj, for I as in the lemma.

Let Z denote the class of all finite blocks I C N. Define the random permutations {l-[(312)1; b'irr} c
as follows:
H?IZ)I; birr g uniformly distributed over the set SI(DI)IHGZI) of 321-avoiding
. (1.9)
block irreducible permutations of I € Z and {1'1(312)1 b""} 1e7 are independent.
Proposition 1.6. Let 7 =321. Let (X, Joo 1Y and {Hif)l beirr. CZ} be mutually independent
random variables with {H?f)l beirr, :1C T} as in (1.9), with {X, nloe, and TnX as in the paragraph
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containing (1.5) and with Y as in (1.2). Then the distribution of any weakly converging subsequence
of {21100 | is the distribution of an S(N, N*)-valued random variable of the form

( Y—21321; b-irr )

n=0"" (X118

X

for some appropriate Z. If the limiting distribution is in fact supported on Se, then the random
variable Z, conditioned on Y =y and T})f_l =M, is almost surely a 321-avoiding block irreducible
permutation of the infinite set {M + 1, M +2,...}.

Note that in Theorems 1.2-1.4 the length of each segment in the regenerative structure is dis-
tributed as X + 1, and the length of the first n segments is given by TX + n. Thus, it is of interest
to determine the growth rate of T2X.

Proposition 1.7.

TX .
lim —gdét w, (1.10)

n—-o00 n

where W is the one-sided stable distribution with stability parameter 1/2 and characteristic function
i 2
¢(t) =Ee "™V = exp (—% 11121+ isgn(t))).

Remark. We note that Proposition 1.7 is a particular case of the general theory of the con-
vergence of scaled sums of i.i.d. random variables with infinite expectation to limiting stable
distributions [3].

Since our results pertain to weak convergence of infinite sequences of random variables, they
relate to the asymptotic distribution of arbitrarily long, finite initial segments of the permutation.
For other limiting results for permutations, of a completely different nature, see [7] and [1], which
concern the asymptotic density of the number of occurrences of a certain pattern within cer-
tain classes of permutations, and [8] and [6], which consider the limiting ‘shape’ of permutations
avoiding a particular pattern of length three.

In Section 2 we will state and prove several preliminary facts that will be used in the proofs of
the main results, and we will prove Lemma 1.5. The five sections that follow Section 2 give the
proofs respectively of Proposition 1.1, Theorems 1.2-1.4 and Proposition 1.6. In the final section
we prove Proposition 1.7.

Important note regarding the proofs. The same basic idea is used in the proofs of Theorems
1.2-1.4 (via Lemma 2.1 in Section 2). A variant of that idea is used for the proof of Proposition 1.6
(via Lemma 1.5). However, to write down a complete and entirely rigorous proof is extremely
tedious and may well obscure the relative simplicity of the ideas behind the proofs. Thus, for the
proof of Theorem 1.2, we begin with a rather verbal explanation of the proof, and then prove
completely rigorously the first few steps of the proof. From this, it will be clear that one can pre-
cede similarly to obtain the entire proof. After that, for the proofs of Theorems 1.3 and 1.4 and
Proposition 1.6, we will only give the rather verbal explanation, the rigorous proof following very
similarly to that of Theorem 1.2. On the other hand, the proof of Proposition 1.1 is short and
direct.

2. Some preliminary results

We begin with the proof of Lemma 1.5, which appeared in the introductory section.
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Proof of Lemma 1.5. It suffices to prove the lemma for Sjb’i”(321) = SE’[’%(SZI). Forl1<j<n<

00, let Sz_imj (321) denote the set of permutations in S,,(321) which map [ j] to [ j] but do not map

[k] to [k] for 1 < k < j. (In this notation S2™"(321) = $-'"(321).) We have

n

1S,32D)] = Cy =Y ISn " (B21)], 1< n < o0, (2.1)
j=1

It is well known that a permutation in S, belongs to S,(321) if and only if it is composed of two

increasing subsequences [2]. Thus, o € S:'m;j (321) ifand only if 0 =7 * v, where t € S}?'i”(321)

and v € §(( j41,1))(321), that is, v is a 321-avoiding permutation of [ j + 1, n]. Of course, the num-

ber of 321-avoiding permutations of [j+ 1,n] is C,—;. Thus, |S:_irr;j(321)| = |S}?'i”(321)|Cn_j.

