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Abstract

We present a numerical study of the acceleration of ions in the interaction of a high intensity circularly polarized laser beam
normally incident on an overdense plasma target, and the subsequent formation of neutral plasma ejected toward the rear
side of the target. We compare the results obtained from two different numerical codes. We use an Eulerian Vlasov code for
the numerical solution of the one-dimensional relativistic Vlasov-Maxwell set of equations, for both electrons and ions,
and a particle-in-cell code applied to the same problem. We consider the case when the laser free space wavelength λ0
is greater than the scale length of the jump in the plasma density at the target plasma edge Ledge (λ0 ≫ Ledge), and the
ratio of the plasma density to the critical density is such that n/ncr ≫ 1. The ponderomotive pressure due to the
incident high-intensity laser radiation pushes the electrons at the target plasma surface, producing a sharp density
gradient at the plasma surface, which gives rise to a charge separation. The resulting electric field accelerates the ions
that reach a free streaming expansion phase, where they are neutralized by the electrons. A neutral plasma jet is thus
ejected toward the rear side of the target. Two cases are studied: In the first case, the laser intensity rises to a
maximum and then remains constant, and in the second case, the laser intensity is a Gaussian-shaped pulse. The
results show substantial differences in the phase-space structure of the ions and the electrons between these two cases.
There is good agreement between the quantitative macroscopic results obtained by the two codes, and good qualitative
agreement between the results showing the kinetic details of the phase-space structures. The low noise level of the
Eulerian Vlasov code allows a more detailed representation of the phase-space structures associated with this system,
especially in the low density regions of the phase-space where ions are accelerated.

Keywords: Circularly polarized laser beam; Eulerian Vlasov code; Gaussian-shaped pulse; Neutral plasma; Particle-in-
cell code

1. INTRODUCTION

Plasma jets containing high energy ions are a ubiquitous fea-
ture of laser-target interaction. In the interaction of 250 ps
long laser pulses with solid copper targets, the ablation of
the material readily gives rise to plasma jets due to hydrodyn-
amic expansion of the laser-heated material, as seen by
Kasperczuk et al. (2009a, 2009b, 2010), and with even
longer (14 ns) pulses and a teflon target (Schaumann et al.,
2005).
Laser technology now makes it possible to generate extre-

mely short (femtosecond) and intense (>1022 W/cm2) laser

pulses (Mourou et al., 2006; Borghesi et al., 2007). In par-
ticular, considerable attention has been given in recent
years to the problem of thin foil targets irradiated by high in-
tensity laser pulses. Under these conditions, a solid foil target
transforms very rapidly, in a few cycles of the light wave, into
plasma. During the short duration of the laser pulse, the laser
beam interacts directly with plasma with density on the order
of the density of the solid. If the intensity of the wave is suf-
ficiently high to make the oscillation of the electrons relati-
vistic, interesting interactions between the wave and the
surface of the plasma take place (see references in Robinson
et al., 2009, 2008; Liseykina et al., 2008; Klimo et al., 2008;
Kar et al., 2008; Schlegel et al., 2009). The interaction of
such pulses with matter introduces new phenomena that
have shown promising applications in a variety of areas in
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physics, medicine, and more recently in ion-driven fast
ignition (Fernandez et al., 2009).
In this paper, we present numerical simulations to study

the case of a one-demensional (1D) model where a circularly
polarized laser beam is normally incident on the surface of a
target (oblique incidence and two-dimensional effects as re-
cently reported for instance in Yang et al., 2010 and Liu
et al., 2010, are beyond the scope of the present work). We
consider the case when the free space wavelength of the
wave λ0 is much greater than the scale length of the ramp
in the plasma density at the target plasma edge Ledge (λ0 ≫
Ledge), and the plasma density is such that n/ncr ≫ 1, where
the critical density ncr= 1.1 × 1021 λ0

−2 cm−3 (λ0 is the laser
wavelength expressed in microns). In the case of circular polar-
ization of the laser wave, there is a constant radiation pressure
maintained at the plasma surface by the incident laser wave
(Shoucri et al., 2008; Shoucri & Afeyan, 2010). In this case,
the incident high intensity laser radiation pushes the electrons
at the plasma surface through the ponderomotive pressure, pro-
ducing a sharp density gradient at the target plasma surface.
There is a build-up of the electron density at this surface that
creates a large space-charge, giving rise to a strong longitudi-
nal electric field. The presence of this electric field at thewave-
front plasma-edge interface (which will be denoted by WFPEI
in the remaining of the paper) produces a rapid build up of the
ion density at the edge and an important acceleration of the
ions in the forward direction. There is a ponderomotive stee-
pening of the density profiles at the edge, with the formation
of a double layer-like structure supported by the radiation
pressure. It has been suggested by Albright et al. (2007) that
the acceleration in the initial phase could possibly be associ-
ated with Buneman instability (Buneman, 1959). A beam-
plasma instability was mentioned as another possibility by
Mendonça et al. (2005a, 2005b). This result is in agreement
with recent simulations, which show that the ion acceleration
process during the interaction of an intense circularly polarized
wave with a target takes place on the front side of the target
(Macchi et al., 2005; Klimo et al., 2008; Robinson et al.,
2008; Schlegel et al., 2009). In the acceleration process, the ac-
celerated ions at the edge (accelerated in the forward direction)
reach a free-streaming expansion phase and are transported
through the plasma of the target, and the electrons neutralize
the charge of these expanding ions. This produces neutral
plasma ejected in the forward direction. This compact bunch
of quasineutral plasma expands in the forward direction (Shou-
cri et al., 2008, 2010; Shoucri & Afeyan, 2010). The propa-
gation of this plasma jet in the forward direction is
associated with the formation of shock-like structures, which
agrees with the observation of steep density gradients at the
periphery of the plasma jet recently reported by Kar et al.
(2008) for instance.
In the present work, we study these questions numerically

