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Let 2 be an open connected cone in R™ with vertex at the origin. Assume that the

operator
o

5% (@)
is subcritical in §2, where 0, is the distance function to the boundary of (2 and
1 < 1/4. We show that under some smoothness assumption on {2 the improved
Hardy-type inequality

P, :=-A

2 |0l lo|? oo
Q\VSO| dz —p QéTdCU?)\(M) Qde Vo € C5°(£2)
7}

holds true, and the Hardy-weight A(u)|x|~2 is optimal in a certain definite sense.
The constant A(p) > 0 is given explicitly.
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1. Introduction

There is a huge literature devoted to the study of Hardy-type inequalities. The
traditional point of view on this subject is to prove (using integration by parts,
or the divergence theorem in one way or another) such an inequality, and then
to find the global best constant. In [14] a natural notion of optimal Hardy-type
inequality was introduced, and using a synthetic looking construction (the so-called
supersolution construction), it has been proved that in many cases, this method
provides an optimal Hardy-type inequality in this precise sense. The optimality of
a Hardy-type inequality as introduced in [14] means in particular that the constant
in the inequality is the best possible globally; however, let us emphasize that the
optimality in the sense of [14] is significantly stronger than that. In this paper
the main point is to provide another interesting and important class of examples
for which the supersolution construction provides us with an optimal Hardy-type
inequality. We now briefly explain what motivates this paper, and our results.
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Let P be a symmetric second-order linear elliptic operator with real coefficients,
defined in a domain {2 of R™, and denote by ¢ its associated quadratic form. Suppose
that q(p) = 0 for all ¢ € C§°(2), i.e. P is non-negative (P > 0) in 2. Then P is
called subcritical in §2 if there exists a non-trivial non-negative weight W such that
the Hardy-type inequality

a(p) > A /Q W(@)lp(x)Pdz Vo € C(12), (1.1)

where A > 0 is a constant, holds true. If P > 0 in 2 and (1.1) is not true for any
W 2 0, then P is called critical in (2.

Given a subcritical operator P in §2, there is a huge convex set of weights W 2 0
satisfying (1.1). A natural question is to find a weight function W which is ‘as large
as possible’ and satisfies (1.1) (see [1, p. 6]).

In [14] Devyver et al. constructed a Hardy weight W, for a subcritical operator
P, which is optimal in a certain definite sense. For symmetric operators the main
result of [14] reads as follows.

THEOREM 1.1 (Devyver et al. [14, theorem 2.2]). Assume that P is subcritical in
2. Fiz a reference point xg € (2, and set 2* := 2\ {xo}. There exists a non-zero
non-negative weight W satisfying the following properties.

(a) Denote by Ao = Ao(P, W, 2*) the largest constant X satisfying
qa(p) = A . W (@)|p(a)|*de Vo € C5(82%). (1.2)

Then Ag > 0 and the operator P— AW is critical in £2*; that is, the inequality
a0)> [ V@le@Pds Ve O (@)

is not valid for any V = AW

(b) The constant Ao is also the best constant for (1.2) with test functions supported
in 2 C 2, where {2’ is either the complement of any fized compact set in {2
containing xg or any fixed punctured neighbourhood of x.

(¢) The operator P — M\gW is null-critical in £2*; that is, the corresponding Ray-
leigh—Ritz variational problem
()

inf (1.3)
peni?(27) [or W(a)|p(2)? dz

admits no minimizer. Here Dp*(£2%) is the completion of C§°(£2*) with respect
to the norm u — /q(u).

(d) If, furthermore, W > 0 in £2*, then the spectrum and the essential spectrum
of the Friedrichs extension of the operator W—1P on L?(2*,W dx) are both
equal to [Ag, 00).

DEFINITION 1.2. A weight function that satisfies properties (a)—(d) is called an
optimal Hardy weight for the operator P in (2.

https://doi.org/10.1017/50308210516000056 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000056

Optimal Hardy inequalities in cones 91

For related spectral results concerning optimal Hardy inequalities see [13].

One may look at a punctured domain {2* as a non-compact manifold with two
ends 6o and zg, where co denotes the ideal point in the one-point compactification
of £2. In fact, the results of theorem 1.1 are valid on such manifolds. In [14, theo-
rem 11.6] Devyver et al. extended theorem 1.1 and got an optimal Hardy weight
W in the entire domain {2, in the case of boundary singularities, where the two
singular points of the Hardy weight are located at 02U {co} and not at co and at
an isolated interior point of {2 as in theorem 1.1. The result reads as follows.

THEOREM 1.3 (Devyver et al. [14, theorem 11.6]). Assume that P is subcritical in
2. Suppose that the Martin boundary 612 of the operator P in {2 is equal to the
minimal Martin boundary and is equal to 082 U {&, &1}, where 002\ {&o,&1} is
assumed to be a reqular manifold of dimension (n — 1) without boundary, and the
coefficients of P are locally reqular up to 082\ {&o0,&1}-

Denote by 2 the Martin compactification of {2, and assume that there exists
a bounded domain D C {2 such that & and & belong to two different connected
components Dy and Dy of 2 \ D such that each D; is a neighbourhood in 2 of &5,
where j =0,1.

Let uy and uq be the minimal Martin functions at &y and &1, respectively. Consider

the supersolution wuy /o := (u0u1)1/2 of the equation Pu =0 in §2, and assume that
i @) g, w@) (1.4)
z—Co, uo(x) z—C1, Ul (iL’)
zEN res?

Then the weight W := Pul/g/ul/gA is an optimal Hardy weight for P in §2. In
particular, if W does not vanish on 2\{&o, &1}, then the spectrum and the essential
spectrum of the Friedrichs extension of the operator W 1P acting on L*(2, W dz)
are [1,00).

The following example illustrates theorem 1.3 and motivated the present study.

EXAMPLE 1.4 (Devyver et al. [14, example 11.1]). Let P = Py := —A, and con-
sider the cone {2 with vertex at the origin, given by

:={zeR"|r(x) >0, wk) e X}, (1.5)

where X is a Lipschitz domain on the unit sphere S*~* Cc R”, n > 2, and (r,w)
denotes the spherical coordinates of z (i.e. 7 = |z|, and w = z/|z|). We assume that
P is subcritical in 2.

Let ¢ be the principal eigenfunction of the (Dirichlet) Laplace—Beltrami operator
—Ag on X with principal eigenvalue o = A\g(—Ag, 1, %) (for the definition of Xg

see (2.1)), and set
_2-n£/(2-n)>+40
= 5 _

We denote by 1 the constant function taking the value 1 in 2. Then the positive
harmonic functions

T+ -

U (1, w) = 7= p(w)

are the Martin kernels at oo and 0 [32] (see also [5]).
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The function
Uy/g 1= (u+u,)1/2 _ T(2—n)/2¢(w)

is a supersolution of the equation Pu = 0 in {2 (this is the so-called supersolution
construction for P in {2 with the pair (uy,u_)).
Consequently, the associated Hardy weight is

_Puyy (n—2)2+4o

w : =
(z) s PISE ;

and the corresponding Hardy-type inequality reads as

2 2
/ VoPde > =D HA [l vy e o). (1.6)
0 4 2 |z
It follows from theorem 1.3 that W is an optimal Hardy weight, in the sense of
definition 1.2. Note that for ¥ = S*~! we obtain the classical Hardy inequality in
the punctured space. We also remark that the Hardy-type inequality (1.6) and the
global optimality of the constant (n—2)2/4+ o were previously known (see [26,30]),
but again, such a result is significantly weaker than the optimality in the sense of
definition 1.2.

Given the result of theorem 1.3, the following question is natural.

QUESTION. What happens in theorem 1.3 if we drop the hypothesis that the coef-
ficients of P are locally regular up to the boundary?

While it is probably not true that the result of theorem 1.3 holds in full generality
without this regularity hypothesis, it could still hold in some interesting cases.
However, we feel that this is a difficult problem. Therefore, in this paper, we focus
on one natural class of operators that are not regular up to the boundary, for which
we investigate the validity of theorem 1.3. More precisely, let

0(z) = dp(x) := dist(z, 012)

be the distance function to the boundary of a domain {2; from the point of view of
Hardy inequalities, one of the most natural and interesting class of operators that
do not satisfy the regularity assumption of theorem 1.3 are operators of the form

nooo
P,:=—-A— —=—— in {2,
: 05 (@)
where (2 is the cone defined by (1.5). Let us now explain our results, which deal
with this class of operators. Define

po = sup{p € R; P, > 0}.

It turns out that the u < po case is easier, since in this case (as we will see
in §§3 and 4) P, satisfies all the assumptions of theorem 1.3, except, of course,
the up to the boundary regularity of the coefficients. The situation for pu = pg
is more delicate. First, it can happen that P, is critical in {2 (so the inequality
P,, = 0 cannot be improved). Moreover, in the particular case in which py = 1/4
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and Py /4 is subcritical in §2, we are not able to characterize the Martin boundary
of P4 in (2. Nevertheless, in this case, under additional smoothness assumptions,
we can still find an optimal Hardy weight by the supersolution construction. We
note that if one assumes that {2 is (weakly) mean convex, then py = 1/4 and
Py 4 is subcritical (proposition 5.8), so the situation is clearer for (weakly) mean
convex cones. Our main results (theorems 5.4 and 5.6) assert that, in the subcritical
case, the conclusion of theorem 1.3 remains true for the operators P, on Euclidean
cones given by (1.5). Let us emphasize, however, that our results are not just an
easy variation on theorem 1.3: the fact that the coeflicients of P, are not regular
up to the boundary introduce intrinsic difficulties that cannot be overcome by a
simple modification of the proof of theorem 1.3; instead, we take advantage of the
particular form of the operators P, and of the fact that {2 is a cone.

