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Abstract

Let g, denote the Weierstrass function with a period lattice A. We consider escaping
parameters in the family g, , i.e. the parameters 8 for which the orbits of all critical values
of B¢ approach infinity under iteration. Unlike the exponential family, the functions con-
sidered here are ergodic and admit a non-atomic, o -finite, ergodic, conservative and invariant
measure p absolutely continuous with respect to the Lebesgue measure. Under additional
assumptions on g, , we estimate the Hausdorff dimension of the set of escaping parameters
in the family B, from below, and compare it with the Hausdorff dimension of the escap-
ing set in the dynamical space, proving a similarity between the parameter plane and the
dynamical space.

1. Introduction

In a series of papers, J. Hawkins and L. Koss [5, 6, 7] described the dynamics of Wei-
erstrass functions. The ergodic theory of non-recurrent elliptic functions was developed by
J. Kotus and M. Urbariski in [12, 13, 14]. Recently, in [8], examples have been given of all
possible types of behaviour of non-recurrent elliptic functions (in that paper, referred to as
critically tame functions). This class includes maps with critical values approaching infinity.
The aim of this paper is to show that the escaping parameters form a rather ‘big’ set.

Let f: C — C be a transcendental meromorphic function where C = C U {oo} denotes
the Riemann sphere. For n € N, denote by f” the nth iterate of f. The Fatou set F(f) of
f is the set of points z € C such that all iterates f"(z) are well-defined and { f"},cn forms
a normal family in some neighbourhood of z. The complement J(f) of F(f) in C is called
the Julia set of f.P. Dominguez in [4] proved that for transcendental meromorphic functions
with poles the escaping set

I(f)= {ze(C: nli)rglof”(z)zoo}

is non-empty and J(f) = 01(f). Later, P. Rippon and G. Stallard [17] showed that if
additionally f is in the Eremenko—Lyubich class B, then 1 (f) C J(f), which follows that
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Int/ (f) = . Recently, several authors [1, 2, 3, 18, 19] have studied properties of the
escaping set for entire and meromorphic functions. The Hausdorff dimension dimg (1 (f))
of the escaping set for some class of meromorphic functions was estimated from below by
J. Kotus in [10]. Applying her result to elliptic functions of the form gg = Bga, B € C\ {0},
where g, is the Weierstrass elliptic function, we have dimy (1 (gg)) > 4/3. This estimate
together with the fact proved by Bergweiler, Kotus and Urbaiiski in [2, 12] that the upper
bound on dimp (1 (gg)) is the same as the lower bound gives

. 4
dimy (1 (89)) = 3.

In this paper, we additionally assume that the lattice of g, is triangular and the critical values
of g, are poles. As a counterpart of the escaping set /(gg) we consider the set of escaping
parameters in the family gg, i.e.

Ez{ﬁe(C\{O}: lim gj(c;) = oo, i:1,2,3},

where ¢; is a critical point of g, . For these maps the Julia set is the Riemann sphere C. In
this paper, we construct a collection of Cantor subsets of £ with a prescribed growth rate and
estimate their Hausdorff dimension from below. The main result is the following theorem.

THEOREM. For any one-parameter family of functions gg(z) = Bga(z), where B €
C\ {0}, A = [Ay, e¥3\] is a triangular lattice such that all critical values of g are
poles, the Hausdorff dimension of the set of escaping parameters £ is greater or equal to
4/3.

The paper is organised as follows. In Section 2, we give background definitions and results
for studying elliptic functions, in particular the Weierstrass g, -function. We also summarise
metric properties of maps in £. In Sections 3 and 4, we show how one can find escaping
parameters. In the final section, we estimate dimy (£) from below.

2. General preliminaries

We begin with the definition and basic properties of elliptic functions. For A1, A, € C\ {0}
such that Im(1;/X,) =+ 0, a lattice A C C is defined as

A= [)\1,)\.2] = {l)\] + mh,, l,m € Z}

Definition 2-1. An elliptic function is a meromorphic function f: C — C which is peri-
odic with respect to a lattice A, i.e. f(z) = f(z + 1A +mh,) forallz € Cand !, m € Z.

We denote by b, ,, = I\ +mk,, I, m € Z, lattice points of A and by
R={tl+hi; 0< 1, <1}

the fundamental parallelogram of A. For a non-constant elliptic function and a given w € C
the number of solutions to the equation f(z) = w in R equals the sum of multiplicities of
poles in the fundamental parallelogram. Since the derivative of an elliptic function is also an
elliptic function which is periodic with respect to the same lattice, then each elliptic function
has infinitely many critical points but only finitely many critical values. Due to periodicity,
elliptic functions do not have asymptotic values. Thus, they belong to the class S.
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A special case of an elliptic function is the Weierstrass elliptic function defined by

1
P =5+ Y ( - o)
weAn[0 (z—w) w
for all z € C and every lattice A. It is well known that g, is periodic with respect to A and

has order 2. The derivative of the Weierstrass function is also an elliptic function which is
periodic with respect to A and is defined by

Pu) = Z

weA

The Weierstrass elliptic function and its derivative are related by the differential equation

(9,2)° =4 (92(2)’ — 8294 (2) — g, 1)

where g, = g.,(A) = 60 ZWGA\{O}(l/w“), g = g(A) = 140 ZweA\{o} (1/w®). The
numbers g>(A), g3(A) are invariants of the lattice A in the following sense: if g;(A) =
gi(A), i = 2,3, then A = A’. Moreover, for any g,, g3 such that g3 — 27g3 + 0 there is
a lattice A with invariants g,, g;. For any lattice A the Weierstrass function g, satisfies the
property of homogeneity, i.e.

1
fan(@2) = 79 (2) (2-2)

for every & € C \ {0}. The Weierstrass function has poles of order 2 at lattice points and
its derivative has poles of order 3. In the fundamental parallelogram the map g, has three
critical points which we denote by

Al s A+ Ay

- € = —, C3 = .