Substituting this in (2.1) gives

n
Co=)_ISV(321)|Cyyp n>1. (2.2)
j=1

On the other hand, the fundamental recurrence relation for Catalan numbers [9] gives

n
Ci=)_ G 1Cujy n>1 (2.3)

j=1
Equating (2.2) and (2.3) successively for n=1,2,... shows that |S}?'irr(321)| =Cj_1, for all
iz O

Remark. From the proof of the lemma, we obtain the following fact, which will be used later:

ISy (321) = G 1 G (2.4)

The following lemma states a well-known fact about permutations avoiding certain patterns of
length three. For completeness, we provide the short proof.

Lemma 2.1. For 1 <j<n,

. 1. 1 o GGy
W) 120y =) =P oy =) ="
n
.. . 1 o GGy
(11) M?I(Un 12]):/‘;132(0}1 1 =])= ) c n J'
n

Proof. A 312-avoiding permutation o € S,, has the property that all of the numbers in the posi-
tions to the left of the position occupied by 1 are smaller than all of the numbers in the positions to
the right of the position occupied by 1. That is, ifcrl_1 =j1,then{2,...,j1} appearin the firstj; — 1
positions of o and {j; + 1, ..., n} appear in the last n — j; positions of ¢. In fact then, it follows
that a permutation o € S, satisfying o, ! = j will be 312-avoiding if and only if (o1, . . . ,0j-1) isa
312-avoiding permutation image of {2, ..., 1} and (0j11, . . ., 0y) is a 312-avoiding permutation
image of {j+ 1, ..., n}. The proof of the lemma for the case x!? now follows from the fact that
there are Cj_; 321-avoiding permutation images of {2, .. ., j} and C;,—; 312-avoiding permutation
imagesof {j+1,...,n}.

The proof for 12!? follows similarly, using the fact that a 213-avoiding permutation o € S,, has
the property that all of the numbers in the positions to the left of the position occupied by 1 are
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larger than all of the numbers in the positions to the right of the position occupied by 1. The proof
for 23! (u132) follows similarly from the fact that a 231-avoiding (132-avoiding) permutation o €
Sy has the property that all of the numbers in the positions to the left of the position occupied by
n are smaller (larger) than all of the numbers in the positions to the right of the position occupied

by n. O

Lemma 2.2. For n € N, let v, be the probability measure on N* satisfying

Ci—1Cy—j
; j—1n—j
v ) >
i Cy

V() =0, jeN*—[n].

Then {vy,},2 | converges weakly to the probability measure v on N* satisfying

jelnl,

1\/
V(]) = Cj—l (Z) , JE€ N,
1
Remark. Note that X + 1 has the distribution of v( - |N), where X is as in (1.1).

Proof. A direct calculation shows that for each fixed j,

Coei  (1V
lim —7 = <—> .
n—00 Cn 4

N AU
nll)n;o ”"(7)=Cf—1(2) forj> 1.

Thus,

As noted in the remark following (1.1),
o0 1 n
ZC”(Z) =2.
n=0

Thus,
> 1V 1

Cl-) =-.