and compare results obtained using an Eulerian Vlasov code
and a particle-in-cell (PIC) code. We attempt to compare
quantitatively the Eulerian Vlasov code results and the PIC
code results using the same set of parameters in the study

of ion acceleration and the formation of plasma jets when a
circularly polarized laser beam is normally incident on the
surface of overdense plasma. It is important to compare
different simulation approaches since numerical simulations
are the only way to study kinetic effects in these highly rela-
tivistic and nonlinear problems. These kinetic effects and the
self-consistent field structures are generally simulated
numerically using PIC codes, as recently applied to study
short-pulse laser plasma interactions in a number of publi-
cations (Liseykina et al., 2008; Klimo et al., 2008; Robinson
et al., 2008; Schlegel et al., 2009). However, because of stat-
istical noise, PIC simulations can in some cases give unphy-
sical results if the spatial resolution or the number of
macroparticles per cell is insufficient (Cormier-Michel
et al., 2008). Therefore, comparing PIC code simulations
with Vlasov simulations, which are noiseless but much
more intensive numerically, is of interest for this reason too.
Two cases will be studied, in a situation of a high-intensity

laser beam and a strongly overdense plasma. In the first case,
the laser intensity rises gradually and then remains constant,
in order to study the laser-plasma interaction under constant
laser amplitude. In the second case, we use a laser beam with
a Gaussian-shaped pulse. To facilitate the comparison be-
tween the two cases, the gradual rise of the pulse in the
first case is a half-Gaussian, identical to the rising part of
the second case. While the Gaussian pulse is more usual,
we considered it of interest to also study the effect of a con-
stant intensity. Pulses of arbitrary shape, for example, nearly
square ones of limited duration, can be produced using phase
filtering (Verluise et al., 2000; Weiner et al., 1993). We have
not, however, included this phase distorsion of the pulse in
our simulation because a recent exploration of the effects
of chirping on harmonic generation and laser energy absorp-
tion has shown that the essential effects are due to the shape
of the pulse envelope, and not to the frequency chirp per se
(Lavocat-Dubuis et al., 2011). In both cases studied, we will
analyze the role of the radiation pressure of the laser beam in
the acceleration of the ions and in the plasma jet formation
processes. It is interesting to note that in these two cases,
the resulting phase-space structures of the electrons and of
the ions are quite different. The results obtained with the
two codes show good quantitative agreement between the
macroscopic quantities. The low noise level of the Eulerian
Vlasov code allows a more detailed representation of the
phase-space structures associated with this system, especially
in the low density regions of the phase-space, unless a prohi-
bitively large number of particles are used in the PIC code
simulations.

2. THE RELEVANT EQUATIONS OF THE
EULERIAN VLASOV CODE

The relevant equations of the Eulerian Vlasov approach are
those previously presented (Shoucri et al., 2008; Shoucri,
2010; Shoucri & Afeyan, 2010). We present here these
equations in order to fix the notation. Time t is normalized
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to the inverse laser wave frequency ω−1, length is normalized
to l0= cω−1, velocity and momentum are normalized,
respectively, to the velocity of light c and to Mec, where
Me is the electron mass, and c is the velocity of light. The
general form of the Vlasov equation in the four-dimensional
phase-space for the electron distribution function Fe(x,pxe,
pye, pze, t) and the ion distribution function Fi(x, pxi, pyi,
pzi, t) (one spatial dimension) are written in a dimensionless
form as follows:

∂Fe,i

∂t
+ pxe,i

μe,iγe,i

∂Fe,i

∂x
∓

(
�E + �p × �B

γe,i

)
· ∂Fe,i

∂�pe,i
= 0, (1)

with

γe,i = 1+ (p2xe,i + p2ye,i + p2ze,i)/μ
2
e,i

( )1/2
(2)

(the upper sign in Eq. (1) is for the electron equation and the
lower sign for the ion equation, and subscripts e or i denote
electrons or ions, respectively). In our normalized units μe=
1 and μi = Mi

Me
is the ratio of ion to electron masses.

In the 1D model, the normalized canonical momentum
�Pce,i = �pe,i ∓ �a (where �a = e�A/Mec is the normalized
vector potential), is conserved in the normal direction and
has been chosen to be 0, we obtain �p⊥e,i = ±�a⊥(x, t). The
four-dimensional distribution function Fe,i(x, pxe,i, �p⊥e,i, t)
is thus reduced to a two-dimensional distribution function
fe,i(x, pxe,i, t):

Fe,i x, pxe,i, �p⊥e,i, t
( ) = fe,i x, pxe,i, t

( )
δ �p⊥e,i ∓ �a⊥
( )

. (3)

Therefore, we have the following Vlasov equations for the
electrons and the ions:

∂fe,i
∂t

+ pxe,i
μe,iγe,i

∂fe,i
∂x

+ ∓Ex − 1
2μe,iγe,i

∂a2⊥
∂x

( )
∂fe,i
∂pxe,i

= 0, (4)

where γe,i= (1+ ( pxe,i /μ e,i)
2+ (a⊥ /μe,i)

2)1/2.