2 2 2

We use the symbols e; = g (c;), i = 1, 2, 3 to denote the critical values of gp,. They are
related to each other with the equations

cp =

ei+e+e3=0, eje; +ere3 +eje, = —i—z, ejeey = %3 (2-3)

We consider only Weierstrass functions which are periodic with respect to triangular lattices,
i.e. lattices A = [A;, A2] such that A, = e?*/3),. In other words a lattice is triangular if
A = e¥/3A. For triangular lattices go = 0 and the critical values of g, are the cube
roots of g3/4. Moreover, (2-1) and (2-3) imply that the critical value e; is a non-zero real
number and e;, e, are given by the formulas e; = e**/3e;, e, = e**'/3¢;. The iterates of
the critical values turn out to have the same property, i.e. 4 (e;) = e*2 0’ (e3), ©h (e2) =
e (e3), n > 1. It is a consequence of invariance of the triangular lattice with respect
to the rotation z > ¢?*//3z and the homogeneity of g, given in (2-2) (see [6] for details).

We additionally assume that all critical values of the Weierstrass function g, are poles.
An example of a family of such lattices was given by Hawkins and Koss in [6].

Example 2-2. Let Q = [w;, w,] be a lattice with invariants g, = 0, g3 = 4. It is a trian-

gular lattice for which e = ¢*/3 ey = ¢*™/3 ¢3 = 1. Let y; = ,/e*/3w?/m, where m is
an odd negative number and y, = y w;/w,. Then, the lattice I' = [y, y»] is triangular and

all critical values of g, are poles.
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Now, we describe ergodic properties of the so-called critically tame elliptic functions
studied by Kotus and Urbarski in [14]. We start with some definitions and notations.

Definition 2-3. Let f: C — C be an elliptic function and z € C such that all iterates
f"(z), n € N are well-defined. A point w € C is called an w—Ilimit point of z for f, if there
is a sequence of natural numbers n; — oo such that

klim dist, (" (2), w) =0,

where dist, denotes the spherical metric in C. The w—Ilimit set of z is a set of all w—Ilimit
points of z and we denote it by w(z).

Definition 2-4. Suppose that:

(i) g: D — Cis an analytic map where D C C is a domain;
(ii) U(z, g~ ', r) is the connected component of g~!(B(g(z), r)) containing z for given
z€Candr > 0;
(iii) ¢ € Crit(g).

Then, there exist r = r(g,c) > 0 and K = K (g, ¢) > 1 such that

1
E'Z —cl? <1gix) — gl < K|z —cl?

and

1 , _
< — "' <1g @I < K|z — |

, r) and some natural p = p(g, ¢), and also such that
gWU(c, g7 " r)) = B(g(c), r).

The number p is called the order of g at the critical point ¢ and is denoted by p.. The number
p. — 1 is the multiplicity of the zero of g’ at c.

forallz € U(c, g™

Denote by P, (f), n > 1, the set of prepoles of order n of f,i.e.
P.(f)={zeC: f"(z) = o0}.
In particular, P; (f) is the set of poles of f.

Definition 2-5. Suppose that f: C — C is an elliptic function and b € P,(f). Let 1,
denote the multiplicity of the pole b. We define

q :=sup{ny: b € Pi(f)} =max{n,: b € Pi(f) NR}.

Denote by Crit(f) the set of critical points of f, i.e.
Crit(f) ={z € C: f'(z) = 0}.
Let Crit, (f) be the set of all prepole critical points, i.e.
Crity () = Crit(f) N Pu (/).
neN

Moreover, we define the set of all critical points of f whose trajectories approach infinity,
ie.
Crity, (f) = {c € Crit(f): lim f"(c) = oo}_
n—00
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Note that P,(f) = f~ 1 (P,_1(f)) forall n > 2 and P,(f) C J(f). For every c¢ € Crit,(f)
there is a unique n € N such that ¢ € P,(f). For all ¢ € Crit,(f) and every R > 0 there
exists a natural N such that for alln > N : | f"T'(c)| > R. This inequality is equivalent to
the fact that f"(c) lies close to a unique pole b,. That implies that for all ¢ € Crit,,(f) one
can define a sequence of poles b, close to the iterates of f.

Definition 2-6. Let f: C — C be an elliptic function. For ¢ € Crity(f) we define

ge := limsup 7y, .

n—oo

where the sequence {b,},>: was defined above. Moreover, let

lo = maX{Pc4c3 ce Crltoo(f)}v
where p, is as in Definition 2-4.

Definition 2-7. Let f: C — C be an elliptic function and ¢ € Crit( f). We say that f is
critically tame if the following conditions are satisfied:

(a) if ¢ € F(f), then there exists an attracting or parabolic cycle of period p, S =

{20, £(20)s--., fP""(20)} such that w(c) = S.
(b) if ¢ € J(f), then one of the following holds:

(i) w(c) is a compact subset of C such that ¢ ¢ w(c);
(i) ¢ € Crit,(f);
(ii1) ¢ € Critoo(f) and
2l

dimy (J(f)) > L

Denote by Tr(f) C J(f) the set of all transitive points of f, that is the set of points in
J (f) such that their forward trajectories are dense in J (f).

We quote two results from [14], which became an inspiration for studying the escaping
parameters £. Below, a conformal measure m is defined by means of the spherical metric.

PROPOSITION 2-8. Suppose that f is a critically tame elliptic function, denote h =
dimyg (J(f)). Then there exist:

(a) a unique atomless h-conformal measure m for f: J(f) \ {oc} — J(f) where m is
ergodic, conservative and m(Tr(f)) = 1;

(b) a non-atomic, o -finite, ergodic, conservative and invariant measure [ for f, equival-
ent to the measure m. Additionally, . is unique up to a multiplicative constant and is
supported on J(f).

The next proposition gives sufficient conditions for an elliptic function f to satisfy the
conditions given in Definition 2-7.

PROPOSITION 2-9. If every critical point ¢ of f is such that ¢ € Crit,(f) or ¢ €
Critoo (f), then J(f) = C and f is critically tame.

Proposition 2-8 and Proposition 2-9 imply that the elliptic functions considered in sub-
sequent sections are ergodic with respect to the Riemann measure m. This shows a contrast
with Lyubich’s result [15] which says that e® is not ergodic with respect to the Lebesgue
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measure. The escaping parameters in the exponential family f;(z) = Ae?, A € C\ {0},
were also studied by Urbariski and Zdunik in [20]. Under the assumption that absolute val-
ues of points in the forward trajectory of 0 grow exponentially fast (this includes the case
A > 1/e), they showed that w(z) = {f'(0) : n > 0} U {oo} for ae. z € J(f)) = C.
Later, Hemke [9] proved that these maps are non-recurrent. His results cover fast escaping
parameters in the tangent family f;(z) = Atan(z), A € C\ {0}, for which again he proved
that w(z) = {f'(£Ai) : n > 0} U {oo} for ae. z € J(fy) = C. In all cases the existence
of a non-atomic, o -finite, ergodic, conservative and invariant measure p for f, absolutely
continuous with respect to the Lebesgue measure, follows from [11] or Proposition 2-8.

