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Abstract  An initial boundary-value problem for the modified Korteweg—de Vries equation on the half-
line, 0 < = < oo, t > 0, is analysed by expressing the solution g(z,t) in terms of the solution of a
matrix Riemann—Hilbert (RH) problem in the complex k-plane. This RH problem has explicit (z,t)
dependence and it involves certain functions of k referred to as the spectral functions. Some of these
functions are defined in terms of the initial condition g(z,0) = qo(z), while the remaining spectral
functions are defined in terms of the boundary values ¢(0,t) = go(t), ¢=(0,t) = g1(¢), and ¢z=(0,t) =
g2(t). The spectral functions satisfy an algebraic global relation which characterizes, say, g2(t) in terms
of {qo(z),g0(t),g1(t)}. It is shown that for a particular class of boundary conditions, the linearizable
boundary conditions, all the spectral functions can be computed from the given initial data by using
algebraic manipulations of the global relation; thus, in this case, the problem on the half-line can be
solved as efficiently as the problem on the whole line.
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1. Introduction

In this paper, the general method announced in [4] for solving boundary-value prob-
lems for two-dimensional linear and integrable nonlinear partial differential equations is
applied to the modified Korteweg—de Vries (mKdV) equation on the half-line.

This method, which was further developed in [5-7,9], is based on the simultaneous
spectral analysis of the two eigenvalue equations of the associated Lax pair. It expresses
the solution in terms of the solution of a matrix Riemann-Hilbert (RH) problem formu-
lated in the complex plane of the spectral parameter. The spectral functions determining
the RH problem are expressed in terms of the boundary values of the solution. The fact
that these boundary values are, in general, related can be expressed in a simple way in
terms of a global relation satisfied by the corresponding spectral functions.
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The rigorous implementation of the method to the nonlinear Schrédinger equation on
the half-line is presented in [9]. The application to the sine-Gordon equation in laboratory
coordinates and to the Korteweg—de Vries equation with dominant surface tension is
presented in [7]. In the present paper, this methodology is applied to the mKdV equation
on the half-line.

The paper is organized as follows.

In §2, we review the general methodology and study the direct spectral problem for-
mulated in terms of the simultaneous spectral analysis of the associated Lax pair: we
define appropriate eigenfunctions and spectral functions and study their properties.

In § 3, the inverse spectral problem is formulated as a matrix RH problem, the solution
of which gives the solution of the mKdV equation with prescribed initial and boundary
data provided that the spectral functions satisfy an algebraic relation, the ‘global rela-
tion’.

In §4, we show that for particular boundary conditions it is possible to solve the
problem on the half-line with the same effectiveness as the problem on the whole line
(solved by the inverse-scattering transform method).

In §5, following the nonlinear steepest descent method [1,3], we obtain the long-time
asymptotics of the solution.

2. Lax pair, eigenfunctions and spectral functions

2.1. Problem formulation. Lax pair and closed 1-form

The mKdV equation
Gt — Qzaz + GAqQQI =0, A=4£1 (2.1)

admits the Lax pair formulation

wx - iko’?)w = Q(Z‘, t)% (22 CL)
or + 4k o5 = Q(a, t, k), (2.2b)
where
(1 0
= o 1
and

Q1) = ()\q(ox, t) Q(:f)’ t)> ’ (2:30)

. ( —2iAg2k —4qk? + 2ok — 2045 + q_m>

t k) = 2.3b
@t k) A —4qk? — 2iq.k — 2063 + quz) 2i\g’k (2:35)

Let 63 = ad o3 denote the commutator with respect to o3,

6'314 = [O’g,A] = 0'3A - AO’g.
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Then
€3 A = e Ae™ 3
for any 2 x 2 matrix A. Let
= ,L/)ei(—kx+4k3t)03.

Then (2.2 a) becomes

e + 4ik363p = Q(z,t, k) p. (2.4b)

These equations can be rewritten as
d(e! D7) = W, (2.5)
where W is the exact 1-form defined by
W(z,t, k) = ¢ CFeH4°055 () dg + Qudt). (2.6)

The problem we are dealing with is the initial boundary-value problem for the mKdV
equation in the domain {0 < z < 0o, 0 <t < T}, T < co. We use the following steps.

Step 1. Assuming that the solution of the mKdV equation, g(z,t), exists, express it via
the solution of a matrix RH problem. For this purpose, we make use of the following.

(a) Define proper solutions of (2.5) (eigenfunctions) analytic and bounded (in k) in
domains forming a partition of the Riemann sphere C = C U {o0}.

(b) Define spectral functions s(k), S(k) such that:

(1) they determine an RH problem;

(2) s(k) is determined by the initial conditions ¢(z,0) = go(z), 0 < z < 003

(3) S(k) is determined by the boundary values ¢(0,t) = go(¢), ¢=(0,t) = ¢1(¢),
Gea(0,1) = g2(t), 0 <t < T}

(4) they satisfy an algebraic global relation, expressing the fact that go(x), go(t),

g1(t) and g2(t) being the initial and boundary values for the mKdV equation,
cannot be chosen arbitrary.

Step 2. Given s(k) and assuming that go(¢), g1(t) and g2(t) are such that the associated
S(k), together with s(k), satisfy the global relation, prove that the solution of the RH
problem constructed from s(k) and S(k) generates the solution of the initial boundary-
value problem for the mKdV with initial data ¢(z,0) = ¢o(z) and boundary values
Q(O’t) = gO(t)7 Qx(()?t) = gl(t)’ sz(o?t) = gQ(t)'

Step 3. Find a class of boundary conditions, for which S(k) can be calculated explicitly
in terms of the given initial data.

Step 4. Study the long-time asymptotics of the solution ¢(z,t).
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Figure 1. Domains of analyticity and boundedness of eigenfunctions.