Ex = − ∂φ
∂x

and �E⊥ = − ∂�a⊥
∂t

(5)

and φ is given by Poisson’s equation, which is given here by:

∂2φ
∂x2

= ∫ fe(x, pxe)dpxe − ∫ fi(x, pxi)dpxi. (6)

The transverse electromagnetic fields Ey, Bz and Ez, By for the
circularly polarized wave obey Maxwell’s equations. Defin-
ing E±= Ey± Bz and F±= Ez± By, we have:

∂
∂t

±
∂
∂x

( )
E± = −Jy.;

∂
∂t

∓
∂
∂x

( )
F± = −Jz. (7)

From the previous equations, we see that E+ and F− are

forward propagating waves along their vacuum characteristic
x= t, and E− and F+ are backward propagating waves.

These equations are integrated along their vacuum charac-
teristic x=t. In our normalized units we have the following
expressions for the normal current densities:

�J⊥ = �J⊥e + �J⊥i; �J⊥e,i = − �a⊥
μe,i
∫
+∞

−∞
fe,i
γe,i

dpxe,i. (8)

The longitudinal electric field is calculated from Ampère’s
equation: ∂Ex/∂t = −Jx

where

Jnx = 1
μi
∫
+∞

−∞
pxi
γi

f ni dpxi −
1
μe
∫
+∞

−∞
pxe
γe

f ne dpxe. (9)

Test runs were made in which Poisson’s equation was used
instead of Ampère’s to obtain the longitudinal electric
field, with identitical results.

The Eulerian Vlasov code we use to solve Eq. (4) was re-
cently applied (Shoucri et al., 2008; Shoucri, 2010; Shoucri
& Afeyan, 2010). The associated numerical methods are pre-
sented (Shoucri, 2008a, 2008b, 2008c; 2009; Shoucri et al.,
2008). Interest in Eulerian grid-based solvers associated with
the method of characteristics for the numerical solution of the
Vlasov equation arises from the very low noise level associ-
ated with these codes, which allows the study of the low
density regions of the phase-space where particles are accel-
erated. The Eulerian Vlasov code was executed on an AMD
Opteron 2218 processor (CPU 2.6 GHz).

PIC codes are more widely known and their basic algor-
ithms will not be discussed here. For a general reference on
PIC codes, see Birdsall and Langdon (1981). The PIC code
we used is the relativistic 1D code BOPS (Gibbon & Bell,
1992). For the present application, only a 1D normal inci-
dence was considered. The code assumes a pre-ionized
medium. The PIC code was run on an AMD Opteron 248
processor (cpu 2.19 GHz).

3. A CIRCULARLY POLARIZED LASER BEAM
NORMALLY INCIDENT ON AN OVERDENSE
PLASMA (N/NCR = 100): ION ACCELERATION
AND PLASMA JET FORMATION

We use a fine resolution in the phase-space, with N= 10000
grid points in space for both codes, and 2200 grid points in
momentum space for the electrons and the ions for the Euler-
ian Vlasov code (extrema of the electron momentum are±5,
and±210 for the ion momentum). This fine resolution of the
phase-space guarantees accurate results. 500,000 particles
were used for the electrons and the ions in the PIC code,
which necessitated about 35 hr on the Opteron 248. The Eu-
lerian Vlasov code necessitated about 4 weeks on the Opter-
on 2218 (parallelization would of course enhance these
performances, but has not been implemented yet).
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A characteristic parameter of high power laser beams is the
normalized vector potential or quiver momentum

|�a⊥| = |e�A⊥/Mec| = a0, where �A⊥ is the vector potential
of the wave. We chose for the amplitude of the vector poten-
tial a0 = 25/




2

√
. For the circularly polarized wave 2a0

2=
Iλ0

2/1.368 × 1018, I being the intensity in W/cm2, and λ0
the laser wavelength in microns. In our case ω= 0.1ωpe,
where ω is the laser frequency and ωpe is the plasma fre-
quency, which corresponds to n/ncr= 100, where ncr is the
critical density. The Lorentz factor for the transverse oscil-
lation of an electron in the field of the wave is

γ0 =








1+ a20

√
= 17.7. Deuterium ions are used with

Mi /Me= 2 × 1836, where Mi is the deuterium mass. The
initial distribution functions for electrons and ions are
Maxwellians with temperatures Te= 1 keV for the electrons
and Ti= 0.1 keV for the deuterons. The length of the system
is L= 20 in units of c/ω. From the parameters presented, we
have a grid spacing Δx= 0.002, and we used a time step Δt=
Δx in both codes. The initial configuration is presented in

Figure 1a. We have a vacuum region of length Lvac= 7.85
on each side of the plasma slab. The steep ramp in density
at the plasma edge on each side of the flat top density of
the slab target has a length of Ledge= 0.3. The length of
the central plasma slab, with flat top density of 1 (normalized
to 100ncr), is Lp= 3.7. In free space ω= k for the electro-
magnetic wave, and as λ0= 2π the condition that λ0≫
Ledge is very well satisfied.
The forward propagating circularly polarized laser wave

enters the system at the left boundary (x= 0), where the for-
ward propagating fields are E+= 2E0Pr(t)cos(τ) and
F−=−2E0Pr(t) sin(τ), as defined in Eq. (7). In these
expressions, τ= t −1.5tp and tp= 12 is the pulse duration
at full width at half maximum of the beam intensity. In our
normalized units E0= a0. For Gaussian time dependence,
the shape factor Pr(t) is given by:

Pr(t) = exp (− 2 ln (2)(τ/tp)
2). (10)

Fig. 1. Electron (full curves) and ion (dashed curves) density profiles obtained from the Eulerian Vlasov code.
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Two cases will be considered. In the first case, Pr(t) is given
by Eq. (10) for t< 1.5tp and Pr (t)= 1 for t> 1.5tp. In this
case, we keep the amplitude at x= 0 of the forward propagat-
ing field constant when it reaches its maximum value, to
allow a study of the laser-plasma interaction under a constant
laser amplitude. In the second case, Pr (t) is allowed to vary
according to Eq. (10) for all time t, so that the forward pro-
pagating laser beam behaves as a Gaussian pulse.

3.1. Case 1: Constant Amplitude Laser

In this case, we keep the amplitude of the forward propagat-
ing field constant when it reaches its maximum value, i.e.,
the shape factor Pr (t)= 1 for t> 1.5tp. We first present in
Figure 1 some of the results obtained with the Eulerian
Vlasov code for the density profiles against distance. The
electron and ion density profiles at times t= 0, 20, 25.2,
30, and 55 (in units of ω−1) are given in Figures 1a–1e,
respectively. In Figure 1b, electrons are accelerated at the
WFPEI under the effect of the radiation pressure and form

a steep density spike. An electric field is formed at the
edge (see Fig. 2), which accelerates the ions at the edge, as
shown in Figure 1c. From Figures 1c–1e we see a solitary-
like structure at the WFPEI propagating to the right under
the effect of the ponderomotive pressure. At the right of
this solitary-like structure we see in Figure 1e expanding neu-
tral plasma with the formation of a shock-like structure in the
forward direction (see Fig. 2f for details).

The sequence of the very rapid acceleration of the ions at
the WFPEI, and a rapid build-up of an ion solitary-like struc-
ture in the ion density profile at the target surface under the
combined effects of the edge electric field and the pondero-
motive pressure is shown in more detail in Figure 2, where
we concentrate the plots at the WFPEI. This ion acceleration
driven at the target surface has been discussed in previous
publications (Macchi et al., 2005; Klimo et al., 2008; Robin-
son et al., 2008; Schlegel et al., 2009; Shoucri et al., 2008;
Shoucri & Afeyan, 2010; Shoucri, 2010). In Figure 2a, at
t= 20, we see a build-up of the electron density at the
edge under the effect of the ponderomotive pressure of the

Fig. 2. Density profiles at the edge of the plasma for the electrons (full curves), the ions (dashed curves) and the electric field (dashed-
dotted curve) reduced by a factor of 10, obtained from the Eulerian Vlasov code. The inset in Figure 2(e) is a zoom near the edge.
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laser beam. The ion density shows little distorsion, and a
longitudinal electric field is formed at the plasma edge due
to the net charge resulting from the difference between
the electron and ion density profiles (we plot Ex/10 to use
the same scale). One can see in Figures 2b and 2c that the
solitary-like structure of the ions, at t= 24.4 and t= 25.2,
respectively, is building up very rapidly, and the peak ion
density at the edge is reaching the peak value of 18 at t=
25.2. Robinson et al. (2009) made the analogy that the pon-
deromotive pressure acts like a piston, and defined a dimen-
sionless “pistoning parameter” Ξ= I/(ρc3). In their
simulations, this parameter was much larger than in ours
(0.02 or higher, vs. 0.00042 here), which is why they saw a
stronger charge separation than we. In our case, the radiation
pressure exerted on the electrons pushes them very effec-
tively, but, contrary to Robinson et al. (2009) the electron
Mach number is not sufficient to produce a narrow spike in
the electron density. For the ions, however, the “piston” pic-
ture is incomplete and, as noted by Robinson et al. (2009),

the finite time that it takes for the electrostatic field to accel-
erate them explains the ion density spike, which we see par-
ticularly well in the inset of Figure 2e. Now, in this figure, we
do note that the peak of the ion density is to the left of the
maximum of the electron density, while these coincided in
the more weakly driven simulations of Macchi et al. (2005)
and Shoucri et al. (2008), where the parameter Ξ was
about two times lower (0.0002). A similar association of
the electric field with a rapid build-up of the ion density at
the WFPEI was attributed to Buneman instability (Buneman,
1959) by Albright et al. (2007). We note that from Eq. (10)
the laser intensity reaches a peak at 3tp/2= 18 at the bound-
ary x= 0. This peak has to travel a distance of about x= 8 to
reach the target surface (see for instance Fig. 1a). So the
maximum laser intensity will reach the target surface at
about t≈ 26, i.e., about the time where we see the strong ac-
celeration of the ions at the target surface in Figures 1c and
2c. The penetration of the electric field in the plasma at the
plasma edge can be evaluated from Figure 2 to be on the

