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Abstract

The radiative reaction effect of an electron is usually very small and can be neglected in most cases. But for an ultra
intensity laser-electron interaction region, the radiation can become large. The influence of the radiative reaction effect
of an electron interacting with an ultra intense laser pulses in vacuum on electron dynamics is investigated within the
classical relativistic Lorentz-Dirac approach. A predictor-corrector method is proposed to numerically solve the
equation of motion with the electron radiative reaction included. We study the counter-propagating case (for Thomson
scattering scheme) and the same direction propagating cases (for laser acceleration). Our simulation results show that
radiation can have great effect in the counter-propagating case. But in the vacuum laser electron acceleration regime,
both the ponderomotive acceleration scenario case and the capture and acceleration scenario, radiative reaction effect
can totally be ignored for laser intensity available presently or in the near-future.
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INTRODUCTION

Due to the development of the ultra intense lasers with chirped
pulse amplification (CPA) technique, currently laser intensity
close to 1022 W/cm2 has been achieved (Mourou et al., 2006).
Many new research fields have appeared in both applied and
fundamental physics, such as laser acceleration of particles
(Chen et al., 2008; Dombi et al., 2009; Gupta & Suk, 2007;
Karmakar & Pukhov, 2007; Kulagin et al., 2008; Limpouch
et al., 2008; Lin et al., 2007; Liu et al., 2009; Nickles et al.,
2007; Sadighi-Bonabi et al., 2009; Shi, 2007; Singh &
Malik, 2008; Torrisi et al., 2007; Xie et al., 2009; Zhou
et al., 2007), high-order harmonic generations (Dromey
et al., 2009; Ozaki et al., 2007, 2008), X-ray lasers (Hu
et al., 2008; Kolacek et al., 2008; Priebe et al., 2008; Yu
et al., 2009), ICF fast ignition (Deutsch et al., 2008; Eliezer
et al., 2007; Hora, 2007; Zvorykin et al., 2007), nonlinear
Compton scattering (Chouffani et al., 2006; Priebe et al.,
2008), etc. Among these, the interaction between the particle
and the lasers, including the laser acceleration of particle,

especially electrons, and the laser-electron scattering, have
received wide attentions because the electric field can be as
high as 107 MV/m for such lasers with 1 mm wavelength,
much larger than that of conventional accelerators, which
are about 20 MV/m. Many acceleration schemes have been
proposed (Badziak et al., 2005; Glinec et al., 2005;
Hegelich et al., 2006; Hora et al., 2000; Kawata et al.,
2005; Lifschitz et al., 2006; Malka et al., 1997; Mangles
et al., 2006; Roth et al., 2005; Shorokhov & Pukhov,
2004; Toncian et al., 2006; Yin et al., 2006), such as laser-
induced beat-wave or wakefield electron accelerations in
plasmas and inverse Cherenkov accelerations, etc. Our prin-
cipal research interest is in the far-field acceleration, i.e., free
electrons interacting with electromagnetic wave propagating
in free space. Among the many vacuum acceleration
schemes, the ponderomotive acceleration scenario (PAS)
(Stupakov & Zolotorev, 2001; Lin et al., 2007) normally
refers to an interaction process where an intense laser pulse
catches non-relativistic free electrons in the focal region,
then interacts with and accelerates them. On the other
hand, the capture acceleration scenario (CAS) (Xu et al.,
2005; Wang et al., 2002) deals with vacuum laser accelera-
tion of relativistic electrons making use of the low wave
phase velocity region of a laser beam.
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Radiation is emitted when the electron is accelerating or
decelerating by the external field. The radiative reaction
effects are usually very weak and can often be neglected.
However, when the electrons interact with ultra intense
laser pulse, the emitted radiation could be relatively
intense. In laser acceleration, radiative reaction may limit
the energy, which the electrons can gain from the laser
field. Then the questions arise such as how the presence of
this radiative reaction affects the motion of the electrons in
the ultra intense laser field, and whether the accelerated elec-
trons will lose most of their energy through the radiation
in laser acceleration. For the laser-electron scattering in
vacuum, the radiation effect may influence the electron
dynamic very much.