At the end of this section we recall the definition of distortion. Let U be an open subset
of C, f: U — C be a conformal map, then its distortion is defined as
S !
L(f,U):= —,uPZEU |f/(Z)|.
inf,cy [ f(2)]

For conformal maps we have

L(f,U)y=L(f", fU)). (2-4)

In order to prove the lower bound on dimg(£), we use the following theorem proved by
C. McMullen in [16].

PROPOSITION 2-10. For each n € N, let A, be a finite collection of disjoint compact
subsets of R, each of which has positive d-dimensional Lebesgue measure. Define

U, = U A, A=ﬁu,,.
n=1

A, €A,
Suppose that for each A, € A, there is A, € A, and a unique A,_, € A,_ such that
A1 CA, CA,_i. If A,,d, are such that, for each A, € A,,
VOl(unJrl ﬂ An)
vol(A,)
diam(4,) <d, <1,

n—o00o

d, — 0,

2 An > 05

then
|log A/l

dimy(A) > d —limsupz ogd,|
ogd,

n
n—0o0 1

j=

3. The escaping parameters
In contrast to the exponential and tangent families, there are no known examples of g, -
Weierstrass functions with critical values approaching infinity. In this section, we review
results from [8] on how one can find elliptic functions with critical values eventually mapped
onto poles (Lemma 3-1) and maps with critical values escaping to infinity (Lemma 3-2).
We consider a one-parameter family of functions

88(2) = Bpa(2),
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where B € C\ {0}, A = [A, e*™/3),] is a triangular lattice such that all critical values of
g are poles (see e.g. Example 2-2). The functions under consideration gg are periodic and
their critical points are the same as for the Weierstrass function g, . It was shown in [8] that
the critical orbits of gg behave symmetrically, i.e.

gh(c) =y ghlcn). gjlcs) = yghlcr) (€A))

for all n € N, where y = ¢**/3, Therefore it is enough to consider only one critical orbit,
so we consider the trajectory of the critical value gg(c;). Denote B,(o0) := {z € C: |z| >
p}, p > 0. In order to prove the next lemma, we consider auxiliary functions 4,(8) =
gp(c1), n € N. It will become apparent that these functions are defined outside a countable
set of parameters.

LEMMA 3-1. Let A be a triangular lattice such that all critical values of g, are poles.
For everyr > 0 and each n > 2, there is 8 € B(1, r), such that gp(cr) = oo.

Proof. Consider the function /; defined above, i.e. h;: B(1,r) — C, hi(8) = gg(c1),
where 0 < r < 1/2. By assumption, i;(1) = g;(c;) = gpa(cy) is a pole of p,. Now, we
define h,: B(1,r) —> C by the formula h,(8) = gé (c1) and denote by P(h;) the set of
its poles. Since hy(1) = gi(c;) = @i(c1) = oo, then 1 € P(hy). Thus, the theorem is
true for n = 2. We can take r so small that 1 is a unique pole of /, in B(1, r). Actually,
let B € B(1,r) \ {1} be a pole of hy. Thus, hy(B) = g5(c1) = Bpa(Boalc))) = oo,
S0 oA (Bga(c1)) = oo, which implies Bgpa(c1) € A. However gpp(c;) € A, so taking r
small enough we have Bgp,(c;) & A for 8 € B(1,r) \ {1}. Then, A, is a non-constant
meromorphic function. Since 1 is a pole of the function 4,, then there exists R, > 2% such
that Bg, (00) C ho(B(1, r)). The set Bg, (00) contains infinitely many lattice points b,@n)1 of A
and each of them (being a pole of g, ) is the image of a parameter ﬂ,(i)l € B(1,r)\ {1} under
h;. Choose one of ,3,(‘2,,), and denote it, for simplicity, by 8,. We denote the corresponding
pole by b,. We have constructed the map gg,, such that the orbit of the critical point ¢, is the
following

¢ > gp,(c1) > g5.(c1) = by —> gj (c1) = 00,

where gg,(c1) is close to (but not equal to) the critical value g, (c;) and géz (c1) € Bg,(00).
Let r; := r and take 0 < r, < r;/2 so small that B(B,,r,) C B(l,r) \ P(hy) and
h3(B(Ba,r2)) C Bg,(00), where h3(B) = gé(cl). Restricting h; to B(B,, r2), we take
R; > 2R, > 23 such that Bg,(00) C h3(B(Ba, 12)). Each lattice point b)), € Bg,(c0) is
the image of a parameter ,31(2 € B(B2,12) \ {B2}. Note that this proves the existence of a
parameter f; such that

1 > gp(c1) & paler) V> gg (c1) = by —> g5 (1) = by —> g3 (c1) = o0,

where none of the ~ are equality and b; € A () Bg (co0) with R; > 2', i = 2,3. Now,
by induction we define a map with the property that the critical point is a prepole of order
n > 4. Fix n > 4 and suppose for all k < n we have constructed the maps

he: B\ | Pth) —C

l<i<k
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by the formulas A (8) = g/’;, (c1), where P(h;) is the set of poles of i;. We define a map

hi: B,r\ ) Pw) —C
l<k<n

such that 4, (8) = gg(cr). The set | J,_,_, P(hi) is a set of essential singularities of #,,. In
its complement the map 4, is meromorphic, denote by P(h,) its set of poles. Set a pole
Bu—1 € P(hy). The equality h,(8,_1) = 8, ,(c1) =00 implies that there is a small enough
constant 0 < r,_; < r,_»/2 such that B(B,_1, rn—1) C B(By—2, ra—2) \ Ui, P(hy) and
hy(B(Bu-1,u—1)) C Bg, ,(00). Now, we can take R, > 2R,_; > 2" such that Bg (0c0) C
h,(B(Bu-1, ra—1)). Next, we choose one of the lattice points of A from Bg, (00) and denote
it by b,. We know that b, is the image of a parameter 8, € B(B,—1,"—1) \ {Bn-1}, 1.€.
b, =h,(8,) = 8g, (c1). The orbit of the critical point ¢ for the map gg, is the following

c1 —> gg (c1) = pp(c)) —> g?;“(cl) by - —> gg”(cl) =b, —> ggjl(cl) = 00,

where ggn (c1) € Bg,(00),i =1, ..., n. This completes the proof.

