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NONLINEAR DYNAMICS AND
CHAOS PART II: ERGODIC
APPROACH
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University “Ca’ Foscari” of Venice

This is the second part of a two-part survey of the modern theory of nonlinear dynamical
systems. We focus on the study of statistical properties of orbits generated by maps, a field
of research known as ergodic theory. After introducing some basic concepts of measure
theory, we discuss the notions of invariant and ergodic measures and provide examples of
economic applications. The question of attractiveness and observability, already
considered in Part |, is revisited and the concept of natural, or physical, measure is
explained. This theoretical apparatus then is applied to the question of predictability of
dynamical systems, and the notion of metric entropy is discussed. Finally, we consider the
class of Bernoulli dynamical systems and discuss the possibility of distinguishing orbits of
deterministic chaotic systems and realizations of stochastic processes.
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1. INTRODUCTION

In Part | of this survey, we discussed dynamical systems from a geometric or topo-
logical point of view. The geometric approach is intuitively appealing and lends
itself to suggestive graphical representations. Therefore, it has been tremendously
successful in the study of low-dimensional systems: continuous-time systems with
one or two variables; discrete-time systems with one or perhaps two variables.
For higher-dimensional systems, however, the approach has encountered rather
formidable obstacles, and rigorous results and classifications are few. Thus, it is
sometimes convenient to change perspective and adopt a different approach, based
on the concept of measure and aimed at the investigation of the statistical proper-
ties of orbits. This requires the use and understanding of some basic notions and
results to which we devote Part Il. We see that the ergodic theory of dynamical
systems often parallels its geometric counterpart and many concepts discussed in
Part | (e.g., invariant, indecomposable, attracting sets; attractors; Lyapunov char-
acteristic exponents) are reconsidered in a different light, greatly enhancing our
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understanding of them. We see that the ergodic approach is most powerful and
effective for dealing with basic issues, such as chaotic behavior and predictability,
and for investigating the relationship between deterministic and stochastic systems.

2. SOME ELEMENTARY MEASURE THEORY

After these preliminary considerations, we now need to define a certain number of
concepts and methods that we use in the remainder of this paper. Ergodic theory
discusses dynamical systems in terms of two fundamental mathematical objects:
ameasure spacéX, F, u) and ameasure-preservinmapT : X — X (or, for
short,X <). In this context,T is often called “transformation.”

X is some arbitrary seff is a collection of subsets of, which is closed under
the operations of complementation, countable union, and intersection; it is called
ao-algebra. IfX is a metric space, i.e., a space, endowed with a distance function
such asR", the most natural choice fdF is the so-calleBorel o-algebra 5.
By definition, this is the smallest-algebra containing open subsetsXafwhere
“smallest” means that any otheralgebra that contains open subsetsxoélso
contains any set contained I In what follows, unless stated otherwise, it is
always assumed th&f = B. The quantityu is a measure. In general, a measure
u . F — Rt is a set function, i.e., a function that assigns nonnegative values to
sets. The integral notation

(A = /A dux)  AeBX)

is often used.

We are interested here in finite measures (i.es, 0 < o0). In this case, we can
always normalizex so thatu (X) = 1 and we then calk a probability measure. The
smallest closed subset of that is u-measurable and hasanull complement
is called thesupportof . Whenp is absolutely continuoué& property that is
discussed later), the concept of probability measure may be related to that of
probability densityby the following equation:

H(A) = /A p(X) dx, )

wherep : X — RT is the probability density function, defined on the entire state
space. Notice that is a function of a set, whereass a function of the coordinates
of the points belonging to the set.

A transformatiorT is said to beneasurabléf[ Ac F] = [TTA={x:Txe
A} € F]. T is said to be measure-preserving with respegt t, equivalentlyu
is said to beT -invariant whenever (T ~1(A)) = w(A) for all setsA € F.2 Thus,
T-invariant measures are compatible within the sense that sets of a certain size
(in terms of the selected measure) are mapped byto sets of the same size.

In the applications with which we are concern&ddenotes the state space and
usually we haveX c R"; the setsA € F denote configurations of the state space
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of special interest, such as fixed or periodic points, limit cycles, strange attractors,
or subsets of them; the transformatidris the law governing the time evolution

of the system. We often refer to the quadruplet &, w, T), or even to the triplets

(X, F,w) or (X, F,T) as “dynamical systems.”

Our discussion is concentrated on the study of invariant measures for reasons
that can be explained as follows. Because we want to study the statistical, or
probabilistic, properties of the orbits of dynamical systems, we need to calculate
averages over time. As a matter of fact, certain basic quantities such as Lyapunov
characteristic exponents (which, as we saw earlier, measure the rate of divergence
of nearby orbits) or metric entropy (which, as we see later, measures the rate
of information generated by observations of a system) can be looked at as time
averages. For this purpose, it is necessary that opbit x, T2x, ...} generated
by a transformatioM possess statistical regularity and certain time limits exist.

More specifically, we often wish to give a meaningful answer to the following
guestion: How often does an orbit originating from a given point of the state space
visit a given region of it?

Formally, the problem can be represented thusly:TLéke a transformation of
the spaceX preservingu, and letA be an element af. Then we define

VaX)=#i:0<i <n,T'x e A}, 2)

(X)) = %Vn(x), X e X. 3

Therefore V,,(x) denotes the number of visits of a setaftern interations ofT
andvn(X) denotes thaveragenumber of visits. Now, leh become indefinitely
large. We would like to know whether the limit

(X)) = nIiﬁmOo vn(X) 4

exists. This can be established by means of abasic resultin ergodic theory, known as
Birkhoff-Khinchin (B—K) ergodic theorem. In its generality, the ergodic theorem
states that, iff : X <« preserves a probability measyreand f is any function
integrable onX, then the limit

n—o0 N 4

n-1
nm}§:uﬂm=fa) (5)
=0

exists fory.-almost every pointx € X and thatf (x) is T-invariant, i.e.,f (T x) =
f(x).

The reader can verify easily that, if we chooke- xa, Wherey denotes the
so-called characteristic function, or indicator,/Afi.e.,

( 1, if xeA
X) = ,
INO=00 it xgA
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then(1/n) 3214 f(T'x) = vn(x) and therefore the B-K theorem guarantees the
existence of limit (4).

2.1. Invariant, Ergodic Measures

In general, however, the limit (5) in the ergodic theorem depends, amhich
means that the time averages in question may be different for orbits originating
from different initial states. This happens, for example, when the sKasale-
composable under the action'dfand there exist two subspacks and X,, both
invariant with respect td@, i.e., whenT maps points ofX; only to X; and points

of X5 only to Xo.

The dynamic decomposability of the system—a geometric or topological fact—
is reflected in the existence ofTainvariant measur@ that is decomposable in
the sense that it can be represented as a weighted average of invariant measures
w1 anduo; i.e., we haveu =au; + (1 — a)uz, Wherea € (0,1) andp; andu;
may or may not in their turn be decomposable.

In general, we are not interested in the properties of a single orbit starting
from an arbitrary initial point, but in the overall properties of ensembles of orbits
originating from all possible initial conditions in a certain given region of the
space. Thus, it would be desirable that the average calculated along a particular
“history” of the system should be equal to the averages evaluated over all possible
histories. There exists a fundamental class of invariant measures that satisfy the
requirement of indecomposability in this sense and are caligodic measure$
Several equivalent characterizations of ergodicity exist, of which we select two.

DEFINITION 1. Givenadynamical syste@X, F, u, T), the T -invariant mea-
surep is called ergodic if

(i) whenever T1(A)= A for some Ae F, then eitheru(A)=1 or u(A)=0 or,
equivalently

(i) thelimiting functionf defined in the Birkhoff—Khinchin ergodic theorem is a constant
and we have

n-1
1 .
lim = f(T'x):/ f(x) du(x) (6)
n—oo N ; X

for p-almost every X.

Definition 1(ii) sometimes is described summarily by saying that “time average
equals space average.” Again usifig= xa, where A is a measurable subset of
X, the ergodicity ofu implies that the average number of visits to a regfoof
an orbit originating from almost every point is equal to the size that the ergodic
measure assigns to that region. In formal terms, we have

I =
nleOOEZXA(Tlx)I/XXA(X)dM(X)I/AdM(X)ZM(A) (7)
i=0

for u-almost every € X.
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Before proceeding further in our analysis, we first need to define two special
and extremely useful types of measure.