To understand fully the electron dynamics in ultra intense
field, in this paper, we will put our emphasis on the influence
of the electron radiative reaction to the electron dynamic
characteristics in an ultra intense laser pulse, especially to
the laser electron acceleration. We will first address the simu-
lation model to obtain the electron dynamics with radiative
reaction included. Then, we will discuss three schemes: high-
energy electron counter-propagating with the laser pulse
(Thomson scattering scheme), low-energy hot electron inter-
acting with the laser pulse (PAS scheme), high-energy elec-
tron injecting into the laser pulse with a little incident angle
(CAS scheme). All the calculation results with and without
the radiation effect are presented and analyzed. Finally,
there is a summary of this paper.

SIMULATION MODEL

For the motion of charged particles in external force fields,
radiations are emitted whenever the charges are accelerated.
The emitted radiation causes the charged particles to lose
energy, momentum, and angular momentum, and will influ-
ence the subsequent motion of the charged particles. Since
the motion of the sources of radiation is influenced by the
emission of radiation, a correct treatment should include
the radiative reaction, or radiative damping on the motion
of sources. A number of derivations of the radiative
damping force have been given in the past. The non-
relativistic equation of motion for a point charge including
radiative reaction was given by Lorentz. Its relativistic gener-
alization was first derived by Abraham, and later the covari-
ant form was derived by Dirac (1938):

mc
dui

ds
¼

e

c
Fikuk þ gi, (1)

gi ¼
2e2

3c

d2ui

ds2
� uiuk d2uk

ds2

� �
, (2)

where Fik is the electromagnetic field tensor, ui is the four
velocity, and gi is the radiative reaction term.

This Lorentz-Dirac equation can well describe the
damping of a relativistic point charge interacting with an

external electromagnetic field. However, a certain number
of problems, conceptual and practical, are known to be
associated with the Lorentz-Dirac equation. These difficulties
may be traced to the fact that there are second order deriva-
tives in the velocity, which implies an extra condition is
necessary, in order to solve the equation, besides the usual
initial conditions on position and velocity of classical mech-
anics. Even without an external field, there exist solutions of
exponentially increasing velocity (run-away solutions).
Another problem is the solution violates causality in
Compton time scale t0 (Jackson, 1975). These problems
are related to some underlying inconsistencies of the classical
electrodynamics (Landau & Lifschitz, 1994). To avoid the
run-away solutions, as suggested by Rohrlich (1995), asymp-
totic constraint is used that the acceleration should vanish at
infinity. Here, we use another expression of the radiative
reaction in terms of fields. We assume the radiative reaction
term gi is a small perturbation, and then gi can be expressed
in the terms of the field tensor of the external field acting on
the particle (Landau & Lifschitz, 1994):
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In addition, the spatial part of the equation can be expressed
as

dp
dt
¼ e Eþ b� Bð Þ þ g, (4)
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(5)

where b ¼ v/c, and p is the momentum of the particle. This
so-called Landau-Lifschitz equation has been proposed as
the exact equation of motion for a point charge (Rohrlich,
2001). It avoids the run-away problem. The first term in
this equation includes derivatives of fields. In order to simu-
late numerically the laser electron acceleration including
radiative reaction, a predictor-corrector numerical method
(Hildebrand, 1974) is used to find the self-consistent sol-
ution. Concretely, in each simulation step, first with the
absence of the radiation reaction, we integrate the equation
of motion by using the fourth-order Runge-Kutta method
together with Richardson’s first-order extrapolation pro-
cedure, and obtain the new status of the electron. Then, we
can calculate the derivatives of the fields, and include
the radiation reaction in the above step to get result that
is more precise. Now, the difficulty related to the
Lorentz-Dirac equation mentioned above does not appear,
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and the numerical method we used is able to obtain a conver-
gent solution.