For some recent results (for example, estimates of the constants, existence of
extremals, and applications to the study of related semilinear partial differential
equations) on various Hardy inequalities with boundary singularities, see, for exam-
ple, [10,11,17,20,21,24] and references therein.

The outline of the paper is as follows. In §2 we fix the setting and notation,
and introduce some basic definitions. In § 3 we use an approximation argument to
obtain two positive multiplicative solutions of the equation P,u = 0 in {2 of the
form uy (r,w) := r7*60(w), while in §4 we use the boundary Harnack principle of
Ancona [4] and the methods in [25,32] to obtain an explicit representation theorem
for the positive solutions of the equation P,u = 0 in §2 that vanish (in the potential
theory sense) on 92\ {0}. As a consequence of the results in §§ 3 and 4, the operators
P, i < po, satisfy all the hypotheses of theorem 1.3, except the up to the boundary
regularity of the coefficients. The two linearly independent positive multiplicative
solutions obtained are the building blocks of the supersolution construction that
is used in §5 to prove our main result, which extends theorem 1.3 to the class of
operators P, on cones. In §6 we consider a family of Hardy inequalities in the half-
space R’} obtained by Filippas et al. [19], and we show (using similar methods as in
the first five sections), for the appropriate case, the optimality of the corresponding
weight.

We conclude the paper in §7 by proving a closely related Hardy-type inequality
with the best constant for the (non-negative) operator P, in {2, where (2 is a domain
in R™ such that 0 € 912, and 4y, satisfies (in the weak sense) the linear differential

inequality
n—1+1—4p
||

Finally, we note that parts of the results of this paper were announced in [15].

—Adg + (x-Véo—00) =20 in £ (1.7)

2. Preliminaries

In this section we fix our setting and notation, and introduce some basic definitions.
We write R, := (0, 00), and

RY = {(z1,22,...,2,) € R" | 21 > 0}.

Throughout the paper (2 is a domain in R", where n > 2. The distance function to
the boundary of {2 is denoted by 0. We write {2/ € 2 whenever (2 is open and (2’ is
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compact with 2/ C 2. By an ezhaustion of {2 we mean a sequence {2} of smooth,
relatively compact domains such that zg € 21, 2 € 441, and Uy_; 2 = 2.

Let f,g: 2 — [0,00). We write f =< g in {2 if there exists a positive constant C
such that C~'g < f < Cg in 2. Also, we write f = 0in 2 if f > 0in 2 but f #0
in £2. B,(z) is the open ball of radius r centred at z. If 2 is a cone and R > 0, we
denote by Ag the annulus

Ap:={z€ 2| IR < |z| <2R}.

In this paper we consider a second-order linear elliptic operator P defined on a
domain 2 C R™, and let W = 0 be a given function. We write P > 0 in 2 if the
equation Pu = 0 in {2 admits a positive (super)solution. Unless otherwise stated,
it is assumed that P > 0 in (2.

Throughout the paper it is assumed that the operator P is symmetric and locally
uniformly elliptic. Moreover, we assume that coefficients of P and the function W
are real valued and locally sufficiently regular in {2 (see [14]). For such an operator
P, potential W, and A € R, we write Py := P — AW.

The following well-known Agmon-Allegretto—Piepenbrink (AAP) theorem holds
(see, for example, [2] and references therein).

THEOREM 2.1 (the AAP theorem). Suppose that P is symmetric, and let q be the

corresponding quadratic form. Then P > 0 in 2 if and only if ¢(¢) = 0 for every
p e C§(82).

We recall the following definitions.

DEFINITION 2.2. Let ¢ be the quadratic form on C§°(£2) associated with a sym-
metric non-negative operator P in {2. We say that a sequence {¢r} C C5°(£2) of
non-negative functions is a null sequence of the quadratic form ¢ in (2 if there exists
an open set B € {2 such that

lim ¢(vx) =0 and / lor|? dz = 1.
k—o0 B

We say that a positive function ¢ € C{_(£2) is an (Agmon) ground state of the
functional ¢ in 2 if ¢ is an L2

£ (£2) limit of a null-sequence of ¢ in 2.

DEFINITION 2.3. Let K &€ (2, and let u be a positive solution of the equation
Pw = 0in 2\ K. We say that u is a positive solution of minimal growth in a
neighbourhood of 5o in 2 if for any K € K’ € {2 with smooth boundary and any
(regular) positive supersolution v € C((£2\ K') U9K') of the equation Pw = 0 in
2\ K’ satisfying u < v on OK’, we have u < v in 2\ K'.

THEOREM 2.4 (Pinchover and Tintarev [34]). Suppose P is a nmon-negative sym-
metric operator in (2, and let q be the corresponding quadratic form. Then the
following assertions are equivalent.

(i) The operator P is critical in 2.

(ii) The quadratic form admits a null-sequence and a ground state ¢ in (2.

https://doi.org/10.1017/50308210516000056 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000056

Optimal Hardy inequalities in cones 95

(iii) The equation Pu = 0 admits a unique positive supersolution ¢ in 2.

(iv) The equation Pu =0 admits a positive solution in 2 of minimal growth in a
neighbourhood of o in 2.

In particular, any ground state is the unique positive (super)solution of the equation
Pu =0 in 2, and it has minimal growth in a neighbourhood of .

Let P and W 2 0 be as above. The generalized principal eigenvalue is defined by
Ao = A(P, W, 02) :=sup{A€R| P\=P— AW >0 in 2}. (2.1)
We also define
Aoo = Ao (P, W, £2) :=sup{X € R | 3K CC {2 such that Py > 0in 2\ K}.

Recall that if the operator P is symmetric in L?(§2, dz), and W > 0, then \g (respec-
tively, Aoo) is the infimum of the L2(£2, W dz)-spectrum (respectively, L?(§2, W dx)-
essential spectrum) of the Friedrichs extension of the operator P:=w-lp (see,
for example, [2] and references therein). Note that P is symmetric on L2(£2, W dz),
and has the same quadratic form as P.

DEFINITION 2.5. Let {2 ; R™ be a domain. We say that (2 is weakly mean convex
if 4, is weakly superharmonic in 2.

Recall that 0, € Wéf(!)) Also, any convex domain is of course weakly mean
convex, and if 92 € C?, then {2 is weakly mean convex if and only if the mean
curvature at any point of 92 is non-negative (see, for example, [36]).

Throughout the paper we fix a cone

N:={zeR"|r(x) >0, wk)e X}, (2.2)

where X is a Lipschitz domain in the unit sphere S~ C R”, n > 2. For z € X, we
will denote by dx(x) the (spherical) distance from z to the boundary of X'. Note
that dy, is clearly a homogeneous function of degree 1, that is,

x

do(x) =|zldn (x) =rin(w). (2.3)

Since the distance function to the boundary of any domain is Lipschitz continuous,
Euler’s homogeneous function theorem implies that

x-Vin(x) =dn(x) almost everywhere in (2. (2.4)

In fact, Euler’s theorem characterizes all sufficiently smooth positive homogeneous
functions. Hence, (2.4) characterizes the cones in R™. For spectral results and Hardy
inequalities with homogeneous weights on R"™, see [23].

We note that if X is C2, then

00(w) =sin(dy(w)) near the boundary of X. (2.5)

Indeed, for w € X let z € 912 such that |z — w| = dp(w), and let y € X realize
dx(w). Since X is C?, if w is close enough to &Y, then z is unique and not equal to 0,
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and the points 0, z, y are collinear. Moreover, the acute angle between the vectors
Oy and Ow is equal to dx(w). Given that 0z is orthogonal to @, by elementary
trigonometry in the triangle 0, w, y, one gets that do(w) = sin(ds(w)).

Let Ag be the Laplace-Beltrami operator on the unit sphere S := S”~!. Then
in spherical coordinates, the operator

I
P, =-A—- =
8 0%

has the following skew-product form:

ﬁzuin—l@ 1

u
P = g o A e 5@
u(r, w) 52 - + 2 ( Su ”5?2((0))’ r>0, we (2.6)

For any Lipschitz cone the Hardy inequality holds true (as in the case of a suffi-
ciently smooth bounded domain [27]). We have
LEMMA 2.6. Let 2 be a Lipschitz cone, and let pg := /\0(—A,552, 2). Then
0 < po < 5. (2.7)

In other words, the Hardy inequality

2
[ verarzm [ B a vpecr), (25)
(9]

where 0 < po < 1/4 is the best constant, holds true.
Moreover, if 2 is a weakly mean convex domain, then g = 1/4.

Proof. Using Rademacher’s theorem, it follows that 92 admits a tangent hyper-
plane almost everywhere in 9f2. Hence, [27, theorem 5] implies that

Ho = A()(_Av(s_(_zzv Q) < Aoo(_A55;)27 'Q) < i
We claim that pg > 0. Indeed, denote by {2 the truncated cone
Nr={zeR"|0<r<R, welX} (2.9)

then
0< )\071{ = Ao(—A,(S_(_zi, _QR)

(see, for example, [27,31]). By comparison,
0 < )\0(—A,(552, .QR) and 0< )\O,R < )\0(—A,552, .QR)
It is well known that if {{2;} is an exhaustion of (2, then

k:hm AO(Pam‘Qk) = )‘O(PaVVv‘Q)
)

Hence,
. B ) _
R11_I>I(1)0 )\0( A75(2 7QR) Ho-

On the other hand, since dy, is homogeneous of order 1, it follows that

>\0(an 5525 'QR)
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is R-independent. Therefore,
0< X1 < Xo(=A,0,5%021) = MNo(—A, 6,2, 2r) = Jim Mo(—A, 652, 2r) = po-
—00

Consequently,
fo = Ao(—A,05%, 2r) > 0.

