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Abstract. 1In this paper we show that a continuous map f from a connected graph G
to itself is pointwise-recurrent if and only if one of the following two statements holds:
(1) G is a circle, and f is a homeomorphism topologically conjugate to an irrational
rotation of the unit circle S'; (2) f is a periodic homeomorphism.

1. Introduction

A continuous map f from a topological space X to itself is said to have some homogeneous
property if all points in X under f have a common property, for example, all points
in X are periodic, almost-periodic, recurrent, or chain recurrent. It is interesting to
describe maps which have some homogeneous properties. Montgomery [15] showed
that a connected topological manifold M has the property that every pairwise periodic
homeomorphism of M must be periodic; see also [16]. Weaver [19] showed that a
continuum C embedded in an orientable 2-manifold has this property with respect to
homeomorphisms which are C! and orientation-preserving. In [12] we proved that
if X is a compact locally connected subset of a closed 2-manifold M which has no
cut-points, then every orientation-preserving (or orientation-reversing, or orientation-
relatively-preserving) pointwise-periodic homeomorphism f : X — X is periodic,
and f can be extended to a periodic homeomorphism of a compact submanifold of M.
Brechner [8] showed that almost-periodic homeomorphisms of the plane are periodic.
Oversteegen and Tymchatyn [18] showed that recurrent homeomorphisms of the plane
are also periodic. Kolev and Pérouéme [10] proved that recurrent homeomorphisms of
a compact surface with negative Euler characteristic are still periodic. However, on the
annulus, there exists a recurrent area- and orientation-preserving diffeomorphism without
periodic points which is not conjugate to a rotation; see [9]. In [14], Mai and Ye proved
that a continuous map of a metric space is pointwise-recurrent and has the pseudo-orbit-
tracing property if and only if the map is uniformly conjugate to an adding-machine-like
map restricted to some invariant subset.

https://doi.org/10.1017/50143385704000720 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385704000720

630 J.-H. Mai

It is easy to show that every pointwise non-wandering circle map without periodic points
is topologically conjugate to an irrational rotation; see [1]. Block and Coven [3] studied
pointwise chain-recurrent interval maps. In this paper we will study pointwise-recurrent
graph maps. Our main results are the following theorems.

THEOREM 3.4. Let G be a graph, f € C%G), and let W be a minimal set of f. If W
contains interior points, then:

(1) W is the union of finitely many pairwise disjoint circles;

(2)  there exists ¢ > 0 such that (B(W,e) — W) N Q(f) = 0.

THEOREM 4.4. Let G be a connected graph, and f : G — G be a continuous map.

Then f is pointwise-recurrent if and only if one of the following two statements holds:

(1) G is a circle and f is a homeomorphism topologically conjugate to an irrational
rotation of the unit circle st.

(2)  f is a periodic homeomorphism.

2. Minimal sets of maps

Let N denote the set of positive integers. For any topological space X, denote by C°(X)
the set of all continuous maps from X to X. Suppose f € C%(X), and n € N. A point
x € X is called a periodic point of f with period n (or an n-periodic point of f) if
f"(x) = x and f¥(x) # x foreach k € (0,n) NN. A point x is called a fixed point
of fif f(x) = x. A point x is called a recurrent (respectively non-wandering) point of
f if for any neighborhood U of x there exists i € N (respectively y € U andi € N)
such that fi(x) € U (respectively f [(y) € U). Denote by Fix(f) (respectively P,(f),
R(f)and Q2(f)) the set of all fixed (respectively n-periodic, recurrent and non-wandering)
points of f. Write P(f) = Ure; Px(f). A map f is said to be pointwise-recurrent
(respectively pointwise-periodic) if all points in X are recurrent (respectively periodic).
A map f is said to be periodic if there exists m € N such that f” is the identity map
of X. Note that every pointwise-periodic continuous map of a compact metric space is a

homeomorphism.

Write O(x, f) = (x, f(x), f2(x),...), and call such a sequence an orbit of f.
Let S, = (x0,x1,...,%x,) and S = (yo, Y1, y2,...) be sequences of points in X.
If f(x;) = xj—1 foreachi € {1,...,n}, then S, is called a finite inverse orbit of f

with length n, and xo and x,, are respectively called the starting point and terminal point
of this inverse orbit. If f(y;) = y;—1 foralli € N, then S is called an infinite inverse
orbit of f. Sometimes we regard the orbit O (x, f) and the inverse orbits S and S, as sets.
The following lemma clearly holds.

