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The dynamics of the fragmentation equation with size diffusion is investigated when the size ranges
in (0, 00). The associated linear operator involves three terms and can be seen as a nonlocal pertur-
bation of a Schrédinger operator. A Miyadera perturbation argument is used to prove that it is the
generator of a positive, analytic semigroup on a weighted L,-space. Moreover, if the overall frag-
mentation rate does not vanish at infinity, then there is a unique stationary solution with given mass.
Assuming further that the overall fragmentation rate diverges to infinity for large sizes implies the
immediate compactness of the semigroup and that it eventually stabilizes at an exponential rate to a
one-dimensional projection carrying the information of the mass of the initial value.
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1 Introduction

The well posedness of the fragmentation equation with size diffusion

(1, x) = D1, x) — a(x)¢p(1, x)

+ f a()b(x, »)$(t,y) dv, (t,x) € (0, 0), (1.1a)
#(1,00=0, 1>0, (1.1b)
#(0,x)=f(x), x€(0,00), (1.1c)

along with the long-term behaviour of its solutions is investigated by a semigroup approach.
In (1.1), ¢ = ¢(¢,x) > 0 denotes the size distribution function of particles of size x € (0, co) at
time ¢ > 0, while a(x) > 0 is the overall fragmentation rate of particles of size x, and b(x, y)
is the daughter distribution function that describes the distribution of fragments resulting from
the breakup of a particle of size y. Besides undergoing fragmentation events, particles are also
assumed to modify their size by diffusion at a constant diffusion rate D > 0. Finally, nucleation
is not taken into account in this model that leads to the homogeneous boundary condition (1.1b)
atx=0.
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An interplay between diffusion and fragmentation as depicted by (1.1) is met in the growth of
ice crystals, see [16, 27]. Indeed, on the one hand, ice crystals grow or shrink in a way which
looks like diffusion and break apart due to internal stresses, the latter process being referred to
as polygonization or rotation recrystallization in ice physics. The fragmentation equation with
size diffusion (1.1) is also derived in [18] to describe the growth of microtubules. In the absence
of diffusion (i.e. D =0), equation (1.1) is the spontaneous fragmentation equation which has a
long and rich history and has been extensively studied in the mathematical and physical literature
since the pioneering works [17, 28, 32], see [5, 7-10], and the references therein.

An important role is played in the dynamics by the total mass of the particles’ distribution

M((0) = /O bt dr, 130,

which is expected to be conserved throughout time evolution when there is no loss of matter
during fragmentation events; that is, when b satisfies

y
/ xb(x,y)ydx=y, y€(0,00).
0

Thus, X := L;((0, 00), xdx) is a natural functional framework for the study of the fragmentation
operator. We further observe that the homogeneous Dirichlet boundary condition (1.1b) corre-
sponds actually to a no-flux boundary condition for the Laplace operator in X, so that this space
turns out to be also well suited for diffusion. However, the analysis already performed on the
fragmentation equation without diffusion reveals that a complete scale of weighted L;-spaces is
needed besides X. In this regard, we introduce the spaces

X :=L1((0,00),x"dx) and X, :=X1 NX,

for m € R. We denote the positive cone of X , by X fm For f € X,, and m € R, we also define the
moment M, (f) of order m of f by

oo
M, (f) :=/ X" f(x) dx,
0
so that ||f || x,, = M (|f]). For definiteness, we equip X , with the norm

I lx, =1 + 1

and note that X; =X, ;. Finally, we set BC([0, o0)) := C([0, 00)) N Loo(0, 00) and recall that
C2°((0, 00)) stands for the space of C*°-smooth functions on (0, 00) with compact support in
(0, 00).

Our strategy to study the well posedness and the long-term behaviour of (1.1) is to write it as
an abstract Cauchy problem in X, ,, for m > 1 and show that the corresponding operator generates
a semigroup with properties depending on m, a, and b. To this end, we assume throughout the

paper that
@ € Loo joc([0, 00)) , a>0 ae.in (0,00), (1.2)
and that the daughter distribution function b is a nonnegative measurable function on (0, 00)?
satisfying
y
/ xb(x,y)dx=y, y€(0,00). (1.3)
0

Moreover, the diffusion rate D is normalized to D = 1.
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For m > 1 we then define the (Schrédinger) operator 4,,, on X; ,, by

dom(Agp):={f €Xim : f'€Xim, af €Xim, f(0)=0},
Agwf =f" —af , fedom(4,,,), (1.4)

as well as the nonlocal operator B,, on X ,, by

dom(Bm) = {f e)(l,m : Llf GXl,m} C dom(Aa,m) 5

B,f(x):= / a)b(x, »)f(y)dy, xe€(0,00), f €dom(B,). (1.5)

X

Owing to (1.3) the operator B,, turns out to be well defined, see Lemma 5.1. Setting
A, :=A4m + By with dom(A,,) :=dom(4,m) , (1.6)

equation (1.1) can be equivalently formulated as the Cauchy problem

d
$¢=Am¢, t>0, o0)=f, (1.7)

in X; ,,, and we shall investigate generation properties of the operator A,,.

For concise statements we introduce the following notation: Given ¥ > 1 and w € R, we write
A € G(Xim, k,w) if the (unbounded) linear operator 4 on X, is the generator of a strongly
continuous semigroup (¢!),>¢ on X; , and

4
el cexy,y S ke, 120,
We set

X = | IXimr. 0).

k>1,weR

Moreover, we write 4 € G (X)) if the semigroup (1), is positive on the Banach lattice X .
We denote the domain of the (unbounded) operator 4 in X ,, by dom(4) and set

D(A) := (dom(4), || - IL1) ,

where [|f[l4:= fllx,, + 14/ llx,,, for /€ dom(d) is the graph norm. Finally, we write 4 €
HX,m) if 4 € G(X ) and the semigroup (etA),>0 is analytic.
With this notation we may formulate the generation result in X, for m > 1:

Theorem 1.1 Assume that a and b satisfy (1.2) and (1.3).

(a) There is an extension A € G4(X1, 1, 0) of A.
(b) Assume further that there is &, € (0, 1) such that

y
(1-5p?> [ Phrnar,  ye.00). (1.8)
0
Ifm>1, then Ay, € G (X1,m) N H(X1 ). In addition, for all f € X\

M (e*nf) =M(f),  t>0. (1.9)
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(c) Assume that a satisfies

lim a(x) =o00 (1.10)

X—>00

and that b satisfies (1.8). Then, (e"*n)> is immediately compact on X1 ,, for m > 1.

Assumption (1.8) is commonly encountered in the investigation of the fragmentation equation
and somehow excludes the concentration of b along the diagonal. Recall that the exponent 2 in
(1.8) plays no particular role and may be replaced by any exponent p > 1, since (1.8) is equivalent
to the existence of p > 1 and §, € (0, 1) such that

Y
(l—ap)yp>/ Wby dx,  ye(0,00),
0

see [8, Theorem 5.1.47 (¢)].

At this stage, the extension A, of Ay is not completely identified. In particular, we do not know
whether or not A; coincides with A;. Still, it is a question worth of investigation and we refer
to [8] for a thorough discussion of this issue for the fragmentation equation without diffusion.
Anyway, a positive answer is straightforward when a € L,,(0, 0o) and reported in the next result.

Proposition 1.2 Assume that a € L(0, 00) is nonnegative and that b satisfies (1.3).

(@) Form>=1, Ay, € G (X1m) N H(X1 ) and (1.9) is satisfied. In addition, A| € G, (X1, 1,0).

(b) The semigroup (e )0 is not compact on X\ p,.

We immediately obtain the well posedness of the Cauchy problem (1.7) in X; ,, and, equiva-
lently, of (1.1) in a classical sense. Since we shall see that D(A,,) = D(A4,,,), we can formulate
the result as follows:

Corollary 1.3 Assume that a and b satisfy (1.2) and (1.3). Assume further that, either m = 1 and
a € Loo(0,00), or m > 1 and b satisfies (1.8). Then, for any f € X1, there is a unique classical
solution

¢ € C([0, 00), X1,») N C'((0, 00), X 1) N C((0, 00), D(Aam))
to (1.1) which is given by ¢(t) = e f for t > 0 and satisfies

Mi(p(1)) =Mi(f), t=0. (1.11)
Moreover, if f > 0 a.e. in (0, 00), then ¢(t) = 0 for all t > 0.