Assume furthermore that {2 is a convex cone, or even a weakly mean convex cone.
Then it is well known that po = 1/4 (see, for example, [8,27]). O

REMARK 2.7. Clearly, P, is subcritical in {2 for all 4 < 19, and by proposition 5.8,
Py 4 is subcritical in a weakly mean convex cone. We show in theorem 5.6 that if
po < 1/4 and ¥ € C?, then the operator P,, is critical in the cone 2 (cf. [27,
theorem II]).

3. Positive multiplicative solutions

As above, let {2 be a Lipschitz cone. By lemma 2.6 the generalized principal eigen-
value 19 1= \o(—A, 5%, 2) satisfies 0 < po < 1/4. We have the following theorem.

THEOREM 3.1. Let u < po. Then the equation Pyu = 0 in 2 admits positive solu-
tions of the form

us(z) = |z|” ¢,L<| |) (3.1)

where ¢,, is a positive solution of the equation

(-85~ 245 )on = oo i (3.2

_ 9\2
=2 = (—AS - £ 2), (3.3)
4 52

and

2—n=++/(n—2)2+40(p)
5 .

Moreover, if o(u) > —(n—2)?/4, then there are two linearly independent positive
solutions of the equation P,u = 0 in §2 of the form (3.1), and P, is subcritical
in {2.

In particular, for any p < po we have o(p) > —oo.

AN (3.4)

Proof. We first note that if u is a positive solution of the form (3.1), then clearly
¢u > 0 and ¢, solves (3.2), and 4 satisfies (3.4).

Fix a reference point 21 € 2NS"~!, and consider an ezhaustion {Xx}3°, C X C
S"1of X (i.e. {X%}32, is a sequence of smooth, relatively compact domains in X
such that 1 € Xj € Xyyq for k > 1, and (J,o; Xy = 2).

Fix u < po. For k > 1, define the cone

Wei={zeR"|r>0, we Xt}

Consider the convex set K% (Wk) of all positive solutions u of the equation P,u =0
in W), satisfying the Dirichlet boundary condition u = 0 on OW, \ {0}, and the
normalization condition u(z1) = 1.
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Clearly, for p < pg we have

< Ao(—A, 5% W) = sup{X € R | K, (Wy) # 0}

Moreover, P, is subcritical in Wj, and has Fuchsian-type singularities at the origin
and at co. Hence, in view of [32, theorem 7.1], it follows that ICOPM(W;C), which is a
convex compact set in the compact-open topology, has exactly two extreme points.

Next, we characterize the two extreme points of ICOPu (Wy) using two different
approaches.

First method We use the results of [25, §8]. Consider the multiplicative group
G := R* of all positive real numbers. Then G acts on Wj,\ {0} (and also on 2\{0}) by
homotheties x — sz, where s € G and 2 € W}, \ {0}. This is a compactly generating
(cocompact) abelian group action, and P, is an invariant elliptic operator with
respect to this action on Wg. In spherical coordinates, a positive G-multiplicative
function on W is of the form

f(r,w) = T’be(w)? (35)

where v € R. We remark that positive solutions in ICO (Wk) satisfy a uniform
boundary Harnack principle on 0W;, \ {0}. Recall that ICO , (Wy) has exactly two
extreme points. Hence, by [25, theorems 8.7 and 8.8], /\0( “A 59 ;W) > p, and
the two extreme points in ICO (Wk) are positive G-multiplicative solutions of the
equation P,u =0 in Wy, and therefore they have the form

ug p(r,w) = r"*F*dy p(w). (3.6)

In particular, ¢4 j vanish on Xj.
Using the spherical coordinates representation (2.6) of P,, it follows that ¢4 j
are positive in X, satisfy ¢4 p(x1) = 1, and solve the eigenvalue Dirichlet problem

<AS 52 ( )>¢:|: k= ('yzzt,k + Vi,k(n - 2))(151,1@ in Xy,

¢i =0 on 6Ek.

(3.7)

On the other hand, since the operator —Ag — ,u(552 has up to the boundary regular
coefficients in X%, it admits a unique (Dirichlet) eigenvalue o with a positive
eigenfunction ¢y, satisfying ¢ (z1) = 1. Moreover, oy, is simple. In other words, o,
and ¢y are respectively the principal eigenvalue and eigenfunction of —Ag — u(552
in Ek.

Hence, ¢+ ;. are equal to ¢, and

ok = ok(p) = (Vi + y2.k(n —2)).

By the strict monotonicity with respect to bounded domains of the principal
eigenvalue of second-order elliptic operators with up to the boundary regular coef-
ficients, it follows that oy (u) > opy1(p).

On the other hand, since

Uy p(r,w) = r’EEgg(w) >0, (3.8)
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it follows that y_ , # vk, and 74 5 are given by

2—n++/(n—2)2+ 40y
’}/j;k = 9 .

In particular,

2—n (n —2)?
Vb <Vt < —5 < Vbktt <Vik and oy > -
Second method We only indicate briefly the second approach. We use the results
of [29]. By (2.6), the subcritical elliptic operator P, has a skew-product form in
Wi = Ry x X and satisfies the conditions of [29, theorem 1.1]. Therefore, the
equation P,u = 0 admits two Martin functions of the form (3.6).

Now, let k — co. Then o, \, o > —(n—2)?/4, and up to a subsequence ¢y, — ¢,
locally uniformly in Y. Clearly, o does not depend on the exhaustion of X. Recall
also that for any non-negative second-order elliptic operator L in a domain D and
any exhaustion {Dy} of D we have

Xo(L,W, D) = lim Ao(L, W, Dy).

Hence, 0 = o () = Ao(—As — 5%, 1, %).
Consequently, v+  — Y+, where v_ < —(n — 2)/2 < 7y4+. Hence, we have that

lim r7** ¢ (w) = r"* ¢, (w).

li =
Pl e (1 ) k—o0

If v~ < —(n—2)/2 < v4 (or equivalently, o(u) > —(n — 2)?/4), then we obtain
two linearly independent G-multiplicative positive solutions of the equation P,u =0
in {2. In particular, P, is subcritical in 2. O

REMARK 3.2. Note that for n = 2, ¥ = S!, and u = pug = 0, we obtain ¢(0) = 0,
v+ =0, and Py = —A is critical in the cone R?\ {0}.

REMARK 3.3. Let X be a bounded domain in a smooth Riemannian manifold M,
and let dx be the Riemannian distance function to the boundary 0X. If X' is smooth
enough, then the Hardy inequality with respect to the weight (dx)~2 holds in X
with a positive constant Cy [37]. A sufficient condition for the validity of such a
Hardy inequality is that Y is boundary distance regular, and this condition holds
true if X satisfies either the uniform interior cone condition or the uniform exterior
ball condition (see the definitions in [37]). For other sufficient conditions for the
validity of the Hardy inequality on Riemannian manifolds, see, for example, [28].

Hence, if the cone 2 C R™\ {0} is smooth enough, then ¥ C S*~! is boundary
distance regular. So, for such X C S"~!, there exists C' > 0 such that fASde? >
0 in X. Note that dx(w) < do(w)|s in X, and therefore —Ag —C16,% > 0 in X for
some C; > 0.

In what follows we shall need the following lemma concerning the criticality of
the operator £, := —Ag — ud,? — o(p) in X.
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LEMMA 3.4. Consider the operator L, = —Ag — 6> — o(u) on X.
(1) We have

n—2)2 _
Mo = Ao <_AS + %75927 Z) (39)

(2) Assume that ¥ € C?, and po < 1/4. Then o(uo) = —(n — 2)?/4, and L, is
critical in X with ground state ¢, € L*(X, 552dS).

ssume that 3 € , and pg = . en Lq/4 18 critical in with groun
3) A hat X € C? d 1 1/4. Then Ly, lin X with d
state ¢y 4 € L? (X, 552 log(0o)~(1*t9)dS), where € is any positive number.

(4) Assume that p < po. Then L, is positive critical in X, that is, L, admits a
ground state ¢,, in X, and ¢, € L*(X).

In particular, in all the above cases, ¢, is (up to a multiplicative constant) the
unique positive (super)solution of the equation L,u =0 in X, and ¢, € L*(X).

Proof. (1) To prove (3.9) we note that theorem 3.1 implies that for u < po there
exists a positive solution ¢, of

Lu= (—As — 5% — a(u))u =0 inX,
Q

and, since for any p < po we have o(u) > —(n — 2)?/4, it follows that ¢, is a
positive supersolution of the equation

—92)2
Lo = (_AS_I;N))UZO in 2.
0% 4
Thus, by the AAP theorem (theorem 2.1) we obtain

— 9)2
Ho < >\0<AS+ (n4)75;]252>'

Let us now take p > 110, and assume by contradiction that —Ag—+(n—2)2/4—ud,* >
0 in Y. Then, by definition, there is a positive solution ¢, of the equation

po, (n—2)? .
<_AS_5?)+4 u=0 1in X.