The lowest order Hermite-Gaussian (0,0) mode is used for
describing the electromagnetic field of the laser. When we
consider a laser pulse with x polarized and propagating
along the z-axis, the expression for the transverse electric
component can be written as:

Ex ¼ E0
w0

w(z)
exp �

x2 þ y2

w2(z)

� �
exp

�
i kz� vt � w(z)ð :

�w0 þ
k(x2 þ y2)

2R(z)

��
f (h),

(6)

where E0 is the reference electric-field strength, w0 is the
beam width at the focus center, k is the laser wave number,
w0 is the initial phase, and

w(z) ¼ w0 1þ
2z

kw2
0

� �2
" #1=2

, (7)

R(z) ¼ z 1þ
kw2

0

2z

� �2
" #

, (8)

w(z) ¼ tan�1 2z

kw2
0

� �
, (9)

f (h) ¼ exp �
h2

c2t2

� �
: (10)

A Gaussian profile is adopted for the laser pulse. Here t is
the pulse duration and h ¼ z2ct. The other electric and
magnetic components can be obtained by using

Ez ¼ (i=k)(@Ex=@x), (11)

B ¼ �(i=v)r � E: (12)

We can now investigate the interaction of the free electron and
the Gaussian beam in vacuum by solving the equation of
motion with the radiative reaction included. For simplicity,
throughout this paper, length and time are normalized by 1/k
and 1/v, energy and momentum by mec

2 and mec, respectively.

RESULTING AND DISCUSSION

First, we investigate the case that the laser pulse counter-
propagates with a high-energy electron. This so-called
counter-streaming configuration is for the study of nonlinear
Thomson scattering, which can be used to produce short-
pulse X-ray (Lee & Cha, 2003). The intensity of the laser
pulse is a0 ¼ 100, here a0 ¼ eE0/mev0c is a dimensionless
parameter measuring of the field intensity, where, e and me

are the electron’s charge and rest mass, respectively, v0 is
the laser circular frequency, and c is the speed of light in
vacuum, and the laser width w0 ¼ 60, pulse duration t0 ¼

60, and wavelength of l0 ¼ 1 mm. The laser pulse is

propagating from the left to the right, while the electron is
propagating from the right to the left with the initial energy
of g ¼ 200. The laser pulse and the electron meet at the
zero point of the propagating axis. Figure 1a shows the elec-
tron’s trajectory and energy without and with damping. We
can see that the oscillation of the electron with radiative reac-
tion is larger than without radiative reaction due to losing
energy by radiation. Figure 1b is the electron’s energy g

versus x. It shows that the electron can lose about 65%
energy with radiative reaction effect include. The radiative
reaction force is related to the energy of the electron and
the derivatives of the field. In this counter-propagating
case, the initial energy of the electron is very high, and the
field that the electron experienced is changing rapidly, there-
fore the radiation is very strong. Hereby, in the case of intense
laser counter-propagating with high-energy electron, the
radiation does have great effect on the electron dynamics.
The radiative reaction cannot be neglected in such a case.

Then, let us study the case of laser hot electron interaction.
An intense laser pulse can catch non-relativistic free electrons
in the focal region, then interacts with and accelerates them.
This so-called ponderomotive acceleration senario (PAS) has
been experimentally demonstrated by Malka et al. (1997).
They found that electrons with KeV incident energy can
get MeV final energy from a laser with a0 ¼ 3. The basic
physics underlying the PAS is the asymmetry between
the acceleration and deceleration stages experienced by the
accelerated electrons. When a laser pulse catches an electron
in the focal region, the intensity experienced by the electron
in the acceleration stage is greater than that in the deceleration
stage owing to the diffraction effect of the focused laser
beam. As a result, the electron can finally gain net energy
in the interaction process.

