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In this work ice breaking caused by a pair of interacting collapsing bubbles was
studied by an experimental approach. The bubbles were generated by an underwater
electric discharge simultaneously, positioned either horizontally or vertically below a
floating ice plate and observed via high-speed photography. The bubble-induced shock
waves, which turn out to be crucial to the fracturing of the ice, were visualized using
a shadowgraph method and also measured using pressure transduces. Unique bubble
behaviour was observed, including bubble coalescence, bubble splitting, inclined
counter-jets and asymmetric toroidal bubble collapse. Bubble dynamic properties,
such as jet speed, jet energy and bubble centre displacement, were measured. Shock
wave emission and ice breaking capability of the two bubbles were investigated over
a range of inter-bubble and bubble–boundary distances. Regions where the damaging
potential of the bubble pair are strengthened or weakened were summarized and
possible reasons for the variation in the ice breaking capability were analysed based
on bubble morphology, jet characteristics and shock wave pressure. The findings may
contribute to more efficient ice breaking and also inspire new ways to manipulate
cavitation bubble damage.

Key words: bubble dynamics, cavitation

1. Introduction
The curious properties of cavitation bubbles have been drawing great research

interest for more than a century. Cavitation bubbles are not only widely found
in nature, but also extensively used in numerous applications (Lohse, Schmitz &
Versluis 2001; Brenner, Hilgenfeldt & Lohse 2002; Lauterborn & Thomas 2010) from
ultrasonic cleaning (Ohl et al. 2006a; Chahine et al. 2016), sonoporation and drug
delivery (Ohl et al. 2006b; Liu et al. 2012) and extracorporeal lithotripsy (Coleman
et al. 1987; Zhong, Zhou & Zhu 2001; Jamaluddin et al. 2011) to even food and
beverage processing (Asaithambi et al. 2019), etc. Cavitation bubbles were found to
have a substantial ability to focus energy and cause damage to the surface of almost
any material (Young 1989; Brennen 2013). It was revealed that the cavitation bubble
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produces a high-speed jet during the collapse towards solid surfaces nearby (Benjamin
& Ellis 1966; Vogel, Lauterborn & Timm 1989; Supponen et al. 2016; Brujan et al.
2018), which is an important factor of the bubble’s damage ability. Meanwhile, shock
waves are emitted when the bubble collapses to a minimum volume and re-expands
violently driven by the bubble’s highly compressed contents, which is another crucial
factor contributing to the damage (Philipp & Lauterborn 1998; Ohl et al. 1999;
Hsiao et al. 2014; Supponen et al. 2017). Interestingly, the dynamic properties of
the small cavitation bubbles are also possessed by some much larger bubbles, for
example, underwater explosion bubbles (Chahine 1997; Klaseboer et al. 2005; Brett
& Yiannakopolous 2008; Hung & Hwangfu 2010) and bubbles generated by seismic
air-gun blasts that are used for seabed oil exploration (Cox et al. 2004; de Graaf,
Brandner & Penesis 2014). These bubbles undergo a rapid expansion after initiation
driven by the high inner pressure until they over-expand to the maximum volumes
with low inner pressure and start to collapse. The collapse of these bubbles is similar
to that of the cavitation bubbles, concentrating energy and producing high-speed jets
and shock waves, but on a much larger scale. Thus, they are capable of producing
massive damage. Such property enables unprecedented potential applications, one of
which is ice breaking by bubbles.

Ice breaking is a most important issue for marine operations in cold waters.
Conventionally, ice breaking is carried out by ships with ice capability such as
icebreakers, and this involves a number of limitations or requirements (Riska 2011).
For example, the design for ice capability requires strengthening of the ship hull
and propulsion machinery and tolerance for noise and vibration due to ice loading.
For icebreakers, there is an upper limit to the level ice thickness (e.g. 1–2 m) the
ship is able to continuously break by thrust. When stopped by ice ridges (formed
by converging ice driven by winds or currents with thicknesses much larger than
level ice), icebreakers must go astern and either ram through the ridges or deviate
the route. Compared to the traditional method, using bubbles for ice breaking could
greatly facilitate the work of icebreakers. We imagine that the ship or its onboard
underwater vehicles can carry bubble generators to fracture the ice afore the ship
using collapsing bubbles initiated at optimized locations. Thus, it may increase the
maximum level ice thickness the ship can break or reduce the requirement for the
strength or the thrust of the ship. Moreover, the damage potential of the bubble
offers a possible way to efficiently break ice ridges to reduce or avoid ramming the
ice. Apart from the above, another advantage is that the bubbles can be generated
by various sources, such as underwater electric discharge or compressed air, etc.
Therefore, clean and renewable energy can be used and so the process can be more
environmentally friendly.

The idea of ice breaking using bubbles has been proposed in recent research
(Cui et al. 2018) where the possibility was validated experimentally, but only a
single bubble was used. To increase the ice breaking capacity while the maximum
energy of a single bubble is limited, multiple bubbles should be applied. However,
the interaction between bubbles is complex and may affect the bubbles’ damaging
capability to ice. Thus, it is necessary to closely examine the interactions between
multiple bubbles and ice and this is one aim of the current study. A more important
aim is to investigate the damage mechanism of interacting bubbles near a boundary.
Compared to that on a single bubble, far fewer studies exist on multiple interacting
cavitation bubbles. Some representative results have been obtained on the dynamics
of two, three or more bubbles (Tomita, Shima & Sato 1990; Blake et al. 1993;
Jungnickel & Vogel 1994; Rungsiyaphornrat et al. 2003; Pearson et al. 2004;
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Bremond et al. 2006; Fong et al. 2009; Khoo et al. 2009; Quinto-Su & Ohl 2009;
Sankin, Yuan & Zhong 2010; Chew et al. 2011, 2013; Han et al. 2015; Cui et al.
2016; Han et al. 2016; Zhang, Zhang & Li 2016; Tomita & Sato 2017, etc.), but still,
more detailed observations are needed to reveal the full-fledged mechanics involved
in multiple bubbles interacting with each other and with a boundary, especially
the bubble collapse shock wave, which has been proved crucial to causing damage
(Philipp & Lauterborn 1998; Chahine et al. 2016; Supponen et al. 2017). The shock
wave mechanism for multiple bubbles is very much the same as that for a single
bubble, but the current topic is worth further investigation because the change in
bubble behaviour due to the interaction between the bubbles and boundaries and the
resultant alteration in the pattern and damage potential of the bubble-induced shock
waves can be quite complex. In this work, the shock waves and their special emission
patterns as a result of bubble interaction near a wall boundary (ice) are measured
and analysed. The current study shows that the intensity of the shock waves from
the collapse of a bubble can be not only enhanced but also suppressed by another
bubble. This is important to the understanding of the mechanism of bubble-induced
damage and indicates the possibility of using bubble interaction to manipulate shock
wave emissions. Such manipulation will have a crucial effect not only in ice breaking
but also in a wide range of applications where there is a need to either enhance or
weaken bubble-induced shock waves and the associated damage effect.

In this research experiments were carried out to observe the interaction between two
bubbles and an ice plate and the subsequent ice breaking. Two bubbles were generated
by underwater electric discharges simultaneously and photographed by a high-speed
camera. A shadowgraph method was used to visualize shock waves that were released
during the bubble collapse. The shock wave pressure was recorded by pressure
transducers and an oscilloscope at a high sampling rate. Unique characteristics of
bubble behaviour and shock wave emission were found. These bubble characteristics,
the associated ice breaking effect and their underlying physics were analysed. The
bubble interaction was found to have both positive and negative effects on shock
wave intensity and ice breaking capability, to different extents at different bubble–ice
distances, and should be taken into careful consideration in applications concerning
multiple bubbles. In the following, the experimental method is given in § 2 and then
the results concerning a single bubble, two horizontally positioned bubbles and two
vertically positioned bubbles are presented in §§ 3.1, 3.2 and 3.3, respectively. Bubble
characteristics including jet and shock wave energy are discussed in § 3.4. In § 3.5,
ice breaking results in different regions are summarized in regime diagrams of the
inter-bubble and bubble–ice distances.

2. Experimental set-up

The experiment was carried out in a 400 mm cubic glass tank filled with degassed
water with an ice plate floating on the water surface below which pulsating bubbles
are generated. The experimental set-up is shown in figure 1(a). The bubbles are
generated by underwater electric discharges powered by a capacitor. Thin electrodes
made of copper wire (0.2 mm in diameter) are linked to the positive and negative
poles of the capacitor. For the generation of a single bubble, the positive and the
negative electrodes are connected at the far ends in water, which creates a shortcut.
When the discharge is triggered, high current passes through the connection where
the resistance is relatively high and quickly heats up and vaporizes the water nearby.
Thus, a rapidly expanding bubble is generated, accompanied by light emission and
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FIGURE 1. (a) Experimental set-up with two electric discharge bubbles deployed with
horizontal (left) and vertical (right) configurations, respectively. (b) Ice-making device that
ensures directional freezing.

burning and melting of the electrodes. To simultaneously generate two bubbles, an
adaption is made to the circuit. The two ends of the electrodes are connected by
another segment of copper wire, which creates two connections. Therefore, two
bubbles are generated at the two connections during discharge. Due to this the two
connections are tandem in the circuit, the initiation and cessation of discharging are
simultaneous. Therefore, the discharge energy at the two connections would be similar.
As a result, the bubbles generated are in-phase and always expand to very similar
maximum radii before collapsing. The potential energy of the bubble, when calculated
based on the maximum bubble radius, are thus similar. With the current apparatus,
the bubble size is dependent on the energy released by the capacitor. The capacitor
has a fixed capacitance of 880 µF and is charged to 675 V in each experiment case,
thus, the discharge energy is constant. More than a hundred tests were carried out in
water far from boundaries and the average of the maximum bubble radii is measured
as 9.9 mm with a maximum deviation of approximately 0.4 mm. The percentage
dissimilarity between the largest and smallest bubbles is then less than about 8 %. In
this sense, and given the criteria of similar sized bubbles in some previous works
(for example a difference in maximum radius no larger than 15 %, as mentioned by
Fong et al. (2009)), the bubbles in the current experiment are considered as similarly
sized, and the maximum radius of the bubbles in this experiment is set as 9.9 mm
and denoted by Rm. Correspondingly, the Rayleigh collapse time of such a bubble is
given by

tcol = 0.915Rm

√
ρ

P∞ − Pv
, (2.1)

where ρ is the water density taken as 1000 kg m−3, P∞ is the ambient pressure at the
bubble inception point measured as 100.8 kPa and Pv is the vapour pressure, 0.87 kPa
at 5 ◦C. Thus, tcol is estimated as 9.06× 10−4 s. The potential energy of a bubble is
estimated as the work done due to the growth of the bubble from initiation to its
maximum radius Rm displacing the surrounding water against the ambient pressure
(Tomita et al. 1994; Buogo & Cannelli 2002), which is calculated by