Z 7 1(4) 2
j=1

This proves the lemma. O

3. Proof of Proposition 1.1

Proof of (i). For fixed j, M € N, we give an upper bound on /L,1123(0’j =M), for n>jv M. To
construct a permutation o € 5,,(123) satisfying o; = M, there are certainly no more than (n —
1) - - (n—j+ 1) ways to choose the values of {01, . . ., 0j_1}. Having chosen {071, . . ., 0j_1}, there
are at least n — M — j + 1 values larger than M among the numbers {0j,1, . .., 0,}. Since 0j = M,
all the values larger than M among {01, . . ., 0,} must appear in decreasing order. Thus, at least
n— M — j+ 1 of the values among {01, . . ., 0,,} must appear in decreasing order. So with regard
to n — M — j+ 1 such values, the only choice we have is which n — M — j+ 1 spaces out of n — j

https://doi.org/10.1017/50963548319000270 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548319000270

Combinatorics, Probability and Computing 145

spaces to use for them. Therefore, we conclude that
nj+M—2

Cn

123, _ LD i n=j _
Wy (0 —M)écn(n 1)---(n J+1)(H_M_].+1)(M <

Thus, foranyj, L € N,

lim ,ulB( <L)< lim L

n— 00 n—oo n

From this it follows that the distribution of any weak limit of {x**}°° | must be supported on the

singleton 0o(®),

Proof of (ii). For fixed j, M € N, we give an upper bound on x}*(0j = M), for n>jv M. To
construct a permutation o € S,(132) satisfying oj = M, there are certalnly no more than (n —
1)---(n—j+ 1) ways to choose the values of {071, .. ., 0j—1}. Having chosen {07, . . ., 0j_1}, there
are at least n — M — j + 1 values larger than M among the numbers {041, . . ., 0,}. Since 0 = M,
all the values larger than M among {0j41, . . ., 0} must appear in increasing order. Thus, at least
n— M — j+ 1 of the values among {0j1, . . ., 0} must appear in increasing order. So with regard
to n — M — j+ 1 such values, the only choice we have is which n — M — j + 1 spaces out of n — j
spaces to use for them. Therefore, we conclude that

B2 < 1) mjen( P Yo
= —(n— n— -1
Hon C, J n—M—j+1 C,

The proof is now completed as it was in part (i). (]

4. Proof of Theorem 1.2
We will need the following additional notation. For a permutation image a}m = (i ip---i;) ofa
block I={j+1,...,j+I},let o™ — j denote the permutation 7 € S; given by 7y = ix — j, k € [].
Also, for any I C N, let £I™ denote the collection of all permutation images of I.
By Lemma 2.1,
le—lcﬂ—jl

ooy =j) == el (4.1)
n

From the proof of (4.1) in Lemma 2.1, it follows that

W20 5 (1) oMo =) = 122 (0™ — D2, (of™ — o), (42)
where 1 <j; <, olilm is a permutation image of I = [2,;] and o}zm is a permutation image of

=[j1+ 1 n]

As noted at the end of the first section, we first give a rather verbal explanation of the proof.
From (4.1) and Lemma 2.2 with the remark following it, along with (1.1) and (1.3), it follows that
asn— 00,0y ! will be carried off to oo with probability 1/2, and will converge to the distribution
X1 + 1 with probability 1/2. Consider the former case. Let o, "= be very large. Akin to the
proof of Lemma 2.1, since the first j; — 1 places constitute a 312-avoiding permutation of [2, j;],
it follows that from among these numbers, all the numbers in the positions to the left of 02_1 are

smaller than all the numbers in positions to the right of o, !, Thus, the same reasoning as in (4.1)