LEMMA 2.1. Let X be a topological space, Y C X and f € C°(X). If f(Y) D Y, then
every finite inverse orbit (xg, X1, ..., Xy) in Y can be extended to an infinite inverse orbit
(X0s X1y« v oy Xns Xnt1,...)Iin Y.

A subset W of X is said to be invariant or f-invariant if f(W) C W. A set W is
called an f-minimal set or a minimal set of f if it is non-empty, closed and f-invariant,
and it contains no proper subset having these three properties. f : X — X is called
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a minimal map if X itself is a (unique) minimal set of f. The following lemma can be
directly derived from [2, Proposition V.5 and Lemma V.7].

LEMMA 2.2. Let X be a compact metric space, f € C%(X), y € X and p € N.
Then O(y, f) is a minimal set of f if and only if O(y, fP) is a minimal set of fP.

THEOREM 2.3. Let X be a metric space, W be a non-empty compact subset of X, and
f € CO%X) . Then the following four properties are equivalent.

(i) W is a minimal set of f.

(i) Foreveryye W, O(y, f)=W.

(iii) f(W) c W, and every orbitin W is dense in W.

@Gv) f(W) D W, and every infinite inverse orbit in W is dense in W.

Furthermore, if the non-empty compact set W is connected, then the above four properties
and the following two properties are also equivalent.

)  f(W) C W, and there exists a p € N such that W is a minimal set of fP.

(vi) Forall p € N, W is a minimal set of fP.

Proof. (1) & (ii) < (iii) and (vi) = (v) are trivial.
(i) = (iv) Assume that (i) is true. Then, since W is compact, we have f(W) = W.
Let S = (xo, x1, x2, . ..) be an infinite inverse orbit of f contained in W. Then there exist

y € S and positive integers k1 < k» < k3 < --- such that lim; . x; = y. Noting that
fM(y) = limj00 Xg;—n € S, forall n € N, we have W = o, f)C S. Thus, S is dense
in W.

(iv) = (i) Assume that (iv) is true. Then, by Lemma 2.1, there is an infinite inverse
orbit S = (xo, X1, x2,...) of f contained in W. For every n € N U {0}, write S, =
(Xn, Xn+1, Xn42, - - . ). Then S, is also an infinite inverse orbit in W. Let a(S) = ﬂzozo Sus
and call it the a-limit set of S. It is easy to see that «(S) is an f-invariant closed subset
of W. Noting that all §,, are dense in W, we have «(S) = W. If W is not a minimal set
of f, then W should contain a non-empty, closed and f-invariant proper subset Wy, and
Wy should contain an infinite inverse orbit of f which is not dense in W. This leads to a
contradiction. Thus W must be a minimal set of f.

(v) = (i) Assume that (v) is true. Then we have W D O(y, f) D O(y, fP) = W, for
all y € W. Thus W is a minimal set of f.

(i) = (vi) Assume that (i) is true, and W is connected. In order to show that (vi)
is true, it suffices to consider the case that p is a prime number. Take a point y € W.
For every i € NU {0}, write y; = fi(yo), and W; = O(y;, fP). Then f(W;) = Wi41, and
W=0(@,[f)= Ufl’;é W,. By Lemma 2.2, W; is a minimal set of f” and W;;, = W,.
Since W is connected, there exists k € {1,..., p — 1} such that Wy N Wy # @, which
implies

Wikek 0 Wik = FEWi) O fXWikei) D fX (Wi 0 Wigi) # 9, fori =1,2,3,... .

Noting that any two intersecting minimal sets of f7 are the same, we have Wij4x = Wiy =

Wik—x = -+ = Wy. Foreachn € {0, 1, ..., p — 1}, since k and p are relatively prime,
there exists j = j(n) € N such that jk = n (mod p). Thus W, = W = Wy, and hence
W = Ufl:é W, = Wy is a minimal set of f”. Theorem 2.3 is proven. a
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From Theorem 2.3 we obtain the following.

COROLLARY 2.4. Let X be a compact metric space and f € C%(X). If there exists a
non-empty closed proper subset Y of X such that f(Y) C Y or f(Y) DY, then f isnota
minimal map.