Fig. 1. (Color online) The electron’s trajectory (a) and energy (b) when
counter-propagating to the laser pulse. The laser is propagating from left
to right with a0 ¼ 100, w0 ¼ 60, t0 ¼ 60. The electron is moving from
right to left with initial energy g ¼ 200. Dash line is the result with radiation
effect included, while solid line is the result without radiation effect.
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Here, we use a typical setting of PAS, with the laser inten-
sity a0 ¼ 3, the beam width w0 ¼ 60, and the pulse duration
t0 ¼ 60. The initial velocity of the electron is 0.1c. When the
electron radiation effect is included, we found that the influ-
ence by considering this effect is extremely small. Figure 2
shows a comparison between the two models of with and
without the radiation effect. One can see that, either to the
electron trajectory in space (Fig. 2a, 2b) or the variation of
the electron energy g with time (Fig. 2c, 2d), the discrepancy
is extremely small that the curves of the two models are
entirely overlapped in the figure. From the calculation
results, we get the same conclusion too. The deviation of
electron final energy gf between two models is about 1026.
It can be supported by the following viewpoint. We can
see that the radiative reaction force is related to the velocity
of the electron. In this case, the velocity of the electron is
relatively too small, so that the radiative reaction force is
too small to take effect. On the other hand, the electron is
quickly scattered by the intense laser field, and the interaction
time is so short that the effect of radiative reaction is very
limited. Thus, the electron radiation reaction makes very little
influence on the electron dynamic characteristics in PAS.

Now we turn to the CAS scheme. In our previous works by
studying of electron dynamics in intense vacuum laser fields
with three-dimensional numerical simulation program, we
proposed a vacuum laser acceleration scheme, i.e., the
CAS. In this scheme, electrons injected with some energy

and small crossing angle relative to the laser propagation
direction may not be reflected from the beam as predicted
by the conventional ponderomotive potential model.
Instead, they can enter the strong-field region and keep
moving along for a long time as if captured by the laser
field. Through this CAS scheme, the electron can gain sub-
stantial net energy, over GeV, from the laser field with the
intensity large enough, for example, a0 , 70. We found
that in a focused laser beam propagating in vacuum, there
are regions characterized by low wave phase velocity, i.e.,
the phase velocity of the laser is smaller than c, the speed
of light in vacuum. In conjunction with the strong longitudi-
nal electric field component of the laser field, this region
forms a natural acceleration channel. The relativistic elec-
trons injected into this channel can be trapped in the accelera-
tion phase and remain in this acceleration phase with the laser
field for sufficient long time, thereby gaining considerable
energy from the field.

In Figure 3, we present the comparison between two
models of neglecting and including the radiation effect for
a typical case of CAS phenomenon. The laser intensity is
a0 ¼ 100, the width is w0 ¼ 60, and the pulse duration is
t0 ¼ 60, while the electron’s incident momentum pzi ¼ 20
and incident angle u ¼ arctan(0.1). We can find that the dis-
crepancy between the curves, which are calculated by the two
models, are too small to distinguish from the electron trajec-
tory (Fig. 3a) and the electron energies (Fig. 3b). The

Fig. 2. (Color online) A typical PAS case with (dash line) and without (solid line) radiation reaction. The laser parameters are a0 ¼ 3,
w0 ¼ 60, t0 ¼ 60. The initial velocity of the electron is 0.1c. (a) Electron trajectories in x-z coordinate plane. (c) Electron energy g vs.
time t (b), and (d) are enlargements of (a) and (c).
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deviation of the electron final energy gf is less than 0.01%. It
fully illuminates that the electron radiation reaction made
very little influence on the CAS electron too. In Figure 4,
we keep other parameters and only change a0. We find that
the deviation is always very small even when a0 is more
than 400. We can conclude that our previous results on the
CAS phenomenon are still valid when the electron radiation
reaction is included.