DEFINITION 2. Let us fix a point x X. We call theDirac measurécentered
on x) the probability measurg that assigns valugto all of the subsets A of X that
contain x and value0 to those subsets that do not contain it. Formailye have

A 1 if xeA
HA=10 it xga

The Dirac measure is also called the Dirac delta and usually is denotég.by

DEFINITION 3. The k-dimensiondlebesgue measurethe measure that as-
signs to each k-dimensional open boxRhits volume>

The Lebesgue measure, which we henceforth denate bgrresponds to the in-
tuitive notion of length (for a one-dimensional set) and volumekfdimensional
ones). It also provides an intuitive and physically relevant notion of probability.

We now provide some examples that will give the rather abstract questions
discussed so far a more intuitive flavor and also will establish a bridge between
the geometric and the ergodic approaches to dynamical systems.

Example 1

Consider a dynamical systemRf, characterized by a unique, fixed poxat In
this case, the Dirac measuig is invariant and ergodic.

Now, consider the case illustrated in Figure 1 and showing the phase space of the
system of ODE'gx = x — x3; y = —x). In this case, the measye= a8y, + (1 —
o)dx,, Wherea € [0, 1], x; = —1, andx, =1, is invariant. However, as the reader
can establish easily, is not ergodic. It can be decomposed into the two measures
8x, anddy,, which are also invariant. Accordingly, the time averages of orbits
starting in the basin of attraction ®f are different from those of orbits originating
in the basin of attraction of,. The system is clearly decomposable from both a
geometric and an ergodic point of view.

Example 2

Consider a discrete-time dynamical system characterized by a periodic orbit of
periodk, {x, Tx, ..., Tkx = x}. In this case, the measure that assigns the value
1/k to each point of the orbit is invariant and ergodic.

Example 3

Consider a continuous-time dynamical system characterized by a limit cycle
F'={(x) : 0 <t < 1}, wheregy is the flow map associated with the solu-
tion of the systemr is the period of the cycle, anxlis any point onl". In this
case, the following measure is invariant and ergodic:

1 T
= — Sa.x dt.
w . /O [
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Ficure 1. A decomposable invariant set.

This means that the probability is spread over the clclehich is the support
of u, according to the time parameter.

Example 4

Consider the majic : S' — S', whereS denotes the unit circle anik (z) = cz,
c=¢€% a € [0, 1). ApointonSt isidentified by the angle formed by the abscissa
and the line joining the point with the origin. The m@p rotates points on the
circle by an anglex2r. It easy to see thalc preserves the so-called “circular
Lebesgue measure” (or “Lebesgue measure on the circle”) defined by

Mm=moo 1,
where, as usuah is the Lebesgue measure ahd [0, 1) — St is defined by
6(x) = €%, In words: When we apply the circular Lebesgue measure to a subset
of the circle, first we map it to a corresponding subinterval of [0, 1) and then we
assign to that subinterval a value equal to its leffdfhw is irrational, the measure
h on the unit circle is ergodic.

When dynamical systems are chaotic, invariant measures seldom can be defined
in a precise manner. This difficulty parallels that of precisely locating chaotic
invariant sets. We discuss here a well-known case in which the formula for the
density of the invariant ergodic measure can be written exactly, i.e., the logistic map
T, : [0, 1] <=, TL(X) =rx(1— x) withr =4, which we have already discussed at
length in Part I. For this purpose, we proceed in steps:

e Step 1. We can verify that the mdp is related to the (symmetrical) “tent”
map

Ta 1 [0,1] — [0, 1],

™y 2y for 0<y<1/2
A= 2—2y for 1/2<y<1
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by the relation
TLoO =600T,,

wheref denotes the homeomorphism

6 :[0,1] <, x = 6(y) = sir? (%y)

Thus, the two maps are topologically equivalent.

e Step 2. Considering that the counterimage of each subintéreél[0, 1]
underT, consists of two subintervals whose lengths are half the length of
I, one can promptly conclude that the tent nfappreserves the Lebesgue
measuram. Therefore, T, must preserve a measysesuch that

/ dY=/ p(dX)=/ 16" (V)| (dx). ®)
[0.1] 6(0.1) [0.1]

Hence, by the definition of(y) [whenced'(y) = = sin(3y) cog5y)] and
recalling that co¥-) = [1 — sir?(-)], we obtain

_dy dy . dx .
10/(y)l |msin(ry/2) cosmy/2)|  m/X(T —X)

We make use of this result later when we discuss the notion of isomorphism.

p(dx)

©)

3. LYAPUNOV CHARACTERISTIC EXPONENTS REVISITED

We can use the ideas discussed earlier to reformulate the definition of Lyapunov
characteristic exponents (LCE’s) and reconsider the question of the dependence
of LCE’s on initial conditions.
In the simpler one-dimensional case, consider a transform@itioX <« with
X an interval ofR, and aT -invariant probability measure.
From our discussion of ergodicity, we know thajifs ergodic, foru-almost all
x the time average of an integrable functibni.e., f = lim,_ 2 Sy F(TX)
is equal to the expected value d¢f f = fx f(x)du(x). If we now choose
f (xX) =In|T’(x)|, the LCE of a ma@@ can be written as

n-1

1 .
A= li — In|T/(T' = In|T’ d , 10
anwnZij (T )| /Xm (0] dp () (10

which is independent of the initial condition. In this simple case, the interpretation
of (10) is clear. The quantity |’ (x)|—the In of the absolute value of the slope

of the curve generated by the mapin the (xx.1, Xn) plane—measures the (ex-
ponential) rate at which small discrepancies between trajectories (or small errors)
are amplified by the action of the map. In general, that slope varieswatid its
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different values are weighted hy. Values of the slope obtaining over setsxof
whoseu-measure is zero do not affect the final results.
All of this can be illustrated easily by two simple examples.

Example 5
The asymmetric tent map
T; :[0,1] — [0, 1]

x/a for 0<x<a
Ti(x) =

) 11
1-x)/(1—a) for a<x<1

Itis easily seen that (11) preserves the length of subintervals of [0,1] and therefore
it preserves the Lebesgue measure. In this case wedhewe = dx. Hence

1 , a 1 1 1
A=/0 In|T;\(x)|dx=/0 In(a> dx+/a In<m> dx
1 1
:aln(a> +@A-a)ln (1_&) (12

Clearly, fora=1/2, we are in the case of the symmetric tent mapjagdin 2.

Example 6
The logistic mapr, (x) = 4x(1 — x). Recalling the result (9), we have for almost
all pointsx,
dx In|4 — 8x]|
A= In|T’(x)|—:/ —————dx=In2 (13
/[0,1] L TXA@ =012 = Jioy XA — X072 3

(However, notice that, if we choose the special initial paiat 0, we haver(0) =
liMnooo 2 S0 INIT/ 06) =IN|T{ (0)| = In4).

In the generah-dimensional case, the ergodic theorem cannot be applied as
simply and directly as in the one-dimensional case. Broadly speaking, the root of
the difficulty is the fact that, whem is multidimensional, the quantitid3T (x)
(where D is the partial derivative operator) are not scalars but noncommuting
matrices and, consequently,

n-1
[IpT0)
i=0

However, the celebrated multiplicative ergodic theorem, first proved by Oséledec,
provides an extension of the ergodic theorem to products of matrices. Let us define
the LCEs as

n-1
# > InIDT(x)]l.

i=0

In

1
AX, w) = nILmoo ﬁIn|| DT"(x)w]|, (14
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wherew is a vector in the tangent spacexafNotice the slight, inessential differ-
ence from the definition (17) of Part | of this survey.]

The Oseledec theorem proves that the limit (14) existg faimost allx, where,
as usualy indicates ar -invariant probability measure. i is chosen at random,
the limit (14) will be equal to théargestLCE. Asw # 0 changes in the tangent
space)(x, w) will take s < n different values. The theorem also proves that, if
is ergodic, the.'s are u-almost everywhere constant (i.e., they do not depend on
the initial conditionsx).