Fig. 3. Density profiles at the edge of the plasma for the electrons (full curve), the ions (dashed curve) and the electric field (dashed-dotted
curve) reduced by a factor of 10, obtained from the PIC code.
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order of 0.1, and since in the present calculation ω= 0.1ωpe,
so the penetration is on the order of c/ωpe, i.e., on the order of
the skin depth. The subsequent evolution of the system is
shown in Figures 2d–2f, with a zoom close-up of the
WFPEI as an inset in Figure 2e. The solitary-like structure
for the ions is maintaining a very stable profile at the
WFPEI and moves forward at constant speed. The incident
light, having reached constant amplitude, is applying a con-
stant ponderomotive pressure at the WFPEI. To the right of
this peak the accelerated high velocity ion population is
now free streaming toward the right (see the ion phase-space
in Fig. 4). The shape of a small shock-like structure with a
steepening process at the right edge of the expanding ions
is developping in Figure 2e at the right of the main peak,
with two shock-like peak structures appearing in Figures
2e–2f. Similar features were seen by Macchi et al. (2005)
in their thicker (2 λL) target simulations, but not in
their very thin (0.1 λL) ones, and are due to secondary ion
bunches created at the right of the main shock. Note
how in this expansion region, the electron density appears
to be exactly compensating the ion density, so that in fact
it is a neutral plasma jet that is expanding, with no electric
field in this expansion region. The charge separation,
which creates the longitudinal electric field, appears to be
concentrated only at the WFPEI, and penetrates the
plasma in a layer on the order of the skin depth, as we
previously mentioned. Note also the presence of a small

ion population accelerated in the backward direction
(which is not the case for the electrons which show a sharp
edge at the wave front, under the effect of the ponderomotive
pressure).

The corresponding results obtained from the PIC code are
presented in Figure 3. At t= 20, Figure 3a shows a result
close to what we see in Figure 2a for the Eulerian Vlasov
code, although the electron density peak in Figure 3a is slightly
smaller than the corresponding peak we see in Figure 2a.
Figures 3b and 3c, corresponding to t= 25.2 and t= 25.6,
respectively, show that the growth of the ion peak is slower
with the PIC code, if we compare with the result at t= 25.2
in Figure 2c. Then a rapid growth is taking place at t= 26 as
shown in Figure 3d. So the same rapid growth as previously
observed with the Eulerian Vlasov code is taking place with
some delay. Figure 3e, at t= 30, is close to what we see in
Figure 2d, although the electron peak is smaller in Figure 3e.
Figure 3f, at t= 40, is also close to what we see in Figure 2e,
although the electron density peak remains slightly smaller
with respect to the one in Figure 2e. However the expansion
of neutral plasma at the right of the ion peak, where the electron
density compensates almost exactly the ion density, is similar
to that in Figure 2e. Also the thickness of the non-neutral
plasma layer at the WFPEI, with a longitudinal electric field
penetrating the plasma for a thickness of the order of the
skin depth, is very close in Figure 3f for the PIC code and
Figure 2e for the Vlasov code.

Fig. 4. Incident waves E+ (a) and F− (b) (full curves) and reflected waves E− (a) and F+ (b) (dashed curves) obtained from the Eulerian
Vlasov code.

Fig. 5. Incident waves E+ (a) and F+ (b) (full curves) and reflected waves E− (a) and F− (b) (dashed curves) obtained from the PIC code.
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The electric field at the WFPEI at t= 20 and t= 25.2
during the rise of the laser intensity (Figs. 2a and 2c, and
in Figs. 3a and 3b) is shown in Figures 13a and 13b
below. There is also a nice agreement in the intensity of
the electric field between the two codes. The neutrality of
the freely expanding region to the right is observed, with
the electron density profile nicely compensating the ion den-
sity profile, resulting in essentially zero electric field in the

free expansion region. Note that the structure of the longi-
tudinal electric field peaks at the WFPEI and decays very ra-
pidly inside the plasma, and also that it changes very little in
time, as seen in Figures 2a–f2 and 3a–3f (the decay of the
electric field in Fig. 13 for t> 25.2 corresponds to the Gaus-
sian pulse shape to be presented in Case 2 below). The fea-
tures that we noted in Figures 1 and 2 with the Vlasov
simulation are also seen here with the PIC simulation, i.e.,

Fig. 6. (Color online) Phase-space plots of the ion distribution function obtained from the Eulerian Vlasov code.
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a solitary-like shape at the target surface propagating to the
right under the effect of the ponderomotive pressure, and a
plasma jet further to the right.
The position of the WFPEI and the solitary-like structure

of the ions in Figures 2 and 3 are essentially the same (the
solitary ion peak in Fig. 2e is at x= 8.64 and in Fig. 3f at
x= 8.7). This interface is traveling at a constant speed for
t> 26 under the constant ponderomotive pressure of the in-
cident laser beam. This constant speed is calculated from
the numerical results by following the interface in Figure 2
calculated from the Vlasov code or in Figure 3 calculated
from the PIC code, and has a value of 0.024. The velocity
of the front pushed by the ponderomotive pressure was calcu-
lated in (Denavit, 1992) by balancing the electromagnetic
pressure at the absorber surface with the rate of increase in
ion momentum, and the following expression for the velocity
of the surface of discontinuity was obtained:

ui = a0
nc
n

Me

Mi

( )1/2

. (11)

Fig. 7. (Color online) Phase-space plots of the electron distribution function obtained from the Eulerian Vlasov code.