2.2. Eigenfunctions and spectral functions

We assume that there exists a real-valued function ¢(x,t) with sufficient smoothness
and decay satisfying (2.1) in {0 <z < o0, 0<t < T}, T < 0.
Define p,(x,t, k), n = 1,2,3 as 2 X 2-matrix-valued solutions of the integral equations

(zt) .
ol k) =T [ e 0my g, 7, (27)
(In’tn)
where (21,t1) = (0,T), (z2,t2) = (0,0), (x3,t3) = (00,1), and the paths of integration
are chosen to be parallel to the z- and t-axes,

pa(z, b, k) =1+ / ot(emuon (Qu1)(y,t, k) dy
0

— ¢lhwos /T e_4ik3(t_7)&3(6~2u1)(0,7', k)dr, (2.8a)
t
o, k) = T+ /0 05 (Qpuy) (3, 1, ) dy
+ ke /0 =)oy (Qu2)(0, 7, k) dr, (2.8b)
pa(es 1) = = [ e Q) 1.8 . (250

The domains where the exponentials are bounded are separated by the three lines such
that LoUL1ULy = {k € C | Imk® = 0}. The relevant domains in the k-plane are denoted
by I,..., VI (see figure 1).

Let the columns of a 2 x 2 matrix x be denoted as () ©(?)). Then the columns of s,
are analytic and bounded in the following domains in the complex k-plane (determined
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by the domains of boundedness of the exponentials involved in the relative integral equa-

tions):
eigenfunction domain of analyticity and boundedness
w8, k) {k|Imk <0, Imk3 <0} =IVU VI
1P (2,1, k) {k|Imk >0, Imk3 > 0} = TUIII
uS (2,1, k) {k|Imk <0, Imk3 >0} =V
1S (2,4, k) {k|Imk >0, Imk3 < 0} =1I
w) (x, t, k) {k|Imk >0} =TUIIUIII
1P (z,t, k) {k|Imk <0} =IVUVUVI
u1 (for T < 00) and ps are entire functions of k. Thus, in each domain I,. .., VI, one has

a 2 X 2-matrix-valued eigenfunction, analytic and bounded, consisting of the appropriate
vectors u( ) n = 1,2,3, k=1,2.

For partlcular values of z or ¢, the domains of boundedness of the eigenfunctions are
larger than above. Particularly, for ¢ = 0, the domain of boundedness of uo are

eigenfunction domain of boundedness
w$(2,0,k)  {k|Imk <0} =IVUVUVI
w8 (2,0,k)  {k|Imk >0} =TUTTUTII

and for x = 0 the domain of boundedness of p; and p9 are

eigenfunctions domain of boundedness
u$7(0,4, k) and (0,6, k) {k|Imk® <0} =ITUIV U VI
1420, k) and pSV(0,t,k)  {k|Imk® <0} =TUTIIUV

Since the p; are solutions of the system of differential equations (2.4), they are simply
related (in the domains where they are defined),

ps (@, t, k) = palz, t, k) Fe—4k°08s 100 0, k), (2.9q)

1z, t, k) = palz, t, k) Fe—4°08s 1. (0,0, k)
= (1, k>ei(k:c—4k3t)&3(e4ik3T6—3M2<0’ T, k))_l. (2.9b)

Introduce the spectral (2 x 2-matrix-valued) functions

s(k) :== ps(0,0,k), (2.10a)
S(k) = S(k;T) == 111(0,0, k) = (e*#° 7% 1,(0, T, k))~". (2.10b)
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In what follows, s(k) and S(k) will be used to construct a matrix RH problem (more
precisely, a family of RH problems parametrized by (z,t)), the solution of which gives
the eigenfunctions u,, and hence ¢(z, t), the solution of the mKdV problem. On the other
hand, from (2.8 ¢), (2.10), it follows that s(k) is determined by the initial values of ¢(z, ),
whereas S(k) is determined by the boundary values, namely,

(B = 1= [ &9 (Qua)(3:, 0. ) (211a)
0
T oL -1

S(k;T) = (I—l—/ MR (Qug) (0,7, k) dT) ) (2.11d)

0
where p;(z,0,k), I = 1,2,3 are the solutions of the integral equations
T o

p1(0,t, k) =1 — / e 4R (=153 (0111 )(0, 7, k) d, (2.12a)
t
t

wua(0,t,k) =1 +/ e_4ik3(t_7)&3(6~2u2)(0,7, k) dr, (2.12b)

ODO . ~

us(z,0,k) =1 —/ eF @13 (Quug)(y, 0, k) dy. (2.12¢)

x

Note that Q(z,0) is determined by g(z,0), whereas Q(0,t, k) is determined by ¢(0,t),
q=(0,t) and g, (0,1).

2.3. Symmetry properties

Since q(x,t) is real valued, the matrices U(z,t, k) and V(z,t, k) in the Lax pair (2.2a)
written in the form

VYo =U, =V

satisfy the following symmetry relations,

U(—k) = U(k), V(—k) =V (k) (2.13)
and
oU(k)oy =U(k), o1V (k)oy =V (k) for A=1, (2.14a)
ooU(K)oy = U(K), o3V (k)oo =V (k) for A= —1, (2.14b)
where

Y(—k) = (k) (2.15)
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and

o1p(k)oy = (k) for A =1, (2.16 a)

oo (k)os = (k) for A = —1. (2.16b)

Particularly, it follows from (2.16) that the spectral matrices s(k) and S(k) can be written

s(k) = <a® b(k)> . Sk = (A(E_) B(k)> : (2.17)
Ab(k AB(k) A(k)

~—
S

—~
o~

~

2.4. Global relation

The initial and boundary values of a solution of the mKdV equation (taken as the
traces of ¢, ¢, and ¢, at z = 0) are not independent. It turns out that the relations
between the initial and boundary values of the solution can be expressed in a surprisingly
simple form in terms of the corresponding spectral functions.