4. NATURAL, ABSOLUTELY CONTINUOUS, SRB MEASURES

To establish that an invariant measure is ergodic may not be enough, however, to
make it interesting. In our discussion of dynamical systems from a geometric point
of view, we first considered the properties of invariance and indecomposability of
a set under the action of a map (or a flow). We also tried to establish the conditions
under which an invariant set is, in an appropriate sense, observable. In so doing,
however, we encountered some conceptual difficulties. In particular, we remarked
that attractors, i.e., sets toward which orbits converge, are not necessarily attract-
ing (asymptotically stable) sets. We now reconsider the question of observability
afresh.

Consider again the system described by Figure 1. The stable fixed ppartd
X, are observable: If we pick the initial conditions at random and we plot the orbit
of the system on a computer screen, we have a nonnegligible chance of seeing
either of them on the screen. On the contrary, the unstable fixed xp#at0 is
not observable unless we start from points on yhexis—which is an unlikely
event—and there are no errors or disturbances. In this case, although all three
measuresy, , dx,, 8, are invariant and ergodic, only the first two are physically
relevant.

The basic reason is that the set defined hyalmost initial conditions” in (7)
may be too small vig-vis the state space and therefore negligible in a physical
sense. To avoid this situation, we would like to find a measure that is determined
by the time averages (7) for randomly chosen initial conditisfnsA natural
way of making the concept of “randomly chosen” more precise is to require that
Xo € B, whereB is a set of Lebesgue measuraéB) > 0. Measures satisfying
this requirement are essentially uniqgue and sometimes are oallexhl invariant
measuresand the corresponding density is calleatural invariant densitythe
phrasephysical measuralso is used.

Whereas the properties characterizing a natural measure are verified easily in the
simpler cases for which the dynamics are not too complicated, in the general case
including complex or chaotic systems the determination of the natural invariant
measure is a hard and not entirely solved problem. Notice this fact, however:
An invariant ergodic measupe that is absolutely continuous with respect to the
Lebesgue measure will automatically satisfy the requirement for a natural measure.
To see this, let us consider the following definition.
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DEFINITION 4. Given a measurable spa¢, F) and two probability mea-
suresu; andu,, we say thate; isabsolutely continuousith respect tqu, (denoted
sometimes ag; < wp) if, for any set Be F, [u2(B) =0] = [n1(B) =0].

Absolute continuity with respect to the Lebesgue measi(adten simply called
“absolute continuity”) of a measune excludes therefore the possibility that sets
that are negligible with respect to the Lebesgue measure (and thus negligible in a
physical sense) are assigned a positive valug Inecause, from Definition 4, it
follows that if u <« m, then u(B) > 0] = [m(B) > 0].

Unfortunately, dissipative systems, which form a class of systems often studied
inthe applications that interest us here, cannot have invariant absolutely continuous
measures. By definition, such systems contract volumes of initial conditions, and
thus their attractors must haveladimensional) Lebesgue measure equal to zero.

Although no general existence theorems for natural invariant measures exist,
it seems that in most cases the experimental, or computer-generated, trajectories
of systems automatically produce well-defined time averages. Operationally, an
invariant physical measure should describe the distribution in space of points
generated by the time evolution of the system. Formally, such measure can be
defined as the time average of Dirac deltas centered at the points visited by the
system, as follows:

1 n-1
p= lim - iz_;am (15)
(discrete time), wher@& is the map governing the motion of the system, or
1/
w= lim = / Spx dt (19)
=00 T Jo

(continuous time), wherg; denotes the relevant flow map.

Because experimental, or computer-generated, dynamics of systems often seem
to provide a natural selection among the many (even uncountably many) invariant
measures, the question arises whether it is possible to define rigorously a class
of invariant measures (and thereby a class of dynamical systems) possessing the
desired properties of physical measures. An answer to this question is provided
by the so-called Sinai—Ruelle—-Bowen (SRB) measures, broadly defined as mea-
sures that are absolutely continualeng the unstable directiorfsFor systems
possessing an SRB measyrehere exists a subs8tof the state space of positive
Lebesgue measure such that, for all orbits originating,ithe SRB measure is
given by the time averages (15) or (16).

Although dissipative systems cannot have absolutely continuous invariant mea-
sures, they can have SRB measures. These are smooth (have densities) in the
stretching directions, but are rough (have no densities) in the contracting direc-
tions.

Anotherway of providing a selection of the natural measure is based on the obser-
vation that, owing to the presence of noise—determined by physical disturbances
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or by computer roundoff errors—the time evolution of a system can be looked
at as a stochastic process. Under commonly verified assumptions, the latter has a
unique stationary measuge, which is a function of the level of noise If this
measure tends to a definite limit as the level of noise tends to tresdimit—
sometimes called Eolmogorov measure-can be taken as a description of the
natural measure. For some, but not all, systems the Kolmogorov and the SRB
measures actually coincide.

5. ATTRACTORS AS INVARIANT MEASURES

The ideas and results discussed in the preceding sections suggest a characterization
of attractors that integrates their geometric and ergodic features. The definition be-
low follows Milnor’s (1985, p. 179) and Palis and Takens’ (1993, p. 138) discussion

on the subject and somewhat modifies that provided in Part | of this survey.

DEFINITION 5. Suppose a dynamical system is described by a transformation
T : X <. We say that a compact set @ X is anattractorif (i) the basin of
attraction B(A)—i.e, the set of points x X that are asymptotic to some point
y € Ainthe sense that the distanc€ld'x, T"y) — 0, as n— co—has positive
Lebesgue measurand (ii) T is transitive on A(Transitivity of T on A means
that T has an orbit that is dense in A and therefore the dynamics on the attractor
are indecomposablg.

Suppose now that there exists an ergodic SRB measpreserved byl with
support on the attractdk. This is known to be the case for certain classes of dy-
namical systems with layperbolic structureRoughly speaking, this requires that
the evolution of the system can be decomposed neatly into expanding and con-
tracting directions. In this case, for initial conditionss B(A) and all integrable
functions f, we have

n-1
lim }Zf(Tix)z/fdp. (7
i=0

n—oo N 4

Thus, we have a nice correspondence between the geometric and the ergodic
properties of attractors, represented respectively by thé seid the measure
with support inA. Although the system'’s attractor may have Lebesgue measure
zero and therefore, strictly speaking, may not be observable, we can study its
statistical properties by looking at the time evolution of an observable ensemble
of orbits originating in a basin of attraction of a nonnegligeable size (positive
Lebesgue measure). These orbits behave in a statistically regular manner and this
regularity is governed by the invariant measyreSome authors [cf. MacKay
(1992, p. 5)] would take the ergodic approach one step further and suggest the
following definition:
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DEFINITION 6. An attractor is an invariantergodic measurg such that the
set of generic points x—i,ghe points for whicli17) holds—has positive Lebesgue
measure.

6. PREDICTABILITY, ENTROPY

The rather formidable apparatus described above will allow us to discuss the ques-
tion of predictability of chaotic systems in a rigorous manner. In so doing, how-
ever, we first must remove a possible source of confusion. The ergodic approach
analyzes dynamical systems by means of probabilistic methods. One might im-
mediately point out that the outcome of deterministic dynamical systems, such as
those represented by differential or difference equations and discussed in Part I,
are not random events but, under usually assumed conditions, they are uniquely
determined by initial values. Consequently, one might conclude that measure and
probability theories are not the appropriate tools of analysis. Prima facie, this seems
to be a convincing argument. If we know the equations of motion of a deterministic
systemand we can monitor its state with infinite precisjdhen there is nothing

left to discuss: The future of the system can be forecast exactly.

Infinite precision of observation is a purely mathematical expression, however,
and it has no physical counterpart. When dynamical systems theory is applied to
real problems, a distinction therefore must be made betwtstasof a system,

i.e., points in a state space, aalservable states.e., subsets (or cells) of the
state space, whose (nonzero) size reflects our limited power of observation. For
example, we cannot verify by observation the statement that the length of an object
is w cm (a number with an infinitely long string of decimals, thus containing an
infinite amount of information). Under normal circumstances, however, we can
easily verify the statement that the length of the object is, for example, between
3 and 4 cm. Alternatively, we can think of the situation occurring when we plot
the orbits of a system on the screen of our computer: What we see are not actual
points but pixels of small but nonzero size; the greater the resolution of the graphics
environment, the smaller are the pixels.

On the other hand, in real systems, perfect foresight only makes sense when
it is interpreted as an asymptotic state of affairs that is approached as observers
(e.g., economic agents) accumulate information and learn about the position of
the system. Much of what follows concerns the conditions under which prediction
is possible, given precise knowledge of the equations of the system (i.e., given a
deterministic system), but an imprecise, albeit arbitrarily accurate, observation of
its state.