If one defines
T
vl = a2, (2,
SN

then it is immediate to check that v is a positive solution of
(—A— /;>u:0 in (2.
)

)\0(7A55{_227 'Q) P > po,

This implies that
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which is a contradiction. Thus, the operator —Ag + (n — 2)2/4 — ud,* cannot be
non-negative in X for p > g, and this implies that

—92)2
Ho = >\O (_AS + (n4>;69272>'

Hence, (3.9) is proved.

(2) Since
ds(x) ~d0p(x) asx e X, de(x) =0,

and in light of the proof of [27, theorem 5], our assumption that X is C? implies
that

AOC(_ASa(S;)Qa 2) = i)

which in turn implies that

—92)2
Ao <—As + (”4)’552,2> =1

On the other hand, by (1) we have

5 (552, E) = Ho-

Hence, our assumption that po < 1/4 implies that there is a spectral gap between
the bottom of the L?(X, §,%dS)-spectrum and the bottom of the essential spectrum
of the operator —Ag + (n — 2)?/4 in Y. Consequently, the operator —Ag + (n —
2)2/4 — pd,? is critical in X, with ground state ¢,,, € L?(X,d,%dS). Clearly, the
criticality of —Ag + (n —2)?/4 — jpd,” in X implies that

ol = "2,

and the second part of the lemma is proved.
Before proving (3), we prove (4).

(4) The assumption that p < pq clearly implies that Ao (—Ag — pdy?, 1, %) = co.
Hence,

(n - 2)?

S o) = Ao(—As -2

1 52,172) <)\oo(—As—u552,17E):oo.

0
Since )¢ (respectively, Ay) is the bottom of the L2-spectrum (respectively, essential
L?-spectrum) of the operator —Ag — u(552 in X, it follows that the operator £,
is critical in X, and o () is the principal eigenvalue of the operator —Ag — ,u(552
with principal eigenfunction ¢,, € L?(X). Hence, the operator £, is positive critical
in X,

(3) The proof uses a modification of Agmon'’s trick (see [3, theorem 2.7] and also [27,
lemma 7]). In order to prove that Ao (—Ag — 1/(46%),1,X) = oo, we will show
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that for suitable positive constants ¢, €, the function 6}2/ 2 0n/2 is a positive
supersolution of the equation

(—As— L _c )u:o (3.10)

455 0
in a sufficiently small neighbourhood of the boundary of X.
We start by denoting a tubular neighbourhood of 90X having width § > 0 by

Yg={we X |ds(w) <G}

Recall that since X is C?, there exists 8, > 0 such that dy € C? in X3,. In
particular, —Agdy is bounded on Xg,. Also |Vgds| = 1 and dp = sin(dx) (by
(2.5)), both on X, . We may thus compute

—Agdn = —cos(dy)Agds +sin(dy) on Xg,,
which implies that Agdy, is also bounded on Xz, . In particular, we have
—Agdp(w) > —h foralwe Xs,, (3.11)

for some h > 0. Now let ¢,e > 0 and compute on Xg_,

1 c 12 0g
(-as- 5 5) (%)

1 1/2 1 1/2—¢ ‘35}2—6
= (1-|Vgéal?) - 1-6Y)Agdp + —— — b
45?()2/2( |VS Q| ) 2(5}2/2( 7] ) S Q+85_Q Cop + 9
5;2/2 h 1/2 1 1/2—¢ 05}2_6
— 1— _
1 25}2/2( S )+85n g™ "+ 5

where we have used the fact that 1 — |Vgdg|? = sin®(dx) = 0% on X5, and also
(3.11). Clearly, by fixing € in (0,3/2) we obtain that this estimate blows up to +oco
as w € Xg, approaches the boundary of X'. Thus, for a smaller 8. > 0 if necessary,
we proved that 6}2/2 — 0/2 is a positive supersolution of (3.10) in X3,. The APP
theorem (theorem 2.1) implies that

2
/ <|Vu2 - 4512>g02 s > c/ 5"% dS V€ CF(5s.), (3.12)
2, ? Y5, %0

which together with limg (,,)—0d,"(w) = co implies that

1
)\OO<AS — 45%2,172> = Q.

As in the proof of (2), one concludes that £ = Ag —1/(46%) — o (u) is critical, with
ground state ¢4 € L?(X).

It remains to show that in fact, ¢;/4 € L*(X, (552 10g7(1+€)((59) dS). In fact, the
arguments used in the proof of [27, lemma 9] show that, as w € X and Jp(w) — 0,
d1/4(w) = 65 (w).

This implies that ¢;,4 € L2(Z, 052 log™ ") (30) dS) for any > 0. O
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PROPOSITION 3.5. Let o(i) = Mo(—Ag — 1,1, 5). Then:
(1) o(pn) = —(n —2)%/4 for any pu < po, and if ¥ € C? and po < 1/4, then
o(mo) = —(n —2)%/4;
(2) o(u) = —o0 for any pn > 1/4;
(3) if ¥ € C?, then o(p) > —oo for all p < 1/4.

Proof. (1) Recall that by lemma 2.6 we have that 0 < po < 1/4, and by theorem 3.1
o(u) = —(n—2)2/4 for all u < po. Moreover, by lemma 3.4, if X € C? and ug < 1/4,
then o(up) = —(n — 2)?/4. In particular, for such a y we have that o(u) is finite.

(2) Let > 1/4, and suppose that o(u) is finite. Then one can find a positive
function ¢ satisfying

(—As — pég” —o(p)p =0 in X

Take ¢ > 0 such that u —e > 1/4. Clearly,

lim §,%(w)=00 and lim On(w) =1,

w—0X w—0% dy (JS)

where dy is the Riemannian distance to the boundary of Y. Hence, ¢ is a positive
supersolution of the equation

(—As— (p—e)d5’)u=0

in a neighbourhood of co in Y.
On the other hand, as in [27], if X is a Lipschitz domain, then Moo (—Ag, d5%, X) <
1/4. Consequently, for such e, one gets a contradiction to Ao (—Ag, d;, )< 1/4.

(3) Suppose first that pu < 1/4. Recall that since X € C2, we have
Ao (—A5,05% %) = Ao (—Ag,d5?, ) = 1/4.
Take £ > 0 such that p+ e < 1/4. Let ¢ be a positive solution of the equation
(—As = (p+2)65 )u=0

in a neighbourhood of oo in X', and let qNS be a nice positive function in X such
that g?) = ¢ in a neighbourhood of dX. Then, for o large enough, ¢~> is a positive
supersolution of the equation (—Ag — pud,? +0)u = 0 in X. Hence, o(u) > —oo for
all p < 1/4.

Suppose now that u = 1/4. By (3.10), ¢ := 5}2/2 —0g/2 is a positive supersolution

1 c
_A _— =
( ST 1% 65)“ 0

outside a compact set K. € Y. Let 1Z be a nice positive function in X' such that vfz =
1 in a neighbourhood of 9X. Hence, for ¢ large enough, 1 is a positive supersolution
of the equation (—Ag — 1/46% + o)u =0 in X. Hence, o(1/4) > —o0. O

of
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REMARK 3.6. In lemma 3.4 and proposition 3.5 it is assumed that X € C?. The
extension of the proposition to the class of Lipschitz domains remains open. We
recall that by the recent result of Barbatis and Lamberti [7, proposition 1], the
Hardy constant of a bounded domain is Lipschitz continuous as a function of bi-
Lipschitz maps that approximate the domain. It seems that finding for a given Lip-
schitz domain a uniform bi-Lipschitz smooth approximation is a non-trivial prob-
lem: we note that in [12, theorem 1] Daneri and Pratelli proved that bi-Lipschitz
homeomorphisms can be approximated by smooth ones in the WP topology for
p < oo. However, to apply the results in [7], we would need W1 *°-approximations.

We conclude this section with the following general result that provides us with
a sufficient condition for the criticality of a Schrédinger operator on a precompact
domain. For a general sufficient condition, see [33].

LEMMA 3.7. Let P = —A+V be a non-negative Schrodinger operator on a compact
Riemannian manifold with boundary M, endowed with its Riemannian measure
dx. Denote by § = dp; the distance function to the boundary of M. Assume that
M € C?, V is smooth in the interior of M, and that the equation Pu = 0 in M
admits a positive solution ¢ € L?(M,6~2log™2(8)dx). Then P is critical in M with
ground state ¢ and, furthermore, there exists a null-sequence {¢y}7, for P, which
converges locally uniformly and in L? to .

Proof. If ¢ denotes the quadratic form of P, then using the ground state transform
(see, for example, [14]) we have for every ¢ € C§°(M),

o) = /M |Vl du.

This formula extends easily to every Lipschitz continuous function ¢ that is com-
pactly supported in M. For k > 2, let us define vi: Ry — [0, 1] by

0 0<t<1/k?
_ log(kt)
vg(t) = Q1 1/k2 1
+ log k Jk* <t<1/k,
1 t>1/k.

Note that 0 < vg(6) < 1, and {vk(d)}k>2 converges pointwise to the constant
function 1 in M. Define

(bk = ’Uk((5>(z5

Then, using that ¢ € L ., one sees that {¢y}72, converges locally uniformly, and
hence in L to ¢. We now prove that {¢x}3%, is a null-sequence for P, which
implies that P is critical with ground state ¢. If K € M is a fixed precompact open

set, then, clearly, there is a positive constant C such that, for k£ big enough,

/ ¢ dr =< 1.
K
Thus, in order to prove that {¢y}72, is a null-sequence for P, it is enough to prove
that
lim / $*| Vg (6)|? dz = 0. (3.13)
k—oo Jar
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Since |Vé(z)| < 1 almost everywhere in M, it is enough to show that

k—o0

lim/ 62|l (5)[2 dz = 0.
M

We compute

2 2
T e ey s
/M¢ k(O de (1/k2<s<1/k} \Olog(k) ’ (s<1/ky \010g(d) !