Eb =
4
3πR3

m(P∞ − Pv). (2.2)

In the current experiment, Eb is calculated as approximately 0.406 J for the bubbles
that are deemed to have the same Rm.
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The movement of the electrodes during the transient discharge process is trivial
and, therefore, the connections of the electrodes where the bubbles initiate are taken
as the initial centres of the bubbles. Then the bubble initiation locations can be
controlled by adjusting the positions of the electrode connections. In this experiment,
two configurations of initial bubble positions are used. In the first one, the two
initial centres are horizontally positioned under the ice plate, as shown in the left
part of figure 1(a). Both are at the same distance d1 to the bottom of the ice plate.
In the second configuration, the two initial bubble centres are positioned vertically
below the ice plate, as shown in the right part of figure 1(a). The distance from
the upper bubble centre to the bottom of the ice plate is denoted by d2. In both
configurations, the distance between the two bubble centres is denoted by l. The
non-dimensionalized bubble–ice distances for the horizontal and vertical configurations
(γh, γv) and inter-bubble distance (γb) are defined as

γh =
d1

Rm
, (2.3)

γv =
d2

Rm
, (2.4)

γb =
l

2Rm
. (2.5)

The behaviour of the bubbles and the ice plate are captured by a high-speed camera
(Vision Research Phantom V711). A shadowgraph method is used to visualize the
bubbles and the shock wave fronts emitted during the collapse of the bubbles. The
backlight is provided by an LED lamp with a max power of 29 W. The shock waves
propagating in the water causes refraction of light and appear as dark circles on
the bright image background. When visualizing the bubble jets and bubble interior,
ambient illumination is used, where the water tank is surrounded by several LED
lamps of various ratings from 84 W to 300 W with a matt glass cover. The spatial
resolution of the images is approximately 0.35 mm per pixel for the shadowgraphs
and 0.13 mm per pixel for the ambient illuminated images featuring bubble jets.
The temporal resolution (the gap between two images) is 4.76–6.75 µs for the
shadowgraphs and 4.76–9.09 µs for ambient illuminated images. Time zero is set as
the bubble initiation time that is taken as the capturing time of the last shadowgraph
image frame before the discharging sparks appear. Thus, the difference between
time zero and the actual bubble inception time is less than the maximum interval
between two successive frames, which is up to 6.75 µs. The first oscillation period
of the bubble, denoted by tosc, is defined as the interval between time zero and the
moment the bubble collapses to the minimum volume for the first time. The latter
is determined using the high-speed images and, therefore, includes a maximum error
identical to the frame interval, which is trivial compared to the oscillation period
of about 2 ms. A difference in tosc between the two bubbles in a pair may result
in slightly different timings of final collapse and shock wave emission, as shown in
some high-speed images in § 3.2, but the difference is usually no more than 10 µs.
Assuming that tosc is twice the Rayleigh’s collapse time tcol, then this difference is
equivalent to a variation of less than 1 % in Rm, as indicated by (2.1); therefore, its
effect on the similarity of the two bubbles is considered unsubstantial.

In this experiment, wall pressure is measured using a piezoelectric pressure
transducer (PCB 113B22) with a rise time less than 1 µs and an oscilloscope
(Tektronics 4-series) operating at a sampling rate of 1.25 GHz and a bandwidth
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of 200 MHz. It is hardly possible to fix a transducer in ice under the current
experimental conditions due to immediate melting of the ice upon contact with the
metal transducer body. Therefore, the ice plate is replaced with a PMMA plate of the
same dimensions into which the transducer is installed (flush mount). One pressure
transducer is located at the centre of the plate. For experiments with horizontally
placed bubbles, another transducer is used and located right above one of the two
bubbles. The distance between this transducer and the central one is kept as 0.5l
(i.e. half the inter-bubble distance). The one with higher peak values among the two
output signals is chosen as the wall pressure, results to be presented in § 3, unless
specified otherwise. The transducer output is converted to pressure p(t) in MPa as

p(t)=
s(t)

(1+ k)G
, (2.6)

where s(t) is the electrical response of the pressure transducer in V , G is the gain of
the pressure transducer (144.0 mV MPa−1) and k is the reflection coefficient between
water and PMMA, which is approximately 0.359. The parameter 1/(1+ k) excludes
the effect of reflected wave pressure from the transducer output, which renders p(t)
unaffected by the type of the surface of incidence (ice or PMMA).

The ice plate is made using a special directed freezing method as demonstrated in
figure 1(b) in order to reduce entrapped air bubbles. Water degassed by boiling was
frozen into an ice rod in a topless cylindrical container made of insulation material,
in a refrigerating device in which the air temperature was kept at −18 ◦C. As a result
of the insulation at all sides except for the top, the water freezes from the top first
and the crystallization processes downwards. Air resolved in water is not extracted
when the top part freezes since the water is not saturated yet, but when the freezing
continues, air bubbles are formed in the lower part of the ice as the air becomes
saturated in the remaining water. With this directional freezing method, the top part
of the ice rod is free of visible air bubbles. Subsequently, the ice rod is taken out and
the top part is cut into the ice plates used in this experiment. The dimension of the
ice plate is 130 mm× 130 mm and the default thickness is 28 mm (unless specified
otherwise). The water in the tank is cooled down to about 5 ◦C to slow down thawing
of the ice during the experiment.

3. Results
In this section the behaviour of a single bubble and two interacting bubbles, their

shock wave emission and the associated ice fracturing are shown by high-speed
images in time sequence for various inter-bubble distances. The wall pressure is
recorded by transducers for shock wave strength comparison. First, the effect of
bubble interaction on ice breaking is investigated and then the bubble characteristics
such as jet speed, jet energy, bubble centre displacements and oscillation time are
measured and analysed. Lastly, regime diagrams of the inter-bubble and the bubble–ice
distances are presented to show regions of different ice breaking effects.

3.1. Ice breaking by a single bubble
In this section some representative results of the behaviour and shock wave emission
of a single bubble is shown for reference purposes to better understand the more
complex behaviour and shock wave emission patterns encountered in subsequent
two-bubble experiments. The high-speed image series of two single bubbles collapsing
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FIGURE 2. High-speed images of a single bubble collapsing below an ice plate at (a) γ =
1.4, (b) γ = 0.8, (c) γ = 0.8. The first two series are captured with shadowgraphing and
the third with ambient illumination that lights up the interior of the bubble. Frame widths
are 36 mm for (a,b) and 14.5 mm for (c). The capturing times are marked on the image
frames in milliseconds (same for the following figures). (For all presented image series,
frames are numbered in a left-to-right direction.)

at γ = 1.4 and 0.8, respectively, are compared in figure 2, where γ is the standoff
distance scaled to Rm. For γ = 1.4, shown in figure 2(a), the bubble bottom turns into
a re-entrant jet that pierces through the bubble (frame 3) and the bubble becomes
toroidal. The toroidal bubble then collapses to the minimum volume and rebounds,
emitting a series of shock waves from different locations along the torus (frame 4)
that then reflect on the lower surface of the ice plate (i.e. the first reflection, frame 5).
At the same time, the shock waves should also propagate into the ice and reflect
on the upper surface of the ice which is exposed to air (second reflection). This
reflection propagates into the water through the lower ice surface. A time-shock
position diagram is shown in figure 4. The second reflection should be an expansion
wave given the impedance difference between ice and air. It causes tension in the ice
that is likely to be responsible for the fracturing of the ice plate which initiates from
the ice–air interface and develops downwards, following the propagation of the wave.
The fracturing is shown in the last frame of figure 2(a).

The case with γ reduced to 0.8 is shown in figure 2(b). The bubble is flattened
at the top by the ice plate, with a thin gap between the bubble and the ice surface.
Later, a jet is produced towards the ice and the bubble then turns toroidal. However,
the shock wave fronts from the collapse of the toroidal bubble are dim on the images
(frame 4), and no fracturing in ice is observed later on. The jetting process is shown
by another series of high-speed images with ambient illumination in figure 2(c)
where the bubble interior is lit up. The jet penetrates through the gap between the
bubble and the wall, impinges on the wall in frame 2 and creates a protrusion over
the toroidal bubble. The protrusion expands radially outward along the wall surface,
meanwhile, the toroidal bubble shrinks to the minimum volume in frame 5, figure 2(c).

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

40
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.400


897 A25-8 P. Cui, A-M. Zhang, S.-P. Wang and Y.-L. Liu

10

8

6

4

2

0

10

8

6

4

2

0

2.00 2.25
t (ms)

2.00

Pr
es

su
re

 (M
Pa

)

Pr
es

su
re

 (M
Pa

)

t (ms)
2.25 2.50

© = 1.4 © = 0.8 15

10

5

0
0.5 1.0 1.5

©
2.0

(a) (b)

FIGURE 3. (a) Pressure on the boundary for a single bubble collapsing at different
standoff distances. (b) Peak pressure of shock waves on the boundary emitted by a single
bubble collapsing at different standoff distances.
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FIGURE 4. A schematic diagram for shock wave propagation. The shock wave produced
by the bubble reflects at the lower and the upper surfaces of the ice plate. The solid line
represents the compression wave and the dashed line represents the expansion wave.

The pressure measured at the centre of the wall is shown in figure 3. In fact, the
bubble at γ = 1.4 induces pressure with a higher peak but smaller pulse width than
the bubble at γ = 0.8, this indicates that the pressure peak is a key parameter related
to ice breaking capability.