As becomes apparent in the discussion that follows, the distinction between
state and observable state is unimportant for systems whose orbit structure is
simple (e.g., systems characterized by a stable fixed point or a stable limit cycle).
That is, for these systems, the assumption of infinite precision of observation is
a convenient simplification and all of the interesting results of the investigation
still hold qualitatively if that unrealistic assumption is removed. The distinction,
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however, is essential for complex, or chaotic, systems. Indeed, one might even
say that many of the characterizing features of chaotic dynamics—above all, their
lack of predictability—can be understood only by taking into account the basic
physical fact that observation can be made arbitrarily, but not infinitely, precise.
Finally, we see that the study of the dynamics of observable states provides the
essential link between deterministic and stochastic systems.

To be more precise, we formalize the notion of partitionfiite partition

P of X is a collection{Py, ..., Py} of disjoint sets whose union is equal to
X. A partition also can be viewed as a function—if you wish, an “observation
function"™—P : X — {Py,..., Py} such that, for each point of the state space

X € X,P(x) is the element of the partition, the cell, or atom,Xf in which

X is contained. Consider now the action of a transformafioof X. The com-
pound functioriT ~1 o P gives us the preimage und&rof each point contained in
the cellP(x) and, in so doing, defines another partitionXaf Next, consider the
operationP; \/ P.: It consists of all possible intersections of the elements of the
partitionsP; and P, and is called a “join.” Then, the joifi = o P \/ P forms a
partition of the spac& x X = X? of all sequencesf two states inX occupied

by the system under the action ©f Once again, the partition can be viewed as
a function that assigns to each point X%, i.e., to each two-state sequence, a
corresponding sequence of two cefls P; (i, j = 1,..., N). As we repeat the
backward iteration o and the join operation times, we obtain the partition

n-1
VTie=rP\/T P\ /TP, (19
i=0

which is a function that, for each sequencenddtates of the system, assigns a
corresponding sequence ofcells. In what follows, we study the probabilistic
properties of dynamics of systems observed in a partitioned state space.

Each observation can be looked at as an experiment whose outcome is uncertain.
The uncertainty of the experiment or, equivalently, the amount of information
contained in one observation, can be measured by means of a well-defined quantity
calledentropy Broadly speaking, if we consider a random varighbiaking a finite
numberN of values with probabilityps, ..., pn, we define the entropy &f by
the quantity®

N
HE == piin(p), (19
i=1

where we take the convention that 0 la@. Notice thatH is maximum(in N)
whenp; =1/N for all i, and minimum (zero) when one of thes is equal to 1,

the others being 0. Thus, if we consider a game of dice, the maximum entropy
of a throw (the maximum uncertainty about its outcome) obtains when each of
the six facets of a die has the same probability6) of turning up. An unfair
player can reduce the uncertainty (to himself) of the outcome by “loading” the
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dice and thereby increasing the probability of one or more of the six faces (and,
correspondingly, decreasing the probability of the others).

When dealing with the predictability of a dynamical system, we are notinterested
in the entropy of a partition of the state space (the information contained in a single
experiment) but with the entropy of the system (the rate at which replications of
the experiments, i.e., repeated, finite-precision observations of the system as it
evolves in time, produce information), when the number of observations becomes
very large.

To make this idea more precise, let us consider again a dynamical system
(X, T, u), where the state space is restricted to the support of the ergbdic,
invariant measurg, and a finite u-measurable partition X, P = (P, ..., Pn).

As we discussed earlier, becaysés ergodic,u(P) measures the probability of
finding the system in the celt. Thus, the entropy P will be equal to

N
HP) == u(R)InuPR) (20

i=1

and the entropy of the super partitils;ﬁ‘:‘o1 T-1(P), namely,

n-1
H(\/T‘P), (21)
i=0

can be calculated analogously, summing over all of the cenq{gﬁ TP If

we now divideH (\/i”;O1 T-'P) by the number of observatioms we obtain the
averageamount of information contained in—the average amount of uncertainty
about—the super experiment consisting of the repeated observation of the system
along a typical orbit. If we increase the number of observations indefinitely, we

obtairt!
1 n-1 _
h(u, P) = lim —H ( VT P), (22
i=0

which is the entropy of the system with respect to the partifion

The RHS of equation (22) is (the limit of) a fraction: The numerator is the
entropy of a partition obtained by iteratifig and the denominator is the num-
ber of iterations. Loosely speaking, if when the number of iterations increases,
H (\/{‘;01 T-'P) remains bounded, limit (22) will be zero; if it grows linearly with
n, the limit will be a finite, positive value; if it grows more than linearly, the limit
will be infinite. To interpret this result, consider that each cell of the partition
\/{‘;01 TP corresponds to a sequence of lengibf cells of P, i.e., to an orbit of
lengthn of the system, observed with precision. The quantityd (\/i:‘o1 T-P)
will increase or not witm according to whether, increasing the number of obser-
vations, the number of possible sequences also increases. From this point of view,
it is easy to understand why simple systems, e.g., those characterized by attractors
that are fixed points or periodic orbits, have zero entropy. Transients apart, for
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those systems the possible sequences of states are limited and their number does
notincrease with the number of observations. Complex systems are precisely those
for which the number of possible sequences of states grows with the number of
observations, in such a way that limit (22) tends to a positive value. For finite-
dimensional, deterministic systems characterized by bounded attractors, entropy
is bounded above by the sum of the positive Lyapunov exponents and is therefore
finite.

The entropy of a system with respect to a given partition can be given an alter-
native, very illuminating formulation by making use of the auxiliary concept of
conditional entropyof A given 3, defined by

H(AIB) == u(ANB)Inu(A|B), (23)

A,B

whereA, B denote elements of the partitiodsand3, respectively. If we think of
a partition as an experiment whose outcome is uncertain, then conditional entropy
can be viewed as the amount of uncertainty of the experivdaviten the outcome
of the experiment3 is known.
It can be shown that [cf. Billingsley (1965, pp. 79-82)]

. 1 n-1 . . n .
fim = H (.\_/OT 73) = lim H (73| i\:/1T P). (24)
Equation (24) provides another useful interpretatioh@f, P)): It is the amount
of uncertainty of—the amount of information contained in—an observation of
the system in the partitioned state space, conditional upon the (finite-precision)
knowledge of its states over the infinitely remote past. Therefore, zero entropy
means that knowledge of the past removes all uncertainty about the future; i.e.,
the system is entirely predictable. On the contrary, positive entropy means that, no
matter how long we observe the evolution of the system, additional observations
still have a positive information content; i.e., the system is not entirely predictable.
So far, we have been talking about entropy relative to a specific partition. The
entropy of a system then is defined to be

h(n) = Sgph(u, P), (29)

where the supremum is taken over all finite partitiéhs.
The quantityh(w) also is known as Kolmogorov—Sinai (K-S), or metric entropy.
Unless we indicate differently, by entropy we mean K-S entropy.

Remark 1. In the mathematical literature, as well as in economic applications,
one can find a related concept, knowrt@sological entropyConsider a transfor-
mationT of the state spac® onto itself, together with a partitio® of M. Let
N (P) be the number of elements Bf The topological entropy dP is defined as

Hror(P) = In N(P). (26)
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Then, the topological entropy df with respect tdP is

o 1
hop(T, P) = n'Lmoo o HTOP( \/ T_'P> : (27

i=0

Finally, the topological entropy oF is defined as
hrop(T) = supy hrop(T, P). (29)

Comparing (20-25) and (26—28), the reader will notice that, in the computation
of Hrop(P) and consequently diitop(T), we have not taken into account the
probability measure of the elements of the relevant partitioM Ifs compact,
there is a simple relation between topological and metric entropies, namely:

htop(T) = suph(u),
M

whereM is the set of the ergodic measures invariant with respett fopositive
topological entropy indicates the presence of an invariant ergodic measure and a
corresponding invariant set over which the dynamics are chaotic (unpredictable).
However, wherhtop(T) > O but the metric entropy with respect to the natural
measure is zero, chaos may take place over a region of the state space that is too
small to be observed. This phenomenon is nicknamed thin chaos.