By our hypothesis, the function ¢?6~—2log™%(J) is integrable on {§ < 1/2}, and

hence
6
lim ———= | dz =0,
k—o00 {6<1/k} (610g(5)>
which shows (3.13). Thus, {¢x}r>2 is a null-sequence for P. O

4. The structure of KI?DM(Q)

As above, let {2 be a Lipschitz cone. By lemma 2.6, the generalized principal eigen-
value 1o 1= Ao(—A, 052, 2) satisfies 0 < o < 1/4.

For p < pg, denote by ICOPM(.Q) the convex set of all positive solutions u of the
equation P,u = 0 in {2 satisfying the normalization condition u(z1) = 1, and the
Dirichlet boundary condition u = 0 on 92\ {0} in the sense of the Martin boundary.
That is, any u € IC?D“(Q) has minimal growth on 92 \ {0}. For the definition of
minimal growth on a portion I" of 912, see [32].

If 1p < 1/4 and X is C2, then in theorem 5.6 (to be proved in what follows) we
show that the operator P, is critical in {2, and therefore the equation P, u = 0in {2
admits (up to a multiplicative constant) a unique positive supersolution. Moreover,
by theorem 3.1, the unique positive solution is a multiplicative solution of the
form (3.1).

The following theorem characterizes the structure of u € ICOP,L (£2) for any p < uo.

THEOREM 4.1. Let pu < po < 1/4. Then ICOP“(Q) is the convex hull of two linearly
independent positive solutions of the equation P,u = 0 in {2 of the form

us(z) = |:c¢<|j;|) (41)

where ¢, is the unique positive solution of the equation

(-85 -l )on = oo i (12)
—@ <o) := Ao (—AS— (%,1,2), (4.3)

and
b 2—n=+./(2-n)? +4U(u). (4.4)

2
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Proof. The assumption that u < po implies that the operator P, is subcritical in
2. In particular, u < 1/4, and therefore there exists ¢ > 0 such that the operator
P, 1. is subcritical in a small neighbourhood of a given portion of 942 \ {0}. Since
the operator P, and the cone {2 are invariant under scaling, it follows from the local
Harnack inequality, and from the boundary Harnack principle of Ancona for the
operator P, in {2 [4] (see also [6]), that the following uniform boundary Harnack
principle holds true in the annulus Ar C 2. There exists C' > 0 (independent of
R) such that

100 o ul@) @) ey (4.5)
v(y) v(y
for any u,v € IC(},“(_Q) and R > 0.

Hence, we can use directly the arguments in [32] to obtain that in the subcritical
case the convex set ICO (£2) has exactly two extreme points. Moreover, we can use
directly the method of [25 §8], to obtain that u is an extreme point of K% | (£2) if
and only if it is a positive multiplicative solution in X% ( ). Thus, the two extreme
points of K% ,(£2) are of the form

us(2) = [o 6 (g)

where ¢4 > 0 in Y, and solves the equation

N — :
( As 5?2(w>>¢:t or¢ps in X, (4.6)
52
_(n—2° Loy <o(p) =X —Ag — %, 1, X (4.7)
1 5%
and
2—n+./(n—2)2+40
vy o= ( 5 ) =, (4.8)

If v4 = v_, then (4.5) implies that uy =< u_. Since uy (z) are two extreme points,
and IC?;M (£2) has exactly two extreme points, it follows that v4 # ~_. Therefore,
o+ =0, where —(n — 2)?/4 < 0 < o(u) and 4 satisfy

2—n++/(n—2)2+40

: (4.9)

T+ =
Moreover, since ¢+ solve the same equation in X, and ICOPM (£2) has exactly two
extreme points, it follows that ¢+ = ¢.

Note that by lemma 3.4, ¢ is a positive solution of minimal growth near 0% if
and only if o = o(u). On the other hand, vy have minimal growth near 92\ {0}.
Therefore, ¢ = ¢, and 0 = o(p), where ¢,, is a ground state satisfying (4.2), and
o(p) and vy satisfy (4.3) and (4.4), respectively. O

5. The main result

This section is devoted to our main result concerning the existence of an optimal
Hardy weight for the operator P,, which is defined in a cone (2. In theorem 5.4 we
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prove the case in which pu < pg and {2 is a Lipschitz cone, while in theorem 5.6 we
prove the p = g case under the assumption that X € C2.

Let us recall that by theorem 3.1, if p < o, then
(n—2)?

U(M):)\o(—A “1,x)>— s

5
5(2

and there exists a positive solution ¢, of the equation

(—As — % — a(,u))u =0 in X.
0%

Furthermore, by lemma 3.4, the operator

£::£N:—As—%—o(u)

is critical (for any p < po, and also for u = po if in addition X' € C?), and ¢, is
the ground state of L.
We first prove the following proposition.

PROPOSITION 5.1. Let §2 be a Lipschitz cone. Let i < g, and let

—n 2 g
) = & ):4 ) (5.1)

Then A(p) = 0, and the following Hardy inequality holds true in £2:

|V|? dz — ﬂd >\ @d Vo e C° (2 5.2
plPde —p | =5 dz > A(u) 5 dr Vp € Cg°(02). (5.2)
Q ” 99 o |zl

Proof. The fact that A(u) > 0 follows from o () > —(n — 2)2?/4, which has been
proved in theorem 3.1. Define

(@) = 2| >, (g)

Then, taking into account that
I P
(~as-at - f)o,=0 m >,
Q

and writing P, in spherical coordinates (2.6), it follows that ¢ is a positive solution
of the equation

Thus, the operator P, — A

(P, — Mp)|z|?)u=0 in £2.
AAP theorem (theorem 2.1

w)|z| =2 is non-negative in 2, and so (5.2) holds by the
)- O

REMARK 5.2. In the g < pg case, the Hardy inequality (5.2) can be obtained using
the supersolution construction of [14]: indeed, by theorem 4.1, the equation P,u = 0
has two linearly independent, positive solutions in {2, of the form

X

uste) = o0 ().

||
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By the supersolution construction (see [14, lemma 5.1]), the positive function
— 1/2 _ . (2—n)/2 =z
U1/2 T (U+U_) - |‘T| ¢,LL |.CL'|

is a solution of

It is easy to check that
V(g /u)l2 M)
Huyfu 2~ JaP”

and by the AAP theorem, the Hardy inequality (5.2) holds.

REMARK 5.3. In the p < g case, the Hardy inequality (5.2) can also be obtained
using spherical coordinates, Fubini’s theorem, and the well-known one-dimensional

Hardy inequality
o n—2Y\ [®
/ (v’)Qtnldt>< )/ V3 dt, (5.3)
0 2 0

valid for all functions v € H*(R ) that vanish at oco.

Indeed, suppose that ¢ € C2°(§2). Then we have that ¢x, , the restriction of ¢
on Y., is in C2°(X). Consequently, by the definition of o(u), it follows that for all
p € C(£2) and each r > 0 we have

2

/ Vopl? dSrfu/ Y _ds, > a(u)/ ©2ds,.
N

=, 5?)(@ PR

Multiplying this by 72 and integrating in R, with respect to r, we arrive at

. 9 0o 2 00 2
o Js. 1? o Jx, r205(w) o Jy, 1

Recall that in spherical coordinates we have

[V.ol?
IVel® = —5— + ¢l

and taking into account (2.3), the last inequality is written as

2 2 o}
¥ P 2 n—1
V(pzdx—u/ 7dx>au/—dx+// wrr" T drds,
/n‘ | 2 0p(@) (w) o |z[? zJo

where we have used Fubini’s theorem on the last term. Applying (5.3) in the inner
integral of the last term and using Fubini’s theorem again, we obtain (5.2).

We now investigate the optimality of the Hardy inequality (5.2) when u < pg.

THEOREM 5.4. Let 2 be a Lipschitz cone, and let u < po. Then A(p) > 0. Fur-
thermore, the weight W := X(u)|xz|=2 is an optimal Hardy weight for the operator
P, in £2 in the following sense.
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(1) The operator P, — X(w)|z| =2 is critical in §2, i.e. the Hardy inequality
/ |Ve|? dz — |80‘ dz > / V(2)|pl*dz Ve € C5°(02)
holds true for V.= W z'f and only if V.= W. In particular,
1
Aol Py 75,802 ) = Ap).
0( o |$|2’ > (,LL)

(2) The constant A(u) is also the best constant for (5.2) with test functions sup-
ported either in 2g or in 2\ g, where g is a fized truncated cone of the

form (2.9). In particular,
1
Moo | Py 5,92 | = A(p).
( H |.13‘2 ) (ﬂ)

(3) The operator P, — A(p)|z|=2 is null critical at 0 and at oo in the following
sense: for any R > 0 the (Agmon) ground state of the operator P, — \(u)|z| =2

given by
ole) = ka2, (1)

2 |v]? 2 |v[?
/ |Vol* — p—- dac:/ |Vol* = p—— | dz = oo.
n 0% Io1Ner 0%

In particular, the variational problem

Jo Vel dz — [ (|0?/63) da
peDE2(2) Jo(lwl?/|2[* dz)

satisfies

does not admit a minimizer.

