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Abstract

This paper describes a method to analyze open or closed elliptical structures with constant
axial ratio by a Body-of-Revolution (BoR) Finite Element Method (FEM). The method is
based on Transformation Optics, a coordinate transformation that maps the elliptical shape
to a circular shape, for which BoR-FEM represents a greatly efficient tool for the analysis.

Introduction

Finite Element Method (FEM) is a powerful, versatile, and widely used numerical technique,
thanks to its good efficiency and flexibility, allowing the modelization of anisotropic and
inhomogeneous materials with ease [1]. A fully 3D analysis with FEM however is demanding
in terms of CPU and memory resources, and the accuracy of the solution obtained often
depends on the quality of the mesh used in the discretization. 2.5D FEM, when applicable,
offer very significant memory and CPU-time savings and, relying on a 2D mesh, it is much
easier to obtain a good quality mesh. Examples of 2.5D FEM are the classical
Body-of-Revolution (BoR) formulation [2,3], and some more general methods that use 2.5D
FEM combined with a sinusoidal expansion [4]. In this work we use 2.5D FEM in its BoR for-
mulation combined with a coordinate transform for the analysis of elliptical structures with
constant axial ratio. Although the general case of arbitrary z-dependent axial ratio has been
analyzed in [5], the case of constant axial ratio introduces some simplifications in the formu-
lation and is more efficient, due to the particular structure of FEM matrices. A further differ-
ence with respect to [5] is represented by the forcing term: in this paper, the structure is
necessarily fed by an elliptical waveguide and the scattering matrix has been computed by a
deembedding procedure, discussed in the following.

BoR-FEM can be used for elliptical structures thanks to a coordinate transformation, also
named “Transformation Optics” (TO), or “Transformation Electromagnetics”, a rather new
approach to electromagnetic design [6]. In the literature, TO has been exploited for different
scopes, such as antenna design [6-9], cloaking, or pattern manipulation [10-14]. In this work
and in [5] we adopt it with a different point of view, since we use TO as a tool to convert the
original geometry to a shape suitable to be modeled by BoR-FEM, with huge savings in terms
of memory allocation and CPU-time. We show the application of this technique to some ellip-
tical shape components, such as transitions and horns. In particular, horns are still rather
demanding in terms of computer resources, because of the rather large size in terms of wave-
length and because of the need to account for the outer boundaries. Various methods have
been used for the analysis of elliptical horns, but they are all fully 3D [15,16]. In these struc-
tures, the advantage of BoR-FEM, i.e. of 2.5D FEM, is a major one, because of the clever use of
specific problem-dependent basis functions and of the 2D mesh.

The organization of the paper is the following, at first we briefly recall the basics of TO
(section “Transformations optics”), then we present the BoR-FEM formulation
(section “BoR-FEM formulation”). A detailed description of the matrix structure is then pre-
sented in section “Matrix structure and post-processing”, together with a discussion on the
computation of the scattering matrix and of the radiation fields. Finally, some results are pre-
sented for validation purposes, confirming the efficiency of the technique and the excellent
accuracy. A final section concludes the paper, with a quick resume of the main results found.

Transformations optics

General coordinate transformations in the frame of Maxwell’s equations are well known. For
any given coordinate transformation, Maxwell’s equations can be written in identical form, if
simple transformations are applied to materials and fields.
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Let’s assume to have a starting, or “original”, system of coordi-
nates (x', ¥, Z') and a second, or “transformed” system of coor-
dinates (x, y, z) linked by

x=x(x',y,7) (€Y
y=y.y, 2 2
z=12z(x,y,7) 3)

with an associated Jacobian matrix

ox Ox Ox
o' 9y 97
0 d a
=25 2 @
ox' 9y 0z
ox' 9y 97

If ¢ and W’ are the solution of Maxwell’s equations for a given
problem in the original coordinate frame x', y, 2/, with
material parameters characterized by tensors € and p/, then
if in the transformed frame (x, y, z) the material properties
are set to

_Je)”

€ = &t ©)
)t

l“"r - det] (6)

the electric and magnetic fields e and h in frame (x, y, 2)
and those in the original frame are related by

e =7"e 7)

h =Jh. )]

In our case, TO is used to convert the elliptical geometry to
a circular one, for which the very efficient BoR-FEM formula-
tion can be applied. In this paper, we focus on the case of
constant axial ration, for which the transformation is very
simple:

Xxs =
y=y ©)
z=12

in which
a
=- 10
s=1 (10)

being a, b the ellipse semi-axes along x and y respectively.
Transformation (9) converts ellipses in (x/, ') plane to circles
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in (x, y) plane with radius b. The Jacobian of the transform-
ation is

ax 3y o7 1
dy dy Oy s 000
] = P 37)/’ % =(0 1 O (11)
0z 0z 0z 001
ox' dy 07

Starting from a homogenous material in the original frame
with €, =y, =1 we find
&= =A (12)

with

-
Il
O Owli-

0
0]. (13)
s

S v O

BoR-FEM formulation

BoR-FEM formulation is based on an expansion of the field in
circular harmonics [3] and therefore it uses a specialized set of
expansion functions for the problem. We start from the weak
form of FEM in the electric-field formulation, expressed by the
following functional:

A(t, e) — k3 B(t, e) = jou,C(t, hy) (14)
where
Aaxﬁzvat.u;PvXedV (15)
14

B(t, e) :/ t-e -edV (16)

\%4
C(t, h):f t- (i, x hy)dS (17)

v

being k3 = w’u,€o, t a generic testing function, e the unknown
electric field, hy the applied magnetic field at the boundary and
i, the outward drawn normal unit vector.

In order to take advantage of BoR geometry, we express the
electric field in cylindrical coordinates as follows:

e=¢ + id,e"’ (18)
M
.= D Y V" 7(p Demg (19)
m=1,3,5--- g
o u o.om Na(p: 2)
. bay= Yy v e (Q0)
m=1,3,5-- ¢
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where superscript “t” indicates transverse component (p-z plane),
superscript “¢” indicates ¢ component, T, are edge elements, N,
are Lagrange nodal elements, ¢,y = cos m(¢ — ¢) and s,,4 = sin
m(¢ — ¢py) represent the azimuthal dependence of the field expan-
sion and where v:™ and v#(™ are unknown expansion coeffi-
cients. Setting ¢o=0 or m/2 allows to analyze arbitrary
polarization at the input. Note that, by symmetry considerations,
in the series of circular harmonics only odd terms are present and
the series has been truncated to a maximum index M.

Together with the specialized basis function, the use of cylin-
drical coordinates requires to express the material parameters in
the cylindrical frame. We get

1 1
—cos’ p+ssin®¢p (s—-)cospsing 0
s s

1 1
(s—;)cosqbsin¢ scosz¢+;sin2¢) 0 2

0 0 s

Acyl =

Note that Ay is a function of ¢ alone and note also that the
basis functions are a product of a function of ¢ times a function
of p, z. This is important, because the FEM matrices obtained by
discretization through Galerkin’s method can be computed by the
product of integrals in ¢ and integrals in p, z, a convenient fea-
ture of BoR-FEM. Finally, for completeness, we get

1 1
scos’ p+—sin¢p (=—s)cospsing 0
s s

_ 1 1
Cyf =| (-—s)cospsing =cos®* P+ ssin® ¢ (22)
s s

0 0

Open problems

Open structures, such as open-ended elliptical waveguides or ellip-
tical horns with constant axial ratio, require the implementation of
absorbing boundaries for domain truncation. In our case, specific
PML conditions taylored to the problem described in this work
have been developed for the general case in [5], following an
approach similar to [17]. Using the complex stretching parameters
Sos S S (see [2]), numerically perfect absorbing boundary condi-
tions in cylindrical coordinates are obtained with a material

Nl = i = PA o3
where
SS. 0 0
P=| 0 S5 O (24)
0 0 S8
S 0 0
=0 S4 0 (25)
0 0 &S
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Matrix structure and post-processing

We apply Galerkin’s method for the discretization of (14) and we
obtain the following matrix equation [3]:
(A — KlB)v = jou,C (26)
where C is the forcing term. The constant axial ratio case, dis-
cussed in this paper, has the following characteristic: matrices A
and B are block tridiagonal. The pattern is the following: if we

let A", BU™" be the FEM matrices related to harmonics m
and n, we can write the FEM matrices as

ALY ATY g 0
3,1 (3,3) (3,5)
A AO A A 0 27)
0 0 AMM=2 AMM
BLD BIY 0 0
3,1) 3,3) (3,5)
B— B0 B B 0 (28)
0 0 BMM=2 pBMM)
moreover
Ct =[cVc® ... .cy, (29)