Actual computation of the metric entropy) directly from its definition looks
a rather desperate project. Fortunately, a result due to Kolmogorov and Sinai guar-
antees that, under conditions often verified in specific problems, the entropy of
a systemrh(u) can be obtained from the computation of its entropy relative to a
given partitionh(u, P). Formally, we have the following

THEOREM 1 (Kolmogorov—Sinai)Let (X, F, 1) be a measure spacd a
transformation preserving, and P a partition of (X, F, u) with finite entropy.
If \/72o T~1P = F modO, then hu, P) = h(u).

In this case,P is called agenerating partitionor a generator Intuitively, a
partitionP is a generator if, given a tranformatidnacting on a state spacg to
each poinix € X there corresponds a unique infinite sequence of cell’, @nd
vice versa. In what follows, we repeatedly apply this powerful result.

A simple example will help to clarify these rather difficult ideas. Consider
the already-mentioned symmetrical tent mBp on the interval [0, 1] and the
partition consisting of the two subintervals located, respectively, to the left and
to the right of the 12 point (remember that measure zero sets “do not count”).
Thus, we have a partitio® = {P;, P,} of [0, 1], whereP,={0 < x < 1/2}
and P,={1/2 < x < 1}. Then the atoms of ~1P; are the two subintervals
{0 < x < 1/4}and{3/4 < x < 1} andthe atoms of 1P, are the two subintervals
{1/4 < x < 1/2} and{1/2 < x < 3/4}. Hence, taking all possible intersections
of subintervals, the joif T ~1P\/ P} consists of the four subintervaf < x <
1/4},{1/4 < x < 1/2},{1/2 < x < 3/4},{3/4 < X < 1}. Repeating the same
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operation, at thén — 1)th step the joir{\/i”;g T-'P} is formed by 2 subintervals
of equal length 2", defined by{x : (j —1)/2" < x < j/2"},1 < j < 2"
Moreover, it is easy to see that, for the tent map, if we use the Boedgebra,
the selected partition is a generator. Hence, we can apply the Kolmogorov-Sinai
theorem and have

h(u) = h(u, P).

Finally, taking into account the fact that the tent map preserves the Lebesgue
measurem, we conclude that the K-S entropy of the map is equal to

n-1
h(m) = lim 14 (\/ T—i7>> = lim 3[—2“(2-“ In2")] =In2.
n—oo N i~0 n—oo N

Before concluding this section, we would like to recall that entropy is closely
linked with another type of statistical invariants, the LCE’s, which, roughly speak-
ing, measure the rates of divergence of nearby orbits, or if you prefer, the sensitivity
to initial conditions. It can be shown that, in general, we have the following in-
equality:

h(w) < > w, (29
i:x>0
where) denotes an LCE. For systems characterized by an SRB measure, strict
equality holds®* As we have seen before, the equality indeed holds for the tent
map.

The close relation between entropy and LCE is not surprising. We have already
observed that entropy crucially depends on the rate at which the number of new
possible sequences of coarsed-grained states of the system grows as the number
of observations increases. But this rate is strictly related to the rate of divergence
of nearby orbits, or, if you prefer, to the rate of amplification of errors, which, in
turn, is measured by the LCE’s. Thus, the presence of one positive LCE on the
attractor signals positive entropy and unpredictability of the system.

7. ISOMORPHISM

In the discussion of dynamical systems from a geometric point of view, we have
encountered the notion of topological equivalence. Analogously, there exists a
fundamental type of equivalence relation between measure-preserving transfor-
mations, calledsomorphismwhich plays a very important role in ergodic theory
and which we shall use in the sequel.

DEFINITION 7. Let T andT be two transformations actingespectivelyon
the state spaces X arXiand preservingrespectivelythe measureg and;i. We
say that T andl areisomorphicif an invertible map : X — X exists such that
(excluding perhaps certain sets of measure gero

(i) The following diagram commutes
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0 0

Xoe—— X
Xore—— X

T

>

—_—
T

i.e, we havel 09 =00T.

(i) The mapé preserves the probability structure.e., if | and i are, respectively,
measurable subsets of X aig thenu (1) = 1(0(1)) and (1) = p©@-1(1)).
Maps having the propertie$) and (ii ) are calledisomorphisms

Certain properties such as ergodicity and entropy are invariant under isomor-
phism. Consequently, isomorphic transformations have the same entropy. The
reverse is true only for a certain class of transformations called Bernoulli of which
more later.

8. APERIODIC AND CHAOTIC DYNAMICS IN ECONOMIC MODELS

As we mentioned before, it can be ascertained easily that “simple” systems, e.qg.,
systems whose attractors are fixed points or periodic orbits, all have zero entropy
and their dynamics therefore can be predicted. We then apply the ideas discussed
in the preceding sections to complex systems, i.e., systems whose attractors are
aperiodic. These systems have one feature in common with stochastic processes:
Their asymptotic behavior can be discussed by considering densities of states,
rather than orbits. However, we shall see that complex systems in this sense are not
necessarily chaotic in the sense relevant to our economic discussion; i.e., they are
not necessarily unpredictable. To do so, we distinguish between two fundamental
classes of behavior: quasiperiodic (aperiodic but not chaotic) and chaotic.

8.1. Quasiperiodic Dynamics

Aperiodic nonchaotic (quasiperiodic) behavior arises in a number of models in
economics, of which we mention here three main classes, all of them formulated
in a discrete-time setting. First, we have the models describing optimal gtéwth.
The second class comprises models of overlapping generations with prodéction.
Finally, we have models of Keynesian (or perhaps Hicksian) derivation, describing
the dynamics of a macroeconomic system characterized by nonlinear multiplier—
accelerator mechanisms.

In the works mentioned above, it has been shown that, under certain not un-
reasonable conditions on the parameters, these models can undeejpmark
bifurcation The latter describes a situation in which a stable equilibrium loses its
stability when, because of the change of a controlling parameter, the modulus of
a pair of complex conjugate eigenvalues of the Jacobiam matrix at equilibrium
crosses the unit circle. If we except certain special resonance cases, a Neimark
bifurcation generates an invariant circle the dynamics on which can be periodic or
guasiperiodic according to whether a certain quantity called “rotation number” is
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rational or irrational. In the quasiperiodic (as well as in the periodic) case, entropy
is zero and the dynamics are predictable.

To discuss these statements in a more precise manner, let us now state the basic
result for the present question, which is sometimes referred to as the (discrete-
time) Hopf bifurcation theorem, but was in fact first stated by Neimark (1959)
(whence the more accurate name of Neimark bifurcation) and subsequently rigor-
ously proved by Sacker (1964). The following discussion is based on looss (1979).

THEOREM 2 (Neimark Sacker).Let T, : R? — R? be a map of class
Ck,k > 5, depending on a parametgr so that x e R2=0 is a fixed point
of T, and let the following conditions be satisfied

(i) For w near zero, the Jacobian matrixD, has two nonreal, conjugated eigenvalues
A(w) anda(w), with |A(0)| =1;
iy di2O) .
(i) 452 #0;
(i) A' #£1fori=1,2,3 and4.

Then after a trivial change of the:. coordinate and a smooth:-dependent
coordinate change dR,

(i) we can write the following approximation of the mapifl polar coordinates

ez = L+ wrn —a(urd

’ o+ BG2) - ¥ )r2}+higher-orderterms (30
n+1 = @n 1% Yy )y

wherea, 8, y, are smooth functions qf.

(ii) Moreover for « > 0 (respectivelyfor « < 0) and in a sufficiently small rightleft)
neighborhood of. =0, there exists an invariant attractive (repelling) cirdg, for
the map T, bifurcating from the fixed poir.

Assuming now thatr > 0 and the invariant circle is (locally) attractive, the
behavior ofT, restricted to the sel' can be approximated arbitrarily well by
iterations of a homeomorphism of the cirdg : St — S'. The dynamics of the
latter crucially depend on an invariant &f calledrotation numbey defined as
(the index, is omitted henceforth)

n
p(f) = lim TOZX
n—o00 n
where the mapf is the so-calledift of f;i.e., a mapf : R — R such that,
puttingP : R — S!, P(x) = €2™%, we haveP o f = f o P. The lift f is unique
up to the addition of an integer. The limi{ f) exists and is independent xfand
the choice off .

There are two basic possibilities:

(1) Thelimitp(f)= p/qg, p andq being two integers; i.eg is rational. In this case, the
map f has periodic orbits of periog.