Several reasons are possible for the low shock wave peak pressure for γ = 0.8. First,
the jetting is prominent. The jet impact even caused a hump in the pressure curve.
This suggests that a greater portion of the bubble energy is distributed to the motion
of the jet and as a possible result, less is distributed to the shock waves. Second,
the jet may have entrained gas from the toroidal bubble into the protrusion. This is
supported by the protrusion’s dramatic expansion shown in frames 3–6, figure 2(c)
and, in fact, the re-expansion of the bubble is mainly the expansion of the protrusion
rather than the toroidal bubble. With less contents, the level of compression inside the
toroidal bubble is reduced, which leads to weaker shock waves. Third, while impacting
upon the opposite bubble wall, the jet liquid also splashes inside the bubble (frame 3
onwards in figure 2c), the splashing may irritate the collapsing of the toroidal bubble
and affect the intensity of collapse shock waves. The jet formation, jet impingement,
splashing and protrusion mentioned here for the single bubble case will re-appear in
the cases with multiple bubbles and influence the bubble morphology and shock wave
emission patterns, as will be demonstrated in the following sections. In addition, the
pressure peaks summarized for various γ (from 0.5 to 2.0 with a gap of 0.3, identical
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2.100 2.120 2.140 2.190

FIGURE 5. High-speed images of two horizontally positioned bubbles collapsing below
an ice plate. Inter-bubble distance γb = 2.0, bubble–ice distance γh = 1.4. Frame width,
75.5 mm.

to the range of γh or γv in the two-bubble configuration) are shown in figure 3(b) as
a reference for shock wave strength comparison.

3.2. Two horizontally positioned bubbles
In this section two groups of representative experiment cases are shown, with varying
dimensionless inter-bubble distance γb and bubble–ice distance γh. This way the effect
of the bubble–bubble and the bubble–ice interaction on ice breaking capability can be
compared. High-speed image series are shown of the bubbles and the ice, along with
shock wave pressure curves obtained from the transducers.

In the first case (figure 5), two bubbles are initiated below the ice plate with
γh = 1.4 and γb = 2.0. The bubbles expand to the maximum volumes almost
spherically. In the contraction phase, the inflow of liquid towards the centre of
one bubble slows down the contraction of the proximal side and accelerates the
distal side of the other bubble, and both bubbles are hindered from contraction at
the top by the ice plate. As a result, the lower distal sides of the two bubbles
contract with higher speed and turn into re-entrant jets towards each other. The
bubble then continues to shrink in a toroidal form to a volume relatively small
(frame 6), compared to the other experimental cases when γh = 1.4, before shock
wave emission in frames 7 and 8. Several shock wave fronts are visible that should
be from different locations of the toroidal bubble, but the strongest are from the
upper distal parts of the bubbles. The shock waves propagate to the lower surface of
the ice and generate reflections in frames 8 and 9. As explained before, the shock
waves should propagate into the ice and reflect again on the ice–air interface into
expansion waves that travel downwards, which causes tension that fractures the ice.
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Then the fracturing will follow the propagation of the expansion wave, which is from
the top to bottom in the ice plate, as shown in the last three frames of figure 5.
Comparing the shock wave emission patterns in different experiment cases shown by
the shadowgraphs in this section, we can see the emission in figure 5 is from bubbles
that have collapsed to relatively smaller volumes. It means that the compression level
of the gas inside the bubble is higher and thus yielding stronger shock waves. This
is supported by a relatively high pressure peak shown by the corresponding pressure
curve in figure 10. The peak reaches 11 MPa and is higher than that of the single
bubble case (see the pressure for γ = 1.4, figure 3a) and this could be attributed to
two possible reasons. First, in the single bubble case the intensity of shock waves
emitted from different locations on the toroidally collapsing bubble is similar, judging
from the degree of darkness of the wave fronts (frames 4 and 5, figure 2a). However,
in the two-bubble case the shock waves from the upper part of each bubble are
stronger than those from other parts. It should be easier to produce a higher pressure
peak with this asymmetry in shock wave emission from a bubble. Second, in the
single bubble case the jet-induced protrusion is more pronounced (see figure 2(a)
frame 4 and onwards where much of the bubble’s content is transported into the
protrusion) than that in the two-bubble case. It can be inferred that, in the latter case,
more gas contents remain in the toroidal bubble that later contribute to a higher level
of compression upon final collapse, which is advantageous for producing a higher
pressure peak.

In the next experiment case (figure 6), γh remains at 1.4, but the inter-bubble
distance γb is reduced to 1.25 and stronger interaction is observed between the two
bubbles. In the phase of bubble contraction, the motion at the upper and proximal
sides of the bubbles is hampered, while the lower and distal sides contract faster
and turn into re-entrant jets. The jet development is shown in figure 7 using ambient
illumination. When they reach the proximal sides of the bubbles, the bubbles still
have relatively larger volumes (frame 6, figure 6 or frame 3, figure 7) compared to
that in the previous case. The jets induce a protrusion on the upper proximal side
of each bubble, as shown in frames 3–5, figure 7. The protrusions are composed of
bubble contents entrained by the jets (Supponen et al. 2017). Subsequently, the two
toroidal bubbles shrink to the minimum volumes around frame 9 in figure 6 and emit
shock waves. Multiple shock wave fronts are observed, but the most obvious (and,
thus, the strongest) are from the lower proximal sides of the toroidal bubbles. This
is a result of the shape evolution of the bubble and the inclined jet. The toroidal
bubble has a larger volume on the lower side as the jet develops, as shown in frame
4, figure 7. The upper side collapses earlier and the gas should be compressed into
the lower part which reaches a higher level of compression upon final collapse, and,
thus, the strongest shock wave is emitted from this part.

The above bubble morphology and shock wave emission pattern are similar to
the previous case (γb = 2.0), except that here the upper part of the toroidal bubble
collapsed faster than the lower part. However, this time, the ice is not fractured by
the shock waves. As shown in figure 10, the peak pressure caused by the shock
waves in the current case is relatively low, merely less than two thirds of that in
the shock wave emission when γb = 2.0, even lower than the pressure peak induced
by a single bubble at the same bubble–ice distance (see figure 3) and this may
be attributed to several reasons. One reason is that the jets are more predominant
compared to the previous case, and possibly more of the bubble energy is distributed
to the motion of the jet, rather than the shock waves. The jet energy at different
γb will be further discussed in § 3.4. A more crucial reason may be related to the
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0.362 1.087 1.932 2.043

2.116 2.149 2.183 2.207

2.212 2.217 2.222 2.289

Protrusion expansion

Toroidal bubble
re-expansion

FIGURE 6. High-speed images of two horizontally positioned bubbles collapsing below
an ice plate. The inter-bubble distance γb is 1.25 and the bubble–ice distance γh is kept
as 1.4. Frame width, 52.2 mm. The bubbles produce two jets directed towards each other
and turn into toroidal forms before the collapse. The shock waves were unable to cause
visible fractures in the ice.

Jet Toroidal
bubble

Protrusion

Main
shock emisssion site

FIGURE 7. Details of jetting of one bubble in the pair at γh= 1.4 and γb= 1.25 from 2.12
to 2.22 ms after bubble initiation. Ambient illumination is used to visualize the bubble’s
interior.

jet-induced protrusion on the proximal sides of the bubbles, which are much larger
than that in the previous case. The impact of the inclined jet on the bubble wall
caused part of the bubble’s internal gas to be transported out of the bubble to form
a protrusion, the detail of which has been shown in figure 7. Thus, the level of
compression of the gas remaining in the toroidal bubbles should reduce, resulting in
weaker shock wave emissions. In frames 10–12 of figure 6, the rebounding phase
is shown, where the protrusions significantly expand but the toroidal bubbles hardly
re-expand, which also proves that bubble contents have been transferred into the
protrusions before the bubbles collapse. Lastly, the emission sites of the main shock
waves are further away from the ice than previous. The above may explain the lower
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2.371 2.444 2.451 2.498 2.551

0.739 1.499 2.031 2.198 2.364

FIGURE 8. High-speed images of two horizontally positioned bubbles collapsing below
an ice plate. The inter-bubble distance γb is 0.5 and the bubble–ice distance γh is kept as
1.4. Frame width, 38 mm. The bubbles coalesce and contract from the distal sides. Shock
waves are released from the bottom and top of the coalesced bubble.

peak pressure and suppressed ice breaking capability in the current case. In addition,
the bubble behaviour and shock wave emission pattern for γb = 1.0 are similar to
the current case and the pressure magnitude is also close; therefore, the high-speed
images are not shown.

In the third case (figure 8), the bubble–ice distance remains the same as before
(γh = 1.4) and the inter-bubble distance γb is further reduced to 0.5. After initiation,
the proximal sides of the bubbles are flattened and expand into the vicinity of each
other (frame 1) and then merge when the bubbles reach the maximum volumes (frame
2), whereby the two bubbles coalesce. Subsequently, the merging part (proximal sides)
of the two bubbles continues to expand slightly due to inertia, while the distal sides
start to contract rapidly (frame 3 onwards). The distal sides then flip inwards, turning
into two re-entrant jets that move towards and impact each other and, thus, the
coalesced bubble becomes toroidal. The coalesced bubble is also shown in another
viewing angle in alignment with the axis passing the two bubble centres in figure 9.
The toroidal shape is clearly shown from frame 3 onwards, indicating that the two
jets collide with each other.

The toroidal bubble continues to collapse from frame 5 onwards in figure 8 or frame
4 onwards in figure 9. Because the contraction of the upper part is impeded by the
presence of the ice plate, the lower part of the toroidal bubble collapses earlier than
the upper part. Therefore, shock waves are first emitted from the bottom and then
from the top of the toroidal bubble (see frames 5 and 7 in figure 8 or frames 5 and
8 in figure 9). The shock waves would propagate into the ice and reflect on the ice–air
interface into expansion waves, resulting in the fracturing of the ice from the top to
the bottom in frames 9 and 10 of figure 8, as explained before. As shown in figure 10,
the peak pressure of the shock waves reaches approximately twice of that when γb=

1.0 or 1.25. Several reasons are possible, including that the emission site of the shock
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2.309 2.328 2.376 2.381 2.616

1.032 2.160 2.232 2.280 2.304

FIGURE 9. Toroidal collapse of the coalesced bubble with γb = 0.5 and γh = 1.4 in a
viewing angle parallel to the axis passing through the two bubble centres. The two re-
entrant jets pointing to each other create a hole at the centre when they collide in frame 3.
Shock waves are released from the bottom and then the top of the toroidal bubble.
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FIGURE 10. Pressure of shock waves emitted by the collapsing bubbles. The pressure
data is from the transducer with higher output. Here the output of the centre transducer
is used for γb = 0.5–1.25 and the lateral one for γb = 2.0.

wave is closer to the ice plate and that the energy of the coalesced bubble is higher
than the energy of a single one and, therefore, the shock wave pressure can also be
higher.