Evaluating (2.9a) at x =0, ¢t =T, we find

1150, T, k) = po(0, T, k)e 4°T3 145(0,0, k). (2.18)

Writing p3(0,0,k), p2(0,7T,k) in terms of s(k), S(k) (see (2.10)) and using (2.8¢) to
evaluate u3(0,7, k), equation (2.18) becomes

T4 S~k T)s(k) + MK T / =RV (Qua) (. T k) dy = 0. (2.19)
0

The (1,2) coefficient of this equation is
a(k)B(k) — A(k)b(k) = ¥**Tct(k), Imk <0, (2.20)

for T' < oo, where
R = T) = [ e Q)0 T ) dy
0

is a function analytic for Im k < 0 which is O(1/k) as k — cc.
In the case T = oo, equation (2.19) becomes

a(k)B(k) — A(k)b(k) =0, keV. (2.21)
Equations (2.20) and (2.21) are algebraic relations between the spectral functions; we

call them the global relations, because they express, in the spectral terms, the relations
between the initial and boundary values of a solution of the mKdV equation.
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2.5. Properties of spectral functions

The spectral map
S:{qo(z)} — {a(k),b(k)} (2.22)

is defined following (2.10a), (2.17), by the second column of the solution us(z,0,k) of
equation (2.12¢), where @ = Q(z,0) is determined by (2.3a) with ¢(x,t) replaced by
do(x). Thus this map is the same as in the inverse-scattering theory on the whole line for

the Dirac equation
: 0 q0()
r — k =
by — ikos) ( ro@ o )Y

restricted to the potentials with support on the half-line. The analysis of the linear
Volterra integral equation (2.12¢) gives the following properties of a(k) and b(k):

e a(k) and b(k) are analytic and bounded for Im k < 0;
e a(k) =1+ 0(1/k), b(k) = O(1/k), k — .

The fact that @Q is traceless, together with the behaviour as £ — oo given above, imply
that det s(k) = 1, which, in terms of a(k) and b(k), reads

o la(k)> = Mbk)|> =1,k eR.
The symmetry relation (2.15) yields

o a(—k) = a(k), b(~k) = b(k).

The inverse map Q : {a(k),b(k)} — {qo(x)} is again the same as in the inverse-
scattering theory on the whole line; it is defined as

Qo(z) = ~2i lim k(M@ (2, k)12, (2.23)
—00

where M ®)(z, k) is the solution of the following RH problem.

e M@ (z,k) is a sectionally meromorphic function relative to the real axis in the
complex k-plane.

e The limits Mf)(x, ¢) of M®)(z,k) as k approaches the real axis, k = ¢ F i0, are
related by the jump matrix J@ (z, (),

M (2,¢) = M (2,0) T (2,¢), CER, (2.24)
where
1 _@eQikm
J@ (2 k)= | - alk) . keR. 2.25
(z,k) A@eim 1_A@2 € (2.25)
a(k) a(k)

o M@ (x,k)=1+0(1/k), k — oc.
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o We assume that if A = —1, a(k) can have n simple zeros {k;}7, n = ny + 2na,
where {k;}7" € V, (k1172 € TV, iy pmpts = —Finyj € VL j=1,...,my.

e If A\ = —1, the first column of M@ (x k) can have simple poles at k = k;,
j=1,...,n and the second column of M(x)(x,k) can have simple poles k = l%ﬁ
Jj =1,...,n, where {k;}{ are the simple zeros of a(k), Imk < 0. The associated
residues are given by
(M@ (5, k)] D e e (M@ (k)] )
Resy, [M'*) (z, k)" = —————[M"" (2, k; , (2.26a
a(k;)b(k;) !
)\e2i];?ja? _
Resg, (M) (z, )] = 2 [M®)(z, ;)] D). (2.260)
a(k;)b(k;)

Apart from the symmetry —k — k, the properties of the spectral map S and its inverse
are identical to those described in [9], where the reader can find the details.
The spectral map

S:{go(t), 91(1), 92()} = {A(k), B(k)} (2.27)

is defined following (2.10b), (2.17), by the second column of the solution u2(0,t,k) of
equation (2.12b), where @ = Q(0, t, k) is determined by (2.3 b) with ¢, ¢, and g, replaced
by go(t), g1(t) and ga(t), respectively,

—GSikSTB(k)> — D0, Tk 2.28
< m Ko (a ’ ) ( )

The symmetry relation (2.15) gives

o A(—k) = A(k), B(—k) = B(k).
From the Volterra integral equations (2.12b) and (2.12a), it follows that

o if T < 00, A(k) and B(k) are entire functions bounded in TUIITU V; if T = oo,
A(k) and B(k) are defined only in TUIIIU V being analytic and bounded there.

To analyse the large-k behaviour of A(k) and B(k), one cannot use directly the Volterra
equations (2.12b) or (2.12a), because @) contains terms of order k% and k. Instead, one
can proceed as follows. First, we determine a polynomial (in k~!) matrix-valued function

m(t, k) that solves (2.4b) approximately,

my(t)  ma(t)  ms(t)

ﬁl(t, k) = I + k ]{;2 ]{,'3 9

(2.29)

such that

where R(t, k) = O(1/k) as k — oo.
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Substituting m(¢, k) in the form of (2.29) into (2.30) shows that (2.30) can be satisfied

by
i = 1ig (_OA é) , (2.31a)
Mo = $¢x (g é) , (2.31b)
s = —1(2i¢® + iqua) (_0/\ é) . (2.31¢)

Notice that the existence of the approximate polynomial solution (2.29) is provided by
the special structure of the matrix @ (cf. [14]).
Then, for ¢(t, k) := m~1(t, k)u2(0,t, k), one has the differential equation

o, + 4ik>[o3, ¢(t, k)] = Ry (t, k)b(t, k), (2.32)
where Ry(t, k) = —m~1(t,k)R(t,k) = O(1/k). The solution of (2.32) is given by the

solution of the Volterra equation

3. . t .3 R
B(t, k) = o= 1755 =1 (0 1y + / e~ =T (R 6 (. ) dr- (2.33)
0

Now the asymptotics of ¢ can be obtained from (2.33); particularly, one has

1
oW (t, k) = (é) + o(k> for ke TUTIIUV, (2.34a)
oDt k) =] +0(1) forkellUIVUVL (2.34D)

To study the behaviour of the columns of ¢(¢,k) in domains where they are not
bounded, one can consider the Volterra equation for ¢(t, k) := ¢(t, k)e’swt”*@,

t
¢(t7 k) _ e_4ik3w3ﬁ1_1(0, k)e—4ik3t03 +/ e—4ik3(t—'r)03 (R1¢) (7_, k_)e—4ik3(t—7')03 dT,
0