gives
312 Cjz—lcjl—jz—l
(0 C

j1—1

/’Ln _]2|01 _]1) = > j2 € [1)j1 - 1]
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Thus, as ji — oo, it follows that o, ! will be carried off to 0o with probability 1/2 and will con-
verge to the distribution X; + 1 with probability 1/2. Continuing like this, eventually, we will
arrive as some m € N such that o~ Lo anjil were all carried off to 0o, but o, converges to
the distribution X; + 1. Note that the probability of this occurring at any specific m is (1/2)";
that is, this occurrence time has the distribution of Y7, as in the paragraph containing (1.3). Thus,
what we see so far is that the numbers 1,...,Y; — 1 have escaped to oo, the number Y; is in
position X + 1, and by (4.2), the first X; positions are occupied by a permutation image o;™ of
I=[Y, +1,Y; 4+ X;] and this permutation image has the uniform distribution on 312-avoiding
permutation images of [Y; + 1, Y7 + X ]. Stating this in the notation of (1.3) and (1.4), we have
that the first TX + 1 positions look like
H[371“1%+1,T1Y+Tf(] * (le)'
This is just as in the statement of the theorem. Now everything after position T3 + 1 is iterated,
with the smallest number still available there being TY + T% + 1. By the same reasoning, the first
of these numbers that does not run off to oo will be T2Y + T{( , its position will be T§ + 2 and in
positions [T + 2, TX + 1] will appear a uniformly random 312-avoiding permutation image of
(TY + T + 1, TY + T, that is,
312 .
(TY +TF+1,TY +T5]
We now have the initial part of the limiting random variable being
H?%?+1,T1Y+Tf] #(T7) * H?%§+T{‘+1,T§’+T§] « (T +T7),

as in the theorem.

We now turn to the rigorous proof. Using Lemma 2.2 and the remark following it, along with
(4.1) and (4.2), it follows that

n—o0 J

=P(Tf=j; -1, T = 1)ujl131(a}f“ —1), (4.3)

. i ; 1 ' .
lim 52 (o™ (1) * {5, ) = SPXi=ji = D2 (o™ = 1)

for j; e Nand Ulilm a permutation image of I} = [2,j;], where T{( and TIY are as in (1.3).
Repeating the procedure that yielded (4.1) and (4.2), we have

_ o ) Ci—ii_1Cy— ) )
Koy = aloT ! =j) = AR e i+ Ll
}’l*]l
4.4
3120 —1 _ :y—1_ . Cjz—Ile—jz—l . . (44)
W (02 = jalo, :]1)=C‘—1) j2ellji—1],
J1—
and then we have
RO (1) s of™ G+ 1) x oMoy ' =ji o)L =j2)
_ 312(O_im_1) 312 (im_-)312(im_-) 1< < (45)
— Fh-1 4 H’jz—jl—l oy, ! H’nsz oy, J2) SN <n2xn .

where o}lm is a permutation image of I = [2, 1], or}zm is a permutation image of I, = [ j; + 2, j2]
and 6}3’“ is a permutation image of I3 = [ j, + 1, ], and we have

1y (0™ % (2) o™ % (1) k oMoy =j1, 05 =j2)
=132 (o™ — 232 (ol —jy — D2 (0l — 1), 1<jp<ji<n,  (46)

where alilm is a permutation image of I} = [3,j, + 1], G}Zm is a permutation image of I, = [j, +
2,71] and a}sm is a permutation image of I3 = [ j; + 1, n].
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Using Lemma 2.2 along with (4.1), (4.6) and the second equation in (4.4), we have
312, _im im -1
h_r)nOO lim n L (crI * (2) * E[j2+2)n], o, =M)
= —P(Xl 2 — 1)#2121(011? —2)
=P(TY =jo— LT} =2)u}2 (01" —2), (4.7)
for j, e Nand o}lm a permutation image of I} = [3, j, + 1].
Repeating the procedure yet again, we have
. Cjs—jp—1Cn— s .
1oy =jsloyt =jnoi =) = % jreljp+1,...,nl j1<j (48)
n—j3
and then applying this to (4.6) we have
312, _im im im . -1 _ . -1 _ .
1320} *(3)*0,2 £ (@) # o™ % (1) xoi™loy  =j1,05 " =jo, 057 = a)
312 312 . . 312 i )
j3— 1(0’[1m - 3)Mj21—1—j3(612 —J3— 2)M]1 1_]2(0’[3m —J2— l)unl_jl (Ullfl _]1),
1<jz<jpp<ji<n (4.9)
where O‘I is a permutation image of I} = [4,j3 + 2], o} is a permutatlon image of I, = [j3 +
3,j2 + 1], o™ is a permutation image of Is = [ j, + 2,]1] and 014 is a permutation image of I =