LEMMA 3-2. Let A be a triangular lattice such that all critical values of g are poles.
Then, for every r > O there is a parameter B € B(1, r) such that lim,,_, o, gg (c;) =00, 1=
1,2,3.

Proof. We show that lim,,, gz(c1) = 00. The ‘symmetry” of the critical orbits given
in (3-1) implies the lemma is true for ¢, and c3. By Lemma 3-1, there is a sequence of
parameters {f,},>> such that

n+1

gk (c1)| > R, and g3t (c)) = oo,

where R, > 2" and a decreasing sequence of balls B(8,,r,) C B(1,r) \ U;_i_, P(hs)

such that r, < 27". Since r, — 0, then there is the parameter 8 = ﬂn>2 B(Bu, r,). By the
construction from the proof of Lemma 3-1, f is an accumulation point of the set | J,_; P (h,).
The iterates of the critical point under gz satisfy the conditions |g/'3' (c1)| > R, > 2" for all
n = 2. Hence, lim,_,», R, = oo which implies lim,,_, gp(c1) = oo.

4. Escaping parameters with a prescribed growth rate of critical orbits
In this section, we construct a collection of subsets of £ with a prescribed growth rate of
the critical orbits of ggz. We fix a function g, such that
A = [, &P

is a triangular lattice and all critical values of g, are poles. We consider the one-parameter
family of functions

1 1
= , BeB,r) for 0 - —
8p(2) = Ppa(2), B € B(l,r) for 0 <r <~ et a
where o = sin(7r/8) = v/2 — +/2/2. The functions g4 are periodic and their critical points
are the same as the critical points of the Weierstrass function g, . It follows from (3-1) that
the critical orbits of gg behave symmetrically, i.e.

~ 0.04, (4-1)

gh(ca) = y2ghler). gh(cs) = yghlcr)
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forall n € N, where y = ¢**/3, Since g, is periodic, there exists a constant
0 < & < min{1, [A,]/3)

and holomorphic functions G, H such that for each pole b, ,, € A

a_n a_ > k G(Z)
= + +)) az—b ) = ———,
8/')1\(2) (Z - bl,m)z Z— bl,m k=0 k(Z b ) (Z - bl,m)2
) b_, b_, b_, = . H(z)
2) = + + +Y @ =) = —
N P 0 S e o ey i L o AR

for all z € B(b;u, €0), where G(b;,,) = a_, £ 0, H(b;,,) = b_3 + 0. Shrinking &, if
necessary, we may assume that G(z) & 0 and H(z) % O for z € B(b; ., €0). The periodicity
of g, implies that there exist universal constants K, K, > 0 such that

KI'<IG@I< K1, Ky'<|H@I|<LK,
on all balls B(b; ., o). Hence,

-1

K G(2) K
—'2<|@A(z)l=‘ -1 < —
|Z - blml (Z - hl,m) |Z - bl.m|

and

K;! , H(z) K
—2 <P\ @)= < ——
|Z - bl,ml (Z - bl,m)’ |Z - bl,m|

foralll,m € Z and z € B(b; ., &). For every B € B(1,r), where r is defined in (4-1) and
for all z € B(b; 1, €0), 1, m € Z, we have

c' C,
Iz _Zlm|z < 85| = I1Bpa (@) < PR 4-2)
and
¢! , , C
|z — biwl3 < |85(Z)| = [Bp (@] < |Z——me|3 (4-3)

where C; = 2K, C; = 2K,. Since 0 < r < 1/4—1/Q2a +4), then |Arg| < arcsin(1/4 —
1/2a + 4)) =~ 0.04 for B € B(l,r). Hence, shrinking &, if necessary, we can choose
constants M, M,, 0 < M, — M, < /4 such that

M, < arg(BG(2)) < M> (4-4)
forall 8 € B(1,r) and z € B(b;u, €0), [, m € Z. We recall from Section 3 that
hi: B(,r) — C, hi(B) = gpg(cy),

where c; is the critical point of . We choose ¢ > 0 such that the following conditions are
simultaneously satisfied

& < minfeo, |pa(c1)]/3},

B(pa(c1), &) C hi(B(, 1)), (4-5)

g4 18 one-to-one in each of the segments defined in (4-6).

Let

37 3
U(zp,e) :=14z€C: iy < Arg(z —z0) < —

g |z — 2ol < 8}, (4-6)
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where z5 € A and ¢ is defined above. Next, we take R; > 0 such that
U(pa(c1),e) C P(O,R,2R) :={z € C: R| < |z|] < 2R}
Using (4-2) and (4-4), we get

= Ci 3n 3
z€C: |z 2 prale + M, < argz < e + My} C gs(U (b, €))
— c;' 3w 37
Ciz€Cifzl 2 —, — + M <argz < — + M,
g2 4 4

foralll,m € Z, 8 € B(1,r). Since 0 < M, — M, < /4, there exists ¢ € R such that

— C b4 9
{z eC:lz|l 2 8—21 ¢ — 3 <argz < ¢+ ?} C gsU (b1.m; ©)). 4-7)
We choose 152 such that
- C,
R _ 4.8
2 > (1 —a)e? (4-8)

where o = sin(r/8). Leta; = ﬁz/Rl > C;/((1 — a)e*R,). Now, we define a constant

2/3
4e(1+ r)Cf”) /e

C,R)? " JC/R

1 3C;% 6*C?
dp = max 27“17_7 ) 45 °
R’ CoR, CiR

(4-9)

Fix
a > a
and consider a sequence of radii
R,:=d"'R,, n>2.
Let
PO,R,,2R,) :={ze€C: R, <|z| <2R,}, n=>2,
and
PT(0,R,,2R,) :={z€C: R, <|z| <2R,, ¢ <argz < p+m}, n>2, (4-10)

where ¢ is as in (4-7). The condition a > ay > 2 guarantees that the annuli P (0, R,, 2R,)
are pairwise disjoint. It follows from (4-7) that

{zeC:lz]l > Ry > Ry, ¢ <argz < ¢+ 7} C gg(U(brm, €)) (4-11)

for all poles b, ,, and 8 € B(1, r). Recall that in the previous section we defined the auxiliary
functions £,(B8) = gg(cl), n € N.