In the above, the ice breaking capability changes in the three experiment cases with
inter-bubble distances (γb decreases from 2.0 to 1.25 and 0.5) at the same bubble–ice
distance (γh = 1.4). For γb = 2.0 and 0.5, the bubble collapse shock waves induced
fracturing of the 28 mm-thick ice plate with relatively high shock wave pressure peaks
(over 10 MPa) measured at the location of the ice plate bottom surface, but not for
γb= 1.25 and 1.0. As reflected by the pressure curves, shock wave pressure peaks are
significantly lower at γb being 1.0 and 1.25 rather than 0.5 or 2.0. High-speed images
suggest that the interaction between the bubbles affects bubble shape evolution and,
thus, influences shock wave emission to which the ice-breaking capability is related.
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1.022 1.858 1.935 2.049 2.2032.110

2.260 2.265 2.270 2.276 2.3892.332

FIGURE 11. High-speed images of two horizontally positioned bubbles collapsing below
an ice plate. The inter-bubble distance γb is 1.25 and the bubble–ice distance γh is reduced
to 0.8. Frame width, 47.3 mm. The bubbles collapse in toroidal forms with inclined jets.
Shock waves are released from the upper distal parts of the tori.

Strong jetting behaviour and large-volume jet-induced protrusions are associated with
the reduced shock wave pressure peak and the coalescence of the bubbles is associated
with a higher peak.

Next, we pushed the bubble pair with γb= 1.25 to closer positions to the ice plate
(γh=0.8 and 0.5) to show that the bubble–ice distance also influences the ice breaking
capability. The first scenario where γh = 0.8, γb = 1.25 is shown in figure 11 in
shadowgraph and figure 13(a,b) with ambient illumination for a better view of the
bubble interior. The top parts of the bubbles at maximum expansion are flattened
due to the small bubble–ice distance. In the contraction phase, the top parts stay
close to the ice surface and the proximal sides of the bubbles hinder each other from
contracting (see frame 2 onwards, figure 11). The contraction mainly occurs from the
lower distal sides of the bubbles where re-entrant jets form. The jets are pointed to
each other with inclination towards the ice, and pierce through the bubble at the upper
proximal sides, causing protrusions and turning the bubble into a toroidal form, as
detailed in figure 13(a). The upper distal part of each toroidal bubble has a larger
volume compared to the opposite part and collapses later, see frames 5–7, figure 13(a).
This is also shown in figure 13(b) in a viewing angle that is perpendicular to the
boundary, where the left part of the toroidal bubble collapses earlier than the right part
(i.e. the upper distal part in figures 11 and 13a). Shock wave emissions are mainly
from the upper distal part, see frames 8 and 9, figure 11. The resultant ice fracturing
is shown in frames 11 and 12, developing from the top to the bottom side as assumed
following reflections of the shock waves.

The second scenario, where γh is further reduced to only 0.5 while γb = 1.25, is
shown in both figure 12 in shadowgraph for a shock wave and figure 13(c,d) for
jetting detail. The bubbles expand into close contact with the ice surface and cling
to it when contracting. The lower distal sides contract faster at first and flips inward
into re-entrant jets (frames 2–4, figure 12 or frame 2, figure 13c). Subsequently,
the bubbles quickly shrink from the distal ends and collapses towards each other
(frames 5 and 6, figure 12 or frame 3 onwards, figure 13c). The bubble morphology
in this process is more clearly demonstrated in figure 13(d) with a viewing angle
perpendicular to the boundary. The jet impacts the wall due to the small standoff
distance and turns the bubble into a toroidal form. The bubble volume is larger on
the proximal side and smaller on the distal side during the contraction phase, and
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1.211 1.781 2.043 2.185 2.309

2.370 2.389 2.394  2.399 2.408

FIGURE 12. High-speed images of two horizontally positioned bubbles collapsing below
an ice plate. The inter-bubble distance γb is 1.25 and the bubble–ice distance γh is further
reduced to 0.5. Frame width, 44 mm. Shock waves are released from the lower proximal
parts of the bubbles.

(a)

(b)

(c)

(d)

Protrusion

Protrusion

Jet

Jet

Jet

Jet

Toroidal 
bubble Collapse

earlier

Later
Main shock

emission site

Shock wave

Jet splashingHalf torus

emission site

FIGURE 13. Details of the right-side bubble in the bubble pair collapsing at γh = 0.8,
γb = 1.25 in (a) and (b), γh = 0.5, γb = 1.25 in (c) and (d). Ambient illumination is used
to visualize the bubble’s interior. Panels (a) and (c) are captured from the front view,
(b) and (d) from the bottom view perpendicular to the boundary.

the distal side is contracting faster horizontally along the wall surface. As a result,
the toroidal bubble deforms into a half-torus, shown in frame 4, figure 13(d). The
half-torus bubble continues to contract from the distal sides, as in frame 4 onwards
in both figures 13(c) and 13(d). The jet liquid also splashes along the wall surface
towards the proximal side of the bubble (frame 5, figure 13d) which further distorts
the half-torus bubble. The bubble surface becomes ragged due to the splash, as shown
in the last two frames in figure 13(c,d). The half-torus bubble finally collapses at
the lower proximal side with shock wave emission (frames 7 and 8 in figure 12).
However, the shock waves are unable to cause ice fracturing.
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FIGURE 14. Pressure of shock waves emitted by the collapsing bubble pairs at different
bubble–ice distances with a fixed inter-bubble distance of γb = 1.25.

The pressure of the bubble-induced shock waves with γb fixed at 1.25 and γh

varying is shown in figure 14. Compared to when γh = 1.4, the decrease of γh to
0.8 caused the pressure peak to increase drastically. This is because the change in
morphology of the bubbles and the jets caused the location of the strongest shock
wave emission to change from the lower proximal sides (figure 6) to the upper
distal sides (figure 11) of the bubbles that are very close to the ice plate/transducer.
However, further pushing of the bubble pair to γh = 0.5 suppressed the ice breaking
capability. The higher distortion of the bubble shape and the splashing of jet liquid
against the collapsing bubble boundary may have induced an adverse effect on the
compression of the gas inside the bubble near the end of collapse. This could be
accountable for the reduced shock wave pressure peak, as shown in figure 14. On
the other hand, when the bubble–ice distance is increased from γh = 1.4 to 2.0, the
bubble morphology and shock wave emission pattern are both similar to that when
γh = 1.4, despite the fact that the bubble volume is smaller at the end of collapse.
However, the shock wave pressure received on the wall surface is reduced due to the
longer travelling distance, as reflected in figure 14.

In this section two bubbles horizontally initiated under the ice plate are investigated.
The inter-bubble distance and the bubble–ice distance both have great influences on
the bubble morphology and the ice breaking capability, which is closely related to the
morphology. In general, the two bubbles develop a pair of counter-jets that is inclined
towards the ice plate. Lower shock waves strength and ice breaking capability are
associated with jet-induced splashing and protrusion. Bubble gas is entrained into
the protrusion and should reduce the level of compression of gas inside the bubble,
yielding weaker shock waves. The location on the bubble where the shock wave
emits is also affected by bubble morphology at different inter-bubble and bubble–ice
distances. Higher pressure peaks are detected on the wall surface when the shock
wave emission sites move to the upper distal sides of the bubbles that are closer to
the boundary.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

40
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.400


Ice breaking by two collapsing bubbles 897 A25-17

0.365 0.694 1.399 1.852 2.017

2.099 2.199 2.252 2.305 2.328

2.340 2.346 2.352 2.370 2.399

Jet

FIGURE 15. High-speed images of two bubbles vertically positioned below an ice plate.
The inter-bubble distance γb is 0.5. The upper bubble–ice distance γv is 1.4. Frame width,
47 mm. The bubbles coalesce and collapse with intensive shock waves that are able to
fracture the ice.

3.3. Two vertically positioned bubbles
In the following, another scenario is presented where the two bubbles are positioned
vertically below the ice plate. This configuration has been introduced in figure 1(a).
The distance between the upper bubble centre and the ice plate bottom scaled to
Rm is defined as γv as in (2.4) and referred to as the bubble–ice distance here. The
inter-bubble distance γb is still the dimensionless distance between the bubbles’ initial
centres. In this section, both γv and γb are varied to show their influence on the ice
breaking capability of the bubble pair. When γv is fixed, larger γb means moving
the lower bubble away from the ice plate. Intuitively thinking, this would decrease
the ice breaking effect since the shock waves from the lower bubble will be more
attenuated before reaching the ice. However, experimental results showed differently.
Three experiment cases are compared below with γv being constant (1.4) and γb
increasing from 0.5 to 1.0 and then to 1.5. As will be shown, the ice breaking effect
is first suppressed and then increased.

In the first case (figure 15), γv = 1.4 and γb = 0.5 (i.e. the lower bubble is 2.4Rm
away from the ice plate), the bubbles grow into contact with each other during
expansion and coalesce when reaching maximum volumes (frame 3). Subsequently,
the coalesced bubble starts to contract from both the upper and lower sides, assuming
a double-cone shape (frame 4). The upper side is elongated due to the ice plate
(frames 5–7) and, therefore, the lower side moves faster and turns into a re-entrant
jet that later pierces through the coalesced bubble and comes out at the top (frames 8
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and 9, the jet is shown by the image inserted between frames that are captured with
ambient illumination, and the jet speed measured at the jet tip is about 62 m s−1).
The jet impact caused a water hammer shock (see the wave front captured in frame
8). The bubble then continues to shrink in a toroidal form until reaching the minimum
volume around frame 11 and emits a series of shock waves from different locations
along the torus. The shock waves are strong judging from the degree of darkness of
the wave fronts, which is confirmed by the high peak pressure shown in figure 18
that was detected by the transducer located right above the upper bubble. In the
subsequent frame 14, two reflection waves can be observed that should be from the
water–ice and ice–air interfaces, as discussed before. The ice–air interface reflection
wave (the upper one) triggered cavitation at its rear in frame 15, indicating its nature
of being an expansion wave. Ice breaking is observed after the shock waves in
frames 14 and 15. Fractures initiate from the top of the ice as a result of the tension
caused by the expansion wave. The high pressure peak and ice breaking effect should
be attributed to the higher energy of the coalesced bubble compared to that of a
single bubble. The coalesced bubble manages to collapse to a relatively small volume,
reaching a high compression level of its gas contents for more intensive shock wave
emissions.