(2.35)
which gives
_ —8ik3t
oW (t, k) = <e 0 >+O<;) for k e ITUIV U VI, (2.36a)
HOIT I o(1) forkerum b
P (t, k) oSiRE + . or ke IUIITUV. (2.36b)
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Finally, from (2.34) and (2.36), one obtains

o (1, ) = (3) ; o(;) + 0<8:) (2.37a)
o (t,k) = (?) + O(i) +O<62k3t>, (2.37b)

which implies

1 oBIkT
A(k)=1+0(k>+0< Z ) (2.384)
1 o8BIk T
B(k)—O(k)+O< k >, k — oo. (2.380)
Now the fact that Q is traceless and the asymptotics (2.38) imply
A(k)A(k) = AB(k)B(k) =1, ke C (and Imk® =0if T = 00). (2.39)
The map

Q: {A(k), B(k)} = {go(t), 91(1), 92(1)}
inverse to S is defined via the solution of an appropriate RH problem as follows (the
details are similar to those in the case of the NLS equation (see [9])),

go(t) = —2i(M) (1), (2.40 a)
g1(t) =AM 5 (1) — 2igo(£)(M{) 5, (1), (2.400)
92(t) = Mgy () + 8i(ME) 1, () + dgo () (M) 55 () — 21 (VML) (1), (2400)

where

(t) (t) (t)
M7(t) | My (t) | M3~ () 1
B + 2 + 13 +0 o) k — oo,

with M®) (¢, k) the solution of the following RH problem.

MO (t k) =1+

o M®(t, k) is a sectionally meromorphic function relative to the lines Im k% = 0 in
the complex k-plane.

o Let 2, = IUIIIUV, £2_ = IIUIVUVL Denote by M. (t, ¢) the limits of M ® (¢, k)
as k approaches {¢ | ¢ = 0} from (24. Then

MY (t,¢) = M (1,0 IO (t,¢), Im¢® =0, (2.41)
where
1 _Bélf; e—sm%
Ak
JOtE) =] —— . 2.42
( ) A (/f) 8ik3t 1 ( )
A(k) A(k)A(k)
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1I

11
0

v
v

Figure 2. Domains {24 and (2_.

o MW (t,k)=1I+O0(1/k), k — oo.

e We assume that A(k) can have N simple zeros K1,..., Ky, K; € IUIIIUV. The
first column of M) (¢, k) has simple poles at k = K, and the second column of
M®(t, k) has simple poles at k = K j- The associated residues are given by

eSiK;?’t
Res, [MO(t, &)V = ———— [MD(t, K;)]?, (2.43 a)
A(K;)B(Kj) !
: - 2 0w 7y
Resg, [M( (¢, k)]( ) = = [M"V(t, K})]'". (2.43b)
A(K;)B(Kj)

3. The RH problem

Relating the vector solutions of (2.4) (analytic in domains I, ..., VI) by using (2.9) and
the definitions of the spectral functions (2.11), we find

M_(x,t,k) = My (z,t, k)J(x,t, k), Imk® =0, (3.1)

https://doi.org/10.1017/51474748004000052 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748004000052

The mKdV equation on the half-line 151

where My (z,t,k) are the limit values (as k approaches {k | Imk® = 0} from 2.) of a
sectionally meromorphic function M (z,t, k) defined as follows,

1 M(z)
(u§>,1>, kelUlll,
d(k)
0 12
(u3 ,2), kell,
M= a(k) (3.2)
e
Lo B I I
( (k)’“3 ), kelIVUVI,
ps) @
(i) wev
where
d(k) = a(k)A(k) — \b(k)B(k), ke IVUVIL (3.3)
and
1~ (k)2
( 0 ) , argk = %w, %w,
1 0 . s
< I(k)e? 1) ’ argh = g g™,
J= _ (3.4)
1 —A[(k)e 26
0 1
L= Ay ()2 ~(k)e 2 1
_ . , argk =0,m,
Ny (k)e2? 1 I'(k)e¥? 1
with
b(k)
ky=—2<, keR
v(k) 2(k)’ €R,
AB(k) 45 (3.5)
F = = = =
(k) a(k)d(k)7 argk Oaﬂ-v 37T7 3777
O(x,t, k) = —kx + 4K>3t.

I'(k) is, in general, a meromorphic function in IV and VI.

The matrix function M4 (z,t, k) defined by (3.2) is, in general, a sectionally meromor-
phic function of k, with possible poles at the zeros of a(k), d(k) and at the complex
conjugates of these zeros. We have assumed that

e a(k) can have n = n; + 2ny simple zeros in {k | Imk < 0}: {k;}1* € V,
{k;j}m it €IV, kpygngaj = —kny4g € VL j=1,...,na.
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We also assume that
e d(k) can have A = 24; simple zeros: {)\j}fl €IV, A4 =N €VLji=1,... A;
e none of the zeros of a(k) in IV U VI coincide with a zero of d(k).

The associated residue formulae are the following:

2i0(k;)
M (2, KD = M (a8, k)@, =1, .
Reskj[ (I7 ) )] a(krj)b(k:j)[ (1‘7 ) J)] y J ) , N1, (36&)
—2i6(k;
Resy, [M (x,t,k)]®) = .AGZ%[M(M, EW, G=1,...,n, (3.6b)
a(k;)b(k;)
and
Y \a2i0();)
Resy, [M (z,t, k)|V) = %[M(x,t, MNP, G=1,...,4, (3.7a)
' d(Aj)a(A;)
N )e—20(%) _
Ress [M(x,t, k)] = B(_Aj)ej[M(z,t,)\j)](l), j=1,...,A (3.7b)
' d(Aj)a(A))

Note that the only zeros of a(k), which generate poles of M, are those in V.
The main result on the inverse spectral problem is the following.