[j1+1,n]. Usmg Lemma 2.2 along with (4.1), the second equation in (4.4), (4.8) and (4.9), we

have

lim  lim ,unlz(alilm * (3) * 2%524_3)”], o' =M, 0, > M)

M—oon

= gP(Xl =j3 — 1);1]33131(0}?1 — 3) = P(T{( =j3 — 1, TIY = 3)“133121( Illm — 3),

for j3 € Nand o/™ a permutation image of I; = [4, j3 + 2].
It is clear from (4.3), (4.7) and (4.10) that if we continue in this vein we obtain

lim 11m ,unlz( *(1)*2 1_1>M,...01 1/M)

M—oon

1y . m . y m
=(5>P(X1=Ji—1)u]3,1_21 of* =) =P(T} =ji — 1L, T =i)u3? (o1™ — i),

[ji+in]

(4.10)

(4.11)

for j; € Nand a}m a permutation image of Iy = [i 4+ 1, j; + i — 1]. This shows that a random vari-

able whose distribution is that of a weakly convergent subsequence of {32}

312
form I1 [TV 41,7V 47X

° , must be of the
(Tl ) * Z, for some random Z distributed on S(N — [1, TX + 1], N*¥).

We now need to continue and peel off the next component from Z. We just show the following

step. Using Lemma 2.2 along with (4.1), (4.5) and the first equation in (4.4), we have
IIH;OM“Z( *(1)*0}?*(1 +j1) * Z(jp+1,))

=L—1P(X1 =ji = DPG =jo —j1 — Dy 21 (o = D32 (o — jin)

=PXi=h-1LXo=pp—j1—-1LYi=LY,= 1)M]31121(011 — I)M;;Ejl,l(o}zm -1
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where UI is a permutation image of I = [2, ;] and a}zm is a permutation image of I, = [ j; +
2, jal. Contlnuing in this vein will give us for all (k;, k;) e N x N,

312
llrr;o “y ( Mok (k) s op™ x (ky +j1—1+k)* 2[k1+k2+]2 1,,])) (4.13)

1 k1+k; i .
=(5> P(Xy =ji = DP(Xa = jo — ji — D2, (07" —1)M31_2]1 (0™ =)

=PXi=ji—LXoa=jo—ji — L, Y1 =k, Vo =k)p3 2 (o7 — D)% 1 (of — ju),

where O‘I is a permutation image of I) = [k + 1, k; +j; — 1] and o7, is a permutation image of
= [k1 +j1 + k2, k1 + kz + jo — 2]. This shows that a random variable whose distribution is that
of a weakly convergent subsequence of {4;'%}°2 | must be of the form
312 Y 312 X
H[Ty+1 v * (Ty) * H[T2Y+T{‘+1,T2Y+T§] % (T) + TX) % Z,
for some random Z distributed on S(N — [1, Tf + 2], N*). The proof is completed by iterating on
this regenerative structure. O

5. Proof of Theorem 1.3

As noted at the end of the introductory section, we will give a rather verbal explanation of the
proof, the completely rigorous proof following via the same considerations and methods used in
the proof of Theorem 1.2. By Lemma 2.1,

GGy
o, =j1)=2——2, jielln]. (5.1)
Cu
From the proof of (5.1) in Lemma 2.1 it follows that
2 (O™ () % 0™ oy = 1) = 122 (™2 (ol — i+ 1), (5.2)

where 1 <j; <, O'I is a permutation image of I = [1,7; — 1] and o}zm is a permutation image
of b =[j,n—1].

From (5.1) and Lemma 2.2 with the remark following it, along with (1.1) and (1.3), it fol-
lows that as n — oo, 0, I will be carried off to oo with probability 1/2, and will converge to the
distribution X; + 1 with probability 1/2. Consider the latter case. Then as n — oo, the position
o, ! — j; will converge in distribution to X; + 1, and by (5.2) the first X; positions will constitute
a uniformly random 231-avoiding permutation of 2[311 , X1]. Thus, the initial segment of any weakly

convergent subsequence of {11 31}OO looks like H[I)X | * (00) = H%flTX] * (00).