(2) The limit p(f) is irrational, which is the case that interests us here. In this case, a
known resuft® states that iff € C2, then it is topologically conjugate (and therefore
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it is dynamically equivalent) to a fixed rotation of the circle; that is, there exists a
homeomorphism : S' — St suchthat o f =T, 0 6, where

T,(8)=s+p, mod2r 31y

andp is the rotation number. The map is, of course, the same ag, which we
discussed earlier in Example!#where we showed that it preserves the circular
Lebesgue measure. Equation (31), in the irrational case, is the prototype of models
generating nonperiodic, nonchaotic dynamics. It can be promptly established that
(31) is isomorphic—via the mag : [0, 1) — S, 6(x) = €2™*—to the transfor-
mation of the interval
T, :[0,1) — [0, 1),
(32
TI(X) =X+a, mod 1, « irrational

which, of course, preserves the Lebesgue measure

From a measure-theoretic point of view, the two maps (31) and (32) are in fact the
same. In particular, they have the same ergodicity properties and the same entropy.
Given their extreme simplicity, those transformations can be studied thoroughly
and the discussion has a great pedagogic value for understanding the issues of
complexity and predictability.

For this purpose, we can use two standard results of ergodic theory and state the
following:

PROPOSITION 1.In the irrational case the transformation(31) is ergodic
(with respect to the invariant measuif®.

For a proof see, for example, Doob (1994, pp. 120-121).
PROPOSITION 2.Transformation(31) has zero entropy.

For a proof, see Ma& (1987, p. 222).
Then, because of isomorphism, Proposition 3 follows.

PROPOSITION 3.Transformation(32) is ergodic(with respect to the Lebes-
gue measupeand has zero entropy.

The results, very interesting in themselves, also help to clarify an element of
confusion in the economic literature. Several recent articles in economic journals
make use of the concept efgodic chaogEC) to identify complex, or chaotic,
dynamics [see, e.g., Grandmont (1988), Boldrin (1989), and Bala and Majumdar
(1992)]. In these works, EC is characterized by the existence of a unique, invariant
probability measure that is absolutely continuous and by the property that we have
defined above as ergodicity [see, e.g., the definition used by Bala and Majumdar
(1992, pp. 439-440)]. The reader can verify easily that maps (31) and (32)—in
the irrational case—comply with all of the requirements for EC. Starting from
an arbitrarily given initial point on the relevant set, their orbits move over the
set, filling it up, without ever returning to the same point in finite time. However,
there is nothing particularly complex about their dynamics which, as we have
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just demonstrated, are in fact perfectly predictable. If economic time series were
chaotic in this sense, there would be little trouble in forecasting their future values!

8.2. Chaotic Dynamics

We now contrast the preceding example with another, equally simple, transforma-
tion of the interval, namely, the celebrated and already discussed logistic map:

T, :[0,1] = [0, 1]
(33
TL(X) =rx(1—Xx) l<r <4

Map (33) and other analogous one-dimensional, “one-hump” maps often have
been used as mathematical idealizations of problems arising in economics in-
cluding, among others, macroeconomic models [e.g, Stutzer (1980); Day (1982)];
models of rational consumption [e.g., Benhabib and Day (1981)]; models of over-
lapping generations [e.g., Benhabib and Day (1982), Grandmont (1985)]; models
of optimal growth [e.g., Deneckere and Pelikan (1986)]. Recent overviews of the
matter with further instances of one-hump functions derived from economic prob-
lems can be found in Baumol and Benhabib (1989), Lorenz (1989), Boldrin and
Woodford (1990), and Scheinkman (1990). For a continuous-time generalization
of one-dimensional maps, see Invernizzi and Medio (1991).

It is known that for system (33) there exists a nonnegligible (positive Lebesgue
measure) set of values of the paramefer which the dynamics of (33) are chaotic.
This, in particular, is true for =4. The behavior of the logistic map in this case
can be better studied by considering an even simpler map, the tent map, which
we have already discussed above. This is one of the very few transformations for
which exact results are available and, in the preceding sections, we could evaluate
exactly its K-S entropy and the (equal) LCE. On the other hand, it can be shown
that the logistic (withr = 4) and tent maps are isomorphic, and therefore they have
the same entropy (and the same Lyapunov exponent).

Recalling Definition 7 and the results established in Section 2, we can state the
following:

PROPOSITION 4.The logistic mapwith parameter r=4, T_, and the tent
map T, are isomorphic.

Because isomorphism preserves entropy, we can conclude that the logistic map
has entropy equal to In2 0 and its dynamics are therefore unpredictable. Notice
that, in this case, the metric entropy and the unique LCE are equal.

For economics, the implications of the results just obtained are puzzling. For
example, consider the case in which models of optimal growth give rise to dy-
namic equations of the logistic type with chaotic parameter [cf. Deneckere and
Pelikan (1986)]. The sequences thus generated are optimal in the sense that they
solve a problem of intertemporal maximization of rational agents, in an economy
satisfying the requirements of competitive equilibrium at each point of time. In the
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absence of exogenous, random disturbances, along optimal trajectories, agents’
expectations are supposed to be always fulfilled, i.e., we assume agents’ perfect
foresight. Although the latter assumption may be acceptable when the dynamics
of the system are simple (e.g., convergence to a steady state or to a periodic orbit),
it makes little sense if the dynamics are chaotic, in the sense discussed here. In
our case, the information set on which agents base their predictions consists of
the observations of past values of the relevant variables. But we have just demon-
strated that—if the entropy of the system is positive—knowledge of the infinitely
remote past with arbitrarily (but not infinitely) great precision of measurement is
not sufficient to forecast future values correctly.

9. BERNOULLI DYNAMICS: DETERMINISTIC VERSUS STOCHASTIC
SYSTEMS

But this is not all. In fact, not all unpredictable (positive entropy) systems are
equally unpredictable. Whereas zero entropy implies that the dynamics of a system
are predictable with regard to any possible finite partition, positive entropy simply
means that the system is unpredictable with regardd teast onepartition. As

we see in a moment, however, there exist systems that are totally unpredictable in
the sense that they are unpredictabledioy possible partition. Among the latter,
there exist a special class callBdrnoulli which is the most chaotic, or the least
predictable, of all. As we see in a moment, Bernoulli systems are fundamental in
at least two ways: first, they are the core of chaotic (positive entropy) systems;
and, second, the output of deterministic Bernoulli systems cannot be distinguished
from that of certain stochastic processes. In what follows, we try to make these
statements more precise.

The first step in our reasoning is to provide a unified characterizati@b-of
stract dynamical systemwhich will permit us to discuss the comparison between
random processes and deterministic chaotic systems rigorously and effectively.

Consider a stochastic process, defined on some probability space,(F, u)
and taking values in a partitioned metric spa¢eThe distribution of the process
is defined by the measure of = M (the space of all possible sample paths
{Xn}>,.), given by the image oft under the mapping — {x(w)}*. If M is
stationary, the shift map on X, x,(w) = xn_1(c (w)), preserves the probability
measuree. We can then define a measure-preserving dynamical syatem (1),
as well as a functiorP on X, P(w) = Xo(w). The latter defines a partition of,

a cell of which is the subset of such thatx, (i.e., the value ok at time zero)
belongs to a given cell df1. P is a function fromX to M and can be thought of
as the result of an (finitely precise) observationon

The approach sketched in the preceding paragraphs provides a unified treatment
of “concrete” deterministic systems (i.e., systems observed with finite precision)
and (stationary) stochastic processes, both of which then can be looked at as
abstract dynamical systems whose realizations can be compared meaningfully.
Consider, for example, a deterministic systé whose evolution on a state space
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is observed with finite precision—i.e., the system is endowed with an observation
function (partition)P. If the ranges of the functions (partitiong) and P are
defined on the same metric spade realizations of the stochastic procesges

and trajectories of the (concrete) deterministic systetrcan be compared and
their distance oM evaluated.