Theorem 3.1. Let go(z) € S(RT). Suppose that the set {go(t), g1(t), g2(t)} of smooth
functions is such that the associated spectral functions s(k) and S(k) satisfy the global
relation (2.20) for T < oo and (2.21) for T' = oo (in this case, it is assumed that go(t),
g1(t), g2(t) belong to S(R1)), where ¢t (k) is analytic in {k € C | Imk < 0}. Assume
that the following hold.

e If A\ = —1, then a(k) has at most n = ny + 2ng simple zeros in {k | Imk < 0}:

{ki}ty € Vo {3, €IV, knypnots = —knis €VL j=1,...,na.

e If A = —1, the function d(k) has at most A = 2/ simple zeros:
N €IV, Aypj=-NeVL j=1,..., 4.
If A =1, the function d(k) has no zeros in IV U VL.
e None of the zeros of a(k) in IV U VI coincides with a zero of d(k).
Let M (x,t,k) be a solution of the following 2 x 2 matrix RH problem.
e M is sectionally meromorphic in k € C\ {k | Imk3 = 0}.

o The first column of M has simple poles at kj, j =1,...,nyandat \;, j=1,..., A
The associated residues satisfy (3.6) and (3.7).

https://doi.org/10.1017/51474748004000052 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748004000052

The mKdV equation on the half-line 153

o At {k|Imk3 = 0}, M satisfies the jump conditions (3.1), where the jump matrix
J is defined in terms of the spectral functions a,b, A and B by (3.4) and (3.5).

e Ask — oo,
Aﬂ%am:l+0(;> (3.8)

Then we have the following.
(1) M(z,t,k) exists and is unique.
(2) q(x,t) defined in terms of M(z,t, k) by

q(z,t) = =2i lim (kM (x,t,k))12 (3.9)

k—o0

satisfies the mKdV equation (2.1).

(3) q(z,t) satisfies the initial and boundary conditions

q(z,0) = qo(z),
q(0,t) = go(t), 4(0,t) = g1(t),  Guz(0,1) = ga(t).

Proof. The proof follows the same lines as in the case of the NLS equation (see [9]), so
here we just describe the main steps.

If A =1, the RH problem is ‘regular’ (a(k) # 0 because, in this case, the z-differential
operation in (2.2a) is self-adjoint and d(k) # 0 by assumption; so M is sectionally
holomorphic). Its unique solvability is a consequence of a ‘vanishing lemma’ for the
associated RH problem with the vanishing condition at infinity M = O(1/k), k — oo
(see [13]). If A = —1, the ‘singular’ RH problem (with poles at zeros of a(k) and d(k))
can be mapped to a ‘regular’ RH problem coupled with a system of algebraic equations
uniquely solvable due to the symmetry properties of J (see [8]).

The proof that the constructed g(z,t) solves the mKdV equation is straightforward
and follows the proof in the case of a whole-line problem (see [11,12]).

The proof that g satisfies the initial condition q(x,0) = go(x) follows from the fact
that it is possible to map the RH problem for M(z,0,k) to that for M) (z, k); namely,
M@ (z,k), Imk < 0 is the analytic continuation of M (z,0,k) from II and V into
{k|Imk <0} and {k | Imk > 0}, respectively, because J(x,0,k) is, in fact, analytic
and bounded in I UIIT and IV U VI. In this way, the jump conditions and the residue
relations for M (z,0, k) are mapped to those for M) (x, k).

The proof that ¢ satisfies the boundary conditions q(0,t) = go(t), ¢.(0,t) = g1(t),
0o (0,t) = go(t) is, in turn, based on the map M(0,t,k) — M (¢, k). In this case, the
fact that the factors relating M (0,t, k) and M® (¢, k) in the different sections I, ..., VI
are analytic and bounded, is a consequence of the global relation. For instance, in the
domain V,

® B a/A (aB — Ab)e 8kt
M (t,k)-M(O,t,k)( 0 Ala ,
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and it is the global relation (2.20) that provides the boundedness of (aB — Ab)e™ 8’ for
t<T,keV.

Since the solution of the mKdV equation for 0 < ¢t < T depends only on the boundary
data taken for 0 < ¢t < T, the RH problems corresponding to T" and 7™, T* < T must be
related for 0 < ¢t < T™. (]

Theorem 3.2. Let A*(k), B*(k) be defined by (2.28), with T replaced by T* < T,
J*(x,t, k) denote the corresponding jump matrix of the RH problem constructed as
in (3.4), with A(k), B(k) replaced by A*(k), B*(k). Let M*(z,t,k) be the solution of
this RH problem. Then, for 0 < t < T™*, the solutions of the corresponding RH problems,
M and M*, are related as follows,

Mz, t, k) = M*(x,t, k) for ke IIUV, (3.10a)
M(z,t k) = M*(z,t,k)(J* (z,t, k)] (2, t,k)) for k€ TUTITUIVUVI,  (3.100)

where J*J~! for k € IUIII and k € IV U VI are the analytic continuations of J*J ™1
from argk = i, 27 and argk = 4, 37, respectively.
Proof. In the solitonless case, the only fact to be proved is the boundedness and the

asymptotic behaviour I + O(1/k) of J*J~! in the respective domains. In I UIII, one has

(3.11)

J*(x’t,k)Jfl(x,uk) _ ((1) /\(m_ F*(lk))e—Zie(x,t,k)> |

where I'* is given as in (3.5), with A(k), B(k) replaced by A*(k), B*(k). The (1,2) entry
can be written as

AN 2T A o210 _ B(k?)A*(k) - B*(k)A(k)e%kze—Sik‘q't.

(3.12)

Lemma 3.3. For k € IUIII, B(k)A*(k) — B*(k)A(k) = O(eSik3T* /k).