Now consider the former case. Let o, ! = j; be very large. The first j; — 1 positions are occupied
by a uniformly random 231-avoiding permutation of [1, j; — 1]. Then, in particular, the position
of j; — 1 will satisfy

Cjz—lcjl—jz—l

231(
Cir1

Wy, =jplo, =j1) = forj, € [1,7; — 1].

Since j; is going to oo (as n — 00), ;.. 1 will be carried off to oo with probability 1/2 and will
converge in distribution to X; + 1 with probability 1/2. Consider the latter case. Then just as in the
latter case in the previous paragraph, the initial segment of any weakly convergent subsequence

of {1231} | will look like Hff 1TX] % (00). On the other hand, in the former case, we iterate the

process we have just described. So far we have assumed that the former case has prevailed twice.
Eventually, after say i times in a row of the former case prevailing, the latter case will finally prevail,
and then as above it will follow that the initial segment of any weakly convergent subsequence of
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( Mfﬁl }52 1 looks like H[2131T{(] * (00). This process now regenerates on the rest of the domain, that

is, on [T{( + 2, 00), giving as the next piece, H%%}(H ) * (00), and so on. O
41,

6. Proof of Theorem 1.4

As noted at the end of the introductory section, we will give a rather verbal explanation of the
proof, the completely rigorous proof following via the same considerations and methods used in
the proof of Theorem 1.2. By Lemma 2.1,

I C—1Cn—jy .
1z (o; 1=m=%, j1e(1,n). (6.1)
n
From the proof of (6.1) in Lemma 2.1 it follows that
npP (o™ % (1) x of™oy ! =j1) = Mfffl(a}fn —n+j — 1)M§1§jl (o™ — 1), (6.2)

where 1 <j; <n, alilm is a permutation image of I = [n — j; + 2, #n] and a}zm is a permutation
image of I, = [2,n — j; + 1]. From (6.1) and Lemma 2.2 with the remark following it, it follows
that as 1 — 00, with probability 1/2, n — o; ' will converge in distribution to X, — 1, and with
probability 1/2, o, " will converge in distribution to Xj + 1.

Consider the latter case. Then as n — oo, the position o, "= j; will converge in distribution
to Xj + 1, and by (6.2) the distribution of the permutation image a};“ of I} =[n—ji +2,n] will
converge to the degenerate distribution 6 _(x;). Thus, in this case, the initial segment of any weakly
convergent subsequence of {11213}°° | looks like co®®)  (1).

Now consider the former case. By (6.2), conditioned on o, Y=}, the final n — j; positions
in the permutation are a random 213-avoiding permutation image of [2, #n — j; + 1]. Thus, since
n—o, ' = —j, is converging in distribution to X; — 1, and consequently o, ! = j) is converging
in distribution to oo, it follows that the values [1, X;] get swept away to co. Thus the support of
any weakly convergent subsequence of {ufll3}2‘;1 will be on functions in S(N, N* — [1, X;]).

Iterating the above scenarios, we see that with probability 1/2, the latter case will prevail during
the first Ygl) iterations, then the former case will prevail for the next Y{z) iterations, then the
latter case for the next Yél) iterations, then the former for the next Yéz) iterations, etc., while also
with probability 1/2, the former case will prevail for the first Y;z) iterations, then the latter for

the next Yfl) iterations, etc. These two possibilities, each with probability 1/2, are represented in
the statement of the theorem by the random variable xo,1, with xo,; = 1 if the first of these two
possibilities occurs. Let us say that the first of these two possibilities occurs, the second possibility
being handled similarly. Then the latter case prevails on the first Yfl) iterations. This results in the
initial segment of any weakly convergent subsequence of {**}°° | looking like
(

X 1))
00X 4 (1) % 002 % (2) % - - - 00 - (Y%l)).