Proof. If f(Y) C Y, then X is not a minimal set since it has a non-empty
closed f-invariant proper subset Y. If f(¥Y) D Y, then f has an infinite inverse orbit
Sin Y. Since S is not dense in X, by Theorem 2.3, X is not a minimal set of f. Thus, f is
not a minimal map. a

3.  Minimal sets of graph maps
We now consider graph maps. A (finite) graph G is a topological space without isolated
points which is homeomorphic to the polyhedron | K | of a finite one-dimensional simplicial
complex K in the three-dimensional Euclidean space R3. A continuous map from G to G
is called a graph map. For convenience, we may assume G = |K|. Then every zero-
dimensional (respectively one-dimensional) simplex of K is called a vertex (respectively
edge) of G. Let V(G) be the set of vertices of G. For v € V(G), the number of edges with
v being an endpoint is called the valence of v and is written val(v). A vertex v is called
an endpoint (respectively branching point) of G if val(v) = 1 (respectively val(v) > 3).
For x € G — V(G), we put val(x) = 2. Define the standard metric dg on G = |K| as
in [13]. Then the length of each edge of G is 1, and for any two points x and y lying
on the same connected component of G, dk(x, y) is the minimal length of arcs in G
whose endpoints are x and y. For any non-empty subset Y of G and any r > 0, we write
BY,r)={x e G |dxx,Y) <r}

For any x, y € G with x # y, let [x, y] = [x, y]g be the arc in G whose endpoints are
x and y and whose length is dg (x, y), if there exists a unique such arc, and let [x, y) =
.xl =[xyl ={yh (o y) =[x, y) — {xh [ x] = {x) [x,x0) = (e, x] = (x,x) =0
Generally, for any arc A in G and any {x, y} C A, we denote by dA the two endpoints
of A, by A = A — 3A the interior of A, and by [x, y]4 the subarc of A whose endpoints
are x and y.

LEMMA 3.1. Let G be a graph, f € C%(G), and let A be an arc in G with 9A = {a, b}.
Ifﬁ NV(G) =0 and f(a) = f(b) € A, then f is not a minimal map.

Proof. Write ¢ = f(a). It suffices to consider only the case that ¢ € A. Let Xo={x €
A: f(x)elx,bl}, X1 ={y e A: f(y) € la, yl}. Suppose that [a, v] is the connected
component of X containing a, and [w, b] is the connected component of X containing b.
Then {v, w} C A. If f() =vor f(w) = w, then f has a fixed point and hence is not
a minimal map. If f(v) # v and f(w) # w, then f(v) = b, f(w) = a and v € (a, w).
LetY = [a, v] U [w, b]. Noting that [c, b] C f([a,v]) C A and [a,c] C f([w,b]) C A,
wehave f(Y)=ADYandG—-Y D A—Y = (v, w) # @. Thus, by Corollary 2.4, f is
not a minimal map. Lemma 3.1 is proven. o

THEOREM 3.2. Let G = |K| be a connected graph but not a circle. Then there exists no
minimal map from G to itself.
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Proof. If Theorem 3.2 is not true, then there exists a minimal map f : G — G.
By Theorem 2.3, f” : G — G is also minimal, for all p € N.

CLAIM 1. For any edge A of G, the restriction f|A of f on A is injective.

In fact, if Claim 1 does not hold then there are two points a # b in A such that
f@@) = f) = c, and by the minimality of f there exists a p € N such that
fP(a) = fP(b) = fP~'(c) € [a,b]. Therefore, by Lemma 3.1, f” is not minimal.
This yields a contradiction. Hence, Claim 1 holds.

Let V,(G) denote the set of branching points of G. Since there is no minimal map
from an interval to itself, G = |K| is not an arc. Thus, V,(G) is a non-empty finite set,
and there exists v € V,(G) such that f(v) ¢ V,(G). Choose ¢ € (0, 1/2] such that
f(B(v, &) NVp(G) = @. Write v; = f(v). Since val(v) > 3 and val(vy) < 2, it follows
from Claim 1 that there exist {xg, x1} C B(v, &) — {v} and z € B(vy, &) — {v1} such that
f(x0) = f(x1) =z, [x0, v] N [x1, v] = {v} and

f([xo, v]) = f([x1,v]) = [z, v1]. 3.1

Let Y = G — (x1,v). Then Y is a non-empty closed proper subset of G, and Y D [xg, v].
Noting that f is surjective, from (3.1) we get f(Y) = f(G — (x1,v)) U f([x0,v]) D
(f(G) = f([x1,vD) U f([x0,v]) = f(G) = G D Y. Hence, by Corollary 2.4, f is not a
minimal map. This leads to a contradiction. Thus, Theorem 3.2 must be true. O

Remark 3.3. In [4] Blokh proved that transitive maps of connected graphs have the
so-called specification property. Theorem 3.2 can also be derived from this property.
In addition, Kolyada et al recently proved that every minimal map of a compact metric
space is almost one-to-one (see [11, Theorem 2.7]). From this result and (3.1) we can also
derive Theorem 3.2.