Proof. Note first that B(k)A*(k) — B*(k)A(k) is the (1,2) entry of the matrix product
S=1(k; T)S(k; T*), which, in view of (2.10b), can be written as follows:

S~ k; T)S (k; T*) = 4F° 795 145 (0, T, k)&% (T =T)75 (14, (0, T+, k) ~Le %705 (3.13)
The solution us(0,t, k) of (2.4b) for x = 0 can be expressed as
p12(0, ¢, k) P
w2(0,t, k) = M(¢, T, k)e—4ik3(t—T)&3M2(0, T, k), (3.14)

where M(t, T, k) is the solution of (2.4b) (z = 0) with respect to ¢ satisfying the initial
condition M(T, T, k) = I. Substituting

1120, T* k) = M(T*, T, k)e“*¥*(T"=T)os 1, (0, T, k)

https://doi.org/10.1017/51474748004000052 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748004000052

The mKdV equation on the half-line 155
into (3.13) gives
S~k T)S(k; T*) = XK T os M~ 1(T* | T, kr)e 41T 05 (3.15)
Taking into account that
e4ik3(T*—T)o3M—1(T*, T, k) _ M(T, T, k)e4ik3(T*—T)03,
one finally gets
STk T)S(k; T*) = *F° TosM(T, T*, k)e 4k Tos, (3.16)

The same reasoning as the one used in obtaining the estimates (2.37), yields

(3.17)

e—8ik*(T—T7)
Mo (T, T*, k) = O () ,

k
which, together with (3.16), proves the lemma. O

Finally, assuming the solitonless case, the desired behaviour of J*J~! for k € TUIII
follows from the lemma and the fact that d(k)d*(k) = I + O(1/k), e*¥* and Sk (T —1)
are bounded (for z > 0, 0 <t < T™*). In the soliton case, one can directly verify that the
above map transforms correctly the residue conditions.

The analogous facts for k € IV U VI follows from symmetry consideration. g

4. Linearizable boundary conditions

Since

. Bk _ (B(F)/A(F))
P =X amam ~ Aa(lc)(a(k) — b(k)(B(K)JA(K)))’ b

the jump data for the RH problem (3.1) are, in general, determined by

(1) y(k) = b(k)/a(k), k € R;

,argk = 3lm, 1=0,1,2,3.

The spectral functions a(k) and b(k), Imk < 0 are determined by the initial data go(z),
x > 0, whereas A(k) and B(k) are determined by the boundary values go(t), ¢1(¢) and
g2(t). These functions cannot be given as three independent boundary conditions for the
mKdV equation; they are related, in the spectral domain, by the global relation. The
analysis of the algebraic global relation shows that a proper subset of go(t), g1(t) and
g2(t), characterizes the unknown part of the boundary conditions via the solution of
nonlinear Volterra integral equation (see [7,9]).
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There exists a class of boundary conditions for which, due to an additional symmetry,
one can compute explicitly all spectral data necessary to construct the RH problem from
the initial data. To describe this class, we will follow the approach proposed in [7,9].

Suppose that the coefficient matrix V (¢, k) = Q(O, t, k) — 4ik®o3, appearing in the sec-
ond equation of the Lax pair (2.2a), 1, = V), satisfies the symmetry relation

V(t,v(k)) = N(k)V(t, k)N (k), (4.2)
where N (k) is a t-independent non-singular matrix-valued function of k. Then
(0, T, v(k)) = N (k)i (0, T, k)N~ (k), (4.3)
where
$2(0,T, k) = pa(0, T, k)e~ i Tos,
Hence, in view of the definition of S(k) (2.10b),
S(v(k)) = N(k)S(k)eH"Tos N1 ()~ () Toa, (4.4)

This equation implies that it is possible to calculate S(k) in a particular domain of the
complex k-plane from the values of S(k) in another domain.
A necessary condition for the existence of N is det V' (¢,v(k)) = det V (¢, k). Since

det V(. k) = 2(8kS — 2k*{3¢*(0,) — 2Xq(0, )z (0,) + Ag2(0,£)} — M(2A¢® — G20)?)
and since a non-trivial choice of v (k) is

v(k) =wk or v(k)=w’k withw= 2ni,

it follows that a necessary condition is the following relation between ¢(0,t), ¢, (0,t) and
Qzx (07 t):
3¢*(0,) — 22q(0, )z (0, ) + Ag2(0,t) = 0. (4.5)

To satisfy (4.5), on one hand, and to ensure that N (k) is ¢ independent, on the other
hand, we set

q(0,t) =0, ¢,(0,t) = 0. (4.6)

This implies N (k) = I and, consequently, S(wk) = S(w?k) = S(k). In terms of A(k) and
B(k),

A(wk) = A(w’k) = A(k), B(wk) = B(w’k) = B(k), kelUIIUYV. (4.7)

This means, in particular, that if B(k)/A(k) is known for k& € V, then B(k)/A(k) is also
known for k € TUIIL

In the case T' = oo, the global relation (2.21) implies
B(k) _ b(k)
— 4.
Ak) " alk)’ keV, (4.8)
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which, together with (4.7), yields I'(k) entirely in terms of a(k) and b(k),

b(wk)
A————, argk=m, 7r
O MTCI )
b(w?k) B
)\m, argk =0, %ﬂ',
where
A(k,w) = a(k)a(wk) — \b(k)b(wk). (4.10)

Now we will show that in the case T' < oo, one can also use (4.8) and (4.7) to determine
B(k)/A(k). To do this, we proceed as in the proof of Theorem 3.2. Namely, we will show
that the RH problems determined by B(k)/A(k) = b(k)/a(k), on one hand, and by the
ratio B(k;T)/A(k; T) corresponding to some T' < oo, are equivalent, in the sense that
their solutions give the same solution of the mKdV equation for ¢ < T'. Similarly to (3.11),

one has to show that for k& € IUIIL, (I"(k; T) — I'(k)) exp{—2i#} is bounded and is O(1/k)
as k — oo; here, I'(k; T') is defined as in (3.5), with B(k) and A(k) replaced by B(k;T)
and A(k;T), respectively. One has (cf. (3.12))

T T AR )

The global relation (2.20) implies that, for {k | Imk < 0} (particularly, for k € V),

B(k;T)  b(k) et (k;T)edH T

A T)  alk)  a(k)A(k;T) (4.12)
Therefore,
(em ) o) wev

The symmetry relations

B(wk;T) B(WkT)  B(kT)
Alwk;T)  A(W2k;T)  A(k;T)’

together with the analogous relations for B(k)/A(k), yield (4.13) for k € TUIII, which,
in turn, implies

_ : 1
NI (k;T) — IT'(k))e210@tk) — 0(k>, kelUlll, 0<t<T.