In the second experiment case (figure 16), γb is increased to 1.0 (i.e. the lower
bubble is 3.4Rm from the ice plate) when γv is kept at 1.4. The two bubbles expand
in almost spherical shapes, flattened on the proximal sides only when reaching the
maximum volumes (frames 2). During the following contraction phase, the bubbles
hinder each other on the proximal sides and contract faster on the distal sides. The
distal side of the lower bubble turns into a jet, which is also shown by the inserted
images with ambient illumination that lights up the bubble interior. The jet penetrates
the bubble in frame 5 with a speed of about 67 m s−1, causing a protrusion at the
proximal side that grows dramatically in volume in the next few frames. The distal
side of the upper bubble is elongated due to the ice plate and then turns into a jet
later in frames 6 and 7, and both bubbles become toroidal. The jet reaches a speed
of over 190 m s−1 measured at the jet tip. The high speed is possibly caused by a
collision of liquid at the bubble top, as indicated in frame 5. The collision casts liquid
downward to form the re-entrant jet. Subsequently, a series of shock waves are emitted
successively in frames 8–10. They should be mainly induced by the collapse of the
toroidal bubbles and collisions between jets or jet and liquid surrounding the bubbles.
In the re-expansion phase, as shown by the last two frames, the growth in the volume
of the jet-induced protrusions is obvious. This also indicates that the content of the
bubbles has been transported into the protrusions. In this experiment case, the shock
waves are unable to crack the ice plate, and it could be attributed to the strong jetting
behaviour induced by bubble interaction. More of the bubbles’ energy is distributed
to the motion of the jets, and the formation of the jet-induced protrusions reduces the
level of compression inside the bubbles. Thus, the shock wave intensity is lessened,
which is confirmed by the low pressure peak shown in figure 18, less than one fifth
of that of the previous case where the bubble coalesced. Actually, the pressure peak
and ice breaking capability of two bubbles with the current γb is even weaker than
that of a single bubble where γ = 1.4 (see figure 3). This situation is similar to that
in figure 6 where the horizontally positioned bubble pair with strong jetting was also
unable to crack the ice.

In the third case (figure 17), γb is increased to 1.5. The bottom of the lower
bubble turns into a jet that impacts on the opposite side of the bubble. The impact
induces a pressure wave, as captured in frame 5, and a protrusion that grows in the
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0.384 1.152 1.882 2.062

2.143 2.173 2.212 2.231

2.239 2.246 2.262 2.369

Jet

Jet

Protrusion Toroidal
bubble

FIGURE 16. High-speed images of two bubbles vertically positioned below an ice plate.
The inter-bubble distance γb is 1.0. The upper bubble–ice distance γv remains 1.4. Frame
width, 58 mm. The bubbles jet towards each other and turn into toroidal forms before
collapsing. The shock waves are unable to cause visible fractures in the ice.

subsequent frames. The lower bubble then becomes toroidal and collapses in frame 6,
emitting a series of shock waves. The morphology of the upper bubble is more
complicated. Overall, the ice plate and the collapsing lower bubble will impede the
contraction at the top and the bottom part of the upper bubble, respectively. In the
current case, the two impeding effects are relatively balanced and the contraction
from the lateral parts of the upper bubble becomes predominant, leading to splitting
of the bubble into two sub-bubbles that collapse and emit two shock waves separately,
as in frames 9 and 10. These shock waves are relatively strong as they cause darker
wave fronts in the images as well as high pressure peaks, as shown in figure 18. The
peaks are of similar magnitude to that of the shock waves from the coalesced bubble
with γb = 0.5, and also higher than that of a single bubble with γ = 1.4. This may
be attributed to the high compression level of the upper bubble contents when the
bubble shrinks to such small volume before emitting shock waves. In addition, before
the upper bubble splits, its upper and lower tips both flip inward (frame 9), possibly
forming two jets pointing towards each other. This is hard to distinguish but can be
inferred as the two sub-bubbles move towards each other after the split, see frames
11 and 12.
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0.386 1.265 2.005 2.118 2.138

2.151 2.158 2.211 2.224 2.231

2.238 2.244 2.251 2.271 2.298

FIGURE 17. High-speed images of two bubbles vertically positioned below an ice plate.
The inter-bubble distance γb is 1.5. The upper bubble–ice distance γv remains at 1.4.
Frame width, 45 mm. The upper bubble splits and the lower bubble jets upwards.
Fractures appear in the ice after the shock waves from the upper bubble.

In the above, three experiment cases are presented with two bubbles vertically
placed below an ice plate with a fixed bubble–ice distance (γv = 1.4) and varying
inter-bubble distances. The bubble-induced shock wave peak pressure and the ice
breaking capability is suppressed when the pair of bubbles is at medium distances
(γb = 1.0). In this case, two bubbles can be less effective than a single bubble in
ice breaking. In the following, experiment cases with varying bubble–ice distance
γv were carried out to investigate its influences. Four extra cases with γb being 1.5
and γv being 0.5, 0.8, 1.1 and 2.0 are shown in figures 19–23. As in these and the
previous cases, the lower bubble always has the tendency to move towards the upper
bubble and the ice plate. It develops an upward jet that impinges on the opposite
side of the bubble and creates a protrusion, if the bubble pair is not coalescing.
The water hammer effect of the jet causes pressure waves observed in some of the
shadowgraphs (see, for example, frame 4 in figure 20, frame 3 in figure 21 and frame
6 in figure 23). Then the lower bubble collapses in a toroidal form with shock wave
emission. The upper bubble, on the other hand, may split as in the previous case
(γv = 1.4), or either jet towards the ice plate (γv = 0.5, 0.8 and 1.1) or the lower
bubble (γv = 2.0) when γb = 1.5. The regime of the jetting direction depending on
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FIGURE 18. Pressure of the shock waves emitted by the vertically placed collapsing
bubble pairs of different inter-bubble distances γb with a fixed bubble–ice distance γv .
Pressure is measured by the transducer at the centre of the wall surface right above the
upper bubble.

γv and γb will be discussed in § 3.5. In the first three cases where γv is 0.5, 0.8
and 1.1 (figures 19, 20 and 21, respectively), the bottom of the upper bubble first
elongates due to the contracting lower bubble, and then quickly retracts and turns
into an upward jet that impinges on the ice surface or the opposite bubble wall.
As shown by the pressure curves, the jet impact in each case causes a sharp water
hammer pressure preceding the pressure wave emitted by the collapse of the bubble
(in toroidal form due to jetting). The difference is in the pressure magnitude.

The experiment with γv=0.5 is shown in figure 19 for shock waves and figure 22(a)
for jetting. The upper bubble grows into contact with the ice plate and forms a jet
from its bottom that impinges onto the ice surface (frames 9–11, figure 19 and
frames 1–5, figure 22a). The jet speed reaches about 100 m s−1 before impact, and
the impingement induced a water hammer pressure shown as the sharp rise on the
corresponding pressure curve in figure 24. Such a jet also causes a concentrated
ice fracture on the impingement site, as pointed out in frame 11 in figure 19.
Subsequently, the bubble collapses onto the ice surface in a toroidal form with a
shock wave emitted from the torus, as captured in frames 13 and 14, figure 19. The
shock waves are intense with a high pressure peak detected by the transducer on
the boundary, which is depicted in figure 24, indicating that the gas in the toroidal
bubble could be relatively highly compressed.

For the case when γv = 0.8, as shown in figure 20, the upper bubble is not in direct
contact with the ice plate at maximum expansion. A gap remains between the bubble
and the ice during the bubble contraction phase. The bottom of the bubble turns into
a jet that impacts the upper bubble wall and then the ice plate. Details of the jet are
depicted in figure 22(b), where a jet speed up to about 170 m s−1 before impacting
on the opposite bubble wall is measured. The impact generates a water hammer shock
wave, as captured in frame 9, figure 20, appearing as the dim wave fronts mainly on
the lateral side of the gap because the wave propagation in other directions is blocked
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0.413 1.375 1.906 2.113 2.1562.144

2.163 2.169 2.256 2.313 2.3562.331

2.388 2.394 2.400 2.419 2.4692.450

FIGURE 19. High-speed images of two bubbles vertically positioned below an ice plate.
The inter-bubble distance γb is 1.5. The upper bubble–ice distance γv is 0.5. Frame width,
45 mm.

0.388 1.375 1.994 2.069 2.0882.081

2.200 2.244 2.269 2.306 2.5132.350

FIGURE 20. High-speed images of two bubbles vertically positioned below an ice plate.
The inter-bubble distance γb is 1.5. The upper bubble–ice distance γv is 0.8. Frame width,
45 mm.

by the bubble. The pressure of the water hammer shock is also recorded and shown
in figure 24. The jet impingement induces a protrusion at the gap (frames 5 and 6,
figure 22b). Subsequently, the toroidal bubble shrinks and the protrusion grows rapidly.
The growth even continues after the collapse of the toroidal bubble, see frames 7 and
8, figure 22(b). Again it indicates that the bubble contents are being entrained into
the protrusion. It would reduce the compression level of the gas in the toroidal bubble
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1.232 2.091 2.131 2.145 2.2312.158

2.258 2.271 2.284 2.291 2.3312.298

FIGURE 21. High-speed images of two bubbles vertically positioned below an ice plate.
The inter-bubble distance γb is 1.5. The upper bubble–ice distance γv is 1.1. Frame width,
45 mm. Both the upper bubble and the lower bubble jets upwards. Fractures appear in
the ice after the shock waves from the upper bubble.

(a)

(b)

(c)

1
2

1

1
2

2Protrusion Toroidal bubble

FIGURE 22. High-speed images of the upper bubble of the vertically placed collapsing
bubble pair with γb = 1.5 with ambient illumination to visualize bubble interior and jet.
(a) γv = 0.5 (b) γv = 0.8 and (c) γv = 1.1.
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0.396 1.103 1.687 1.889 2.0252.005

2.031 2.038 2.077 2.096 2.1352.103

FIGURE 23. High-speed images of two bubbles vertically positioned below an ice plate.
The inter-bubble distance γb is 1.5. The upper bubble–ice distance γv is increased to 2.0.
Frame width, 61.0 mm.
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FIGURE 24. Pressure of shock waves induced by the collapsing bubble pairs at different
bubble–ice distances γv with a fixed inter-bubble distance γb.

before rebounding and emitting shock waves. This may explain the low pressure peaks
of the shock waves after the water hammer pressure peak, as depicted in figure 24,
especially compared to that of the previous case when γv = 0.5 where the bubble
behaviour was similar, except for the absence of the jet-induced protrusion.