After this, the former case prevails for Yiz) iterations. This causes the values

7+ 17 + 7o)

to get swept out to co. After this, the latter case prevails again for Yél) iterations. This results in
the next segment of any weakly convergent subsequence looking like

X, ) ¢
00 y

N ), ,m) X
* (Yfl) + T;(fZ) + 1D x--00 TR & (Ygl) + T;{{Z) * Yél)),
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or equivalently, like

(06 ) 5 X
00

n) ) R
*(Y§1)+T§§z) +1) %00 Ty *(TZY +T§§2))'

Y§1>+1

In the notation of the theorem, we thus see in these two segments the beginning of co”) s 1D,
revealed for IV up to

W X m % o3
Unmol T+ Ty + LT+ Thy ) = LY 10U Y 4+ Ty 41,137 4 T )
n 1 1

The above procedure now regenerates again and so on. O

7. Proof of Proposition 1.6

As noted at the end of the introductory section, we will give a rather verbal explanation of the
proof, the completely rigorous proof following via the same considerations and methods used in

the proof of Theorem 1.2. Recall the definition of Sz-imj (321) from the proof of Lemma 1.5. For

o €8,(321), let J,(0) = min{j > 1:0 € Sy "™/(321)}. Then by (2.4), we have

Gi1Cnj
Con

Also, by the considerations in the proof of Lemma 1.5, we have

(o e g, () = 1<j<n, n>1. (7.1)

[1,221(0 —Tx vim|a c k771(])) — MjZI;b_lrr(T)M321 (Ulm ), fort e S})-irr(321) (7 2)

and v'™ a 321-avoiding permutation image of [ j + 1, n],

where uj’z LOIT denotes the uniformly probability measure on S}?'i"(321).
From (7.1) and Lemma 2.2, it follows that

. 1. | RPN ) .
nlingo Mzm(o eJ, 1(])) = EP(XI =7, j=L2,...,

lim lim 13*'(o € 7, 1(IM, 00)) =

M—>00 n—>00 2

Using this with (7.2) shows that with probability 1/2, the distribution of any weakly convergent
?Zi(]b 1rr) and
alternatively, with probability 1/2, if a weakly convergent subsequence converges to a limiting dis-
tribution on S, then that limiting distribution is supported on permutations with no irreducible

block. Using regeneration and iterating the above procedure proves the proposition. O

subsequence of {13!} | will begin with a segment whose distribution is that of 1

8. Proof of Proposition 1.7
We have TX = Zf:l Xj, where {X,,}72 are i.i.d. with distribution given in (1.1). To prove the
proposition, it suffices to show that
TX
lim Eexp(—zt—)
n— 00

is equal to the characteristic function appearing in the statement of the proposition. We have

X t "
Eexp(—itn—g) = (E exp(—i;X1)> , (8.1)
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and
E X)) = 5 giom O 8.2
exp (—is 1)—5206 TR (8.2)
m=

By the remark after (1.1), it follows that
1-V/T—4z . .
=L
m=0

defines an analytic function for |z| < 1/4, and that the equality continues to hold for |z| =1/4,
where

1
Vw = |w|'/? exp(EiArg(w)),
for Re(w) > 0 and Arg(w) € (— /2, 7/2). Thus, from (8.2) with s = t/n?, we have

ot _1—\/1—exp(—i(t/n2))
Eexp(—lﬁxl) = oxp (= 1(t/2) . (8.3)

Writing
1— exp(—i%) =1—cos iz + isin iz’
n n n
we see that
1— exp(—iiz) = t—i + i% + O(%), asn— o0.
n n n n
Consequently,

n

ot |t/ . ™
1— exp(—zﬁ> =(1+0(1)) exp(t sgn(t)(z + 0(1))), as 1 — 00. (8.4)
From (8.1), (8.3) and (8.4), we have
TX
nli)noloEexp(—itn—g)
. t 1 12 ' b4 !
= lim exp MN1-— ;(1 + o(1))[t]"/ exp| i sgn(¢) n +0(1)

i_
n—00 n

exp<—|t|1/2 exp(i sgn(t)%)) = exp(—glﬂl/z(l + isgn(t))). (8.5)
O
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