(4) The spectrum and the essential spectrum of the Friedrichs extension of the
operator W=1P, = X(p)~Yz|>P, on L*(£2,W dx) are both equal to [1,00).

REMARK 5.5. As was pointed out in remark 5.2, if ;1 < pg, then the Hardy inequal-
ity (5.2) can be obtained by applying the supersolution construction from [14]. Thus,
theorem 5.4 extends theorem 1.1 to the particular singular case, where (2 is a cone
and P, is the Hardy operator (which is singular on 012).

Proof of theorem 5.4. In light of our assumption that u < pg < 1/4, it follows that
the operator P, is subcritical in {2. Moreover, by theorem 4.1, o(u) > —(n—2)?/4,
so A(p) > 0. For such a y, consider the operator £ = £, on ¥ C S"~! defined by

EZ*AS*(ST*U(N)

with the corresponding non-negative quadratic form

/ 2 _ w_ 2 00
qc(¥) = : IVot|” — o(u)||” | dS,  where ¢ € Cg°(X).
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Notice that by lemma 3.4, £ is critical in X' with the ground state ¢, € L?(X). We
normalize ¢, so that [, ¢ dS = 1.
On the other hand, it is well known that the operator

is critical on R, and r(2~™)/2 is its ground state. Indeed, the corresponding quad-
ratic form gz of R (endowed with the measure r"~1dr) is given by

oo )22
qr (u) = / [(u')2 — %3—2 " tdr, we CP(Ry),
0

and gives rise to the critical operator R on R;.
Recall that in spherical coordinates P, — W has the skew-product form

Ir # n-190 m-27* 1
—W=RRT _ =t - _ _
¥ r2 2L or? r Or  4r? +r2

where Z4 is the identity operator on A. Consequently, it is natural to construct a
null-sequence for P, — W of the product form

{on(r,w) 1y = {un(r)on(w) i,

that converges locally uniformly to r(2=7)/ 2¢,(w), and by theorem 2.4, this implies
that the operator P, — W is critical and r(Q*")/ngS# (w) is its ground state.

Let {ux(r)}32; be a null sequence for the critical operator R on R, converging
locally uniformly to r(2=)/2, So,

L,

2
qr(ug) — 0, / (uk)2r”*1 dr = 1.
1

On the other hand, let {¢x(w)}3>, be (up to the normalization constants) the
sequence of ground states defined by (3.7) on Xy, so that

/ $1dS=1 and qe(én) = (on(ss) — o(u)) / 6245 — 0.
X X

Note that the normalization of ¢, is different from the one used in the proof of
theorem 3.1. Recall that the operator £,,, = —Ag — uoéfzz — o (up) is non-negative
on . Therefore,

2
M/ $2dS + p || ds < ﬁ/ V| dS. (5.4)
to  Jx HoJy

2
26!2

On the other hand,

/\vw¢k| dS—ak/ 2 dS + /¢k ds. (5.5)

By (5.4) and (5.5) we get

(1—:0>L|vw¢k|2d5< (ak 7o )/ $2dS < (“0) (5.6)

https://doi.org/10.1017/50308210516000056 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000056

Optimal Hardy inequalities in cones 111

Since p < pio, one gets that {¢x} is bounded in W,*(X), and therefore (up to a
subsequence) {¢y} converges, in L? and locally uniformly, to ¢, a positive solution
of Lu =0 in X with fz‘ $*dS = 1. Since L is critical in X, ¢ = ¢,,. Hence, by the
Harnack inequality,
prdS =1,
P

and therefore {¢4} is a null-sequence.

We claim that there exists a subsequence {k;} C N such that {u;(r)¢k, (w)} is
a null-sequence for the operator P, — W in {2 that converges locally uniformly to
T(Q_”)/2¢H(w).

Indeed, fix the pre-compact open set B := {(r,w) | 7 € (1,2), w € X;}. Note
that for the quadratic form @ of P, — W in 2, if v = u(r) is compactly supported
in Ry and ¢ = ¢(w) is compactly supported in X, we have

Qu(r)y(w)) = ar(u)|[¥Il3 + </Ooo UQ(T)?"”3dT> e ().

For each k, notice that by the definition of a null-sequence, uj is compactly sup-
ported in Ry. So, for I > 1, let {k;}7°, be a subsequence such that

1
ar (W) 63 = gr(w) < 7

([ wtonmsar)acton) < 1

Thus, limy o0 Q(u () Pk, (w)) = 0.

On the other hand, {u;(r)¢r, } converges uniformly in B to r(2~™/2¢,(w), and
hence [ (ui(r)or, (w))? da =< 1.

Therefore, {u;(r)¢r, (w)};2, is indeed a null-sequence for P, — W. It follows that
P, — W is critical in {2 with the ground state T(Q’”)/ZQS# (w). Moreover, since R is
null critical around 0 and oo it follows that P, — W is in fact null-critical around
0 and oo.

Next we prove that the spectrum of W*1P# is [1, 00). Let us keep our assumption
that ¢, is normalized so that ||¢,]2 = 1. If £ € R, then it easily checked (cf. [14])

that -
(R ~ (n=2)%¢ >(rn2)i§1/2 -0,

and

and therefore

(£ (1+ B2 )w ) 62y 2,0 o (57)

Define the subspace £ of L?(£2,W dz) that consists of all functions of the form
u(r)¢,(w), where u € L*(Ry, 7" ' A(u)/r?dr). We are going to define a spectral
representation of W~!P, restricted to the subspace £. Notice that the measure on
Eis rm IA\(u)/(r?) dr ® dS, so that

A
E=17 (R+, rt % dr) ® span{¢, }.
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Recall that the classical Mellin transform is the unitary operator M: L*(R;) —
L?(R) defined by

MIE) = 2= [ e

Consider the composition C of the unitary operator

Uu: L2 <R+,7’"1)\£§) dr> — L*(Ry)

given by

1) o o L g

with the Mellin transform M. Define
T: &0 L2R); T(u(r)pu(w)) = (Cu) () = (MU(u)))(E).

So, T is a unitary operator. By (5.7), the operator 7 (W ~1P,)7T ! is the multipli-
cation by the real function (1 + (n — 2)2¢2/A(1)) on L?(R), with values in [1,00).
Therefore, the spectrum of WP, restricted to &, is [1,00). So, the spectrum of
WP, on L*(2,W dz) contains [1,00). But the Hardy inequality (5.2) implies
that the spectrum of WP, must be included in [1,00). Hence, the spectrum of
WP, on L*(2,W dz) is [1, 00).

For k > 2, define the subspace &, (respectively, &) of L?(£2,W dx) con-
sisting of functions of the form u(r)¢(w), where u € L?((k,00),r" 1 A(u)/r? dr)
(respectively, u € L*((0,1/k),r"~*A(p)/r? dr)). Denote by Py, (respectively, Py /i)
the restriction of P, to & (respectively, &), with Dirichlet boundary conditions
at {k} x X (respectively, at {1/k} x X). Notice that by symmetry considerations
(under  — 2~ !), the spectrum of W~1P, and the spectrum of W—lpl/k are
equal. Moreover, by the fact that the essential spectrum is stable under compactly
supported perturbations, and since the discrete spectrum of W—lpu is empty, the
spectrum of W‘lPH is equal to the union of the spectrum of WPy, and of the
spectrum of W‘lpl/k. Thus, the spectra of WP, and W‘l'Pl/k are both equal
to [1, 00).

Also, the best constant Cy for the validity of the Hardy inequality

/ (|Vg0|2 - l;cp2) dz > O We?dx Ve C5e(Wo),

Vo 6!2 Vo

in Vy, an arbitrarily small neighbourhood of zero, is equal to the bottom of the
essential spectrum of W‘lpl/k (for any k > 2). Thus, it is equal to 1. Similarly,

using W 1Py, instead, one concludes that the best constant C, for the validity of
the Hardy inequality

/ (wﬁ—({éw)dwcm [ wetar voecrma,
Voo 0 Voo

in V., an arbitrarily small neighbourhood at oo, is equal to 1. This finishes the
proof of theorem 5.4. O
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We now turn to the p = pg case, for which we need to assume more regularity
on .

THEOREM 5.6. Assume that X € C?.

(1) If po < 1/4, then X(uo) = 0, and the operator P, is critical in {2, and
null-critical around 0 and co. In particular, the Hardy inequality

2
[IVeParz 0 [ San voecr@
(93 Y0

cannot be improved.

2) If uyp = 1/4 and X(1/4) = 0, then the operator Py, is critical in {2, and
/
null-critical around 0 and co. In particular, the Hardy inequality

2
/ Ve|? dz > i ;%dac Yo € C5°(£2)
I7) 200

cannot be improved.

(3) If po = 1/4 and X(1/4) > 0, then the weight W,y := X(1/4)|x|~2 is optimal
in the sense of theorem 5.4. In particular, the Hardy inequality (5.2) cannot be
improved. Moreover, the spectrum and the essential spectrum of the Friedrichs
extension of the operator (W1/4)_1P1/4 on L2(Q,W1/4dw) are both equal to
[1,00).