The case when γv = 1.1 is shown in figure 21 and also figure 22(c) for details of
the upper bubble jet. The upper bubble manages to shrink to a smaller volume before
developing a jet as the effect from the wall is lessened compared to the previous
case, see frame 6, figure 21. The jet that forms at the bottom of the upper bubble
acquires a speed of approximately 260 m s−1 and generates a relatively high water
hammer pressure upon impingement onto the opposite bubble wall (frame 7, figure 21
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Jet impact
damage

Shock wave
damage

Jet impact
damage

(a) (b) (c)

FIGURE 25. Photograph of ice damaged by vertical bubble pair. (a) Radial fractures
caused by the shock wave, central fracture induced by jet impact. γv = 0.5, γb = 1.5.
(b) Radial fractures caused by the shock wave, no jet damage in the centre. γv = 1.4,
γb = 1.5. (c) Central fracture induced by jet impact, no radial fractures induced by the
shock wave. Here γv = 0.8 and γb = 1.5.

or frames 5 and 6, figure 22c). The water hammer pressure reaches two times of that
in the previous cases, as reflected in figure 24. Due to the elongated shape at the
bottom of the upper bubble, the liquid converges and collides before producing the
jet and the collision may be the reason for the high jet speed. Apart from the above,
the shock wave from the subsequent bubble collapse also has a relatively high peak
pressure, which may be a result of the possible high level of gas compression inside
the bubble because it has shrunk to a relatively small volume before rebounding.

Finally, for γv = 2.0, as shown in figure 23, the lower bubble jets and collapses
toroidally, with the water hammer pressure wave and the collapse shock wave visible
in frames 6 and 8, respectively. The upper bubble jets and collapses towards the
lower bubble rather than the ice plate and is less retarded in contraction due to the
larger bubble–ice distance. Its shock wave emission is captured in frame 10. The
outer wave fronts should be due to the jet impact and the inner fronts should be due
to the toroidal bubble collapse. The bubble reaches a small volume before emitting
shock waves and the wave fronts are relatively dark in the images, both indicating
a comparatively high pressure; however, the bubble–ice distance is too large for ice
fracturing, and the pressure recorded by the transducer is also relatively low.

In the above experiments, the water hammer pressure induced by the jet impingement
on the opposite bubble wall or directly on the ice surface was captured on
shadowgraph images or by the pressure transducer. It can also reach a high pressure
peak and cause damage of the ice. The damaged ice plate in the three experiment
cases with γv = 0.5, 0.8 and 1.4 and γb fixed at 1.5 are shown in figure 25. There
is a small area of dense fracture concentrated at the impact site at the centre of the
plate, as shown by the photo of ice for γv = 0.5, which is likely to be caused by the
water hammer effect. This fracture is also shown in the shadowgraph of figure 19,
first appearing in frame 11 upon jet impact and then intensified in frames 13 and 14
when the shock waves from the collapse of the toroidal bubble enter the ice plate.
On the other hand, the extensive radial crack of the same ice plate should be caused
by the toroidal bubble shock waves. For γv = 1.4, the ice plate only has radial cracks
caused by the shock waves from the upper bubble (figure 17). For γv = 0.8, the shock
waves are unable to fracture the ice as explained before, but the jet impact resulted
in fractures on the impact site which is the only visible damage of the ice plate.

In this section, experiments have been presented with two bubbles vertically placed
below an ice plate with varying inter-bubble and bubble–ice distances. The ice
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2.071 2.098 2.125 2.151 2.191 2.244 2.298

FIGURE 26. High-speed images of two horizontally positioned bubbles collapsing below
an ice plate. The inter-bubble distance γb is 0.88 and the bubble–ice distance γh is kept
as 2.6. Frame height, 14.0 mm. Ambient illumination is used to visualize the interior of
the bubbles.

breaking capability did not vary monotonously with either of the distances. The
prominent jetting behaviour at medium bubble distances tends to weaken the collapse
and the associated shock wave (for example, the case with γb = 1.0, γv = 1.4 shown
in this section, as well as the cases with γv over 1.4 as will be shown in § 3.5). In
such cases, two bubbles can be less effective than a single bubble in ice breaking.
On the other hand, there are also scenarios where ice breaking is enhanced, for
example, when the bubbles coalesce, or when the upper bubble manages to shrink to
a relatively small volume under the joint effect of the ice plate and the lower bubble
and emits stronger shock waves. In addition, under the influence of the lower bubble,
the jet of the upper bubble can be more destructive, for example, obtaining a speed
up to 260 m s−1 at γb = 1.5 and γv = 1.1, and causes severer damage than a single
bubble at the same standoff distance. The jet may either fracture the ice directly on
the impingement site or cause a strong water hammer shock when impacting on the
opposite bubble wall.

3.4. Bubble characteristics
In the previous sections, high-speed images indicated that deficiency in ice breaking
is induced at medium inter-bubble distances, which is assumed to be associated with
the relatively strong jetting behaviour of the bubbles. In this section, jet energy and
other bubble characteristics will be investigated in order to verify the assumption.
Bubble characteristics are measured from experiment cases where the bubble pair is
horizontally placed under an ice plate of 20 mm freely floating on a water surface
with γb varying from 0.25 to 2.0, while the bubble–ice distance γh is fixed at 2.6
whereby the jets are directed towards each other with hardly any inclination. A
typical example of jets traversing the bubbles’ interior is given by high-speed images
in figure 26, captured using ambient illumination instead of shadowgraphing. The
images start with the formation of two jets from the distal sides of the bubbles. The
jets are conical with round heads and elongate towards each other. In frames 3 and
4 the jet tips penetrate the proximal sides of the bubbles and cause protrusions (the
dark cloud between the bubbles) that collide with each other in the middle of the
configuration. The bubbles then become toroidal and later collapse to the minimum
volumes in frame 6. In this phase the contents of the bubbles are injected into the
protrusions which grow in sizes, as shown in the last three frames. As a result, the
volumes of the rebounding toroidal bubbles are small compared to the protrusions.
Apart from the above, jet liquid splashes inside the bubbles when the jets impact the
proximal bubble surfaces and acts against the collapsing bubble boundary, as shown
in frames 4 and 5. All these may weaken the bubble collapse intensity and, hence,
reduce the shock wave strength.
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FIGURE 27. Estimation of volumes of the re-entrant jets that form during the collapse of
two interacting bubbles under an ice plate.

In the following analysis the instantaneous kinetic energy of the jet at a certain
moment when travelling through the interior of the bubble is estimated as

ejet =
1
2ρVu2

jet, (3.1)

where ρ is the water density, V is the jet volume and ujet is the instantaneous jet
speed measured at the jet tip. Here ejet is in dimensional units. The jet volume is
calculated deeming the jet as a cone that has different cross-sectional radii along its
axis, and the radii are measured from the images. For instance, in figure 27 we take 11
cross-sections on the jet of the left bubble. The cross-sections are marked as A0–B0,
A1–B1, . . . , A10–B10 and the radii of the corresponding cross-sections are denoted by
R0, R1, . . . , R10, respectively. The section intervals are denoted by D1, D2, . . . , D10,
respectively. Therefore, we have the left jet’s volume Vleft at this moment as the
summation of volumes of 10 circular truncated cones,

Vleft =
1
3
π

9∑
i=0

Di+1(R2
i + R2

i+1 + RiRi+1) (3.2)

and the jet volume V in (3.1) is the average of the two jets of the two bubbles.
Based on the above, bubble characteristics are discussed in the following. First, the

process of a jet penetrating through the bubble is investigated. Figure 28 shows the
history of jet displacement and energy from jet formation till impact on the opposite
bubble walls. The time axis is scaled to the first oscillation period of the bubble, tosc.
The displacement of the jet tip is denoted as xjet and scaled to Rm. As shown, when
the jets advance inside the bubbles, xjet changes almost linearly with time, which
means that the speed measured at the jet tip is nearly constant. In figure 28, ejet/Eb

reflects the portion of the bubble energy Eb distributed to the motion of the jet and
is plotted as functions of time scaled to tosc. The jet energy increases with time
because the jet volume increases as the jet advances inside the bubble, and ejet/Eb

reaches the maximum right before the jet impacts the opposite bubble wall. For the
convenience of comparison between different bubbles, the kinetic jet energy in the
following discussions is taken as the value of ejet at the moment right before the jet
impacts the bubble wall and is denoted by Ejet.
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FIGURE 28. Variation of the displacements at the jet tips, xjet, scaled to the maximum
bubble radius Rm, with γb = 0.75, 0.88, 1.00 and 1.25, and variation of the instantaneous
kinetic energies of the jets, ejet, scaled to the potential energy of the bubble, Eb, during
the development of the jets inside two bubbles horizontally initiated with γb= 0.88 below
a 20 mm-thick ice place at γh= 2.6. The coordinate origin for the displacement is set as
the middle point between the two bubble centres.

Next, the jet speeds under various inter-bubble distances are shown in figure 29.
The speed ujet here is the average of the jet speeds of the two bubbles. The speed is
measured at the jet tips and averaged over the process of the jet traversing through
the bubble interior. In general, ujet increases with the inter-bubble distance γb. When
the two bubbles are initiated closely, the small space between the bubbles does not
allow full development of the jets and, thus, the jet speed is lower. As γb increases,
the jet speed increases with a small peak of about 70–80 m s−1 around γb = 0.6–0.7.
For γb increasing over 1.0, the mutual influence between the bubbles reduces and each
bubble reaches a smaller volume and a higher contraction speed before the jets form.
Therefore, the jet, which forms after a local acceleration on the contracting bubble
surface, continued to grow.