Remark 1.4 Given f elem, the corresponding solution ¢ to (1.1) provided by Corollary 1.3
satisfies the mass conservation (1.11), a feature which is in particular due to the assumed bound-
edness (1.2) of @ on (0,1). Indeed, even when b satisfies (1.3), infringement of mass conservation
is known to occur when the overall fragmentation « is unbounded for small sizes. In that case,
the total mass is a decreasing function of time, a phenomenon usually referred to as shattering
which is closely related to the honesty property of the associated semigroup, see [4, 8, 11, 17,
21, 22, 28]. In fact, shattering takes place as soon as x — 1/(xa(x)) fails to be integrable at x = 0.
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Having settled the well posedness of (1.1), we next turn to qualitative properties of its
dynamics. As a guideline, it was pointed out in [16] that the interplay between diffusion and
fragmentation results in the stabilization of solutions to (1.1) to a stationary solution. This is
in sharp contrast to the fragmentation equation without diffusion, since fragmentation is an
irreversible process driving the particle distribution to zero. When diffusion is turned on, a
closed-form stationary solution to (1.1) can be computed for the particular choice a(x) = x and
b(x,y)= 2y’11(0,y)(x), see [16]. The existence of stationary solutions is also established in [25]
for an overall fragmentation rate a obeying a power law (a(x) =x7, y > 0) and for a specific
class of daughter distribution functions b. Here we extend this existence result to a broader class
of fragmentation coefficients a and b, see Proposition 1.6. In addition, when a diverges to infinity
as x — oo, we provide the exponential decay of the solution to (1.1) to the steady state with the
total mass of the initial value.

Theorem 1.5 Assume that a and b satisfy (1.2), (1.3), (1.8), and (1.10), and that a > 0 and b > 0.
There is a unique nonnegative

Y1 €[] dom(a,)
r>1
such that M\(y1) =1 and ker(A,,) =Ry :={ryy : r € R} for every m > 1. In particular, for
m > 1, the spectral bound s(A,,) =0 is a dominant eigenvalue of A,, and there are N,, > 1 and
Vi > 0 such that, for all f € Xy,

lenf — My Willx,,, < Nwe " Ifllx,,, » ¢>0.

It is worth pointing out that the stationary solution v, decays faster than algebraically at infin-
ity, a property which is perfectly consistent with the exponentially decaying tail experimentally
observed in [27]. Also, combining Theorem 1.5 with Lemma 2.1 below implies that ¢; € X, for
allr > —1.

Theorem 1.5 provides a complete description of the long-term behaviour of solutions to (1.1)
when a diverges to infinity as x — oo. However, the unboundedness of a at infinity is not a
necessary condition for the existence of stationary solutions. In fact, when

2
ax)=1,  blx,y)= ;I(O,y)(x) » O<x<y,

we notice that equation (1.1) has an explicit stationary solution ¥ (x) = xe™>, x > 0." This partic-
ular example is not peculiar, and we actually obtain the existence of stationary solutions to (1.1)
as soon as there is a positive lower bound for a as x — oco.

Proposition 1.6 Assume that a and b satisfy (1.2), (1.3), and (1.8) and that a >0 and b > 0.
Assume further that

1
= = liminfa(x) € (0, 00). (1.12)
2 x—o0

'"We actually compute explicit stationary solutions to (1.11) when a(x) =x" and b(x,y) = (v +
2"y~ fory >0, v € (—2,0] in [26].
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There is a unique nonnegative

Y €[] dom(a,)

r>1
such that My(Yr1) = 1 and ker(A,,) = Ry for every m > 1.

Let us mention here that there is no loss of generality in assuming the finiteness of
lim inf,_, o a(x) in (1.12). Indeed, if liminf,_, o a(x) = co, then a satisfies (1.10), a situation
which is dealt with in Theorem 1.5.

When a only satisfies (1.12), the associated semigroup (e’A"f)t>0 need not be compact, see
Proposition 1.2. We thus take a different route to prove Proposition 1.6 by an approximation
procedure. This approach does not allow us to retrieve information on the long-term behaviour
and it is likely that, either a more precise study of the operator A; or a different approach (such
as the one developed in [29]) is required to fully identify the long-term behaviour when a only
satisfies (1.12).

Let us end this introduction with a brief outline of the paper. Auxiliary results are gathered
in the next section, which includes integrability properties of elements of dom(4y ;) on the one
hand and a weighted version of Kato’s inequality on the other hand. In Section 3, we recall
some properties of the heat semigroup in the weighted L;-space X;, with m > 1, relying on
the explicit representation formula which is available in that case. Section 4 is devoted to the
Schrodinger operator 4, ,, and the associated absorption semigroup and is mostly a consequence
of the thorough study performed in [3]. We then use a perturbation argument in Section 5 to
study the full fragmentation-diffusion operator A,, = 4, + By. On the one hand, for m = 1, the
existence of an extension A; € G.(X1,1,0) of Ay is a consequence of [31]. On the other hand,
if m > 1, then we can use a Miyadera perturbation technique to prove that A, € H(X; ). We
recall that this approach has already proved successful for the fragmentation equation without
size diffusion, see [6]. The remainder of the paper is then devoted to the long-term dynamics.
As a preliminary step, we establish in Section 6 the immediate compactness of the semigroup in
Xy for m > 1 when a diverges to infinity as x — co. We then construct in Section 7 a bounded
convex subset of X; , which is invariant with respect to the semigroup. This feature, along with
the immediate compactness of the semigroup, implies the existence of at least one stationary
solution for any given mass. After showing that this stationary solution is unique, we perform
a detailed study of the spectrum of A,, and end up with the announced convergence at a (yet
non-explicit) exponential rate. Building upon the analysis performed in Section 7, we turn to the
proof of Proposition 1.6 in Section 8 which relies on an approximation procedure. Specifically,
introducing a,(x) := a(x) +x/n for x > 0 and n > 1, we deduce from Theorem 1.5 that there is
a unique nonnegative stationary solution v, to (1.1) with a, instead of a. We then show that
cluster points as n — oo of this sequence are stationary solutions to (1.1).

2 Auxiliary results

According to the definition of dom(A4y,;), an important role is played in the forthcoming analysis
by functions f € X; such that /" € X;. We collect useful properties of this class of functions in
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the next lemma and show, in particular, that the boundary condition (1.1¢) is well defined for

such functions.

Lemma 2.1 Consider feX, such that f" e€X,. Then f e BC([0,00))NCY(0,00)), f €

L(0, 00), and, for x > 0,

FOI<I "y, xFGI<I Ny, " Mlzy 0,000 < I, -

Moreover,
lim xf(x) = lim xf"(x)=0.
X—>00 X—> 00

In fact, fand f" are given by

S0 =— j PO dy, f)=— f 0 dy,  xe(0.00).

Also, f € X, for any m € (—1, 1) and, for all ¢ > 0,

m+1

-1
Ifllx, < ", + ™ f N, -

m+1
Equivalently,

2(1 — m)m=1/2

<
/11 x,, m 1

Proof. Introducing

F(x):=/ G- dy.  xe(0,00).

it follows from the integrability of /” that

W < — / 0 — D O)ldy < F@) < [ O =D Oy < Il »

so that F'(x) is well defined for x > 0. Moreover,
F € BC([0, 00)) N C'((0, 0c0)) N W?, (0, 00)

1,loc

satisfies
Flx) = — / Fordy. FO=f0),  xe,00),

and

lim xF’'(x) = lim F(x)=0.
X—>00 X—>00

1-m)/2 +1)/2
ISP, me(=1,1).

(2.1a)

(2.1b)

(2.1¢)

2.2)

2.3)

(2.4)

2.5)

In particular, we infer from (2.4) that there is (a, 8) € R? such that (f — F)(x) = o + Bx forx > 0.

Moreover, since f € Xj, it follows from (2.5) that

x+1 x+1
dm [ s piers tim [ G0+ FOD & =0,
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which readily gives « = =0 and F =/, thereby establishing (2.1), except for the limiting
behaviour of /" at infinity. To this end, we observe that, since /" € L, (0, 00) and f” € L,(0, o0), a
formula for f(x)? reads

foP =2 f 000y, x>0.

We then deduce from (2.1a) that

1@ <2 [ ool TS0y [l s,

X

which implies that xf(x) — 0 as x — oo due to f € Xj.
Next, let ¢ > § > 0. It follows from (2.1c¢) that

/5 T o) dr< /8 )] dr 4 e f ) dr

&

S/ xm/ [0 dydx + " If |Lx,
) X
8m+1

m+1

</:xm / I’ )| dydx + /:O 'Ol dy + & |flx; -

By Fubini’s theorem,

8m+]

‘ m ‘ / _ 1 ¢ m+1 _ om+1 / ¢ /
[ [ rorss——g [ o= rene< o [ ron.

m+1

Combining the above inequalities with (2.1a) gives
€m+l m+1

m+1

o0
_ & .
/ PO dy+ e s < o 17 s+ ™ W,
0

m dx<
| e —

Letting § — 0 completes the proof of (2.2). We finally optimize (2.2) with respect to ¢ € (0, c0)
to derive (2.3). U

We next state for the sake of completeness the density in Xj, of smooth functions with
compact support in (0, c0), which is actually a straightforward consequence of the density of
(0, 00)) in L1(0, 00).