Proof. Define W (z) := A(po)|x| 2. Let us start by proving that in all cases, P,, —W
is critical. Recall that in spherical coordinates P,, — W has the following skew-
product form:

Ir 2 n-10 (n-22 1
Py -W=R&Ty - S @L=—" — g —
Ho ®ls r2 © or? r Or 4r2 72

So, as in the first part of the proof of theorem 5.4, it is natural to construct a
null-sequence for P,, — W of the product form

{on(r )ity = {un(r)or (@) i

that converges locally uniformly to r(2*")/2¢#0 (w).
As in the proof of theorem 5.4, let {uy(r)}?2; be a null sequence for the critical
operator R on R, converging locally uniformly to #(2=™/2. So,

Ly

2
qr(ur) — 0, / (uk)QT"_l dr =1.
1

However, the definition of {¢y} differs from the one of theorem 5.4. Let us nor-
malize ¢, so that [y, ¢2 dS = 1 (by lemma 3.4, ¢, € L?*(X)). By lemmas 3.4
and 3.7, there exists a null sequence {¢y} for £, converging locally uniformly and
in L?(X) to ¢,,,. Thus, normalizing ¢;, so that

/ p2dS =1,
P

Moo
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one has for k large enough, by the Harnack inequality,
$rdS < 1.
2

Let B = {(r,w) | r € (1,2), w € X1}. We now choose the subsequence {k;} C N as
in the proof of theorem 5.4: let {k;};°, be a subsequence such that

1
ar ()| on, |3 = ar(w) < 7

([T ademsar)acton) < 1.

The same computation made in the proof of theorem 5.4 shows that

l%ﬁmmmwﬁﬂ)ml/wW%WWMXL

B

so that {w;(r) ¢k, (w)}72, is indeed a null sequence for P, —W. It follows that P, —W
is critical in {2 with a ground state T(Q’”)/ZQS# (w). Moreover, since R is null critical
around 0 and oo it follows that P, — W is in fact null-critical around 0 and oo.

(1) Assume now that po < 1/4. By the first part of the proof, the operator P, —
A(po)|z| =2 is critical, and null-critical around 0 and co. By lemma 3.4, o(ug) =
—(n—2)%/4, so AM(uo) = 0. It follows that P,, is critical, and null-critical around 0
and oo.

(2) Suppose that 1o = 1/4, and A(1/4) = 0. Then by the first part of the proof, the
operator Py y = Pi/q — AN(1/4)|x|~? is critical, and null-critical around 0 and co.

(3) Assume that o = 1/4, and A(1/4) > 0. Then, following the proof of theorem 5.4,
one concludes that W is an optimal weight for P; 4. O

In the particular case of the half-space, we can compute the constants appearing
in theorems 5.4 and 5.6.

EXAMPLE 5.7 (see [14, example 11.9] and [19]). Let 2 = R, let p < po = 1/4
and consider the subcritical operator P, := —A — ,uxl_2 in §2. Let a4 be the largest
root of the equation a(1 — «) = p, and let

np):=n—1++/1—4p=n—2+2a,.

Then
vo(x) == 27", vi(x) := x?+|x|_’7(”)

are two positive solutions of the equation P,u = 0 in {2 that vanish on 942\ {0}.
Therefore, A\(11) = n*(1)/4, and for u < pp = 1/4 we have the following optimal
Hardy inequality

[ ivelas—u [
R

R

2 2 2
% [ o (R™

+ + +
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In particular, the operator —A — pry? — Np)|z|~% is critical in R” with the ground
state () := o |z|~7")/2 Note that for 4 = 0 we obtain the well known (optimal)
Hardy inequality (see [30])

/ Ve|? dz > 7/ de Vo € C3°(RY),

while for p = po = 1/4 we obtain the optimal double Hardy inequality (see [19])

1 —1)?
|overar - [ Getars u/ \@p do Ve Gr(RY). (58
R7 RY

" Ty 4
It turns out that in the weakly mean convex case, A(1/4) is always positive.

PROPOSITION 5.8. Assume that ¥ € C? and §2 is weakly mean convex. Then
A(1/4) > 0.

Proof. Since {2 is weakly mean convex (i.e. —Adp, > 0 in £2), it follows that 51/ %

a positive supersolution of P;/4u = 0 in 2. We proceed by contradiction: assume
that A(1/4) = 0. Then by theorem 5.6 the operator P, 4 is critical, and therefore
5}) isa positive solution of Py 4u = 0 in §2. Thus, necessarily —Adgp = 0 in the
sense of distributions. Since d; € WJ)CQ (£2) (or directly by Weyl’s lemma) we have
that 0 is harmonic and in particular dp € C°°(§2). This means that the singular
set of dpy,

Sing(dp2) := {x € 2] dn(z) is achieved by more than one boundary point}
={z € 2| dp is not differentiable}

(see, for example, [16, theorem 3.3]), is empty. In light of Motzkin’s theorem [38,
theorem 1.2.4], R™ \ 2 is convex. We may without loss of generality assume that
0 € 0f2. By considering a supporting hyperplane of R™ \ 2 at 0, we find that
necessarily R™ \ {2 is included in a half-space. This implies that X contains a half-
sphere. If this half-sphere is strictly contained in X, then K := R™ \ {2 is a closed
convex cone not containing a line (i.e. K is pointed). Hence, its dual cone K*, and

thus its polar cone K° = —K* C (2, has non-empty interior (see, for instance, [9,
p. 53]). Clearly, d(x) = |z| whenever x € K°, but this contradicts the harmonicity
of dp, in £2.

Hence, X is precisely a half-sphere, and thus {2 is a half-space. But by example 5.7,
in the half-space {z; > 0} we have A(1/4) = (n — 1)2/4 > 0, and we have arrived
at a contradiction. O

Assume that (2 is a domain admitting a supporting hyperplane H at zero. With-
out loss of generality, we may assume that H = OR'. Recall that in this case
Mo(—A,8,5%, 02) < 1/4 [27, theorem 5]. Also, dp < 6y in 2. Consequently, for
appropriate test functions . supported in a relative small neighbourhood of the
origin in {2, we have that for 0 < pu < 1/4 the corresponding Rayleigh-Ritz quo-
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tients satisfy the inequality

Jo(IVeel® = ullecl?/05)) dw_ [y (IVoel® = nlleel?/07;)) da

Jolle:l?/|2]?) dz h Ju(lpel?/12l?) da
_ (n_1+M)2 +0(1>
4 )

where o(1) — 0 as € — 0. Thus, example 5.7 implies the following corollary.

COROLLARY 5.9. Suppose that a domain {2 admits a supporting hyperplane at zero,
and let P, = —A — M(S;ZQ, where 0 < p < 1/4. Then

(n =1+ VT= )

>\O(P,ua|x|7270) g 4

6. On the optimality of an inequality by Filippas et al.

In this section we generalize examples 1.4 and 5.7 concerning the half-space R}.
We consider the following family of Hardy inequalities in R” | obtained by Filippas
et al. [19]:

/ |V<p|2dz>/ %—F 252 2+-..+QL 2 da
" N T i 5 T4y

VYo € CP(R?). (6.1)

According to [19, theorem A], the Hardy inequality (6.1) holds if and only if the
0B;s are of the form

ﬂl :70454’%7 ﬂi:7a$+(ai—17%)25 i:2,...,n, (62)
where the «;, i = 1,...,n, are arbitrary real numbers. Without loss of generality,
we can — and will — assume that the «;, ¢ = 1,...,n, in (6.2) are non-positive.
Define

b1 B2 B; .
174 -4+ -+t =1,...,n.
(ﬂla 7ﬂ]) <.T1 xf—l—x% 37%4--1—.%‘5 J ) )

Let 2* = 2n/(n—2) be the Sobolev exponent. In [19, theorem B], it was shown that
(6 1) can be improved by adding to the right-hand side a Sobolev term of the form

fR" l|?" dz)?/?" if and only if a,, < 0. Notice that, B1,...,3,_1 being fixed,
taklng an, = 0 corresponds to taking the greatest (3, p0551ble in (6.2).

Our aim in this section is to show that when a, = 0 (and under an extra
assumption on the «;, ¢ = 1,...,n — 1), not only can one not add a Sobolev
term, but in fact one cannot even add any term of the form f]R” We?de, W Z 0,
to the right-hand side of (6.1). In other words, if o, = 0, the operator —A —
V(B1,-..,0Bn)is critical in R’} . This implies in particular (see [35]) that (6.1) cannot
be improved by adding to the right hand side any weighted Sobolev term of the form
C(J; " plel?” dz)?/?" ) where p = 0; an improvement of the result obtained in [19].
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THEOREM 6.1. Consider the Hardy inequality (6.1), where the B;, i =1,...,n, are
defined in terms of non-positive oy, i = 1,...,n, by (6.2). Assume that o, = 0
and that oq,...,a,_1 are either all distinct or all negative. Then the operator
P:=-A-V(Bi,...,B,) is critical in R}, i.e. the Hardy inequality (6.1) cannot be
improved. Furthermore, the weight 3, |z|™2 is an optimal weight for the subcritical
operator —A =V (f31,...,B,-1) in R7}.

Proof. Define Xy (z) := (x1,...,2x,0,...,0). Let (5;)7 satisfy (6.2), and define
Plx) o= [ X [T X772 | X[
where ~; are defined by
Y1 :al—%, 'yi:ai—ai_l—ké, t=2,...,1n.
Then

i—1
Br=-mn(l+m), ﬁi:_’Yi(Q_i+'Yi+QZ’7k)7 i=2,...,n,
k=1

and, according to [19, (2.3)],

_A&y
(G
Hence, 1 is a positive solution of the equation Pu = 0 in R’. By the AAP theorem,
this implies the validity of (6.1).
For x = (x1,...,2,) € R \ {0}, define

=V(b1,.--,0n).

r=lzl, w=-—, w,=—, 1<i<n

Notice that w € S; := $"~ ' N {z; > 0}. Since a,, = 0 we have
Y(z) = p(w)r™ i vi — ¢(w)r(27n)/27

where
dw) = Pls, = wi (W +wd) 22 (W e wd) T2
Define 5 5
1 n—1
Ww)i=—5++— : =
wi wit-twn g
and let
—92)2
L= Bgs — W)~ ot Y
and

iz_n—lg_(n—2)2
or? r Or 4r2

Then, in spherical coordinates, P has the skew-product form

R:=—

1
P=R+ L.
r

Recall that R is critical on (0,00), and its ground state is 7(2=™)/2,
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LEMMA 6.2. The operator L is critical on S., with ground state ¢ € L?(S,).