The particular structure of the FEM matrices, due to the
problem-specific basis functions used, allow to apply extremely
efficient parallel solvers based on a hybrid direct-iterative scheme
[18]. The block tridiagonal structure can be recognized by observ-
ing that filling matrices A" and B“™ involves the computa-
tion of the following integrals:

27T
L(m,n) = / sin(me) cos(¢h)? sin(n)dd (30)
0
21T
I (m, n) = / sin(md) sin($)? sin(nd)d 31
0
21T
Teelm, ) = / cos(me) cos(d)* costndydd (32)
0
27T
I(m, n) = / cos(me) sin()? cos(np)dd (33)
0
27T
L(m, n) = / sin(ma) sin(2¢) cos(nd)dop (34)
0
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for which closed form expression can be easily found, giving
(note, m, n=1, 3, 5...)

m/4 ifm=n=1
) @2 iftm=n (m>1)
Lies(m, m) = +m/4 ifm—n=42 (35)
0 otherwise
3m/4 iftm=n=1
) w2 ifm=n (m>1)
Lis(m, n) = —m/4 iflm—n| =2 (36)
0 otherwise
3m/4 ifm=n=1
) @2 iftm=n (m>1)
Ieee(m, n) = /4 if m—n| =2 (37)
0 otherwise
w4 ifm=n=1
) w2 ifm=n (m>1)
Lie(m, n) = —m/4 iflm—n| =2 (38)
0 otherwise
/8 iftm=n=1
_ 0 iftm=mn, (m>1)
Lm, m = +7/8 ifm—n=22 (39)
0 otherwise

Note that when |m — n| > 2 all integrals vanish.

Impedance and scattering matrix

A tangential magnetic field is the impressed source in the electric
field formulation of FEM. In our case, because of the circular
shape, we use a set of modal fields in circular waveguide
(CWQG) (this can be useful for easy interfacing with BoR-FEM
codes). Using normalized modal excitations at the input, we can
obtain the generalized impedance matrix Z as
Z = jou,C" (A — @’ peeB) ' C. (40)
The generalized impedance matrix Z is therefore computed for
a set of CWG mode fields. However, these are not the proper
modes of the elliptical structure. In order to obtain the generalized
scattering matrix for the set of elliptical waveguide modes, there
are basically two possibilities:

« use the CWG modes to represent mode fields in the elliptical
waveguide (see e.g. [20,21]). This requires mode computation
and will be the subject of future work;

« use a deembedding technique, a technique that does not require
ad hoc explicit mode computation.

In this work we now describe this second possibility.
Deembedding requires to compute the impedance matrix of a
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Input:
circular
wg modes

Stretched
region

| I

Fig. 1. Structure analyzed for deembedding purposes.

section of finite length I of non-reflecting elliptical waveguide
(represented by its equivalent anisotropic CWG). This can be
obtained by loading a straight waveguide section with PML (see
Fig. 1). Let Z, be the impedance matrix for this structure com-
puted for a set of isotropic CWG TE/TM modes. Z, is a full matrix
with non-zero off diagonal elements representing coupling
between isotropic CWG modes with varying azimuthal index m
and radial index n. These modes form a base for the expansion
of any field and they are therefore used to represent modes in
the anisotropic CWG. The coefficients of these expansions are
obtained as follows: since the impedance matrix of the same
structure computed for the modes of the anisotropic CWG is
diagonal (being a non-reflecting structure), one finds the expan-
sion coefficients by diagonalizing matrix Z,. Doing so, one obtains
a set of eigenvalues and eigenvectors and these latter contain the
coefficients of the expansion of each mode of the anisotropic
CWG into modes of the isotropic CWG. This same expansion
is then used to convert the multimode impedance matrix of the
original horn/structure, obtained with (40), to that of the aniso-
tropic CWG and finally to obtain the multimode scattering
matrix for the anisotropic CWG. In more detail, starting from

V=271 (41)

we look for a linear combination of the voltages and currents

V =MV, I =MI (42)
such that the new impedance matrix is diagonal
V=ZTI. (43)
By substitution we get
Z, =MZM ', (44)

obtained by the eigenvalues/eigenvectors decomposition of Z.
The columns of matrix M contain the coefficients of the expan-
sion of each mode in the anisotropic CWG into modes of the iso-
tropic CWG. The final result, i.e. the generalized scattering matrix
S for the set of anisotropic CWG modes (S of “voltage” type) is
obtained as

7 / IN—1 g/ / /
S =2Z,Z +7) (Z - 7)Y, (45)

where Y, = (Z' g)_1 and

Z = MZM™!. (46)
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After some simplifications one finds

S=MZJ(Z+Z) (Z—-Z)Y,M' (47)

being Y, = Zg_l.