Lemma 2.2 The space C°((0, 00)) is dense in X, ,, for m > 1.

We finally recall a variant of the celebrated inequality of Kato [23, Lemma A].

Lemma 2.3 Let £ be a nonnegative function in W;o,loc([o’ 00)) with £(0) =0 and consider f €
WIZJOC(O, 00) N Xy such that f'¢' € L1(0,00) and f" € L1((0, 00), £(x)dx). Then

- [O £00) sign(f())"(x) dr > /0 ¢ 1) dr. 2.6)
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Proof. For ¢ € (0, 1), we define B, € W2

oo,loc(R) by ,68(0) =0and
B.(r):=sign(r), |rl>¢, and B.(r):= 2’ rel—eel.

Since f € X, we note that

EABIES ? eXi,

while the integrability assumptions on / and £ imply that

1)) < 1D +/1 ICEf"+€f" )| dy
LIEYD+F 1 1 2y0,00 F 1 MLy 0,00) » x>1.
Next, integration by parts gives
- /0 £(x) BL(f ()" (x) dx = /0 [£x) B (FONF D) + € x)BLFE))(x)] dr,

observing that the boundary terms vanish due to £(0) =0, £f” € Loo(1, 00), and B.(f) € Li(1, 00).
We then deduce from the nonnegativity of 8 on R that

- fo 000 BN () dx > /0 C@BL @) dr.

Since |B.(r) — |r|| < & for r € R and since B, converges pointwise to the sign function in R as
e — 0 with |8,| < 1, we may pass to the limit as ¢ — 0 in the previous inequality with the help
of Lebesgue’s dominated convergence theorem and the integrability properties of /” and /" and
find

o o0
- [ s > [ esieng e .
We finally use the classical property |f|" = sign(f)f” a.e. in (0, 00), see [24, Chapter II, Theorem

A.2], to complete the proof. O

3 The heat semigroup

It is well known, see [13, Section 3.4] for instance, that the solution to the heat equation with
homogeneous Dirichlet boundary conditions at x = 0,

dw—2w=0, (t,x) € (0, 00) x (0, 00),
w(t,0)=0, t€(0,00),
w(0,x) =f(x), x €(0,00),

is given by the representation formula

w(t,x) = W(f)f(x):/o [k(t,x =) = k(t, x + ) () dy,  (5,%) € (0,00)%, 3.1
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where

k(t,x) := ﬁw‘”‘” . (x)e(0,00)x R. (3.2)

Moreover, (W(1));>0 (With W(0) :=1dz,(0,.0)) is a positive analytic semigroup of contractions on
L1(0, co) with generator G given by

dom(G) :={f € L1(0,00) : f”" € L1(0,00) and f(0) =0},
Gf =f", f edom(G).

That is, G € G,(L,(0, 00), 1,0) N H(L,(0, 00)) and 'C = W(¢) for t > 0. We now consider this
semigroup in the weighted space X, ,,. More precisely, for m > 1, we recall the definition (1.4)
(with a = 0) of the unbounded operator 4 ,, on X ,,, given by

dom(AO,m) = {f e)(l,m : f// e)(l,m and f(O) = O} )
Ao/ =f", [ €dom(dom), (3.3)

and show that it is the generator of the heat semigroup in X ,,.

Proposition 3.1 Let m > 1. There is wy, 2 0 such Ao € G+(Xim, 1, 0pn) N HX) ) with (0, 00) C
p(Aom). The semigroup (e’AO’M)DO is given by

o0
nf) = [hex-p) - Ker VO &, (0e@of, (4
0
for [ € X\, where k is defined in (3.2). Moreover, e"'om = 0. |y, fort >0 and
()»—Ao’m)_l :()\._A(),l)_l |X1,m’ A>0.

Two steps are needed to show Proposition 3.1. We first establish Proposition 3.1 for m = 1 and
m 2> 3, see Lemma 3.2 below. An interpolation argument then completes the proof for m € (1, 3).

Lemma 3.2 Let m € {1} U (3, 00). Then Ao € G+ (Xim» 1, 0n) N HX) with
w1 :=0 and w,, := 41/(”’71)m(m - 3)(’”73)/('"71) , m>=3.
Moreover, elom = ¢Ho.1| Xy, Jor t 20, (0, 00) C p(dom), and

= Aom) ' = —40) xy, A>0.

Proof. We first note that 4, is a closed operator on X ,, and that its domain is dense in X
due to Lemmas 2.1 and 2.2. We divide the remainder of the proof into several steps.

Step 1. We first show the dissipativity of Ag,, — W, on X . To this end, let A > 0 and f €
dom(4y ). Using the inequality

|r_S|>Sign(r)(r_S)r (I”,S)ERZ,
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along with the nonnegativity of A and w,,, gives
IAf = (Aom — @m)f L, = (A + ) — Aouf L,
o0
> [ sign G+ 0 0~ 0] .
0

By Kato’s inequality (2.6) (with £(x) =x™), Lemma 2.1, and the boundary condition f(0) =0,
we further obtain

”)\f - (AO,m - wm)f”Xm 2 ()V + wn1)|V||an +m / xm—l lfl/(x) dx
0
= (A + o) lf llx,, — m(m — DI|fllx,,_, -
In particular, when m = 1,

I1Af — Ao fllx, = Allf I, (3.5)

so that 4 ; is dissipative on X;. We next handle the case m > 3. Then m — 2 € [1, m) and we infer
from Young’s inequality that, for ¢ > 0,

m(m = DIIf Ilx,,_, < m(m = 3ellf llx,, +2meC=2|f |1y, .
Hence,
A+ 0n)llf Iy, < mlm —3ellf L, +2me® 2|1 |y, + 14 = Aoy — @n) lx, -
Combining (3.5) with this inequality gives

A ol lx,, < 1A — (Ao — o) Ix,,,
+m(m — 3)ellf lx, +2me® 2| f |1y, .

We now choose € = g, := (2/(m — 3))*" V. Since
W =m(m — 3)g,, =me/2
we readily conclude
M i <3S = Ao — @) lxi, »
so that Ay, — wn! 1s a dissipative operator on X ,,.

Step 2. We next show that rg(A — Ag,n) =X, for A > 0. Consider g € X;,,. According to
Lemma 2.2, there is a sequence (g,),>1 in C2°((0, 00)) such that

lim g, —gllx,,, =0. (3.6)
n—0o0

Since g, € L1(0, c0) and (0, o0) C p(G), there is a unique f, € dom(G) such that Af, — Gf,, = g,;
that is,

My —f =gy in (0,00), f2(0)=0. (3.7)

Now, let R > 1. We multiply (3.7) by (x A R)" sign(f,(x)) and integrate over (0, co). Using Kato’s
inequality (2.6) (with £(x) = (x A R)™), we obtain
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llgnllx,, = /0 (x AR)" sign(f(x)[Afu(x) — £ (x)] dx
[e'e) R
> x/o (x AR)" fo(x)| dx+m/0 X"l () dx

o) R
=A/O (x AR)Y™ |fu(x)| dx — m(m — 1)/0 X2 |fo(x)] dx .

In particular, for m =1 we get

[o.¢]
gl =5 [ AR ] b,
0
so that, letting R — oo and using Fatou’s lemma,

Mfallx, < Ngnllx, - (3.8

The same argument entails that

M —fillxy < l1gn — &illx, nl=1. (3.9)

If m >3, then m — 2 € [1, m), and we use Young’s inequality to deduce that, for ¢ > 0,
00 R
w [ AR ) < Tl +mn =D [ o] ax
0 0
R
+ 2meB—m/2 f x |f(x)| dx
0

o0
< llgallx, +m(m — 3)e / (AR ()] dr
0
+2me

Choosing ¢ = A/(2m(m — 3)), we combine (3.8) and the above inequality to conclude that

A [ " 2m [ 2m(m —3)\ "2
2 [ enmr e a<igin + 2 (P02) T g
0

We now let R — oo in this inequality and deduce from Fatou’s lemma that f, € X, with

4m (2m(m —3)\ "/
Mfallx, < 2l1gnllx,, + - <T) llgnllx; - (3.10)

The same argument entails that

4m (2m(m —3)\ "/
A —fillx, <2180 — gllx, + T (T) llg» — gillx; (3.11)

for n > 1 and / > 1. Therefore, for m € {1} U [3, 00), the estimates (3.9) and (3.11) along with
(3.6) guarantee that (f,),> is a Cauchy sequence in X ,, and that there is /' € X; ,, such that