Why does the radiation effect make so little influence
on the CAS scheme, even if the laser intensity is very
high? It can be explained from two points of views. First,
relative to the electromagnetic force of the laser field,
the radiative reaction force is very small. The radiative
reaction force is less than the electromagnetic force of the
laser field for more than five orders of magnitudes. Thus,
the effects of damping force on the electron dynamic trajec-
tories are very small. On the other hand, after entering the
acceleration region and in most of the electron acceleration
regions, the CAS electrons move nearly straightway. As is

already known, the power of the electron radiation is
(Jackson, 1975):

P ¼ �
2e2

3m2
ec3

dpm

dt

dpm

dt

� �

¼
2e2

3m2
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dp

dt
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Thus, the rate of the power of the electron energy loss
through the electron radiation effect and the energy increas-
ing is

P

dE=dt
¼

2e2

3m2
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dE=dx

v

)
2e2=mec2

3mec2

dE

dx
(in relativist)

�10�15(cm=MeV)�
dE

dx

: (14)

In the CAS scheme, the rate of CAS electron’s energy
increasing dE/dx is far less than 1015 MeV/cm so that the
electron energy loss through the radiation effect in the CAS
phenomenon is extremely small. From the discussion
above, we can draw a conclusion that the electron radiation
reaction makes little influence on the CAS electrons. This
result supports strongly our previous work on the interaction
between the electron and the intense laser, especially the
CAS scheme.

At last, we analyze the components of the radiative
reaction force. From Eq. (5), we can find that the radiative

Fig. 3. (Color online) A typical CAS case with laser a0 ¼ 100, w0 ¼ 60,
t0 ¼ 60, and incident electron pzi ¼ 20, u ¼ tan21(0.1). The results with
(dash line) and without (solid line) radiative reaction are represented.
(a) Electron trajectories in x-z coordinate plane. The dash-dot line represent
the beam width w(z). (b) Electron energy g vs. time t. The inset in (b) is
enlargement of (b).

Fig. 4. (Color online) The difference between the electron’s final energy
with and without radiative reaction vs. a0. Other parameters used are the
same as in Figure 3. Even when a0 is very big, the energy deviation is
still less than 0.01%.
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reaction is the sum of three components:

g0,1 ¼
2e3

3mc2
g

@

c@t
þ b � r
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Eþ b� Bð Þ, (15)
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3m2c4
b � Eð ÞEþ Eþ b� Bð Þ � B½ �, (16)
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2e4

3m2c4
g2b Eþ b� Bð Þ

2
� b � Eð Þ

2� 	
: (17)

The first term includes derivatives of fields, while the second
and the third are only related to the current motion status of
the electron. We use the same parameters as in Figure 3 to see
how the three components of the radiative reaction force at z
direction change in the whole laser-electron interaction pro-
gress. At the beginning, the first term is dominating, as
shown in Figure 5a. However, at that time all three com-
ponents are very small, at least 10 orders smaller than the
Lorentz force, because the electron’s energy is relatively
low and the field is not very strong. When the electron
enters the strong field region and is captured and accelerated,
the third component becomes large (Fig. 5b), and finally
dominating (Fig. 5c). The second term is always very
small. This can be explained that the third term is related
to g2 and it increases rapidly while the electron is strongly
accelerated by the laser pulse. While the electron’s is
staying in acceleration phase, the external field that the elec-
tron is experiencing is relatively not changing so rapidly, so
the first term will not be very strong in this CAS progress

even if the electron’s energy is very high. Since the third
term is the most important in the acceleration progress, we
can use Eq. (17) to calculate the radiative reaction force
even for high energy region. This can avoid the calculation
of derivatives of the field, and make the numerical simulation
much easier.

CONCLUSIONS

In summary, we have investigated the electron radiation
effect on electron dynamic characteristic in an ultra intense
laser field. Energy loss of the electron can be great when
high-energy electron counter-propagates with a strong laser
pulse. However, we found that the electron radiative reaction
make extremely little influence on laser electron acceleration
in vacuum, both PAS and CAS. The main features of the
CAS scheme, the electron keeping running in the laser
beam and violent accelerated by the laser field, have still
kept. This work supports our previous work on the laser elec-
tron acceleration in vacuum.
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Fig. 5. (Color online) Analysis of the three components of the radiative reaction force at z direction. Parameters used are the same as in
Figure 3. Dash line, dash-dot line and solid line represent the first, the second and the third component respectively. (a, b, c) refer to differ-
ent stages of the whole progress of laser electron interaction.
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