Radiation

Open structures require the computation of the radiated fields.
These can be obtained for the structure by the equivalence
theorem [19]. Letting e, h be the fields obtained by solving the
BoR-FEM problem and letting €/, h’ the fields in the original
structure, we have

(48)

h' =7"h (49)
whereas points in the transformed domain x, y, z correspond to
X =sx,y =y, Z =z The equivalent electric and magnetic surface
currents j'; and m’; in the original frame are therefore

jo=n'xh (50)

/ ’ /
m,=-n xe, (51)
where we have introduced the normal unit vector in the original
domain, n’, defined as

T
,_Jn

Results

We show now some results on the application of the method
described in this paper. The numerical performance of the
BoR-FEM depends mainly on the mesh density, the polynomial
degree of the elements and the maximum harmonic index M.
As first examples we show two closed structures. The first one
is a cascaded double step with a larger internal waveguide
(Fig. 2, the physical dimensions are described in the caption).
For this structure we made a comparison with HFSS, and an
excellent agreement is observed. The 2D mesh used for the ana-
lysis is also shown in the figure. Using M=3, the analysis took
0.1 s/freq. The second structure is a resonator, defined by two
irises in elliptical waveguide (Fig. 3). Also in this case the physical
dimensions are given in the figure caption. This can be the basis
for a filter in elliptical waveguide and is also a good benchmark
for accuracy and efficiency computation. Also in this case the
comparison with HESS is excellent, but it was necessary to push
the accuracy of HFSS to very high levels. We also had to use
many segments to describe the ellipses. In order to test the per-
formance of the method, we show in Table 1 the effect of the
maximum harmonic index M on both the resonant frequency
and the CPU time. About this latter, times refer to a Matlab
implementation and great improvements are possible using paral-
lelization and a compiled code. Times refer to a PC with Intel i7
processor. In the table, both 2nd order and 3rd order BoR-FEM
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——S8,, HFSS
S,, HFSS
% S, Thiswork —
s,, This work

-5

-10

20 +

1841151 (@8)

23 24 25 26 27 28 29 30
Frequency (GHz)

Fig. 2. Scattering parameters of cascaded step discontinuities in elliptical waveguide.
Input waveguide: b=4 mm4, a=2.8 mm (s=0.7), internal waveguide :b=6 mm4,
a=4.2 mm, internal length 15 mm. In the figure the 2D mesh used in the analysis
is also shown.

-35 | .
- this work
-40 | [ 0 HFSS .
-45 L 1 L L I L L I L
235 236 237 238 239 24 241 242 243 244 245

Frequency (GHz)

Fig. 3. Scattering parameters of resonator in elliptical waveguide. Input waveguide:
b=6 mm, a=3 mm (s=0.5), internal waveguide: b=2.5mm, a=1.25mm, internal
length 15 mm, iris thickness 1 mm.

elements results are shown and the mesh did not change in all
computations (the mesh is also shown in the figure). Note that
2nd order elements with M=3 provide a very good accuracy
with just 0.085 s/freq. For comparison, using HFSS we obtained
a value f, =24.0955 GHz with about 4 s/freq. As a comparison,
a similar accuracy with the proposed technique is obtained with
M=3 and 3rd order elements, with about 0.3 s/freq.