Definition 4-1. We define the following family of sets
Ao(a) = {Ao = B(1,1)},
Ai(@) = {A = b7 (U(palen), €) C Aol
Ar(a) = (A C Ay |3b7) e A U®B), e) C PO, Ry, 2Ry), Ay = hy (UB, €))},

I,m»

Ay (@) ={A, C A,y |3B") € A U®BY, e) € PT(0, Ry, 2R,), A, = h, (U®b)"), &)},

I,m> I,m>
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P (0.R,1,2R,1)

Fig. 1.

¢)) denotes a component of the preimage of U (b\")

I,m>

where 1> (U (b")

I,m»

e). Let

Ua)= | An A@) =(\Un(a).
n=1

ApeA,(a)

The sets defined above are illustrated in Figure 1.
PROPOSITION 4-2. For each n € N, the set A, (a) defined above is non-empty.

Proof. In the previous section, we showed that the function &, has apole at 8 = 1 =
hl_l(go,\(c])) € dA;. Thus, A;(a) £ . Since h(A)) = U(pus(cy), €), it follows from
(4-11) that

ha (A1) = {gs(hi1(B)IB € A1} D PT(0, Ry, 2Ry).

Take a pole bj>) € AN P*(0, Ry, 2R,) with U(b{), &) C P*(0, Ry, 2Ry). Since 72 (A;) D
P*(0, Ry, 2R,), there exists B, € A, such that h>(B}%) = b}’ Thus, the set A, (a) is non-
empty. Now, we fix n > 3 and suppose that A,_i(a) + . We will show that A, (a) £ .

Since h,_(A,_1) = U(b,(_”m_l), ¢) for some b~ P € ANPT(0, R,_1, 2R,_1), it follows from

I,m
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(4-11) that
h (Anfl) = {gﬂ(hnfl(ﬂ)”ﬂ € Anfl} D) P+(0 Rn’ 2Rn)7

as R, =a"?R,anda > ay > 2 in view of (4-9). Choosing ,B(") € A,_; such that &, (,B(")
b" e AN PO, R, 2R,) and UB", ) C P*(0, R,,2R,), we get A,(a) = . By

I,m I,m>
induction, the lemma is true for all n € N.

THEOREM 4-3. Let gg be the family of maps defined in (4-1) and let ay be the constant

given in (4-9). Then, for every a > ay there is a Cantor subset A(a) of €, and for this subset

4 6log?2
dimyy(A(@) > 5 - °8

loga ~

COROLLARY 4-4. For a /' 400 we have dimy(A(a)) > 4/3 — 6log2/loga / 4/3
and dimy (£) > 4/3.

5. The proofs

In this section, we prove Theorem 4-3. We fix @ > ag and consider the sets A, (a), n > 1,
given in Definition 4-1. We drop the parameter a and keep notation from the last section.
The first two lemmas include the estimates of the derivatives h,, n > 2.

LEMMA 5-1. Let A, € A,, n > 2. Then, for every B € A,

, gp(cr)
h,(B) = g5(gh(c) | gplen) + —_
l—[ e [ﬂ | ;Hffgﬂ(gﬁ(cl))}

Proof. Letn = 2. Then:

hi(B) = gp(c1) = Bgpalcr);
ha(B) = g5(c1) = Boa(Boalcn));

g5(cr) N gs(Boalc1))gp(cr)

hy(B) = oa(Bona(c) + B, (Boa(c))palcr) = Vi Fi

— ﬂg,s(gﬂ(c‘])) [gﬁ(cl) + g;g(gﬁ(cl)):| '

Suppose that the lemma is true for some n > 2. We show that it is true for n + 1.

b1 (B) = Boa(ha(B)),
1 (B) = oa(ha(B) + B (ha(B)) - h,, (B)

gty 1= [ gl }
= + g5(gp(c) - — - | | gs(gs(cr)) - | ggler) +
P P E R ; [T g5 (cr)
nH(Cl) - |: gﬁ(cl) :|
= — | lgsghcn) | gsler) +
ﬁ ﬁ lg prert e 2=: f ]] gﬂ(gﬂ(cl))

1 &, gs(cr) git'(cn)
B ggﬁ(gﬂ(q)) [gﬂ(ﬁ) Xzz [ fg,g(g,g(cl)) [T g5(gs(c1)

n+1

1 n
- B 1_[8,%(8’2;(01)) : |:g5(c1) + Z k lgﬁ(cl) :|
k=1

= 1 liz 18,3(8,3(01))
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As can be seen from the previous section (see (4-2), (4-3)), there are universal constants
Cy, C, > 0 such that

c;! lof (o C,
—————\ 2| < : < gy € ————
ml? 85| < |z — byl byl |gﬂ()||z—bl,m|3

|z — |z —

foralll,m e Z, every z € B(b; ., ¢) and all B € B(1, r). To simplify the formulas in the
following part of the paper, we write

C] ’ C2
T DX —7.
k—hﬂ2|&(” |z = byl

Note thatif 8 € U,, n > 2 and 7z = gé(cl) with j € {1,2,...,n — 1} we have gg(z) =
g5 () = hj(B) e UMb, &) € PH(0, Rj11. 2R;41) and moreover, using (5-1),

lgs ()| =< (-1

Ci

— — _<2R 52
|2 — byl a ©2)

j+1 |g,3(z)|

for some b, ,, € A P(0, R;, 2R;). The inequality (5-2) implies that
C 2 G

ar S bl <
which is equivalent to
c, \? \ c, \?
(2Rj+1) <= bl < (Rj+1) '
Then,
C; G, C,

——5 < g =< <
32 X 168 3 3/2
a ) |z = by (L)
2Rjn

or, equivalently,

3/2 320, R3?
204 , 28%+1

—5 S g@D < ——7— (5-3)
Cf/z B C13/2

for B € Uy, n >2and z = gj(c;) with j € {1,2,...n — 1}.