Although the jet speed increases with γb, the maximum volume of the jet decreases
as the jet formation is delayed. Thus, the variation of the kinetic jet energy is not
monotonous with γb, as plotted in figure 30. At small or large γb, Ejet (the jet energy
right before penetrating the bubble) is relatively small because of a low jet speed or
small jet volume, respectively. Maximum Ejet is reached around γb = 0.6. At such
inter-bubble distance, the jet speed has grown (see figure 29) and the jet volume is
still relatively large. Thus, the kinetic energy of the jet is maximized. Figure 30 also
shows the result of ice breaking where the hollow marks denote that the 20 mm-thick
ice plate is unlikely to be fractured after the bubbles collapse. The incapability to
break ice occurs merely within the range of 0.5< γb < 1.25. This coincides with the
range where the jet energy is above 0.045 J or Ejet/Eb over 0.11, i.e. where more of
the bubble energy is distributed to the motion of the jets compared to that in other
γb ranges.
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FIGURE 29. Variation of jet speed ujet with the inter-bubble distance, γb. The bubble pair
is horizontally placed below a 20 mm-thick ice plate at γh= 2.6. The error bars represent
a standard deviation of ujet.

0.40

0.32

0.24

0.16

0.08

0

E j
et
/E

b

E s
w/

E b

0 0.5 1.0 1.5
©b

2.0

Shock wave energy

Jet energy

2.5

0.8

0.6

0.4

0.2

0

-0.2

FIGURE 30. Variation of the kinetic jet energy and the shock wave energy (both scaled to
the potential energy of the bubble, Eb) with the inter-bubble distance γb at γh = 2.6. The
hollow triangle denotes that the 20 mm-thick ice plate is not fractured in over 80 % of
the experiment cases carried out at the corresponding γb. The error bars represent standard
deviation.

The energy of the shock wave induced during the collapse of the bubble pair is
denoted as Esw, which is estimated from the output of the transducer located at the
wall centre as

Esw =
4πd2

ρc

∫
p2(t) dt, (3.3)
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FIGURE 31. Variation of the displacement of the bubble centre, xRmin, scaled to
the maximum bubble radius, Rm, and the dimensionless first oscillation period, τosc,
non-dimensionalized by the Rayleigh collapse time, as functions of the dimensionless
inter-bubble distance γb at γh= 2.6. Ice thickness, 20 mm. The error in xRmin/Rm and τosc
due to spatial and temporal resolution are 0.013 and 0.02, respectively.

where ρ and c are respectively the density of water and sound speed in water, p(t)
is the pressure calculated from the transducer output voltage, as in (2.6), where the
reflection due to the wall surface has been excluded, d is the distance from the shock
wave emission site to the centre of the transducer’s receiving end (measured from the
images). In figure 30 we plot Esw along with the jet energy and scaled to the bubble
energy Eb estimated by (2.2). The results indicate that the shock waves inherit a large
portion of the bubble energy that has coalesced at small inter-bubble distances, but the
shock wave energy reduces rapidly to below 15 % of Eb as γb increases to 0.5–1.25.
This coincides with the region where the jet energy is found relatively high and where
the ice breaking capability is suppressed. This supports the previous assumptions that
the bubble pair is unable to fracture the ice because more of the bubble energy that
could have been released by shock waves is distributed to the motion of jets. As γb

further increase, the jet energy decreases, the shock wave energy grows and the ice
breaking capability increases again.

The displacements of the bubble centres and the oscillation periods of the bubbles
at various inter-bubble distances with γh = 2.6 are shown in figure 31. The centre
displacement xRmin denotes the distance between a bubble’s initial centre and its
geometry centre when it collapses to the minimum volume. During the collapse
phase, the liquid converging towards the centre of one bubble will pull the other
bubble. Thus, the contraction of the proximal side of each bubble is hindered and
even stopped, while the contraction of the distal side is enhanced. Therefore, the
bubbles appear to be moving towards each other. As indicated, at large inter-bubble
distances, the bubble centre displacement is small since the interaction between the
bubbles is weak. As the inter-bubble distance decreases, the interaction becomes
stronger and the displacement of the bubble centre grows, reaching a maximum at
around γb = 0.9. As γb further reduces, the bubbles start to strongly push each other
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FIGURE 32. Regime diagram of the inter-bubble distance γb and the bubble–ice distance
γh, showing the ice breaking results for a horizontally placed bubble pair.

away in the expansion phase before collapsing towards each other in the contraction
phase. As a result, xRmin becomes smaller.

The average dimensionless duration of the first oscillation of the two bubbles is
denoted by τosc, which is tosc scaled to the Rayleigh collapse time, 9.06 × 10−4 s,
as estimated in § 2. In figure 31 we plot τosc as a function of γb. Note that τosc
gradually decreases as γb increases, which is also a result of bubble interaction. Since
the bubbles are in-phase, each bubble pulls the other one towards its collapsing centre
during the contraction phase. Thus, for each bubble, the side proximal to the other
bubble will be impeded in contracting and this tends to increase the collapse time of
the bubble. On the other hand, the side distal to the other bubble should be accelerated
in contracting, which could reduce the collapse time. However, instead of contracting
more rapidly, the distal side turns into a re-entrant jet. The jet reaches the other side
of the bubble very fast but leaves the distal side contracting much slower. When γb
reduces, such interaction is strengthened. Therefore, the total time for the oscillation
of the bubble is prolonged as γb gets smaller.

3.5. Ice breaking results for different γb–γh regions
In §§ 3.2 and 3.3 both the inter-bubble distance γb and the bubble–ice distance γh
were demonstrated to influence ice breaking capability of the bubble pair through
comparisons by changing each parameter separately. To obtain an overview, the
ice breaking results for different combinations of the two parameters (γb ranging
from 0.25 to 2.0 and γh (or γv) from 0.5 to 2.0) are presented in this section by
regime diagrams for the horizontally (figure 32) and vertically (figure 36) positioned
bubble pair. In the two regime diagrams, the possibility of ice breaking (the ice
plate thickness being 28 mm) is plotted at each point corresponding to a certain
combination of γb and γh (γv). The possibility is the ratio between the number of
experimental cases where visible fracturing is found on high-speed images to the
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FIGURE 33. Variation of shock wave peak pressure values with inter-bubble distance γb
under different bubble–ice distances γh for a horizontally placed bubble pair.

total number of cases carried out at this combination. To help explain the results, the
variation of shock wave pressure peak with γb is also given for each γh (γv) for both
the horizontal and vertical configurations, as shown in figures 33 and 37, respectively.

First, the ice breaking results are shown in figure 32 for the horizontally placed
bubble pair. Overall, the capacitance for the two bubbles to fracture the 28 mm
thick ice plate varies with both γb and γh significantly. For γb > 0.5, the medium
bubble–ice distance γh = 1.1 appears to be the most suitable for ice breaking among
the distances investigated. For other bubble–ice distances, there are ranges of γb
in which the bubble pair is inefficient to cause fracturing of the ice plate. For the
closest distance, γh = 0.5, the range of weak ice breaking is around γb = 1.0–1.5.
Here the jet moves along the ice surface with strong splashing and pushes the bubble
to collapse in a distorted half-torus shape with comparatively less intensive shock
wave emission. The shock waves are unable to fracture the ice even at such a close
bubble–ice distance, as demonstrated and discussed in § 3.2. For γh = 0.8, there are
two less-effective ice breaking regions according to the regime diagram and the
variation trend of the peak pressure plotted against γb in figure 33. The first is when
γb is around 1.0. A representative series of high-speed images of the bubble is shown
in figure 34(a). At this distance, shock waves emit from multiple locations along the
bubbles, as captured in frames 3 and 4. The emission being scattered may be the
reason for the peak pressure of the shock waves being lower compared to that in the
case with γb being 1.25, where the shock waves mainly emit from the upper distal
sides (see figure 11) of the bubbles. The second is when γb is larger than 1.5. In this
range the bubble shape gradually transforms to that of a single bubble at γ = 0.8 that
is unable to fracture the ice due to issues associated with the jet and the protrusion,
as discussed in § 3.1.

For further distances of γh = 1.1–1.7, the ice breaking effect is stronger with γb
around 0.5 due to bubble coalesce, as discussed in § 3.2. But interestingly, when the
two bubbles are initiated at an even closer distance (γb = 0.25), the peak pressure
and ice breaking possibility both reduce. High-speed images of bubble morphology
of a typical example in this region is shown in figure 35 using both shadowgraph (a)
and ambient illumination (b). After the two bubbles coalesced in frames 1 and 2 in
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FIGURE 34. (a) High-speed images of a bubble collapsing at γb = 1.0 and γh = 0.8
and (b) shock wave pressure for the same experiment scenario. Shock waves are emitted
from different places along the toroidal bubble and the pressure peaks are relatively low
compared to other cases, for example, that with γb = 1.25 and γh = 0.8. (c) Shock wave
pressure for γb = 0.25 and γh = 1.4, where the bubbles coalesced at close proximity.
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FIGURE 35. (a) Shadowgraph images of two bubbles coalescing and collapsing at γb =

0.25 and γh = 1.4. (b) The late contraction stage of the bubbles for the same scenario
with ambient illumination.

figure 35(a), the liquid at the two lower distal sides of the bubbles moves in opposite
directions along with the contracting bubble boundary and collides in frame 5. The
collision leads to liquid splashing inside the merged bubble which is shown in frame
3 onwards in figure 35(b). The splashing liquid soon floods the interior of the bubble
and impacts with the contracting bubble surface, see frames 4–6 of figure 35(b). The
splashing could be a strong interference against the subsequent collapse of the merged
bubble. Therefore, it may have an adverse effect on the compression of the bubble’s
gas contents and subsequent shock wave emission, and, thus, resulted in the reduced
peak pressure and ice breaking capability at γb= 0.25. Such liquid splashing becomes
less intense when the bubble–ice distance increases.