Fig. 8. (Color online) Phase-space plot of the electron distribution function,
concentrating on the edge region (zoom on Fig. 7d).
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Using a0 = 25/



2

√
, n/nc= 100, andMe/Mi= 0.5/1836, we

obtain ui= 0.029 (normalized to the velocity of light). This
value is close to the value of 0.024 calculated by the Eulerian
Vlasov and the PIC codes. We note however that a more ac-
curate agreement with Eq. (11) was obtained for the slightly
smaller values of a0 used in Shoucri and Afeyan (2010) and
Shoucri (2010) but where hydrogen at the same density was
used, which resulted in a slightly higher velocity (0.033), as
the “pistonlike parameter” Ξ was slightly larger: 0.00054 vs.
0.00042 here. (We note that the relativistic correction to Eq.
(11) as reported by Schlegel et al. (2009) and Robinson et al.
(2009) is small in our case and reduces the velocity calcu-
lated in Eq. (11) from 0.029 to 0.028).
At the right of the ion peak in Figures 2d–2f and 3e–3f we

have a neutral plasma jet with a shock-like structure expand-
ing to the right with an average speed of about 0.052,

calculated by dividing the distance traveled by the neutral
plasma edge by the corresponding time difference. This
entire structure is stable as it propagates and expands to the
right. The value of the free streaming edge at the right can
also be calculated for the Eulerian Vlasov code from Figures
6d and 6e below for instance, where we see the free streaming
deuterium ions having a normalized momentum around 180.
Hence, Miυ/Me c≈ 180 or υ/c≈ 180/(2 × 1836)= 0.05.
This corresponds to energy of the deuterium ions of Miυ

2/
2=Mic

2(υ/c)2/2≈ 938 × 0.0025= 2.345 MeV. The value
obtained from the PIC code (Fig. 9c below) is slightly
higher: we have Miυ/Me c≈ 200, or υ/c≈ 200/(2 ×
1836)= 0.054.
Figure 4a presents the forward propagating wave E+ (full

curve) and the backward reflected wave E− (dashed curve) at
t= 40 for the calculation done with the Eulerian Vlasov

Fig. 9. Phase-space plots of the ion distribution function obtained from the PIC code.

Fig. 10. Phase-space plots of the electron distribution function obtained from the PIC code.
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code. Figure 4b presents the corresponding results for the for-
ward propagating wave F− (full curve) and the backward
propagating wave F+ (dashed-curve). The same quantities
obtained from the PIC code are presented in Figures 5a
and 5b. The agreement between the two codes for the phase
and amplitude of the incident and reflected waves is excellent.
The electromagneticwave damps in the plasma over a distance
on the order of the skin depth c/ωpe. The strong increase of the
ion and electron densities at the WFPEI makes the plasma
more opaque, with the steep plasma edge acting as a moving
mirror for the incident light. Note that when E+ is at a peak
value, F− is zero and vice-versa, so the wave is always main-
taining a pressure on the surface of the plasma. The frequency
of the backward reflected wave is slightly down-shifted by the
moving reflecting plasma surface. We can check that in
Figures 4a and 5a, the reflected waves (dashed curves) in
vacuum have a wavelength (and a period) slightly bigger

than the corresponding ones for the incident wave (full
curve). In Guérin et al. (1996), the following analytical
expressions were derived for the reflected wavenumber kr
and the reflected frequency ωr of the laser wave due to the
Doppler shift by the moving reflecting surface:

ωr

ω
= 1+ β2F − 2βF/β

1− β2F
;

kr
k
= 1+ β2F − 2βFβ

1− β2F
,

where in our units βF= ui= 0.024 is the normalized velocity
of the discontinuity surface. We have β= ω/k= 1 for the in-
cident wave, since ω= k= 1 for the incident laser wave in
free space. Hence:

kr = ωr = 1− βF
1+ βF

(12)

Fig. 11. Density profiles at the edge of the plasma for the electrons (full curves), the ions (dashed curves) and the electric field (dashed-
dotted curves) obtained from the Eulerian Vlasov code.
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From Eq. (12), we get for the reflected wave in free space
ωr= kr= 0.953. This is confirmed if we follow the peaks
of the reflected wave in Figures 4 and 5 (dashed-curves).
We find a wavelength for the reflected wave of 6.562,
which corresponds to kr≈ 0.957, in close agreement to
what is calculated from Eq. (12).
Figure 6 presents the phase-space contour plots for the ion

distribution function calculated from the Eulerian Vlasov
code. Figure 6a shows the ion phase-space during the initial
phase of ion acceleration at the edge of the target at t= 20,
corresponding to Figure 2a. Figure 6b corresponds to the
rapid acceleration phase of the ions shown in Figure 2b at
t= 24.4. We concentrate the plot in Figures 6c–6e on the
region of the edge. The loops appearing at the top in Figures
6d–6e correspond to the free streaming ions, escaping the
front edge region. These loops in phase space appear because
slower ions (lower part of the loop), which were accelerated
by the shock during the rise of the laser pulse, are caught up
by faster ones (upper part of the loop), which were

accelerated by the shock when it was at its maximum and
constant intensity. The right-most parts of these loops (x=
9.0 at t= 40 and x= 9.7 at t= 55) correspond to the begin-
ning of the effective shock acceleration, and they coincide
with peaks in density seen in Figures 2e and 2f. These
loops are close to what has been presented by Klimo et al.
(2008) using PIC codes, and by Macchi et al. (2005). See
also the recent results (Shoucri et al., 2008; Shoucri &
Afeyan, 2010; Shoucri, 2010). Note in Figures 6c-e that
the accelerated ions are reaching approximately the same
critical velocity after which they go to the free-streaming
phase.
Figure 7 presents the phase-space contour plots of the elec-

tron distribution function calculated from the Eulerian
Vlasov code. The steep edge at the left is due to the effect
of the ponderomotive pressure pushing the electrons. Note
the sharp profile at the WFPEI, and the electronic population
being ejected forward. In particular, in the initial phase,
Figure 7a shows a picture close to what has been reported

Fig. 12. Density profiles at the edge of the plasma for the electrons (full curves), the ions (dashed curves) and the electric field (dashed-
dotted curves) obtained from the Eulerian Vlasov code.