Once lemma 6.2 is proved, the rest of the proof of theorem 6.1 follows along the
lines of the proof of theorem 5.4. O

Proof of lemma 6.2. We have
Py=0= ¢Rr(2—n)/2 + 7"_(”+2)/2E(Z).

Since
Rr~=2/2 =0 inRy,

one concludes that
L&p=0 1in S;.

For x € Sy, let p be the spherical distance function to S} = {w € S; | w1 = 0},
the boundary of Sy;. Let dS be the Riemannian measure on S;. We claim that

/S+m{p<1/2} (P?O(;()p) )2 15 < o (6.3)

Clearly, (6.3) implies that ¢ € L%(S,) and, moreover, by lemma 3.7, (6.3) implies
that £ is critical, with ground state ¢. In fact, since ¢ is smooth in the interior of
S+ and

p(w) ~wi(w) asw e St and p(w) — 0,

(6.3) is equivalent to

Wi
/S+n{w1<1/2} (wl IOg(wl) dS < co. (6.4)

Fori=1,...,n—1, define
Ei={weSy|wi<e, ..., Wl <e, Wiy >eh

Then all the &; are disjoint, and if ¢ < 1/n, one can write the e-neighbourhood
Sy N{w; < e} of 89S, as the disjoint union

S+ﬁ{w1 SE}:glU"'Ugnfl.
Notice that on &;,
(W) < Cewy " (wf +w3) 722 (W] W) T

Hence,

2
/ (‘b(w)> dsS < CE/ log % (wy)wy 2wy 2 - (w? 4 - 4 w?) T dS.

w1 log(wl)
If £ is small enough, then on &;,

dS ~dw ® -+ @ dw; @ dv(wy, ..., w;),
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where dv(wy,...,w;) is the standard Hausdorff measure on the (n — ¢ — 1)-sphere
w4 4w =02 witho? =1— (w}+ - +w?). Thus,

2
/ < $(w) ) 4s
& w1 log(wl)
<C. log 3 (wy)wi 2wy 2 (Wi w?) Midws - dwy. (6.5)
[0,]¢

For A1,...,A; real numbers and k integer, define

L0 b = [ o e o b )
[0,e]
x |log" (W} 4 -+ + w?)| dw - - - dw;.

One has the elementary fact

Lia(Ai, - hico, Aicr + A — 1/2,k), A > 1/2,

Ii()\l,...,)\i,k) < Ce Iifl()\l,...,)\ifl,k), A < 1/2, (66)

Lioa(Aa, e Xic, kB + 1), Ai =1/2.
CASE 1 (assume the o, k =1,...,n — 1, are all distinct). Then, for every 2 <
J<k<i,

k
v+ Z (m—3)=ar—aj1+35# 3

l=j+1

Moreover,

k
—2-27 -2 (-3 =-2-2m—(k—-2)+(k—1)=—20,— 1. (6.7
j=2

Thus, by using (6.6) ¢ times in (6.5), and (6.7), one gets
¢(w) )2 i / : Ly 222y, (y-1/2)
———]1dS<C log(w w J dw
/& <w1 log(w:) /; o g(wi) 1 1

i e
< CZ/ log(wy) 2wy 2 duwy,
k=170

where by convention the sum

k
> (i -1/2)
j=2
is zero when k = 1. By hypothesis, o < 0, and therefore log(wl)’zwfzo‘k_l is

integrable at zero, and thus one concludes the validity of (6.3).
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CASE 2 (assume oy < 0, for all k =1,...,n —1). Then, by using (6.6) i times in
(6.5), and (6.7), one gets

2 i € o _ k .
[ (G Jas<cy [ log @l =0 g,
£ \W110g(W1 =170

{ e
< CZ/ log"™ ™ (wr)wy 2! den,
k=170

where n(k) is an integer. Since aj < 0, the function [log™® (w;)|w; 2! is inte-

grable at zero, and therefore (6.3) holds. O

REMARK 6.3. We believe that theorem 6.1 should hold in the general case, without
any extra assumption on aq, ..., a,_1. We leave this for future investigation.

7. A differential inequality

Throughout this section, {2 denotes a domain in R™ such that 0 € 92, and
P, =-A- ,u652. Our aim is to obtain a Hardy-type inequality with the best
constant for the (non-negative) operator P, in {2, assuming that dp satisfies the
linear differential inequality

n—1+1—4p

—Abg + 2

(l"V69—6Q) >0 in 2. (7.1)

The above differential inequality certainly holds true for any p < 1/4 if £2 is a
weakly mean convex cone (see definition 2.5); it also holds for 4 = 1/4 if 2 is a ball
touching the origin (see remark 7.2).
For p=1/4, (7.1) is equivalent to the differential inequality
n—1 q: 1-n n—1 .
—|z|* ™" div(|z| " Viégn) — Wag >0 in .
x

It is worth mentioning here that Filippas et al. [18, theorem 3.2] obtained an
improved Hardy inequality under the assumption that {2 is a bounded domain such
that 0 € {2, and §; satisfies the differential inequality

—div(|z|* "Vég) =0 in £,

while Gkikas [22] proved the Hardy inequality in an erterior domain (2 such that
0 € R™\ {2, and Jy, satisfies the differential inequality

—div(|z|'™"Vég) =0 in 0.
Let

n(p):=n—1++1—4p. (7.2)

Recall that for 2 = R7, we obtained in example 5.7 that Ao(P,,|z|72,2) =
n*(p)/4. The following theorem shows that if 2 is a domain such that Jp is
a positive supersolution of a certain second-order linear elliptic equation, then
Xo(Pp, 2|72, 2) = n? () /4.
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THEOREM 7.1. Let £2 be a domain in R™ such that 0 € 012. Fiz p < 1/4, and let
n(w) be as in (7.2). Suppose that dq satisfies the differential inequality

2o+ Y (T —50) 20 in 0 (7.3)

|z[?

in the sense of distributions. Then the following improved Hardy inequality holds:

2 2 2
/ V|2 da — ‘(%'dx > 1) |‘p—|2da: Vo e (). (T.4)
) 2 %0 4 o |7l

Assume, furthermore, that 2 admits a supporting hyperplane at zero and p > 0;

then

2
- g
)\O(P#,|1’| 279) = %

Proof. Asin example 5.7, we write a.y for the largest root of the equation a(1—a«) =
p, and 1 1= 0gy" || ~"(W)/2 We will show that 1) is a supersolution of the equation

(P = (n(p)/2)?|2["?)u=0 in £2,
and then (7.4) follows from the AAP theorem (theorem 2.1). By direct computation

we obtain
n* (1) n(p) ay =1 1—n(u)/2
P, - R Y =ay|—Abp+ |x‘2x~v5g s ||~

+ 0 ) g )y ] 10/22

=y (—MQ + nr) (x-Vig— 5Q)>5g+1|x|—"w>/2

||
2 07

where for the second equality we have used the fact that n — 2 — n(u) = —2ay,
which follows from our choice of a .

Assume that 2 is a domain admitting a supporting hyperplane H at zero. With-
out loss of generality, we may assume that 4 = OR”. Then by corollary 5.9 we
have that A\o(P,, |z 72, 2) < n?(u)/4. Thus, \o(P,, |z 72, 2) = n*(u) /4. O

REMARK 7.2. (1) By (2.4), inequality (7.3) holds true for any p < 1/4 if 2 is a
weakly mean convex cone.

We claim that (7.3) holds true also for y = 1/4 in any ball B with 0 € 9B, and
consequently, the Hardy inequality (7.4) is valid in this case.

Indeed, let B = Bgr(zo) be an open ball in R™ centred at x¢ such that |zg| = R.
Then for € B we have ép(z) = R — |z¢ — 2|, and simple computations show that
for any x € B\ {zo},

- 1
07T and — Adp(x) "

Vép(z) = = )
5(7) |xo — x| |zo — x|
Thus, for (7.3) to be true it is enough that for any « € B\ {z¢} we have

1 1 _
_A(SB‘FLIQ(l"V(SB_(SB): n n i ( (w0 — )
|z| w0 — x| |x] |zo — x|

—R+|x0—x|) > 0.
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After some cancellations this is equivalent to
|z|? > (R|zo — | — 20 - (x0 — x)) Va € B. (7.5)
Some further simple computations imply that (7.5) is equivalent to
(xo —z) -z < R* — Rlzg —z| Vo€ B.
This is true since
2xg —x) -2 = R* — |2|* — |zo — 2|* < R* — |20 — 2|® < 2(R? — R|zo — ),
where in the last inequality we have used o? — 32 < 2(a? — af3) for all a, 3 € R.

(2) If the origin is an isolated point of 942, then the classical Hardy inequality
near 0 and theorem 2.1 imply that inequality (7.3) cannot hold.

(3) It would be interesting to characterize the domains for which (7.3) holds true.
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