LEMMA 5-2. Let A, € A,, n > 2. Then, for every B € A,

1 C2 n—1 In(n— I) |h/ (ﬂ)| 5 23/2C2 n—1 s RSY,{]
a * S a 4 .
2(1+7) \ 2 -0\ ¢ ‘

Proof. In Lemma 5-1, we proved that

n—1
’ gﬁ(cl)
H,(B) = (ghien | gplen + 3 =2
g n&&q[&q ;HH&QMJ

for all n > 2 and every B € A,. First, we estimate the product ]_[Z;]l gl’g (gf; (c1)). Observe
that

gp(ghlcn) = g5 (c)) = (B), k=1,2,....n— 1.
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The functions h,, ...,
Since i 1(B) € P(0, Riy1, 2Ri41), then using (5-3), we get

Analogously, we get the estimate from below

n—1 n—1
’ ok C, 3n(n—1) “(" )
]_[gﬁ(gﬁ(cl) 2 C3/2 a 4 Rl N
k=1 1
Finally,
C n—1 23/2C n—1
2 3n(—1) 1) D) ) 3n(n—1) -
(W) a * l_[gﬂ(gﬂ(cl) <W> a * R
1 k=1 1
gﬁ(cl)
Now, using (5-4), we estimate the sum ) ;_, T e

n

gg(c1)
Z k=1 ;i

n
2Ry
<2
- k=1  3¢=D

=1
k=2 (%) a" 'R,
1

2¢)”

n— n—1

! 232C, R3? 23/2C, R3/? 232C, o)
Hg/ﬁ(gg(cl) < 722""' 3/2” = 3/2 a *
k=1 Cl Cl Cl

h, are well-defined for 8 € A,, because A, C A, k = 2,...,n.

i(n 13}

1

3(n—1)

(5-4)

—Z

C, k— 1)(3L 4)
Cz/z

>2and 3k> — Tk +3 > 6k —11fork =2,3, ..., then

Since a > ag >

n 32\ k2
RIT_S CoVaRi 5\ @ a*FER T

k=2 1

Using the inequality (6k — 11)/4 > k — 2 for k >

max{1/R,,3C;”*/(C,R))}, we get

k=2
Hence,
3 ghcr) 367 _ R
il ) Y g(gh(c1)) S CaR, 2

6*C%/(C3R). Using (5-5), we get

because a > ay >

Ry
_R,——
2

k=2 [1ic 18,3(85(01))
Plugging (5-4), (5-6) into the formula for 4/, from Lemma 5-1, we obtain

5 23/2C2 " 3n(n—1) 3n—1
|h:1(:3)| g 2(1 r) 3/2 a ¢ Rl ’
— C]
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»(L) e (S) o
C2 a3k2747k+3R¥ h =\ & @R)"+"

n 32\ k2 n 32 \F2 32 \ k2
1
> G e o <) o =
C, (aRy) 3 o CraR, — CraR, 1—

gﬂ(cl) R,
gﬁ(Cl)-i'Z - ‘ 2R1+7=

ok—11 *
1

3/2 and the fact that a > ay >

5R,

1 3
C]3/2 < E
CraR,
(5:5)
—_. (5-6)
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and

n—1
1 C2 =1 _ 3n=L
n >z — | =5 TR 7.

Both estimates prove the lemma.

In Proposition 4-2, we showed that each set .4, provided in Definition 4-1 is non-empty
and each of its elements, which are sets A,, contains boundary parameters 8, such that
h,(B,) € AN P(0, R,,2R,). Later in this section, we estimate the diameters of A, and the
ratios vol(U, .1 N A,)/vol(A,) and in order to do that we have to prove that the functions
h, are conformal on A, € A,. Note that the maps 4,,n > 2, are holomorphic outside a
countable set of points and have poles at 8,_; € dA,_;.

LEMMA 5-3. Foreach A, € A,, n > 1, the map h,, is conformal on A,.

Proof. The map h, is one-to-one and holomorphic on A;. By induction, we show that the
maps h,,n > 2 are conformal. Suppose that s,,n > 1 is conformal on A,, we prove that
h,+1 1s conformal on A, C A,. If n = 1 then we take the segment

U®" . &) c P, Ry, 2R))

l,m>

with b,“n)l = pa(cy) and if n > 2 we consider a segment

Ub™”,e) c PY(O,R,,2R,).

Lm>

We know that A, = h;'(U(b)"), e)),n > 1. Let b = b,, B, = h;'(b,) € 3A, and

Lm>

B = byt I Ulbyir, €) © PO, Ryvr 2Rysr), then fiy! (U busr, €)) = Ayt C A,
We define a map /,+1(8) = Bugoa (ha(B)), B € A,. It follows from (4-7) that

L Il C s o

hl‘l+l(Aﬂ) D {Z e C: |Z| 2 8—21, ¢ — § < argz < ¢_|_ ?} .

We show that i:[rH_] is one-to-one in A,. Take B’, B” € A, such that fzn+1(ﬂ’) = fznﬂ(ﬂ”).
By definition of the map fan, we have g, (h,(8)) = pa(h,(8")), where h,(B8'), h,(B") €
h,(A,) = U(b,,¢). Since gp, is one-to-one in U (b,, €), then h,(8’) = h,(B”) and this
implies that 8’ = B”. This follows from the injectivity of the map h,,. There is a set A,.,; C
A,, such that

8
(57

N ~ T o
Nar1(Apg) = {z eC:(1—a)Ryy1 <zl < 2+ a)Ryy1, ¢ — 3 <argz < ¢ + —}

onr a = sin(w/8) and ¢ as in (4-7). Now, we show that A,,; C Anﬂ. Note that
B (B) = (Bu/B)hns1(B). Since hyi1(Ay1) = U(bysr,€) C PT(0, Ryy1, 2R, 41) and
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0<r<1/4—1/Qa+4),then for B € A, we have:

nt (B > Ryt > s S Ry % 0.92R, 1 > (1~ )Ryt ~ 0.62R

n > I\, > Iy ~ 0. n > - n ~ 0. n+l1s

+1 L = 5y gl +1 +1 +1

N 1 2(5 8

|h T ntl < ( s ) n+1 ~ 2. 17Rn+1 < (2+01)Rn+1 ~ 2. 38Rn+1,
3o+ 8

P 1 1
argh,11(B) < +7m + Zﬁgllgé(l]),(r) ArgB < ¢ + m + 2 arcsin (Z S 4)

o
%¢+ﬂ+0.08<¢+?;

A . (1 1
argh,+1(B) > ¢ — 2,321192(11),(” Argf > ¢ — 2 arcsin (4_1 T ata

~ ¢ —0.08 il

Thus, 12,,+1(A,,+1) C 12,,+1(A,,+1). Since the map fz,,ﬂ is one-to-one in A, then A, | C
A, 1. It follows from (4-10) and (5-7) that

U(bn+la 5) = th—l(An-H) - P+(0, Rn+l’ 2Rn+1)
b4 I A A
C {Z €eC:(I-a)Ry1 <zl < C+)Ryy1, ¢ — g e < o+ ?} = hyp1(Apgr).