1im 1lfy =, =0. (3.12)
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Since f; = Af, — g, for all n > 1 by (3.7), it readily follows from (3.6) and (3.12) that (f,),>1
converges to Af — g in X, and to f” in the sense of distributions. Therefore, /" € X; ,, with
S =2 —gand |f) —f"lx,, — 0asn— oo.Finally, by (2.1c),

(0)] = 1(0) ~10)] < /0 7 — 1)) dr
< /(; /x (" _fn//)(y)| dydx :/0 v _fn//)(y)l dy = ||f" _fn//”)(l i

from which we deduce that f(0) = 0. Consequently, /" € dom(4o,,) and Af — 4o, f =g. Since
A — Ao m 1s one-to-one by (3.5), we have thus shown for any A > 0 that

rg(h — Aom) =Xim and (A — Aom) ‘g =(r —A4p,) g forall geXi,,. (3.13)

Step 3. For m € {1} U[3, 00), we infer from Step 1, Step 2, and the Lumer-Phillips theorem
[30, Theorem 1.4.3] that 4y, — w,, belongs to G(X7,x, 1, 0). Hence, 4y, € G(X1m, 1, wp). Also,
it readily follows from (3.13) that (0, 00) C p(4o,,) and

(o= Aom) ™ = —A01) x,,, -

In particular, the latter, along with the exponential formula [30, Theorem 1.8.3], entails that
etom = ool |x,, forall #>0.

Step 4. We next derive the representation formulation for (eMo )i>0- To this end, we first note
that, for ¢# > 0, the operator W (¢) defined in (1.3) is a bounded operator on X;. Indeed, since
Ix —y| < Jx+y| =x+y for (x,y) € (0, 00)?,

1
k(t,x —y)—k(t,x+y)= \/ﬁ (e,‘x,y|2/4, _ e*\X+y\2/4t> >0 (3.14)

for (x, ) € (0, 00)?. By Fubini-Tonelli’s theorem and (3.14),
o0 (o]
W@ < [ [T =) = e o) dids
0 0

1 ) 0 2
- | o [ e
1 00 /241 2
- /0 1)) / e a

=% fo 1)) (/ (y+zzﬂ)ezzdz) dy=11fllx,

Thus, W (¢) is a contraction on X . Since (A — G)’1 =(r- Aojl)’l on L;(0,00) N X forall A > 0,
it follows from the exponential formula, see [30, Theorem 1.8.3], that €% = ¢ on L(0, o) N
Xy for all > 0. Therefore, W(f) = "1 on L;(0, c0) N X; for all > 0. Since L,(0, c0) N.X; is
dense in X; by Lemma 2.2 and e o1 and W(¢) are both bounded operators on X, we conclude
that 101 = JW(¢) on X, for all ¢ > 0. Together with the outcome of Step 3, this identity proves
(3.4). In particular, (e“07),~ is a positive semigroup according to (3.14).
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Step 5. We are left with showing the analyticity of (¢!07),~ on Xj ,,. To this end, let f € X .
Clearly,

s [tk = — ke £ 0) &
is differentiable on (0, 0o0) and, since

2
23,k(t, x) = ( 1+ u) k(t,x),  (tx)e(0,00) xR,

we derive for (¢, x) € (0, 00)? that

Zt%e’AOJ"f(x) = —e"onf(x)

o Ix—yl2 |x erl2
+2/0 ( 2k —9)- k(tx+y)>f(y)dy

= —3eonf(x)

e’} 2
+2/0 <1+| 4y|>k(tx W) dy

[e'e) 2
—2/0 <1+ 'x:” >k(t,x+y)f(y)dy~

Let #> 0. Since z+> (1 +z)e™” is non-increasing on (0,00) and |x —y| <x+y for (x,y) €
(0, 00)?, we see that

_ 2 2
<1+ x 4ty| )k(t,x—y)—(l—i— 'x:tyl )k(t,x+y)>0 (3.15)

for (x, ) € (0, 00)? and infer from Fubini-Tonelli’s theorem that

S oo — |2 2
/0 x’”/ [<1+'x ot )k(t,x—y)—<l+|x—:ty| )k(r,x+y)}f(y>dy| dx

2 2
</ x'"/ [( it )k(t,x—y)—<1+%) k(t,x+y):| ()] dydx
_L oo oo m ) _22
= ﬁ/(; F O [/—y/zﬁ (y—i-ZZ\/Z) (1427 dz

— /—y/Z«ﬂ (—y — ZZ«/;)m ¢! —}-zz)e’Z2 dz:| dy

]

= % /Ooo ol f_z \y+2zﬁ)m_1 (r+22v2) (1 +2)e dedy.
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Consequently,

d
2t — A4 0,m
ar’ s

X 1.m

<3 Jletonfy, + % /0 T [ Z (v+2:v0) (14220 dedy
w2 [Tvon [T o (e a4 20 e,
so that

lim sup ¢
t—0

<31l

d
—etonf
dt Xim

by Lebesgue’s convergence theorem. It then follows from [14, Theorem I1.4.6 (c)] that this
property implies the analyticity of (e“0.),~ on X ,,. Thus, the proof is complete. d

The proof of Proposition 3.1 is now a consequence of the previous lemma and an interpolation
argument as shown next.

Proof of Proposition 3.1. We only have to consider the case m € (1, 3). Since 4o € H(X1,1)
and 4o 3 € H(X) 3) according to Lemma 3.2, Hille’s characterization implies that there are 1o > 0
and « > 1 such that

G- = Ao.) ™ N ceny) + 1 — 4o3) o) < Rei> 2,

K
A — Aol
see [14, Theorem I1.4.6 (d)] for instance. Since (A — Ao3)~" = (A — Ao,1) "', 5, it readily follows
by interpolation that

I = o)™y lcee < Rei>A. (3.16)

K
A — 2ol
Obviously, Ay, is closed and densely defined in X; ,. Let g € X, be arbitrary and Re A > A.
There is a unique /" € dom(A4o;) such that (A — A1) =g. By (3.16), f = (A _AO,I)_1|X1’,,1g €

Ximand " = Agf = M — g € Xi . From this identity, we deduce f € dom(4y ,,) with Ao,/ =
Ap1f and (A — Ao,)f = g. Since /" is unique, we conclude that A € p(4g,,) and

(A —Adow)'g=f = —40) " Ix,,8;

that is, (A — o)™ = (A — 4o.1) "' |x,,,- Invoking (3.16) we derive that

- = o)™l 2x ) < Re x> Ao,

K
| = ol ’

and thus conclude that Ay, € H(X1,) with edom = gto1 | X1 for t > 0. The fact that Ay, €
G(Xi,m, 1, wy) follows again by interpolation using Lemma 3.2. O

https://doi.org/10.1017/50956792521000346 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792521000346

1098 Ph. Laurengot and Ch. Walker
4 The absorption semigroup

Let a € Lo 10c([0, 00)) be a nonnegative function and m > 1. We recall the definition (1.4) of the
Schrodinger operator 4, ,, on X, given by

dom(Aa,m) = {f EXl,m : f [S dOI’l’l(AO,m) s af eXl,m} R
Aamf =f" —af , fedom(A, ).

The main result of this section is that 4, ,, € G4 (X1 m, 1, ©m) N H(X) ), the parameter w,, being
defined in Proposition 3.1. The proof relies on [3].

Proposition 4.1 Assume that a satisfies (1.2) and let m > 1. Then
Aam € G4+ Xim, 1, 0n) N HX1m) -
Moreover, elam = ¢tal| Xi JOr t 2 0.
Proof. Let us recall that X ,, is a Banach lattice with order-continuous norm, see [1, Chapter 4]
for a precise definition and a complete list of properties, and introduce
Y :=L1((0, 00), (x + x™)a(x)dx) .

We first observe that (dom(Ao,m) ny )L = {0}, where the disjoint complement F* of a subset F°
of the vector lattice X ,, is given by

F*:={geXy, : min{|f],|g]} =0 forall f €F}.