It is easy to show that a finite minimal set on a metric space is a periodic orbit, and an
infinite minimal set of a graph map containing no interior points is homeomorphic to the
Cantor set. To give a description of the topological structure of minimal sets of graph maps
containing interior points, we present the following theorem.

THEOREM 3.4. Let G be a graph, f € C%(G), and let W be a minimal set of f. If W
contains interior points, then:

(1) W is the union of finitely many pairwise disjoint circles;

(2)  there exists ¢ > 0 such that (B(W,e) — W) N Q(f) = 0.

Proof. (1) Let w be an interior point of W and let U be the connected component of W
containing w. Then U is a subgraph of G. Let n be the smallest positive integer which
satisfies f"(U)NU # @. Then f"(U)UU is connected. Thus, f*(U) C U. Furthermore,
since fi(U)ﬂU =@ forl <i < n,and W is a minimal set of f, we have f"(U) = U, and
U is a minimal set of f”. Therefore,for 1 <i <n, f 1(U) is also a connected minimal set
of f" containing interior points. By Theorem 3.2, foreveryi € {0, 1,...,n—1}, fi(U) is
a circle. Evidently, U, f(U), ..., f* 1 (U) are pairwise disjoint, and W = U;’;& FiU).
(2) Let Y be the set of branching points of G lying on W. Then Y is a finite set.
If Y = @, then all of U, f(U),..., f”‘l(U) are connected components of G, and by
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the definition of metric dg given in [13] we have B(W,1) = W. If Y # {J, then there
exists p € N such that f7(Y) NY = @. Take ¢ > 0 such that f?(B(Y,e)) N Y = 0.
Then we have fP(B(Y,e)) C W, and hence fK(B(Y,e)) C W for all k > p.
Thus, (B(W,e) — W)NQ(f) = (B, e) — W)NQ(f) =0. Theorem 3.4 is proven. O

COROLLARY 3.5. Let G be a graph and f € C°(G).

(1) If G is aforest, i.e. G is a graph containing no circles, then every minimal set of f
contains no interior points.

(2) If G is connected and contains branching points, and f has a minimal set W which
contains interior points, then f has wandering points.

Proof. (1) is clear, by Theorem 3.4.

(2) Let Y be the set of branching points of G lying on W. Then, by (1) of Theorem 3.4,
we have Y # (, and for any ¢ > 0, B(Y,e) — W # (J. By (2) of Theorem 3.4, for
sufficiently small ¢ > 0, all points in B(Y, ¢) — W are wandering points of f. O

4. Pointwise-recurrent graph maps
In this section we study the structure of pointwise-recurrent graph maps.

LEMMA 4.1. Let G be a connected graph, f : G — G be a pointwise-recurrent
continuous map, and let W be a minimal set of f. If W # G, then W is a periodic
orbit of f.

Proof. Since W # G, G — W is a non-empty open set. Let U be a connected component
of G—W.ThenU —U = UNW # @. It follows from U C R(f) that there exists n € N
such that f*(U) N U # (. Obviously, f"(U) U U is connected, and f"(U) "W = 0
(if a point of U gets mapped into W then this point is not recurrent). Thus, f"(U) C U,
and hence f"(U) C U. This with f"(W) C W implies f"(U N W) C U N W. Noting
that U N W is a finite set, we have W N P(f) = W N P(f™) D (U N W) N P(f") # @.
Thus, the minimal set W is a periodic orbit of f. O

LEMMA 4.2. Let G be a graph, f : G — G be a pointwise-recurrent continuous map,
and let A be an arc contained in an edge of G with 0A = {a, b}. If {a, b} C Fix(f) and
there exists ¢ € A such that f(c) € A, then A C Fix(f).

Proof. 1f f(A) 4 A then there will be a point x € A such that f(x) € {a, b}, and x will
not be recurrent. This contradicts the condition of the lemma. Thus, we have f (A) c A.
If A ¢ Fix(f), then there will be a subarc A| = [ay, b1] of A such that A| NFix(f) =
dAj and f(A;) C A;. This will lead to lim,_ oo f"(x) = a1 or b for all x € A, which
also yields a contradiction. Thus, we have A C Fix(f). O

LEMMA 4.3. Let G be a connected graph, and f : G — G be a pointwise-recurrent
continuous map. If G is not a circle, or G is a circle but f is not a minimal map, then
every point x € G is periodic.