Since 0 < r < 1/4 —1/(2cc 4+ 4) then, taking ¢ = h,(B) for B € BA,M, we have

1 1 1 1 h,
2r|pa (@) < (5—0[—”) |@A(§)|=<§—a+2> ;(ﬂ)
g (1 1 > Q2+ a)R, i _ ARupi <Ry,
2 a+2 |Bal 2| 8.

as |B,| =2 1 —r > 1/2. Hence (see Figure 1),

dist(hp1(B), hus1 (Ans1)) = o Rysy > 297 (0]
We define auxiliary maps H,1(8) = h,+1(B) — w, I-LH(/S) = fan(,B) —w with w €
hu+1(Auy1)- Thus, for B € dA, ;1 we have
|yt (B)] = i1 (B) — w] = dist(hns1(B), hus1(Ans1)) > 25| (0]

and

|Hyi1(B) — Hust (B)] = i1 (B) — B (B = 1894(0) — Bugra (0]
=B — Bulloa ()] < 2r|pa(Q)].

Hence, |H,41(B)| > |Hy1(B) — Hur1(B)] in the set 9A,,. Since the map A, is holo-

morphic on intA,, then the maps H,,, Hn+1 are holomorphlc on An+1 Thus the assump-
thHS of the Rouché theorem are satisfied. It implies that H,m and H,,| = n+1 + H, —

H, ., have the same number of zeros in An+1, or, equlvalently, the equatlons hnﬂ(,B) =w
and h,,.1(B) = w have the same number of roots in An+1 Since the map hnﬂ 1S one-to-one
in A,Hl, then the former equation has a unique root for a given w. Thus, so does the latter.
Since A, C A,,H, then A, is one-to-one in A, ;. The map 4, is holomorphic on intA,,
so is conformal on A, .

Remark 5-4. In Lemma 5-3, we showed in fact that there is a unique set

Ay = h (U(palen), ©)
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and the segments U(b,,e) C P*(0, R,,2R,), n > 2, are in one-to-one correspondence
with the sets A,, € A,. Hence, each A,, n > 1, is a finite collection of the sets A,,.

LEMMA 5-5. Let A, € A,, n > 2. Then
5(1+7) Lyl

L(h,, A,) <
1—r

Proof. Using the definition of distortion and Lemma 5-2, we get

s (226" e gt
’ 2
SUpgeq, [, (B 20-n "¢ a ) SA4r)
L(hrn An) = = B < 1 P = 2 T
ll'lfﬂEAn |hn(‘3)| 1 G WR”T 1—r
2(1+n) \ ¢ a 1

LEMMA 5-6. Foreach A, € A,, n > 2,
de(1+7r)

diam(An) g n—1 5. 3n—1
C, ) 3=l o2
Py a R

(C]/ !

]

where ¢ is as in (4-5).

Proof. From Definition 4-1 we know that each set of the form %,(A,) is a segment of
radius ¢, so diam(%,(A,)) < 2¢. Using Lemma 5-2, we get

. diam(h,, (A,)) 2e
diam(A4,) < - n ()| < - -
1n 3n(n—1) . M2
pets 2(11+r) (%) a o R,?
4e(1+r)

n—1 3n-1"
C, 3n(n—1) =
== a + R
<C?“> !

Remark 5-7. Observe that diam(A,) — 0 asn — oo, since a > ay > 2. This proves that
the set A from Definition 4-1 is a Cantor set of parameters.

By Lemma 5-6, the numbers d,, given in Proposition 2-10 are equal to

4e(1
d, = S B (5-8)

n—1 3n—1
G ) 75
a + R
(Cf/2> 1

and d; = diam(A;) < 2r < 1 by (4-1). A straightforward calculation shows that the
condition d, < 1 is equivalent to a > (4e(1 + r)C;"*/(C,R}*))*3. Using (5-8), we get
dyir/d, = C;"?J(Cra®*R}"*) and

d cr? JC
Do ] e g XL

dy Cra’R}? JCVR,

48(1+r)C,3/2)2/3 VCi

Since a > ap > max {1, ( } and d,41/d, < ds/dy forn > 3, we get

R " JCVRL
d, < 1,n=2,3,... asrequired in Proposition 2-10.

Next, we estimate the density of the sets U, 1 A, in the set A, € A, from below for all
n>l1.
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LEMMA 5-8. There exists M > 0 such that

VOl(un-H n An) > M
VO](An) g 29anJrl '

foreach A, € A,, n > 2. Moreover,

VOl(U2mA1) S M’
vol(A)) = Ry’

for some M’ > 0.

Proof. First, we estimate the number N, of parallelograms of the lattice A in the half-
annulus P (0, R,, 2R,,) for n > 2. We have

47 R*> —wR? 37 R?
N, < = ,
242(N) 282(A)

(5-9)

where a*(A) is the measure of each parallelogram of A. Recall that in Definition 4-1 we
considered the segments

3 3
U(bl,mvg) = {Z eC: — % < Afg(Z _bl,m) < ?nv |Z _bl,ml < 8}9

where by, € A and & > 0 as in (4-5). Hence, vol(U (b; ., €)) = 3me?/8.

Fixn > 2 and A, € A,. There exist /,m € Z such that A, = h;'(U(b/"), ¢)), where
U(b,(f',,),, g) C P*(0,R,,2R,). Moreover, for each A; € A, there are I’ = I'(k),m’ =
m'(k) € Z such that A, = h,l (U, €)), where U(b':", &) © PF(0, Rys1, 2Rui).
To simplify the formulas, we denote bl(",zl by b,. There are finitely many sets Ay € A,
contained in A,. We denote by b, the pole corresponding to A;. Let B, = h, L, €
Ay, Br = h;frl (by) € Ag. Lemma 5-3 implies that /,, are conformal on A,,. Using (2-4), we
get

L(hy, Ay) = L(h,", hy(Ay)).

n >’

Hence,

2
vol(4,) = / / Y @ dz < / / ( sup |(h;‘>/(z>|) d:
U(by,e) U(by,e) \z€U (by,¢)

2
= vol(U (by. &) (L(hnl,wbn,e» inf )|(hn1>’(z>|)

37'[82 _ 2 37[82 L(hmAn) :
L(h,, Ay)|(h ! ,bn = .
g (Ll ALY Gn)I) = = <|h;(ﬂn)|)