Indeed, since C°((0, 00)) is a subset of dom(4,,) N Y, we readily deduce that g=0 for g e
(dom(Aoym) ny )L. Consequently, we are in a position to apply [3, Proposition 4.3] and conclude
that there is an extension AAa,m € G+ (Xim) of Ay, with domain dom(AAa,m) defined as follows:
fe dom(AAa,m) if and only if / € X} ,, and there exist (f;),>1 in dom(4y ) and g € X, ,, such that

Bim (I —flx,,, + Monfy = (@ A n)y +gllx,,,) =0

It first follows from Lemma 4.2 below that dom(/fa,m) =dom(4,,,) and therefore AAa,m =Aam.
Moreover, 0 < e“amn = efam L eMom for t > 0 by [3, p. 432]. Since 4g,n € G (Xim, 1, wy) due to
Proposition 3.1, this ordering property, along with [7, Remark 2.68], implies

[| g am e < [| "o e, < e, 120.
Hence AAa,m € G+ (X1m, 1, wy). Finally, recalling that
(_wm +A0,m) € g+(Xl,ms 1’ O) N H(Xl,m)

by Proposition 3.1, we infer from [3, Theorem 6.1] that 4,,, € H(X1 n). O

It remains to check that dom(AAa’m) =dom(4,,,). This property actually follows from the
monotonicity of the Laplace operator 4, and the multiplication f > af".

Lemma 4.2 Assume that a satisfies (1.2) and let m > 1. Then dom(AAa,m) =dom(A4y ).
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Proof. Pick f € dom(/fa,m). Then there are a sequence (f;),>1 in dom(4y,,) and g € X; ,, such
that

Tim (I = lx,,, + llgn — €l ) =0 (1)
with g, := —Aoufu + (a An)f, for n > 1. In particular,
= sup {lfsllx,,, + lgnllx,,,} <00
n>1

Step 1. Let us first prove that af € X7 ,. We infer from Lemma 2.3 that, forn > 1,
o0
lgall, > [ ¥ signth) 0o d
0
o0 o0
s [T @ acs [ @@ AmiGeol
0 0

o0
=—m(m— Dlfullx,_, +/ X" (a(x) A n)|fu(x)] dx.
0
In particular, we derive
o0
| x @ Amineol ax< il <. 42)
0
Next, if m > 3, then it follows from Young’s inequality that
Rl m—3 2
X" (a(x) Aol dx < m(m — 1) | ——fullx,, + ——allx, | + lIgnllx,,
0 m—1 m—1
<[mm—-1)+1]«.
Likewise, if m € (1, 3), then Lemma 2.1 implies that
0 1
/0 X" (a(x) An)|fu(x)] dx < m(m — 1) [mﬂfn"llxl + Ilfnllx.} + llgn llx,,
<mll(a A n)fy — gallyy + [m(m — 1)+ 1]«
<

m ?B‘?{”(“ ADfillx} + (m* + Dk

<(m* 4+ m+ i,

where the last inequality is due to (4.2). Thus, in all cases for m > 1, we have shown that
o0
/ (x +x™) (a(x) A n)|f(x)| dx < (m* +m +2)« .
0
Fixing N > 1, we deduce from the previous estimate that, for all n > N,
[o¢] o0
| @@ AN < [ @ AmIG] b < o+ m 2
0 0
We then let # — oo and infer from (4.1) that

/Oo(x +x™) (a(x) AN)|f(x)] dx < (m* +m + 2)« .
0
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Using Fatou’s lemma to let N — oo, we conclude that af € X ,, with
laflx,,, < (m*+m+ 2. (4.3)

Step 2. We next show that ((a@ A n)f,).>1 converges to af in Xi,. Let x € C*®((0, 00))
be such that x(x)=1 for x>2, x(x)=0 for x€(0,1), and x(x)€[0,1] for xe[1,2].
Introducing xr(x) := x(x/R) for x€(0,00) and R > 1, we deduce from Lemma 2.3 (with
£(x) =x" xg(x)) that

/0 2 (@) A MRG0 dx + /0 [ ) + ™ x(OTIf )
< / xxXR()SiEn( () () dx
0

< / * lgn(@)l dr
R

Since
/O [ ) + ™ el () e
__ /0 I + 2m ) -+ mlm — D )] d
fa. 1 x 2m , /x mm—1) /x
=‘f0 > V)l [E () e (R X(E)] dx
and

X”(y)+ X '0)+ (y X(V)‘ <3 w000y s ¥ €(0,00),

we further obtain

o0

f xm(a(X)/\n)lﬁ()C)ldx<f X" (a(x) A n)xr()|fa(x)] dx
2R 0

[ee) 3m2
< sup {/ x" |gi(x) dx} + F”X””Lo@(OpO)“/;l”Xm
R

I>1

< sup {/ X" |gi(x)] dX} +
>1 LJr

for n > 1. Since

lim sup { / (4 3") lgi) dx} -

R—00 >1

by (4.1), we conclude

lim sup { oo()c +x™) (a(x) A n)|f(x)| dx} =0. (4.4)

R—o00 1 \J2R
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Now, let R > 1. Since a € L,(0, 2R) by (1.2), there is ng > 1 such that a(x) A n =a(x) for x €
(0,2R) and n > ng. Consequently, for n > ng,

2R
l(a An)fy —af llx,,, < fo (x+x") a(o)|(fn — f)(x)| dx
+/ (x+x") (a(x) An)|f(x)| dx
2R

4 / (x+ ") a@)|f ()] dx
2R
< lallzo©2r) Vn —f i,

+sup { oo(x +x") (ax) A D) dx}

=1 UJ2r
+/ (x+x") a(x)|f(x)] dx.
2R

We then pass to the limit as # — oo and infer from (4.1) that

n—00

lim sup ||(a A n)f, — af||x1’m < sup {/ G+ 27 (ax) A DIfix)| dx}
I> 2R

>1
(o]
[ awireol ds.
2R
We finally let R — oo with the help of (4.3) and (4.4) and end up with
lim [[(a Ay = af I, =0. 4.5)

Step 3. We finally show that /" € dom(4y,,). Indeed, it readily follows from (4.1) that (f,"),>1
converges to /7 in the sense of distributions, while (4.1), (4.3), and (4.5) guarantee that the
sequence (f,),>1 = ((a A n)fy, — gn)n>1 converges to af — g in X ,,. Therefore, f” belongs to X ,,
with " = af — g and (f;),>1 converges to f” in X ,,. Since f,,(0) = 0 for n > 1, this convergence
along with Lemma 2.1 ensures that (0) = 0 and we have proved that ' € dom(4g ). O

For further use, we show that the graph norm of 4,, in X, controls independently the
diffusive and absorption terms in X ,,.

Lemma 4.3 Assume (1.2). For f € dom(4,,1),

% (I40.1f Iy + llaf Il ) < 14a1f llx; - (4.6)

Letm > 1. Forf € dom(Ay ),

Wt D) (Momflxs,, + laf llx,,,) = mlfllx,, < ldamfllx,,, - 4.7)

Proof. Let f € dom(4,,1) and set g:= —A4,,f = —f"" + af . It follows from Lemma 2.3 (with
£(x) = x) that

lgllx, 2/0 x sign(f (x))g(x) dX>/O 1 Gx) dx + llaf |lx, = llaf Ilx, -
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Consequently,

lafllx, < 14a1f lx, and (| do,fllx, = a1/ + of llx, < 201 Aaifllx, » (4.8)

from which we deduce (4.6).
Next, let m > 1 and consider f € dom(4,,,). We set g:= —A4,,,f = —f" + af and infer from
Lemma 2.3 (with £(x) = x") that

o0

g lx,, 2/0 X" Sign(f(X))g(X)dX>m./0 ') de o+ Nlaf N,
= llaf x,, — m(m — DIfllx,,_, -

Either m > 3 and it follows from Young’s inequality and the above inequality that

m—73

2
laf llx, < llgllx, + m(m—1) (—Ilfllxm + mllfllxl)

m—1
< lIglx,, +m(m = 3)IIf llx,, + 2mllf 1,
< lglx, +m*(f lx,,, - (4.9a)

Or m € (1, 3) and we infer from (2.2) and (4.8) that
1
laf 5, < ligll, +m(m — 1) <m|lf”||x, + w)ﬂ)

< gl +mldoif Iy, +m(m — D||fIlx,
< gl +2mllAaif s, +m*|f |x, - (4.9b)
Collecting (4.8) and (4.9) leads us to
laflx,,, < (1+2m)|[Aanf Ilx;,, + mf lx,,, »

which in turn gives

Ndonf I < Idamf sy, + 10f 11y, < 20+ M) Aaf Iy + 721 N, -

Consequently,
2
W m (Ionf 1 + 16/ i) < WS i + 5= TESLALTE
from which (4.7) follows. O

5 The fragmentation-diffusion semigroup

We now consider the operator A,, = 4,,, + B,,, where we recall that the nonlocal operator B,, on
X 1s defined by

dom(By)={f €Xim : af €Xin},
Byf(x) = / ab(x,y)f(»)dy, x€(0,00),  fedom(By).

X

We first show that B,, is 4, ,,-bounded in X ;.
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Lemma 5.1 Assume (1.2) and (1.3). Let m > 1 and consider a measurable function f on (0, 00)
such that af € X,,. Then
o0
/e
0

/ b 0) dy| dx < llaf i, - (5.1)
In addition,
MBuf)=M(af). e dom(By). (5.2)

and B, is A m-bounded in X, p,.