The conceptual apparatus of abstract dynamical systems can be used to discuss
Bernoulli processes.e., finite-valued stationary processes with independent and
identically distributed terms, which play a crucial role in probability theory and
the theory of stochastic processes. In this context, Bernoulli processes are defined
as processes whose model iBernoulli shift on an arbitrary partitionThe lat-
ter can be characterized as follows: Consider again an abstract dynamical system
(X, o, u, P), where the notation is the same as before. The term “cylinder” (or
sometimes “thin cylinder”) is used to define a subseXofonsisting of all se-
guences having specified entries for a finite number of specified coordinates. In
mathematical terms a cylinder is denoted thus:

{w:X(@@=m n<l|<n+k},

wherex; is thelth coordinate of an element of andm, is an element of the par-
titioned state spackl. Now, let thes-invariant probability measure on a cylinder
have the following property:

n+k—1
o x@=m n<l<ntki= [ wmm).
l=n

Considering the definition ef andP given above, this can be written equivalently
as
n+k—1

wlo:P@'w)y=m, n<l<n+kl = H w(mp),
I=n

wheres' is thelth iterate ofo. The process defined b (o, i, P) is called a
Bernoulli shift Correspondingly, a flow; will be called aBernoulli flowif and
only if the corresponding time-one-map is Bernoulli.

Analogous definitions are used for one-sided sequences. In this case, if the terms
of a sequence are ordered with subscripts increasing from left to right, the- map
acts by shifting the sequence one step to the left and dropping the element with
the lowest subscript.

The simplest example of an experiment whose representation is a Bernoulli
process is given by a repeated tossing of a fair coin, withgkobability of heads,
and 1/2 probability of tails. In this case, the probability of agiyen nsequence of
heads andtailsis equal to (172 he process is commonly denotedidii /2, 1/2).

Processes that are isomorphic to a Bernoulli process are dfgdcesses
They include both deterministic (discrete- or continuous-time) dynamical systems
[e.q., the logistic map (for = 4), the tent map, the Lorenz geometric model, the
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Silnikov model] and stochastic processes (e.g., the i.i.d. processes, the continuous-
time Markov processes). In what follows, the phrase Bernoulli system is used
broadly when we refer to a deterministic system.

A detailed, rigorous treatment of the theoretical issues underlying the study
of Bernoulli processes is totally out of the question here. We only recall a few
results that are directly relevant to our present discussion, omitting the proofs. The
interested reader can find excellent discussions of the main topics and proofs of
the most important results in Ornstein (1974) and Ornstein and Weiss (1991), from
which we have drawn heavily.

We first need the following preliminary definition.

DEFINITIONS8. LetT; : X — X and b : Y — Y be two transformations of
measurable spaces X and Y preserving the meaguresd u,, respectively. If
thereexistsamap: Y — X suchthati) u2(60~1(A)) = n1(A) forallmeasurable
subsets of Xexcept possibly sets of measure ze@md (i) 6 o T, = T; 0 § almost
everywherethen T is said to be dactorof Ts.

Then, we state the following propositions.

PROPOSITION 5 (Sinai)lf the entropy of a dynamical system is positive.,
if a system is not entirely predictablethen at least one partition of the state
space exists such that the system with respect to that partition is isomorphic to a
Bernoulli shift. This property can be described formally by saying that all systems
that are not entirely predictable have a Bernoulli shift as a factor.

Proposition 5, together with Definition 8, says that, if a dynamical system de-
scribed by the transformatidi has positive entropy, then we can find a miamd
a corresponding systei such thafl; is Bernoulli. Of course iP is one-to-one
and invertible, theM; andT, are isomorphic. In this case, Tt is Bernoulli, so is
T; (and vice versa).

PROPOSITION 6 (Sinai, OrnsteinBernoulli systems have only Bernoulli fac-
tors and their dynamics are equally unpredictable on any partition of their state
spaces.

Propositions 5 and 6 imply that, although not all chaotic systems are Bernoulli,
the mechanism described by Bernoulli shifts plays an essential role in the genera-
tion of chaos and unpredictabiliff.

PROPOSITION 7 (Ornstein)Two finite-entropy B-processes are isomorphic if
and only if they have the same entropy.

Recalling that the entropy of a flow; is the same as that of its time-one
map ¢1 and considering that, for a given map the entropy of theth iter-
ate,h(TY = |t|h(T), we can conclude that there exists a unique finite-entropy
Bernoulli flow, up to time rescaling and isomorphism.

https://doi.org/10.1017/51365100599010044 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100599010044

108 ALFREDO MEDIO

We now can show that the tent map (and consequently the logistic map with
r =4) is not only chaotic in the sense of positive entropy, but is also Bernoulli.
To prove our assertion, we first state the following:

PROPOSITION 8.The dyadic map
Tp:[0,1) — [0, 1)

Tp(X) =2x mod1l

is isomorphic to B1/2, 1/2). Hence it is Bernoulli.

Proof. Making use of the binary notation, i.e., putting: >, &2~', (& =0
or 1), we can establish a map between the interval [0, 1) and the ¥Faghose
elements are one-sided, infinite sequences of the syniadly; thus

a1, &,83,... < (A, a,a3,...).

[To make the mapping single-valued, we introduce the convention that, at the
dyadic values 21, 272...,27", ..., the corresponding sequences will end with
infinite sequences of ones rather than zeros. For example, we postulat&that 0
0.0111... (an infinite sequence of ones follows), rather thak 6> 0.1000...
(an infinite sequence of zeros follows).]

Next, consider that (a) The action @) on [0, 1) is essentially the same as
that of the one-sided Bernoulli shift on 2. If we denote by, a shifted sym-
bol, in both cases we haw& = a1, anda; is discarded. (b) The measures of
sets of points in [0, 1) and that of corresponding sets of sequencgs are
the same if for the former we use the Lebesgue measure and for the latter the
product measure on cylinders defined earlier in this section. For example, the
Lebesgue measure of the subinterval [4]lis 0.25 and so is the measure of
the corresponding cylindda:a =0,i =1, 2}, i.e., we haveu{a:g =0,i =1,
2} =p(a;=0)u(ap,=0)=(0.5)(0.5) = 0.25.

PROPOSITION 9.The tent map f is a factor of the dyadic mappl

Proof. By puttingg =T, : [0, 1] <=, we can verify that, fom-almost all points
of the interval, we hav@, o 6 =60 o Tp. Because botfip andT, preserve the
Lebesgue measurg, the measure structure is preserveddby T,, i.e., for all
subintervals of [0, 1], except perhaps sets of measure zero, Weﬂﬁx‘é(l )=
m(l). Notice, however, thaf, is a two-to-one map and therefore Proposition 9
does not necessarily imply th@ andT, are isomorphic.

PROPOSITION 10.T, is Bernoulli.
Proof. Proposition 10 follows from Propositions 6, 8, and 9.
PROPOSITION 11.T, is Bernoulli.

Proof. This follows from Propositions 4 and 10.
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PROPOSITION 12.Maps T. (withr =4), T,, Tp and the Bernoulli process
B(1/2, 1/2) all have the same entropy 2.

Proof. In view of the propositions already proved, and the fact that isomorphism
preserves entropy, we only need to prove that the entngpy) = h(T,) is equal
to h(Tp). This is easily proved because exactly the same reasoning that we have
used to prove that the entropy of the tent map is equal to In 2 can be applied to the
dyadic map, with the same result.

In conclusion, from a measure-theoretic point of view, the logistic map (with
parameter = 4), the dyadic map, the tent map, and the prod&®ds2, 1/2) are
the same. This makes the puzzling problem we mentioned at the end of Section 8
even more puzzling. Indeed, when the map governing the system belongs to the
Bernoulliclass, economic agents face sequences of values of the variables that have
the same probability structure as that of a random process. To postulate perfect
foresight in this situation is clearly absurd.

9.1. Distinguishing Deterministic Chaos and Randomness: a-Congruence

Equivalence implicit in isomorphism concerns the probabilistic structure of orbits
but not their geometry, much of which can be distorted by the map that relates two
isomorphic spaces. Therefore, geometrically different systems can be isomorphic.
To overcome this difficulty, the notion ef~-congruence has been suggested. The
following definition, which is based on Ornstein and Weiss (1991, pp. 22—-23, 63),
is formulated in the more general terms of flows, i.e., continuous-time systems,
and can be adapted easily to discrete-time systems.

DEFINITION 9. Consider two flowsp, and ¢,, defined on the same metric
space M and preserving the measugeand 1, respectively. We say thet and
¢; are ¢-congruent if they are isomorphic via a mapM — M that satisfies

u{x:d(x,0(x)) > a} < «a,
where xe M and d is a fixed metric in M.