M. Shoucri et al.326

https://doi.org/10.1017/S026303461100036X Published online by Cambridge University Press

https://doi.org/10.1017/S026303461100036X


(Bergmann & Mulser, 1993) in the study of wave breaking
and electron acceleration using a Vlasov code. Figure 8 pre-
sents a closer look to the results in Figure 7d at t= 55, con-
centrating on the structures appearing between x= 9 and x=
10 in the electron phase-space. We see in Figure 8 in more
details the structures around the solitary peak at the
WFPEI, and around the two small peaks appearing in
Figure 2f close to x= 9.2 and x= 9.5.

Figure 9 presents the position of the ions in the phase-space,
calculated from the PIC code. Figure 9a shows at t= 20 an
initial ion acceleration very close to what we see in Figure 6a.
In Figure 9b, at t =30, the general behavior is still close to
Figure 6c. In Figure 9c, at t= 40, we see the ions accelerated
more with respect to Figure 6d for the Eulerian Vlasov code,
and the loop at the top is slightly different. Also the result in
Figure 6d gives more details about the distribution of the

Fig. 14. (Color online) Phase-space plots of the ion distribution function obtained from the Eulerian Vlasov code.

Fig. 13. Electric field at the WFPEI, at times t= 20 (dashed), 25.2, (full) 30 (dotted), 35.2 (dash-dotted).
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ions than the result in Figure 9c for the PIC code, which ap-
pears sketchier. Figure 10 presents the position of the electrons
in the phase space, calculated from the PIC code. Figure 10a
and Figure 10b show a more important heating than what we
see in Figure 7b and Figure 7c for the Eulerian Vlasov code
that might be due to numerical diffusion.

3.2. Case 2: Gaussian Pulse

In this case, the laser pulse is Gaussian according to Eq. (10).
The initial phase during the growth of the input pulse at x= 0
until t= 1.5tp is of course identical to what has been pre-
sented in Case 1. For t> 1.5tp, the pulse penetrating at x=

Fig. 15. (Color online) Phase-space plot of the electron distribution function obtained from the Eulerian Vlasov code.

Fig. 16. (Color online) Phase-space plot of the electron distribution function near the WFPEI. Zooms of Figures 15c and 15d.
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0 is decreasing. This decrease reflects itself at the target edge
with a delay since the wave has to travel about x≈ 8. to reach
the WFPEI.
Figure 11 shows the results obtained using the Eulerian

Vlasov code. Figure 11a, at t= 30 (the pulse intensity is start-
ing its decay at the plasma edge), shows little difference com-
pared to the result in Figure 2d. However, in Figures 11b and
11c there is a slow decrease in the density peaks, while the
plasma is still expanding to the right (this will be discussed
in the phase-space plots below in Figure 16), with the elec-
tron density essentially compensating the ion density and
providing a neutral plasma expanding to the right. In Figures
11d and 11e, at t= 50 and t= 57.5, respectively, we see that
the target edge is not moving anymore (the laser intensity is
very small and there is no radiation pressure), but still the
solitary-structure keeps propagating and the decay of the den-
sity peaks is becoming very slow. Some of the electrons are
moving to the left, in the backward direction. Figure 12 pre-
sents the corresponding results obtained from the PIC code,
which are close to Figure 11. (Fig. 12e shows an expansion
to the right slightly higher than in Fig. 11e, due to the fact
that the PIC code shows a slightly higher ion velocity, as
can be seen in Fig. 17 below.) We present in Figure 13a
the electric field (divided by a factor of 10 to be on the
same scale as in Figures 11 and 12 at the WFPEI) obtained
from the Eulerian Vlasov code. One observes an initial in-
crease in the peak during the rise of the pulse at t= 20 and
t= 25.2 (the same as in Case 1), followed by a decay of
the edge electric field as the incident laser pulse amplitude

decreases. The corresponding curves from the PIC code are
presented in Figure 13b, which is similar to Figure 13a.

Figure 14 presents the ion phase-space at t= 30, 42.6, 50,
and 57.5 obtained fron the Eulerian Vlasov code, concentrat-
ing on the WFPEI in Figures 14b–14d. Note the difference
between Figures 6d–6e, obtained in the previous case of a
constant amplitude laser, and Figures 14b–14d, obtained
for the present case of a Gaussian laser pulse, where the
ion acceleration is taking place over a broader energy spec-
trum. We have pushed the calculation with the Eulerian
Vlasov code until t= 57.5 (see Fig. 14d). As mentioned
for Figure 11e, the ions are expanding to the right in the neu-
tral plasma in what appears to be essentially a ballistic propa-
gation of the previously formed phase space structure, as
there is no more ponderomotive pressure applied at the
WFPEI. The electron phase-space calculated from the Euler-
ian Vlasov code is presented in Figures 15a–15d. Figures 16a
and 16b show the same result in as in Figures 15c and 15d,
respectively, concentrating on the region of the expanding
plasma. We see that the electrons in the neutrally expanding
plasma region are forming vorticity structures in the phase-
space. Note the difference in the phase-space structure with
respect to the phase-space structure shown in Figure 8.
Note also a small population of electrons going in the back-
ward direction (to the left). The solitary-like structure at the
plasma edge is still present, decaying very slowly. The phase-
space plots for the ions from the PIC code are presented in
Figure 17. Figure 17a compares well with Figure 14a.
Figures 17b–17d are more sketchy compared to Figures