Consider now the residue conditions (3.6), (3.7). If a(wk) # 0 for k € IV (which, due to
the global relation, implies A(wk) # 0), then (cf. (4.9))

d(k) = 290 Ao ). (4.14)

(wk

N

Zll=

=)
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If a(wk) = 0, formula (4.14) must be replaced by

~

(d/dk)A(wk

d(k) =
(k) (d/dk)a(wk)

Ak, w). (4.15)

Therefore, the zero sets of d(k) and A(k,w) coincide in IV. Expressing d(k) at a zero of
d(k) via A(k,w) by using (4.14) or (4.15) gives the following modification of the residue
conditions (3.7). For \; € IV,

Ab(w))e??A)

oss [M(z b gm = N
Resy, [M (k)] A(Aj,w)a(Xg)

(M (z,t, \)]P, j=1,..., 4. (4.16)

Similarly, for A; € VI,

b 2/_\, eZiG()\j) )
Resy, [M (2,1, K)) = Aﬁiw)m) Mt AN, j= A 1240 (417)
7 J

Consequently, the residue conditions in III take the form, for j\j e 111,

b(wjxj)e*mg(;‘f)

Res;\j (M (,t, k)](Q) S —
A(Ajw)a(A))

[M(z,t, 3], G=1,..., 4. (4.18)

Similarly, in I, for S\j el

b(w2Xj)872i0(5\j)

Resy [M(z,t,k)]®) = —
! A(Aj,wz)a()\j)

Mz, t, 3|V, j=A+1,...,24,.  (4.19)

Theorem 4.1. Let gq(x,t), x > 0, t > 0 satisfy the mKdV equation (2.1), the initial
condition
q(x,0) = go(z) € S(RT), 0<z <o,

with qo(0) = ¢ (0) = 0, and the boundary conditions
q(0,t) =0, ¢.(0,t)=0, t>0.
Furthermore, if A = —1, assume that
e a(k) defined in (2.22) has a finite number of simple zeros for Imk < 0;

o A(k,w) defined by (3.3) has a finite number of simple zeros in IV, none of which
coincide with the possible zeros of a(k).

Then the solution g(x,t) can be constructed via (3.9), where M satisfies the RH prob-
lem (3.1). This RH problem involves I'(k), which is given by (4.9); the residue conditions
are given by (3.6) and (4.16)—(4.19).

Remark 4.2. The initial boundary-value problem for the mKdV equation with the
boundary conditions (4.6) has been considered in [10] under the assumption that there
exist no discrete eigenvalues.
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Remark 4.3. The boundary conditions
q(0,t) = Co, 42(0,t) = C1, 2z (0,1) = Cs,
where Cy, C; and Cy are constants related by
3Cy —2CyCy + CF =0,

are also linearizable (see (4.5)) in the sense that, assuming that the solution of the
corresponding initial boundary problem for the mKdV equation exists, this solution can
be constructed via an RH problem whose jump matrix can be given explicitly in terms
of a(k) and b(k). However, in the case of the boundary conditions

q(0,t) =0, ¢5(0,t)=0, t>0,
one can prove the following stronger version of Theorem 4.1.
Theorem 4.4. Consider the mKdV equation (2.1) with the initial condition
q(x,0) = go(z) € S(RT), 0 <z < oo,
with ¢o(0) = ¢4(0) = 0, and the boundary conditions
q(0,t) =0, ¢.(0,¢t)=0, ¢>0.
Furthermore, assume the following.
(1) If A= -1,

o a(k) defined in (2.22) has a finite number of simple zeros for Imk < 0;

o A(k,w) defined by (3.3) has a finite number of simple zeros in IV, none of
which coincide with the possible zeros of a(k).

(2) IfA =1,

la(k)|* — |b(k)|* >0, argk = 3m,3m.

wlut

Then this initial boundary-value problem has a unique solution such that g(x,t) — 0 as
x — oo, which can be constructed via (3.9), where M satisfies the RH problem (3.1).
This RH problem involves I'(k), which is given by (4.9); the residue conditions are given
by (3.6) and (4.16)~(4.19).

Proof. In view of Theorems 3.1 and 4.1, it is sufficient to show that given a(k) and b(k),
one can construct A(k) and B(k) satisfying the global relation (2.21). Equivalently, one
has to construct the function f(k) holomorphic and having no zeros for k € V, such that
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Due to the global relation,

where d(k) is defined by (3.3). Thus the function f(k) := a(k)/A(k), k € V, can be
analytically continued to the half-plane Imk < 0 as f(k) := d(k) for k € IVU VL
For argk = %w, equation (4.14) gives

Ak, w) = d(k) = f(k) = f (k)P (4.20)

or, in terms of a and b,
[f(K)I? = la(k)]* = Ap(k)[?,  argk = 3.
Analogously, for argk = gm one has
Alk,w?) = | (R)2. (4.21)
On the other hand, for arg k = 7, equation (4.14) gives
Ak, )| = [F(R)] x| f(wh)| = f (k)] x |A(wk,o?)["/2, (4.22)

where the last equality follows from (4.21). Therefore, we can express | f (k)| for arg k = ,
in terms of a(k) and b(k), Imk < 0,

_JAk,w)| a(k)a(wk) — Ab(k)b(wk)|
TN = Bk w7 = Qaleh)P - Ay £SO 12

In a similar way, for arg k = 0, one has
Ak, W) = [f(R)] x |f(W?R)] = |F(R)] x |A(W?k,w)| /2, (4.24)

so that

|f(k3)| _ ‘A(k’w2)| _ |a(k)a(w2k) — /\b(k)b(WZk)‘
AW W)Y (Ja(w?k)[2 = Ab(w?k)[2)1/2
Equations (4.23) and (4.25) give the values of | f(k)| for Im k& = 0. Since the zeros of f(k)
coincide with the zeros of d(k) in IV and VI (which, in turn, are the zeros of A(k,w) and
A(k,w?)), f(k) is uniquely determined for Imk < 0 as follows:

k—X\; * In
s =TI 53 exp{—;i/_m o du}

A —
o (B =)k + ) ko[ 2In|A(kw?)| — In A(w?k, w)
=11 (k=) (k+Ay) eXp{‘/o 2 — k2 d"}'

k> 0. (4.25)

i
Jj=1
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5. Long-time asymptotics: solitons

The formalism of the RH problem with T = oo is well suited for the study of the large-
time behaviour of the solution. Since the jump matrix J(xz,t, k) depends explicitly on x
and t,

J(z,t,k) = e(ikm—4ik3t)03J(07O7 k)e—(ilm—znlcf‘t)as7

it is possible to apply the nonlinear steepest descent method of [1,3] to study the large-t
behaviour of the oscillatory RH problem (3.1). This method has been applied for the
analogous problem on the line in [1].