The next example is an open-ended elliptical waveguide and is
shown in Fig. 4. The waveguide has b =4 mm, a = 1.6 mm (s=0.4)
and, because of the transformation, the metal around the opening
is 2.5 mm thick in the y direction and 1 mm in the x direction.
Again, we used HFSS for validation. As shown in the figure,
there is an excellent agreement between our code and HEFSS,
but our simulation runs in few seconds. The radiation patterns
of the structure in the principal planes are shown in Fig. 5. The
reference curve by HFSS has some oscillations because of the
imperfect behavior of radiation boundaries, but the agreement
is good. These results have been obtained with M=5.
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Table 1. CPU time and convergence of resonant frequency for the structure in
Fig. 3. M=maximum harmonic index. BoR-FEM: 2nd order elements and 3rd
order elements

2nd order f, GHz T/freq (s)

M=1 24.1857 0.02

M=3 24.1168 0.085

M=5 24.1145 0.2

M=7 24.1144 0.4

M=9 24.1144 0.57

3rd order f, GHz T/freq (s)

M=1 24.1672 0.06

M=3 24.0964 0.27

M=5 24.0941 0.6

M=7 24.0939 1.1

M=9 24.0939 1.7

0 T T T T T T
#+ 8, this work
8,, (HFSS)
) —
% J
2} .
-50 . 2 - . 2 !
23 24 25 26 27 28 29 30
Frequency (GHz)

Fig. 4. Reflection coefficient of a truncated elliptical waveguide of semiaxes
b=4mm, a=1.6 mm (s=0.4). The metal around the waveguide is 2.5 mm thick
along y and 1 mm thick along x. In the figure the 2D mesh used in the analysis is
also shown.

0

5t

A0 +

A5+

D 2F

e —H-plane (this work)
= = = -H-plane (HFSS) \

-30 ——E-plane (this work) \ 5
— — — -E-plane (HFSS) A

35+ 4

_40 i i i L i 'S i

0 20 40 60 80 100 120 140 160 180
0 (deg)

Fig. 5. E- and H-plane radiation patterns of the truncated elliptical waveguide in
Fig. 4 at 27 GHz.
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0
-10
-20
m
o
230 F
Co-polar (this work)
40l X-polar (this work) ]
= = = -Co-polar (HFSS)
= = = X-polar (HFSS)
_50 I i ' 1 i L

0 10 20 30 40 50 60 70 80 90
0 (deg)

Fig. 6. Co-polar and X-polar radiation patterns of the truncated elliptical waveguide
in Fig. 4 in plane ¢ =45 at 27 GHz.

+  This work
S HFSS |

|S,,1(dB)

50 i L L i i |
23 24 25 26 27 28 29 30

Frequency (GHz)

Fig. 7. Reflection coefficient of an elliptical horn with axial ratio 0.67. Input wave-
guide a=2.7 mm b=4 mm. Output aperture a=6.03 mm, b=9 mm. Length 20 mm.
Metal thickness along y 1 mm.

In Fig. 6 we show a comparison for Co-polar and X-polar patterns
for the same structure in the ¢ = 45 plane. Also in this case the agree-
ment is very good, indicating very good performance of the PML.

Finally, in Fig. 7-8 the results refer to an elliptical horn (phys-
ical dimensions in the caption). The axial ratio is 0.67 and the
CPU time for this case is less than 1 s/freq with a maximum har-
monic index M=5. In general, convergence of S;; is obtained with
rather low values of M, but the radiation patterns are more sensi-
tive with respect to M. There is a clear dependence of M on the
axial ratio, but even for ratios as high as 3 we got very good results
with M=9. Note that as a result of the transformation, the outer
wall thickness is not constant around the horn circumference.
For the horn analyzed, it is =1 mm along y and t=0.67 mm
along x. The simulation with HFSS for this case is labeled as
HESS-A. In order to show that this effect is not of major concern,
we also show the simulation with =1 mm constant along the
horn circumference (HFSS-B). In general we obtained time sav-
ings ranging from 1 to 2 orders of magnitude with respect to
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0 T T T T T T T T

This work
Sr ———HFSS-A
E-plane - — —-HFSS-B

n

a8
&

Fig. 8. Radiation patterns at 25.8 GHz for the horn in Fig. 7. HFSS-A refers to the
actual horn, HFSS-B to an identical horn except for the thickness of the outer
wall, which is t=1 mm constant around the horn circumference.

HESS and these are clearly due to the greatly improved represen-
tation of the electromagnetic field in the BoR-FEM analysis.

Conclusions

A new powerful method for the analysis of elliptical structures with
constant axial ratio is shown. The method is based on 2.5D FEM and
TO. Because of the particular sparse matrix structure, excellent effi-
ciency and accuracy are obtained. Validation is shown for elliptical
cascaded step discontinuities and radiation from elliptical horns.
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