Apart from γb = 0.25, the pressure peak variation with γb is quite similar for
γh = 1.1–2.0, reaching a maximum around γb = 0.5 then a minimum around γb = 1.0
and increasing again with larger γb. As discussed in §§ 3.1 and 3.2 and also indicated

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

40
0 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.400


897 A25-34 P. Cui, A-M. Zhang, S.-P. Wang and Y.-L. Liu

2.0

Bu
bb

le
–i

ce
 d

ist
an

ce
 ©

√

1.4

0.8

0.2

0 0.5 1.0 1.5

Inter-bubble distance ©b

2.0

Ice breaking
possibility

80 %–100 %
50 %–80 %
20 %–50 %
0 %–20 %

FIGURE 36. Regime diagram of the inter-bubble distance γb and the bubble–ice distance
γv , showing the ice breaking results for a vertically placed bubble pair. The markers with
a magenta rimming denote the case where the upper bubble splits.
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FIGURE 37. Variation of the peak of the shock wave pressure with inter-bubble distance
γb under different bubble–ice distances γv for a vertically placed bubble pair.

in § 3.4, the jetting behaviour is strong in the range around γb = 1.0 and large
protrusions are formed, both of which can have an adverse effect on shock wave
strength. Nevertheless, for γh= 1.1, the shock pressure overall has a higher magnitude
as the distance to the transducer is smaller. The ice breaking result in figure 32
is generally in correspondence with the pressure peak variation. In addition, for
γh = 1.7–2.0, the pressure peak is relatively low for γb over 1.5 or 1.75 when
compared to γh < 1.7, but the ice still cracked. The ice breaking here may be
attributed to an overlapping of the shock waves from the two bubbles (or their
reflections from the ice–air interface) somewhere in the ice plate near the centre of
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the configuration, which cannot be captured by the transducer that is located above
one of the two bubbles.

Next, the ice breaking region for the vertically placed bubble pair is shown in
figure 36. The results are also depicted by different markers denoting a different
possibility of ice fracturing based on the experimental results. The ice breaking trend
is closely related to γb and γv, and similar to the horizontal configuration, γb being
around 1.0 should be avoided for more efficient ice breaking. This is due to the
relatively strong jetting behaviour at this inter-bubble distance that brings an adverse
effect on shock strength, as discussed earlier. Apart from this, the ice breaking trend
here has obvious differences from that of the horizontal bubble pair. It is easiest to
fracture the ice plate when placing the upper bubble at a close distance, γv = 0.5, or
at a medium distance, γv = 1.1, to the ice plate, among all the bubble–ice distances
investigated. At γv = 0.5, the jet of the upper bubble may directly impact the ice
plate and has a chance to cause fracturing at the impingement site. In addition, the
shock emission is in close proximity to the ice surface, thus, the ice is highly likely
to fracture at γv = 0.5 regardless of γb. When γv is increased to 0.8, the ice breaking
trend is different. For γb < 1.0, the bubbles coalesce and end in a stronger collapse
with a higher ice breaking possibility. For γb > 1.0, the upper bubble jet produces
a protrusion between the bubble and the ice. The strong jetting may reduce the
portion of bubble energy that is distributed to shock waves and the protrusion growth
may reduce the gas compression level of the toroidal bubble, thus, the bubble emits
weaker shock waves, as discussed in § 3.3. As γb further increases, the upper bubble
behaviour becomes similar to that of a single bubble at γ = 0.8, which is also unable
to crack the ice plate due to similar reasons, while the shock waves of the lower
bubble are emitted too far to induce ice breaking. Note that in figure 37 the peak
pressure for γb from 1.0 to 1.75 when γh=0.8 is mostly induced by the water hammer
pressure when the jet impinges on the transducer and is therefore higher than the
pressure peak of the shock waves that are emitted later by the toroidally collapsing
bubble, especially at γb around 1.2–1.5 where the water hammer impingement alone
may cause ice damage close to the impact site, but without further fracturing the ice
plate since the subsequent shock waves are relatively weak, as illustrated in § 3.3.
Such a scenario was not considered a successful ice breaking.

When γv is increased to 1.1, the peak value of the shock wave pressure at different
γb is in general higher than other γv and associated with higher ice breaking capability.
The only weak spot is at γb = 1.0, where the pressure peak is largely reduced. The
bubble behaviour in this case is demonstrated in figure 38(a), which shows that the
lower half of the upper bubble splits away from the upper part (frame 2 onwards)
and collides with the lower bubble. The remaining part collapses towards the ice plate
(frames 4 and 5), but neither the water hammer pressure wave or the collapse shock
waves of this part are strong enough to cause breaking of the ice plate given that
the contents of the upper bubble (and, hence, the energy) has been largely reduced
after the split. On the other hand, the lower bubble develops an upward jet and turns
toroidal, with a jet-induced protrusion at its top (frame 1). As discussed before, the
protrusion reduces the collapse intensity of the toroidal part and as a result, shock
wave emissions from the toroidal bubble are too weak to be visualized. The jet along
with the protrusion collides with the lower half of the upper bubble, leading to several
shock wave emissions in frames 5–7, which are also not strong enough to cause ice
breaking.

For γv > 1.4, the ice breaking trend becomes similar to that for the horizontally
placed bubble pair because the bubble–ice interaction plays a less important role in
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FIGURE 38. (a) High-speed images of bubble collapsing at γb = 1.0 and γv = 1.1,
(b) pressure of shock waves induced by a vertical bubble pair of the same scenario.

affecting bubble behaviour. The variation trend of the pressure peaks with γb for
γv = 1.4–2.0 are similar, reaching a minimum while γb is around 1.0. In this region,
the strong counter-jetting of the two bubbles may have affected the collapse strength
in several ways, including taking up more bubble energy, and causing protrusions
that reduce the compression level of the toroidal bubble, etc., as discussed in §§ 3.3
and 3.4. When γb exceeds 1.25 for γv = 1.4–2.0, the pressure peak and ice breaking
effect ought to become more similar to that of a single bubble with γ = γv, because
on the one hand, the behaviour of the upper bubble becomes closer to that of the
single bubble due to the relatively weak bubble interaction, on the other hand, the
lower bubble is too far away to cause ice breaking. However, exceptions are observed.
For example, in the case when γb = 1.5, γv = 1.4, which has been discussed in § 3.3,
the upper bubble can reach a very small volume before jetting due to the balanced
effect from the ice plate and the lower bubble, and, therefore, reaches a higher level
of compression inside the bubble and emits stronger shock waves with a peak value
higher than that of a single bubble at γ = 1.4.

As mentioned earlier, the collapse direction of the upper bubble is determined
by the effects from both the ice plate and the lower bubble. When the effects are
unbalanced, the bubble collapses and jets towards either the ice plate or the lower
bubble, otherwise, the bubble would split. The splitting cases are marked out in the
regime diagram with magenta boxes in figure 36, which assemble into a ‘splitting
zone’. In this zone, if γv 6 1.1, the upper bubble splits into two parts that collapse
towards opposite directions. The lower part may jet towards or merge with the
lower bubble depending on γb. If γv > 1.4, the upper bubble manages to shrink to
a relatively small volume before splitting or jetting. This means high compression
of the bubble contents and may lead to stronger shock waves as reflected by the
pressure data in § 3.3.

In this section the ice breaking results are summarized over the γb–γh (γv) space.
The ice breaking capability variation is complex with different inter-bubble and
bubble–ice distances. It is related to the shock wave pressure peak induced by the
bubble pair, which is closely linked to the bubble morphology, jet characteristics and
shock wave emission pattern. The quantitative data suggests that the threshold of the
incident pressure peak for the 28 mm-thick ice plate used in the current experiment
to break is around 7.5–10 MPa. All cases considered, the most effective ice breaking
scenarios for a horizontally placed bubble pair are found when γh = 1.1, and the
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most effective scenarios for the vertically placed pair are found when γv = 0.5.
Besides, medium inter-bubble distances around γb= 1.0 should be avoided to enhance
shock wave strength and ice breaking capability for both horizontal and vertical
configurations.

4. Conclusions

The damaging effect of bubbles can be utilized for a novel way of ice breaking.
In this work, the ice breaking induced by collapsing bubbles is further studied by
producing two bubbles simultaneously below an ice plate with either horizontal or
vertical alignment. In the experiments, the ice-bubble distance γh or γv and the inter-
bubble distance γb are varied to observe different patterns of bubble behaviour, shock
wave emissions and the consequent ice fracturing. It has been indicated that both the
interaction between the bubbles and between the bubbles and the ice plate have a
significant influence on ice breaking results.

In general, the ice breaking capability of the two bubbles changes non-monotonously
with the inter-bubble distance and the bubble–ice distance, and is associated with the
strength of the shock wave emitted upon bubble collapse and the water hammer
pressure induced by jet impingement. Through an investigation over different regimes
(γb ranging from 0.25 to 2.0 and γh or γv ranging from 0.5 to 2.0), ice breaking
is found alleviated in some regions while enhanced in others. Suppression in ice
breaking capability usually occurs when shock wave strength is lessened, which
is associated with several most likely reasons. The first is the strong jetting. In
regions where strong bubble jets are induced, a larger portion of the bubble energy
is distributed to the motion of the jets, which coincides with reduction in the energy
of the shock waves. A second reason is bubble contents being partially transported
into protrusions on the bubble wall produced by jet impingement. In such cases,
the level of compression of the bubble’s contents at the final collapse could be
reduced, yielding weaker shock waves. A third reason is the shock waves emitting
from multiple locations along the (usually toroidal) bubbles due to special bubble
morphology, rather than emitting mainly from a single location or a limited volume
on the bubble. Consequently, the shock waves would be scattered with lower peak
pressure. In addition, the shock wave emission site may also be more distant from
the ice plate due to bubble deformation or migration, which further reduces the
ice breaking capability. On the other hand, in regions where enhanced ice breaking
capability is observed, the shock wave or water hammer pressures are likely to be
higher, as can be attributed to several reasons. One is the coalescence of the bubble
pair in such regions. The coalesced bubble should have larger energy and is found
to induce shock waves of higher pressure peaks than a single bubble. Secondly,
with appropriate distance from both the ice plate and the lower bubble, the upper
bubble in a vertical bubble pair may contract to a very small volume with delayed
jet formation, whereby a higher compression level of its gas contents can be reached.
In such cases, the shock waves from the upper bubble are intensified. In addition, the
interaction of the vertical bubble pair may cause the upper bubble to produce more
destructive jets that result in a stronger water hammer pressure and direct damage at
the jet-impingement site on the ice surface. Apart from the above, the shock waves
that emit from the two bubbles could overlap during propagation, which may also
increase the damage potential. The above observations indicate that the pattern of
shock waves induced by bubble collapse can be manipulated using bubble–boundary
and bubble–bubble interactions combined. This suggests new ways to suppress or
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enhance jet and shock wave damage of cavitation bubbles according to specific
demands, not only in ice breaking but also in many other applications involving
bubble damage.
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