In the case of the half-line, by using a rational approximation of I'(k), we first deform
the RH problem (3.1) to an approximate RH problem formulated on the line Imk = 0
only. Then one can directly apply the nonlinear steepest descent method of [1].

Assuming I'(k) to be rational, we define M (z,t, k) as follows:

M, ke TUTITUTV U VI,
>\F7 —2i6
M( (k)e ) kel

=
I
=

(5.1)

Then, in view of (3.1) and (3.4), M is analytic in Imk > 0 and Imk < 0 and satisfies
the jump condition

M_(x,t,k) = My (z,t,k)J(z,t, k), Tmk=0, (5.2)

where J(z,t,k) is the same as in (3.4) for Imk = 0. Now the asymptotics of M (and,
therefore, of ¢(x,t)) can be obtained following [1] as in the case of the whole-line problem.
In the regular case (N = 0), one has

Mt k) = (I + O(t~1/2) (5(0k) a—?(k)>’ I = o0, (5.3)

uniformly for [Imk| > ¢ > 0,0 < - < z/t < B+ < oo, where §(k) is analytic in
C\ {(—o00, ko] U [ko, 00)} and satisfies

5_(k) = 84 (K)(1 + (k) = AT(R)?), } (5.4)

5i(k) §(kﬂ:10)7 ke (—OO,,ICQ)U (/{0700).

The solution of (5.4) is

5(k) = exp{—;m (/: +/:O) In(1 + '7(:,/)_;”(”)'2) dk’}. (5.5)
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In the singular case (A = —1, N # 0), the dressing method (see, for example, [8]) gives

q(z,t) = qn(@,t) + O(t™/?), t— o0, 56)
0< - <a/t< By < oo, '

where gy (z,t) is the pure N-soliton solution of the mKdV equation, with parameters
{k;} and ¢;62(k;), and the c; are the coefficients in the residue relations

Resy,, [M (x, t, kz)](l) =¢;[M(z,t, kj)]@).
Therefore, we arrive at the following result.

Theorem 5.1. Suppose that the conditions of Theorem 3.1 are satisfied. Denote

%Ql—lela l:17"'7/115
for = Aay4, 1=1,..., 4y,
];2A1+j:kj7 jzla"'7n1-

Let k; = & + in;. Suppose that

362 i A& L —ni . ifl#mforl,m=1,... 4.

Without loss of generality, we assume that 362, | —n3,_y > 3,1 — Nam_1 if L < m.
Then there are Ay directions in the (z,t)-plane, j =20 — 1,1 =1,..., A1, namely,

Lo _ge2 2 1
4t—3§J 77]+O(t>, t — 00,

along which the asymptotics of the solution q(x,t) of the mKdV equation on the half-line
is given by the one-breather formula,

& cosh(v? + Ay)sin(u + 65) = 1y sinh(r? + A, con(e) + )
532 coshQ(Vj(»Q) +Aj) + 77]2 COSQ(VJ('D + ;)

q(x,t) = 4n;&;

+O(t™?),
(5.7)
where
v 1) = —2g;w + 8, (€] ~ 3,
v () = 200 — 8n; (367 — 1)t
and the phase shifts A; and ¢; are described by the following equations,
A; =log2—In & + log |k;| — log |¢;]|
nj
N -
2 ki — Kk
— Z(mix; +&rg) =2 Y log|=— '7
T =241 kit R (5:8)
N .
~ 2 ki — k‘l
¢; = —argh; +arge; + ~(=&x; F k) +2 Y arg|=—=|,
& 1=2j+1 ki + ki
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with

i = Re/oo log(1 + |’Y(#)~+F(M)|2) q
! /12t p? — k3

i

L[ ke TR ), 590
NEYivs (n? = & +n3)? — 4873 . .
o [T log(L ly(m) + T(W)]?)
Kj —Im/\/m ,u2_]~g]2, du
* log(l4 y(w) + T(W)?)
— 9t d 5.90
5177] /\/m (M2 _ 5]2 + 77?)2 _ 45]27%2_ ( )
_ By 5.9
7k alk) 0

Remark 5.2. The soliton-type asymptotics (5.7)—(5.9) are of the same form as in the
case of the whole line. But the detailed expression is influenced by the boundary condi-
tions as follows.

(a) The spectral functions A(k) and B(k) participate in the determination of all the
parameters of the solitons; particularly, the soliton directions are determined by
the zeros of d(k), instead of the zeros of a(k) (which is what happens in the case
of the whole line).

(b) The zeros of a(k) in V, although being the poles of the basic RH problem, do not
generate solitons, since the corresponding solitons on the whole line move to the
left and, therefore, leave the domain {(x,t) | z > 0, t > 0}. However, the zeros of
a(k) (together with part of the continuous spectrum described in terms of v(k) and
I'(k) for |k| > \/x/12t) participate in the soliton asymptotics via the phase shifts
Aj and ¢j'

Remark 5.3. One can obtain more precise asymptotics by using a more detailed analysis
of the RH, namely, by constructing the exact solutions of the RH problem near k = +kg
(see [1,2] for the case of the whole line).

Remark 5.4. In the case of the linearizable boundary conditions, all the parameters
in the asymptotic formulae can be expressed in terms of the initial data only (via the
spectral functions a(k) and b(k)). In this case,

o= ——dWN) iy g,
a(Aj) A, w)
b(wk) g
A Akw)’ argk =, 5,
I'(k) = _
b(w?k)
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