Proof. For any given x € G, there exists v € O(x, f) such that O(v, f) is a minimal
set of f. By Theorem 3.2 and Lemma 4.1 (if G is not a circle), or by the assumption
and Lemma 4.1 (if G is a circle), O(v, f) = O(v, f) is a periodic orbit. Let n be

https://doi.org/10.1017/50143385704000720 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385704000720

Pointwise-recurrent graph maps 635

the period of v under f. If v € O(x, f), then x € O(v, f) is periodic since x is
recurrent. If v & O(x, f), then there exist positive integers k; < k» < k3 < --- and
m € {0,1,...,n — 1} such that lim;_, o f¥(x) = v and k; = m (mod n) for all i € N.
Therefore, since val(v) is finite, there exist A, u € {k1, k2, k3, ...} with A > u such that
FAEm(x), fHHM (x) and v lie on the same edge of G, and f*"™"(x) € (v, f*"" (x)).
Write w = f*""(x), w; = f(x) and g = fM " Then, w; = g(w) and
v € Fix(g). By [2, Lemma IV.25], we have R(g) = R(f) = G. Thus, g is still pointwise-
recurrent, which implies g’l(v) = {v}, and hence v ¢ g((v, w]). LetY = {y € (v, w] :
g(y) € (v, y)}, and let L be the connected component of ¥ containing w. If L = (v, w],
then lim; _ o gi (w) = v, which contradicts w € R(g). If L # (v, w], then there exists
v1 € (v, w) such that L = (v1, w] and g(v;) = v;. Note that g((vi, w]) N {v, v1} = G,
since (v, w] C R(g). If w1 = g(w) € (v1, w], then lim;_, 5 gi (w) = vq, which still
contradicts w € R(g). If w; € (v, v1), then, since w; € R(g), there exists k € N such
that gk(wl) € (v, v1). By Lemma 4.2, we have w; € [v, v1] C Fix(gk) C P(f). Noting
that w; € O(x, f) and x € R(f), we have x € O(wq, f) C P(f). Lemma 4.3 is
proven. O

THEOREM 4.4. Let G be a connected graph, and f : G — G be a continuous

map. Then f is pointwise-recurrent if and only if one of the following two statements

holds:

(1) G is a circle and f is a homeomorphism topologically conjugate to an irrational
rotation of the unit circle st.

(2)  f is a periodic homeomorphism.

Proof. The sufficiency is clear. We now show the necessity. Assume that f is pointwise-
recurrent.

(1) If f has no periodic points, then, by Lemma 4.1, f is a minimal map, and by
Theorem 3.2, G is a circle. From Lemma 3.1 (or from [1, Corollary 1]) we see that
f is a homeomorphism. It is well-known (for example, see [17]) that every transitive
homeomorphism of a circle is topologically conjugate to an irrational rotation of S!.

(2) If f has periodic points, then f is not a minimal map. By Lemma 4.3, all points
in G are periodic. Let {E1, E», ..., E,} be the set of all edges of G. Fori = 1,...,n,
suppose d E; = {v;1, vi2}, and let v;3 be a point in 1%,-. Let k;; be the period of v;; under f,
ki be the least common multiple of k;1, ki2 and k;3, and k be the least common multiple
of k1, k2, ..., k,. Then it follows from Lemma 4.2 that E; C Fix(f k"), which implies
G=U!_|Ei C Fix(f*) . Thus, f is a periodic homeomorphism. a

Remark 4.5. In [5-7] Blokh studied the spectral decomposition for graph maps.
From results of [5-7] we can also deduce Theorem 4.4.

Remark 4.6. Let G be a connected graph but not a circle. Noting that val(f (x)) = val(x)
for any homeomorphism f : G — G and any x € G, by Theorem 4.4 we can easily prove
that there are only finitely many topological conjugacy equivalence classes in the set of
pointwise-recurrent continuous maps of G.

Note that there exist infinitely many topological conjugacy equivalence classes in the
set of pointwise-recurrent continuous maps of a circle.
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Remark 4.7. Suppose that G is a disconnected graph and f : G — G is a pointwise-
recurrent continuous map. Then the connected components of G can be numbered to
be {Gi; :i =1,...,m; j = 1,...,n;} such that f(G;,;) = G;1 and f(G;j) =
Gijy1 fori = 1,...,mand j = 1,...,n; — 1. By [2, Lemma IV.25], f"|G;;
G;j — G;jj is pointwise-recurrent, for all i € {1,...,m} and j € {1,...,n;}.
Therefore, every pointwise-recurrent continuous map f of a disconnected graph G is still
a homeomorphism, and if G has no connected component being a circle then f must be a
periodic homeomorphism.
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