That is to say, the isomorphistnmoves points inM by less thanx, except
for a set of points inM of measure less tham. Thus if o is so small that (1)
we do not appreciate distances lh smaller thane and (2) we ignore events
whose probability is smaller thas, then we conside&-congruent systems as
actually indistinguishable. Thua-congruence is a form of equivalence stronger
than isomorphism because it require that systems be close not only in a measure-
theoretic sense but also in a geometric one.

The following results, recently established éocongruent systems are partic-
ularly relevant to the present discussion [proofs in Radunskaya (1992)].

PROPOSITION 13 (Radunskayad)et ¢; be a flow on a manifold M that is
isomorphic to the Bernoulli flow of infinite entropy. Théor any« > 0, there is
a continuous-timefinite-state Markov proces#1; taking measure on IMwhich
is ¢-congruent tap;.
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This is a remarkable result but is not sufficient for our present purposes. In the
study of deterministic chaotic systems, we usually consider the dynamics of the
system on a compact attractor whose entropy is finite and bounded by the sum of
the positive LCE's. Therefore, we are interested here in flows with finite entropy.
The following result is then more important:

PROPOSITION 14 (Radunskayalet ¢; be a B-flow of finite entropy on a
manifold M. Let B° be an infinite entropy B-flow on a probability spa@eThen,
for anya > O, there exists a continuous-time Markov procesk on a finite
number of stategs } € M x Q suchM; is a-congruent tap, = ¢, x Bf.

These rather abstract results can be given a striking commonsense interpretation.
Letus consider an observer looking at orbits generated by a deterministic Bernoulli
system with finite entropy and let us suppose that observation takes place through
a device (a “viewer”) that distorts by less thanwith probability greater than
1 — «, wherea is a positive number that we can choose as small as we wish.
Proposition 13 (infinite-entropy case) tells us that the orbits as seen through the
viewer are arbitrarily close to a continuous-time, finite-state Markov process. In
the finite-entropy case, to compare the orbits of the deterministic system with
the sample paths of the (infinite-entropy) Markov process, we need to introduce
some additional entropy by “sprinkling” the deterministic system with a bit of
noninterfering noise. We can again use the parable of orbits observed through a
slightly distorting viewer, but now the errors are random. Proposition 14 tells us
that in this case too the observed orbits are most of the time arbitrarily close to the
sample paths of the Markov process.

These sharp results should produce some skepticism on the possibility of rig-
orously testing—e.g., by estimating the value of correlation dimension or the
dominant LCE—whether a given series has been generated by a deterministic
or a stochastic mechanism. In view of Propositions 13 and 14, if those tests are
applied to a Markov process and to a deterministic Bernoulli system, which are
a-congruent, they should give the same results for sufficiently small values of

Because we are concerned here only with the general consequences of the results
above, we do not discuss them in any detail, but only mention a simple example
of a-congruence between a discrete-time deterministic system and a stochastic
process, once again making use of the tent map that we know to be Bernoulli. For
this map and for any given partition of the state sphee[0, 1], we can define
a Markov chain ork states (the number of states depending on the partition),
such that its sample paths are indistinguishable (within the prescribed resolution,
or precision of observation) from the orbits of the deterministic tent fhdjmr
example, if the degree of accuraeys equal to ¥2—i.e., we can only tell whether
the state of the system is on the left or on the right of the middle point of the state
space [0, 1]—then a Markov chain on two stateand R, with transition matrix

1/2 1/2
1/2 1/2
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will generate sample paths indistinguishable (within the prescribed degree of ac-
curacy) from those of the map, .

If we now increase the precision of observation andpst2% k > 1 (i.e.,
we can locate a point in the state space within subintervals of lengj)h\e can
construct a 2 state Markov chain with transition matrix

[1/2 12 0 0 0 o0
0 0 12 1/2 0 0
0 0 0 0 ..o - 12 12
0 0 12 1/2 .- ... 0 0
/2 42 0 0 -+ -~ 0 0]

Again it will not be possible (within the precisiom) to distinguish between a
sample path of the Markov chain and a typical orbitTaf on thek-partitioned
state space.

Our considerations so far can be given a more or less optimistic interpretation
according to one’s point of view and temperament. The results discussed above
indicate that we cannot hope to provide a generally valid test for distinguishing
deterministic chaos and true randomness. This would certainly be impossible for
Bernoulli systems and, to the extent that the conjecture that “most observable
chaos is Bernoull?? is correct, it would be generally impossible. Consequently,
at least for a certain class of concrete dynamical systems, the possibility exists
of representing them either as deterministic systems (plus perhaps some random,
noninterfering disturbances) or as stochastic processes. The choice between the
two is a matter of expedience rather than theory. In principle, a deterministic
representation is superior for explanation purposes, but this is only true if the
resulting model is sufficiently simple and we can provide a physical (economic)
interpretation of the state variables and the functional relationships among them.

In the circumstances, we share the view of the meteorologists Vautard and Ghil
(1989, p. 395), who aptly observed that

The right question. . is not whether a given time series is of purely deterministic
or purely stochastic origin, i.e., whether very few or very many d-o-f [degrees of
freedom] have interacted to produce it. It is rather, how much and what part of the
observed variability is due to a few d-o-f and what part to the infinite rest. The
former part can presumably be modeled deterministically, and analyzed therewith
rather completely; the latter has still to be relinquished to the obscure kingdom of
means and variances.

NOTES

1. Forase® e F the expressioff ~1(A) denotes thereimageof A, i.e., the set of points that are
mapped toA by the mapr .

2. This, of course, means that the set of point% éér which the limit (5) does not exist is negligible
in the sense that the invariant measurassigns zero value to that set.
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3. Notice that, although in the literature one commonly encounters the expression ergodic map, this
only makes sense if it is clear with respect to what invariant measure the map is indeed ergodic.

4. As we shall see, however, the set of points for which (6) do¢kold may well include “almost
every point” with respect to another measure, in particular with respect to the Lebesgue measure.

5. This definition of Lebesgue measure is rather coarse but intuitively clear and sufficient for our
present purpose. The interested reader can find a more rigorous treatment of the matter, for example,
in Cohen (1980) and Edgar (1990).

6. The reader will remember theé?™* = (cos 2rx + i sin 2rx). So, for any value ok € [0, 1),
the functiorp (x) identifies a point on the unit circle and, for any subintetvali [0, 1), 6(1) identifies
an arcl’ ¢ St. Accordingly, the inverse functiofi! maps arcs into intervals.

7. The interested reader will find a thorough discussion of the analytical and numerical questions
concerning the LCEs in Benettét al. (1980).

8. Arigorous definition of SBR measures can be found in Eckmann and Ruelle (1985, pp. 639-641).

9. Once again, the reason that we iterfitackward is to deal with noninvertible maps.

10. This is the celebrated formula of Shannon, the founder of the modern theory of information.
It is not the only conceivable way of measuring uncertainty (or information). However, it complies
with certain generally accepted axioms of information theory formulated by Khinchin [see Beck and
Schibgl (1993, pp. 47-49)].

11. For a proof that this limit exists, see Billingsley (1965, pp. 81-82),&14987, p. 216).

12. When we want to emphasize the nTafand the relevant invariant measure is known), we also
can denote the entropy of the systenhés).

13. For discussion and proof of the K-S theorem, see Billinglegy ¢it, pp. 84—85); Maé (op.
cit., pp. 218-222).

14. For technical details, see Ornstein and Weiss (1991, pp. 78-85); see also Ruelle (1989, pp.
71-77).

15. For arecent analysis of a case relevant to our discussion, see Venditti (1996).

16. Cf., for example, Reichlin (1986), Hommes (1991), and Medio (1992).

17. Cf., for example, Hommes (1991).

18. The relevant theorem is due to Denjoy [cf. looss (1979, pp. 48—49); Anosov and Arnold (1988,
pp. 43—44) and Whitley (1983, p. 200)].

19. In (31),s measures the angle formed by the segment joining the origin and a po8it end
the abscissa.

20. There exists an intermediate class of transformations, dédlieogorov(K) transformations
that are unpredictable for any possible partition. Although all Bernoulli transformationis ,atfee
reverse need not be true [cf. Ornstein and Weiss (1991, pp. 1942@nsformations are seldom met
in applications (at least in economics) and we do not deal with them here.

21. | owe this example to a private correspondence with Amy Radunskaya.

22. See Ornstein and Weiss (1991, p. 22).
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