Proof. We infer from (1.3) and Fubini—Tonelli’s theorem that
[e%) o0 &) Y
f o / a()bx )| )] dyde = /0 df )] /0 b(x, ) dxdy
0 X

oo y
m—1 _
< fo Va0 )l /0 xb(x,y) dvdy = flaf 1,

from which (5.1) readily follows. Next, (5.2) is a straightforward consequence of (1.3) and
Fubini’s theorem.
Finally, let f € dom(4,,,) C dom(B,,). By (4.7) and (5.1),

1Buf I, < /0 <x+xm)/ a(y)b(w)f(y)dy‘dx<||af||X1,,,

<40m + Dlldawf lx, ,, +4m(m + DIlf llx, ,, »

so that B,, is A, ,-bounded. Il

As already observed in the literature, see, e.g., [8, Theorem 5.1.47 (¢)], the inequality (1.8)
implies that, for each m > 1, there is §,, € (0, 1) such that

v
1 =8, )" = / X"b(x,y) dx, y€(0,00). (5.3)
0
An immediate consequence of (5.3) is a strict domination of a f over B, f in X,.
Lemma 5.2 Assume (1.2), (1.3), and (1.8). Let m > 1 and consider f € dom(B,,). Then
1Bnf I,y < (1 = 8m)llaf Ilx,, -
Proof. It readily follows from (5.3) and Fubini’s theorem that
oo o0 o y
Bafli < [ [ b0 dsts = [ a0 [ bt dsdy

<(1—8y) /O VA O)Idy = (1 — 8, laf 1, -
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We shall see next that the property (5.3) ensures that B,, is a Miyadera perturbation of 4, ,.
Recall that a similar result is available for the fragmentation equation without diffusion [6].

Proposition 5.3 Let m > 1 and assume (1.2), (1.3), and (1.8). Then there are q,, € (0, 1) and
tn > 0 such that

thl
/ 1Bueenflly,, ds <aullfllx,» £ € dom(dan).
0
In particular, B, is a Miyadera perturbation of A, .

Proof. Consider f € dom(A4,,,) and set F(¢) := e"anf for t > 0. Owing to Proposition 4.1, we
have

IFOIx < Wl s 1FOlx,, < eI lx,, » 120. (5:4)

In addition, F is a classical solution to

d
&F—Aa,szo, t>0, FO)=f,
and we deduce from Lemma 2.3 (with £(x) = x™) that
d
5IIF||X,” + llaF|lx, <m(m—1DIF|x,_, , 120.
Hence, after integration with respect to time,
t t
/ laF($)llx, ds < If L, + m(m — 1)/ IF($)x,_, ds, t20. (5.5)
0 0
Now, let ¢ > 0. It follows from (1.3), (5.1) (with m = 1), and Lemma 5.2 that
t t t
/ 1BnF'(s)llx,,, ds </ llaF(s)llx, ds+ (1 — Sm)/ llaF(s)llx,, ds. (5.6)
0 0 0

For R > 1, we infer from (1.2) and (5.4) that

' t PR

[ 1ar s s < alon [ [ 0] axds
0 0o Jo
t [e’e}
+ R / / x"a(x)|F(s, x)| dxds
o Jr

t t [oe]
<llalliaon / VF@)llx, ds + R / / *a(x)|F(s, )] dxds
0 0 0

t
<lallwor |l + R / laF(s)llx, ds.
0
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Combining (5.5), (5.6), and the above estimate with R = R,, := (8,,/2)"/!!=™ gives
t (Sm t
/ I1BnF ($)llx,,, ds < llall L@ I ILx, 2+ (1 - ?) / llaF (), ds
0

||a||Loo(0Rm)|lf||X1f+( ) £ ILx,,

=1 (1-2) [y, o

||a||Loo(0Rm)”f||X1t+< ) 1/ 1lx,,

+ m(m — 1)/0 IF (), , ds. (5.7)

At this point, we handle the cases m > 3 and m € (1, 3) in a different way. We first consider
m > 3. We use Young’s inequality, along with (5.4), to obtain

f Tm—3 2
mn =) [ 1O, a5 <mn =) [ [ZZ30F0 1, + 21Oy | @

< m(m —3)

ST IfILxy,, (€ Fm" = 1) + 2m|flx, - (5.8)

Collecting (5.7) and (5.8) leads us to

! m(m — 3) "
IBwF($)llx, ,, ds < | Nlallza@rmt + ——— (€T — 1) +2me | ||f|1x,
0 ’ 1 + W
8m  m(m—73) -
+ |:1 Y + Tro. (e(H ! — 1)] 17 llx,, -
We now pick #,, > 0 such that

8m m(m - 3) 14wm)tm 5m
(el Lo 0.Rp) +2m) 1y <1 — 5 and  ——— o (eHHomin 1) < o

and infer from the previous estimate (with 1 =1t,,) that

tm 5m
/|mwwmmm<0—1)vmw
0

Recalling that B,, is A, ,-bounded by Lemma 5.1, we have thus established that B,, is a Miyadera
perturbation of 4,,, for m > 3.
Let us now consider m € (1, 3). In that case, m — 2 € (—1, 1) and it follows from Lemmas 2.1
and 4.3, and (5.4) that, for s € (0, ¢),
2(3—’")('" /2 " 3—m)/2 m—1)/2
Ol 2 < 22 e
- 6(3 _ m)(me)/Z

——— I POl
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Owing to the analyticity of (e“en) _ .
Theorem 2.5.2] that there is C > 0 such that

see Proposition 4.1, we further infer from [30,

e e
[|4g,1 €% lcor) < C? < C? , s€(0,0).

Combining the above two estimates gives
IE©)x,_, < COomIf 1725772 5€(0,1).

Hence, recalling (5.7),

t
/H%Hmmww<WWmmm+wa“W¥WWﬂMm
0

Om
1—— .
+ ( > > I1f 1L,

Il oo 0.kt + Cm)e®~™m/24m=D/2 < 7 —

‘We now choose #,, > 0 such that
Om
2

and deduce from the previous inequality (with ¢ = ¢,,) that

tm 8m
f|mwwmmw<0—7)vmw
0

Consequently, using again Lemma 5.1, B, is also a Miyadera perturbation of 4,,, when m
(1,3). 0

We are now in a position to prove the first two statements in Theorem 1.1 for the operator
Am = Aa,m + Bm:

Proof of Theorem 1.1(a)-(b). We handle the cases m = 1 and m > 1 separately.

(a) If m=1, then 4,, € G+(X1, 1,0) by Proposition 4.1, so that it generates a substochastic
semigroup in X;. Moreover, dom(4,,1) C dom(B;) and B, is obviously positive due to the
nonnegativity of ¢ and b. Also, for /' € dom(4,,),

Ml(Aa,Lf+BLf)=—/O J'(x) dx — My(af) + My (B,f) =0

by Lemma 2.1, (5.2), and the Dirichlet boundary condition. Consequently, we infer from
[31] and [8, Theorem 4.9.16] that there is an extension A; € G, (X7, 1,0) of A;.

(b) Let m > 1. Since 4,,, € H(X1 ) by Proposition 4.1 and B,, is a Miyadera perturbation of
Aqm by Proposition 5.3, it follows from [14, Corollary 111.3.16 & Exercise 111.3.17] that
A, =A4m + By € H(X1 ) with dom(A,,) = dom(4,,,). Note that D(4,,,) and D(A,,) are
both Banach spaces and that D(4,,,) is continuously embedded in D(A,,), since B,, is Ay n-
bounded in X, according to Lemma 5.1. Consequently, D(A,,) = D(4,,,) by the open
mapping theorem.
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We now check the positivity of (e'*”) . bearing in mind that we already know from
Proposition 4.1 that A,, is resolvent positive. Pick A > 0 sufficiently large. Then A — A, is
invertible with inverse given by

(* - Am)_1 =(- Aa,m - Bm)_l =(- Au,m)_1 (1 = Bu(A — Aa,m)_l)il
o .
=0 —Aam) " D [BuOr—Aam) ']
j=0

where the Neumann series converges since B,, is a Miyadera perturbation of 4, ,,, see the proof of
[14, Theorem I11.3.14]. Now, B,, is obviously a positive operator on X ,, due to the nonnegativity

of a and b, and the positivity of (A — A,,)~! directly follows from the above identity.
Finally, as in the proof of (a), we have M;(A,f)=0 for any f € dom(4,,,) by Lemma 2.1,
(5.2), and the Dirichlet boundary condition, so that (1.9) immediately follows. U

Proof of Proposition 1.2(a). Let m > 1. The operator 4,,, belongs to G (X ) N H(X),n) by
Proposition 4.1. Since a € L,,(0, 00) and b satisfies (1.3), the operator B,, is a positive bounded
operator on X} ,,. On the one hand, it now follows from well known perturbation results that A, =
Aam + By, belongs to H(X; ), see [30, Theorem 3.2.1]. On the other hand, the same argument as
in the proof of Theorem 1.1(b) ensures the positivity of (e’A’") 50" Finally, for m = 1, it readily

follows from [8, Proposition 4.9.16] that A| = A e G+ (X1, 1,0), thereby completing the proof.
|

6 Immediate compactness of the semigroup

We now turn to compactness properties of the semigroup (e )i>o for m>1 as stated in
Theorem 1.1 (c). To avoid loss of compactness for large sizes, we further require a to diverge to
infinity for large sizes, thus excluding bounded overall fragmentation rates.