Fig. 17. Phase-space plots of the ion distribution function obtained from the PIC code.
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14b–14d, and show that a slightly higher velocity value for
the ions is reached. The electron phase-space is presented
at times t= 42.6 and 57.5 in Figures 18a and 18b, repec-
tively. Note, once again, more heating of the electrons ap-
pearing in Figure 18 than in Figure 16. Finally, we present
in Figures 19a and 19b at t= 42.6 the laser wave fields,
which has now decayed at the WFPEI as a consequence of
the decrease of the Gaussian pulse. Both the Eulerian
Vlasov code and the PIC code show the same results (as
we previously mentioned regarding Figs. 4 and 5). So there
is now no ponderomotive pressure on the plasma edge be-
cause of the decay of the laser pulse, and the edge now re-
mains at essentially the same position as we can verify
from Figures 11c, 12c, 11e, and 12e, while on the other
side the neutral plasma is expanding.

4. CONCLUSION

Laser-driven ion beams have properties that differ in several
aspects from beams of comparable energy obtained from
conventional acceleration techniques, and have the potential
to be applied in a number of innovative applications in the
scientific, technological and medical areas (Liseykina
et al., 2008; Robson et al., 2007; Schlegel et al., 2009) and
for ion-driven fast ignition (Fernandez et al., 2009). They
also play a fundamental role in a number of physical

situations where plasma jets of high speed are observed,
and are believed to emulate the main acceleration mechanism
for cosmic rays at the front of collisionless shock waves gen-
erated during supernova explosions (Berezinskii et al.,
1990).
In the present paper, we have used an Eulerian Vlasov

code and a PIC code for the numerical solution of the 1D re-
lativistic Vlasov-Maxwell equations to study the interactions
at the surface of overdense plasma under the effect of a high-
intensity normally incident circularly polarized laser beam.
We used in the present simulations the conditions λ0 ≫
Ledge, where λ0 is the laser beam wavelength, and n/ncr
≫ 1. At the WFPEI, the electrons are pushed by the ponder-
omotive pressure, forming a steep gradient at the target sur-
face. This generates a charge separation and an electric
field at the plasma edge which accelerates the ions. A
solitary-type structure at the WFPEI is formed.
The moving steep plasma edge acts as a moving mirror

reflecting the incident wave. Following the acceleration
phase of the ions, there is a fraction of the ions that reach a
free streaming expansion state in the forward direction,
with the electrons compensating the charge of the expanding
ions. There is a neutral plasma jet containing high energy
ions which forms and propagates in the forward direction
(Schaumann et al., 2005; Kar et al., 2008). The planar
free expansion phase of a neutral plasma bunch at the right

Fig. 18. Phase-space plot of the electron distribution function obtained from the PIC code.

Fig. 19. Incident waves E+ (a) and F+ (b) (full curves) and reflected waves E− (a) and F− (b) (dashed curves) obtained from the PIC code
at t= 42.6.
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of the target surface is associated also with the formation of
shock-like structure and sharp ion front with ion peaks or
spikes (called bunching) in the local ion density (Figs. 2e
and 2f).
Two cases were investigated: (Case 1) a constant laser in-

tensity and (Case 2) a Gaussian laser pulse. Substantial
differences in the phase-space plots of the ion and electron
distribution functions were observed between the two
cases. In Case 1, the ion distribution function shows loops
(Figs. 6d and 6e) that are likely associated to ions accelerated
at different stages of the development of the shock-like struc-
ture while those loops are absent in Case 2 likely because of
transient nature of the shock (Fig. 14). In the latter case, we
are left after the decay of the pulse with a solitary-like struc-
ture at the plasma edge of the target surface which appears to
be decaying slowly, while the neutral plasma expanding at
the right is continuing its expansion (Fig. 11). In addition,
in Case 2, the electron distribution function shows more com-
plex vorticity-like structures in the phase-space (Fig. 16)
compared to Case 1. The origin of those structures is not
clear yet but is likely related to the streaming instability.
The Eulerian Vlasov code and PIC code show good gen-

eral agreement between the macroscopic quantities calcu-
lated by the two codes, in describing the ponderomotively
accelerated ions at the WFPEI, and the formation of a neutral
plasma jet ejected in the forward direction. This is an interest-
ing result since a substantial number of simulations in this
field are usually done using PIC codes. Some differences be-
tween the two codes could be observed however: (1) a delay
in the appearance of the ion peak in Case 1, and (2) a higher
electron temperature observed in both Cases 1 and 2. A poss-
ible explanation is numerical diffusion in PIC simulations,
although energy conservation was verified with good accu-
racy. The low noise level of the Eulerian Vlasov code
allows a far more detailed representation of the phase-space
structures associated with this system, especially in the low
density regions of the phase-space.
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