< (5-10)
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Set Pn+l = P+(O’ Rn+la 2Rn+l)'

VOI(Z/{n-H n An)
= Y vol(A) = Y vol(h,},(U(bx. £)))

ArCA, br€Pyi1

2
=) / /U (i@ dz> Y / /U o (zeli,&f,@'(”ﬁl)/(@') dz

br€Pyy (L) brePyy
1y iy 2
_ 3me? Z SUP.cu (b, e) |(hn-&1-1) ()] > 3me? Z |(hn+11) (bk)|
8 G\ L, Ubue) )~ 8 & \LG), U e)
3me? ,
=== 2 (L, A0l (Bl (5-11)
BreArCA,

Now, using (5-10) and (5-11), we estimate the density of the sets U, (1 A, in A,,.

vol(Uy41 M A,) |l (B ,
vof(lA T oA 3 (L. AOIR, (BN (5:12)
n ns {ip BLeALCA,
Lemma 5-1 and the inequalities (5-6) give
R n—1 )
1, (B > 2(1—+1r) [ ]85 (sh, (1)) (5-13)
j=1
and
5R
b Bl < 55— ]"[gm(gﬁk ()] (5-14)
It follows from Lemma 5-5 that
1 2
(LG A < (E) 522301 515)
and
2 1+r\? 213
(L(hps1, Ap))” < 1= 5727 (5-16)
—r

Plugging (5-13)—(5-16) into (5-12), we have

2
Vol N A,) >(2<1’1‘,)) T2 &6, (85, @)
vol(A,) = (m) 52030 1)

1

X 2 ‘ 2
BreArCA, (1+r) 5223n <%) ‘n;l'zl g;‘}k(g/_{}k(cl))
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2
-\ 1[5, 1
:<1+r> 5603(2n—1) ngﬁn(gﬂn(cl)) Z L 3
=t PredrCAn 1_[‘,':1 88, (gﬂk (Cl))‘
, 2
1=r\* 1 =1 g (g, () |
:<1+r> 56232n—1) Z l_[ A, T 5. (5:17)
prearcA, \j=1 |8p (&5 (€1)) g,sk(g,sk(cl))|

Foreachj=1,2,...,n—1

85,(85, (c)) = g4 (c1) = hj1(B) € PT(0, Rji1, 2R;41)
and
J j+l1 +
gﬂk(gﬁk(cl)) = 83 (c1) =hj+1(Br) € P70, Rj41,2Rj41),

since B, € A, C Aj;and By € Ay C A, C Ajqi. Thus, by (5-3),for j =1,2,...,n—1
we have

) ) C2 3/2 ) ) 23/2C2R3/2

18, (4 (c))| = CT;‘ and |g}, (g], (c))| < T]H

1 1

This implies that

gy (g )|
>— j=12...,n—1. (5-18)

g5, (g5, (c1)

Analogously,

gﬁk(ggk(cl)) = g;:l(cl) = thrl (:Bk) € P+(0, Rn+17 2Rn+1)
as By € Ay € A,.1. By applying this to (5-3), we get
22C,R)
85 (8 Nl < 5" (5-19)
1

Putting (5-18), (5-19) into (5-17), by Remark 5-4 and (5-9), we obtain

vol@Upt VA (17 1 B e Y
volA,, “\1+4r) 56231\ 23/2 23CIR}

n+l g ecACA,

_(1=-r\" 2 ¢ N 1-r\® 20 ¢} 2
B (1 +r> 52 CIR3,, TN (1 +r) 562 3RS, "
M
- 2" Ryt
where M = 23(1 — r)SC} /(55(1 + r)°C3).

Similarly, we consider the case n = 1. By Definition 4-1, the set .A; has only one element,
i.e. A; and its Lebesgue measure vol(A;) < mr?. The set A; contains finitely many subsets
Ap € Ay. As for n > 2, we denote by by the pole corresponding to A;. Arguing as in (5-11),
we get

3 2
Vol N Ay) > 278

S (L AWK BO)

BreArCA,
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Setting n = 1 in bounds (5-14), (5-16) we have

, 5R , 1+r\’
BB < 518 )] and (s, A0)* < (ﬁ) 5227,

which implies that
3me? 1

peedrcd, (2(5113)) 18}, (g5 ()2 ()’ 5208

Analogously as in (5-19), we obtain

VOI(Z/{Q ﬂ A]) 2

, 232C,R3”
185, (8. ()| < Tzz
I

and, using Remark 5-4 and (5-9), we conclude that

1N A 2 1
VOV(ZZ(A ) 2> Ziz 2 vcuRyR 2
| BreArc A, <2<511i]r)) (2 Cc;/f ) (%)25223
_ 32(1 =r)'C] Xpenca ! M/N M/R_% - M
7521+ 1PCR R R R RS

where M’ = 3e2(1 — r)*C3/(275%7%(1 + r)2C2R?).

By Lemma 5-8, the numbers A,, from Proposition 2-10 are equal to
M’ M
A= —, Anz—’n>2-
R, 2"R, 11
Assembling the preceding lemmas, we may now prove Theorem 4-3.

Proof of Theorem 4-3. Lemma 5-8 implies that

lo
+2\

ZuogA |—|logA1|+Z|logA | =
j=1 i=2

= log(aR,) —log M’ + ) "log(2”a’Ry) — (n — 1)log M
j=2

=logM —logM' + nlog R, —nlogM+9log22j +logaZj
j=2 j=1
R, 9In+2)(n—1) nn+1)

M
—log 4 +nlog b+ 2= Dioga 4 W D hoga. (5:20)

In view of Lemma 5-6, we have

4e(1
|logd,| = |log ri(l +r) -
3n(n— ]) 2
ER
C, 3n(n—1 3n—1
=(n—1)1ogcjz+ ”(”4 ) oga+ "L log Ry — logde(1 + ). (5:21)

1
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The final estimate follows from (5-20) and (5-21).

log 4 4 nlog & 4 220D Jog 2 4 2t jog a
dimy (A(a)) > 2 — lim sup S TR T o % 2 %%
n»oo (n—1)log on t = loga + #5— log R; —log4e(l +r)
1

3loga 3  loga

Thus, the theorem stated in Section 1 follows from Theorem 4-3.
Question. 1s the Hausdorff dimension of the escaping set £ equal to 4/3?

Acknowledgements. We are grateful to the referee for helpful comments.
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