Lemma 6.1 Let m > 1 and assume that a satisfies (1.2) and (1.10). Then D(Aqm) = D(A,,) is
compactly embedded in X1 .

Proof. Recall that the relation D(4, ) = D(A,,) is established in the proof of Theorem 1.1 (b).
Let (f,)n>1 be a bounded sequence in D(4, ). According to Lemmas 2.1 and 4.3, there is C > 0

such that
sup { [ +xIf;(0)I} <C,  n>1, (6.12)
x>0
Wfallxy,, + W lx, + llafallx, < C, nz1. (6.1b)

On the one hand, we infer from (6.1a) and Arzela—Ascoli’s theorem that (f,),> is relatively
compact in C([1/R, R]) for each R > 1. There are thus a subsequence (f,,);>1 and /€ C((0, 00))
such that

lim f, (x) =1 (x), x€(0,00). (6.2)
Jj—00
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On the other hand, it follows from (6.1) that, if R > 1 and E is a measurable subset of (0, c0),
then, forn > 1,

f (c+ )] dx < / (4 X)) dx + / (+ )] dx
E EN(O,R) R

NO,R

SR+ R fallLoc0.00 £ N (0, R)]

2 e .
+mfk 2 a@)fy ()] dx

2C
<2CR™MENO,R)|+ —— . (6.3)
infy>r{a(x)}
A first consequence of (6.3) with £ = (R, 00) is that
(o]
su x+xX"NHE) dx < ————,
sup [ (b e <
from which we deduce by (1.10) that
lim sup / (x+xX")|fa(x)] dx=0. (6.4)
R—o00 n>1JR
We next infer from (6.3) that, for § > 0,
1(8) :=sup {/(me)lfn(X)I dx :n=1, E€B((0,00)), |E| < 5}
E
satisfies
2C
0<n®)<2CR"§ + ——
(o) infy> r{a(x)}
for all R > 1. Therefore,
2C
limsupn(§) < ————
50 inf,> p{a(x)}
for all R > 1 and we use once more (1.10) to conclude that
}EI(I) n(8)=0. (6.5)

Gathering (6.4) and (6.5) implies that the sequence (f;,),>1 is uniformly integrable in X, ,, and thus
weakly compact in X; ,, by Dunford—Pettis’ theorem. This just established weak compactness in
X1 m, along with the pointwise convergence (6.2) and Vitali’s theorem, see [19, Theorem 2.24]
for instance, entails that (f, );>1 converges to " in X; ,,, thereby completing the proof. ]

We are now in a position to finish off the proof of Theorem 1.1.

Proof of Theorem 1.1(c). Let m > 1. By Lemma 6.1, (A — A,,)~" is compact for A > 0 large
enough and, since m > 1, the analyticity of (e”“x"')t> o implies that it is continuous with respect to
the operator norm for positive times [30, Lemma 2.4.2]. We now may apply [30, Theorem 2.3.3]

to conclude that () _ ' is immediately compact. O
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The compactness result of Lemma 6.1 is not valid under the sole assumption (1.2) on a. In

particular, we show that it fails when a is bounded.

Lemma 6.2 Let m > 1 and a € Ly(0, 00). Then the embedding of D(A4m) = D(Ay,) in X1 , is not
compact.

Proof. Let ¢ € C°(R) be such that 0 <o <1, supp ¢ C[—1,1], and [|¢]l,,®) =1. We fix
m > 1 and set

@n(x) := o(x —n), xe(0,00), n>1.

n—+n"

Straightforward computations show that

Ipnllxi,, + lagallx,,, < (14 lalra0.00) lallx,,

UL m2rn
< (14 llalla0.00) (1+/1 ok

<Q+m2") (1+ lallLo0.00))

() dy)

and

! |lx <W/l
n 1m X

_—— 1 lo" M dy <2" 19" |2, (®) »

as well as
lim [lg,llx,,, =1, lim |@nll200(0.00) =0 (6.6)
n— 00 n—00

Therefore, the sequence (¢,),>1 is bounded in D(A4,,) but has no cluster point in X, due
to (6.6). O

Proof of Proposition 1.2(b). Let m > 1 and a € Ly (0, 00). Since D(A,,) is not compactly
embedded in X;, by Lemma 6.2, the resolvent (A —A,)~! is not compact. Hence, [30,
Theorem 2.3.3] implies that the semigroup (e’Am),>0 is not compact. O

7 Steady states and convergence

Throughout this section, we assume that a and b satisfy (1.2), (1.3), (1.8), and (1.10) and that
a>0and b > 0.

We begin with the construction of a stationary solution with the help of Schauder’s fixed point
theorem.

Lemma 7.1 There is a unique nonnegative

Y1 €[] dom(a,)
r>1

such that My(Yr1) = 1 and ker(A,) =ker(A2) =Ry = {ry : reR} forallm> 1.

Proof. We split the proof into three steps.
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Step 1. The uniqueness of a solution ¥ € dom(A) to Ay = 0 satisfying M(y¥) =1 relies
on the dissipativity properties of A; in X; and can be shown exactly as in the proofs of [15,
Lemma 3.5] and [25, Proposition 3], to which we refer.

Step 2. We now turn to the existence part. Let m >3 and consider f GX;,Lm satisfying
M, (f) = 1. Setting F(t) := e for ¢ > 0, it readily follows from Theorem 1.1 (b) that

F()>0 and Mi(F()=1, t>0. (7.1)

Next, by (5.3) and Fubini’s theorem,

iMm (F(t)) = —m / ” X" 19 F(t, x) dx — / ” x"a(x)F(t, x) dx

o0 y
+ /0 a(y)F(t,y) /0 xX"b(x,y) dxdy
< m(m - 1)M1172(F(t)) - 8;11Mm(aF(t)) .

Owing to (1.10), there is x, > 0 such that a(x) > 1 for x > x,. Consequently, using (7.1),

%MMF@)+&W@@U»

X

d oo
< &Mm(F(t)) + 8 f X"F(t,x) dx + 8, f X"F(t,x) dx
Xx 0

< d%Mm(F(t)) 4 8 My (aF (1)) + Sy / XF(,x) dx
0

<m(m — D)My_o(F(0) + 8ux
Since m > 3, we now deduce from Young’s inequality that

<2m(m -3)

S M FO) + M) < 2 (F0) + 2 22

dr 2
+ 8t

(m=3)/2
) Mi(F(0)

Hence, by (7.1),

d O
M E@) + - Mu(F(0) < 2m

-3
<2m(m - 3))(m / 4o = ‘Sm;m

5 ZmPm
for ¢ > 0. After integration with respect to time, we conclude that
My (F(t)) < max {My,(f), um} , 120 (7.2)
Now, introducing
Coi={f €X',y : M) =1, My() <t}
which is a closed convex subset of Xj ,,, an immediate consequence of (7.1) and (7.2) is that

et cCp, t20.
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Owing to the compactness of e’* in X, for all > 0, see Theorem 1.1(c), we argue as in the
proofs of [2, Theorem 22.13] and [20, Theorem 5.2] to deduce from Schauder’s fixed point
theorem that there is v, € C,, such that

etAmmeWm, t20.

Equivalently, A, ¥, = 0 and we have thus shown the existence of a stationary solution to (1.1a)
for m > 3. Obviously, 3 also belongs to dom(A,,) and satisfies A,,13 =0 for any m € [1, 3).
Thus, there is at least one stationary solution ¥, to (1.1) for any m > 1. Obviously, ¥, € dom(A)
solves Ay, = 0 for every m > 1, and we infer from Step 1 that i, = ¢ for every m > 1.

Step 3. We finally identify ker(A2). To this end, letf € ker(A2). Then A,,f belongs to ker(A,,),
so that Step 2 implies that there is u € C such that A,/ = ur,. Therefore,

p=uMi (Y1) = Mi(A,f)=0.

Hence, f € ker(A,,). O

We now supply refined information on the spectrum of A, for m > 1.
Lemma 7.2 Let m > 1. The spectrum o(A,,) of A, only consists of isolated eigenvalues and
satisfies

o(A,)c{0ju{reC : Rex<—sy,} (7.3)

for some g, > 0. Moreover, the spectral bound s(A,,) =0 is a simple eigenvalue of A,,.

Proof. Owing to the immediate compactness of (etA'"),>0, see Theorem 1.1 (c), and [14,

Corollary V.3.2], the spectrum o (4,,) only consists of isolated eigenvalues which are poles of
the resolvent with finite algebraic multiplicity. Moreover, for any » € R,

#reo(Ay) : Rer>r) <oo. (7.4)

We next claim that s(A,)=0. Indeed, since A, CA; CA; and A;e€G(X;,1,0) by
Theorem 1.1, any eigenvalue of A,, is also an eigenvalue of A; and it follows from [30, Corollary
1.3.6] that

{(LeC : Reir>0}Cp(A).
Consequently, any eigenvalue of A, has a non-positive real part. Thus,
o(A,)Cc{reC : Rer<0}. (7.5)

Since zero belongs to the spectrum of A, by Lemma 7.1, we deduce from (7.5) that s(A,,) =0isa
pole of the resolvent of A,,. Recalling that ("), is a positive semigroup on the Banach lattice
Xim, it follows from [12, Theorem 8.14] that o(A,,) NiR is either reduced to {0} or contains
infinitely many elements. The latter being ruled out by (7.4), we conclude that o (A,,) N iR = {0}.
Since all eigenvalues are isolated, this last property ensures that there is &,, > 0 such that (7.3)

holds true.
Finally, since ker(A,) = ker(Afn) =Ry by Lemma 7.1, zero is a simple eigenvalue of A,
according to [14, Section IV.1.17]. O
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Proof of Theorem 1.5. Let m > 1. From Lemma 7.1 we obtain the existence of a unique
nonnegative

Y1 €[ ) dom(4,)

r>1

such that M (1) = 1 and ker(A,,) = Ry/;. We next infer from Lemma 7.2 that zero is a dominant
eigenvalue of A, and a first-order pole of its resolvent with residue P, where P € L(X ,,) denotes
the spectral projection onto ker(A,,) and is given by

Pf=1lim AL = Aw)"f s fE€Xim, (7.6)

see, e.g., [14, Section IV.1.17]. It then follows from [14, Corollary V.3.3] that there are N,, > 1
and v,, > 0 such that

le™™ — Pllcexyy < Nue™ ™, 1>0. (7.7)

It only remains to identify the spectral projection P. Introducing g; := A(A — A,,)"'f for f €
Xim, we have

M=Ag —Ang,

from which we readily deduce that M| () = M;(g,). Therefore, (7.6) implies M\ (Pf) = M\(f).
Since Pf € Ryr; and M, (Y1) = 1, we conclude that

Pfr=M(Y1, fe€Xinm.

Recalling (7.7), the above identity completes the proof of Theorem 1.5. (]

Remark 7.3 Since A,, € H(X),,) and since s(A,,) = 0, we infer from [14, Corollary IV.3.12] that
there exists x > 1 such that A,, € G(Xu, &, 0).

8 Stationary solutions revisited

We now prove the existence of a stationary solution to (1.1) when the overall fragmentation rate
a may be bounded for large sizes but does not decay to zero. Specifically, we assume that a
satisfies (1.12); that is,

1
a ;= = lim inf a(x) € (0, 00) .
2 x—>00

Proof of Proposition 1.6. As in Lemma 7.1, the proof of the uniqueness assertion in
Proposition 1.6 relies on the dissipativity properties of A; in X; and can be shown exactly as
in the proofs of [15, Lemma 3.5] and [25, Proposition 3], to which we refer.

As for the existence assertion, we employ a compactness method. Let n > 1. We set a,(x) :=
a(x) 4+ x/n for x > 0 and, for m > 1, we denote the operators B,, and A, with a, instead of a by
B,,, and A, ,, respectively. Since a,(x) — 0o as x — oo, we infer from Lemma 7.1 that there is
a unique nonnegative

Via €[ ) dom(,,)

r>1
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such that M (y,,) =1 and ker(A,,) =Ry, for all m > 1. In particular, given m > 3, the
function ¥ , belongs to dom(4y ) with a,v , € X;,, and solves

— Y\ an¥in =Bua¥i, in (0,00), Y1.,(0)=0. (8.1)

It follows from (8.1), Lemma 5.2, and Young’s inequality that, for ¢ > 0,

Mu(anri ) = Mu(Bua¥in) —m /0 xm711//‘1,,n(x) dx

S = 8m)Mp(antyin) +m(m — DMy (Y1.0)
< (1= 8)M(anyrin) + m(m — 3)eMy (1) + 2meC ™" 2My (Y1) -
Hence,
SMy(an s ) < m(m — 3)eMy (Y1 ) + 2me® =12 (8.2)
Owing to (1.12), there is x, > 0 such that

ax)za, X2 Xy. (8.3)

In view of (8.2) and (8.3), we obtain

O[amj\/[m(l,hl,n) < aamx;n_l / X1/f1,n(x) dx + 8y, / xman(x)wl,n(x) dx
0 Xy

< @b~ My(Y1.) + m(m — 3)eMy (Y1 ) + 2me %
Choosing ¢ = «4,,/2m(m — 3) in the above inequality gives

o 5111
2

b, )(3’")/ 2

Mm n g 8m ] 2 YT
(WI, ) AOmX, +2m (27’)’!(1’)’! _3)

Therefore, there is a positive constant ¢;(m) depending only on a and m such that
Mm(wl,n) g Cl(m) 5 n 2 1. (84)

Several additional estimates can now be derived from (8.4). Indeed, it readily follows from (8.1),
(8.2) (with e = 1), and Lemma 5.2 that, forn > 1,

2 (”anwl,n”Xm + ”Bm,nl/fl,n”Xm)

22 = Sw)llantrin ”Xm < 4Mm(anw1,n)
< 4m(m —3)ci(m) +8m
Sm o

I, + lan¥inllx, + 1Buarialx,

NN

cy(m) . (8.5)

/
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Similarly, by (1.2), (8.1), (8.4) (with m = 4), and Lemma 5.1,

19yl + laninllng + 1Bmatinllx
<2 (||an1l/17n||X] + ”Bm,nWI,n”)ﬁ) < 4”anwl,n||Xm

1 o0
<4 (1 + ||a||Loo(0,1)) /0 xlﬁ],n(x) dx + 4/; x4an(x)w1,n(x) dx

<4 (14 lallzaon) +4e24) =5 (8.6)

for n > 1. Moreover, a straightforward consequence of (8.5), (8.6), and Holder’s inequality is
that (8.5) is also true for m € (1, 3] with a suitable constant c,(m).

We next claim that (Y1 ,,),>1 is relatively compact in X; ,, for any m > 1. To this end, we note
that, thanks to (8.5), (8.6), Lemma 2.1, and Fubini’s theorem,

1/2 1/2 C3
11z, < an{nn/ Il <)%

11, 1Lx,
IWially + 11,0 \1+/ / W, dydx <14 —— IP 2 <t a@

and

for n > 1. Now, let m > 2. In view of (8.5) and the above estimates, (¥1,),>1 is a bounded
sequence in Xp N X, N W ((0, 00), xdx) and it follows from [9, Proposition 7.2.2] that (¥1 )1
is relatively compact in X, for any » € (0, m). As m > 2 is arbitrary, we conclude that there are
Y € ﬂr>0 X, and a subsequence (lﬁl,nj)j)l of (¥1,4)n>1 such that

lim [|Y1,, — ¥1ll, =0 forallr>0. (8.7)
j—o00
An immediate consequence of (8.7) and the properties of (¥ ,),>1 is that
Y1 € X" and Mi(y) = 1.

Finally, let m > 1. We observe that dom(A,,,) C dom(A,,) for n > 1 (as a, > a) and that (8.1)
also reads

Amwl,n = Rn 5 (88)
where
X 1 [
Ra(r)i= 2,0+ o [ b dr x>0,

It readily follows from (8.5) that

EII\J

IRallx,,, < = (IW1allx, + 1¥1allx,.,) < (02(2) +cam+1),

so that
lim Rullx,, =0. (8.9)
n—00

In view of (8.8) and (8.9), the sequence (Amwl,,,j)j>1 converges to zero in Xj , as j — oo and,
since A,, is closed on X ,,, we readily deduce from (8.7) that y; € dom(A,,) and A,,y; =0. O
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