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Abstract

In this paper we employ a Gaussian-type heat kernel estimate to establish Krylov’s
estimate and Khasminskii’s estimate for the Euler-Maruyama (EM) algorithm. For
applications, by taking Zvonkin’s transformation into account, we investigate the con-
vergence rate of the EM algorithm for a class of multidimensional stochastic differential
equations (SDEs) with low regular drifts, which need not be piecewise Lipschitz.
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1. Introduction and main results

Strong and weak convergence of numerical schemes for stochastic differential equations
(SDESs) with regular coefficients have enjoyed considerable investigation; see the monographs
available, e.g. [12]. As we know, (forward) Euler—-Maruyama (EM) is the simplest algorithm
to discretize SDEs whose coefficients are of linear growth. However, an EM scheme is invalid
once the coefficients of the SDEs involved are of nonlinear growth; see e.g. [10] for some
illustrative counterexamples. Hence other variants of the EM scheme were designed to treat
SDEs with non-global Lipschitz conditions; see [7] and [8] for the backward EM scheme, [2]
and [11] for the tamed EM algorithm, and [18] concerning the truncated EM method, to name
a few. Today the convergence analysis of numerical algorithms for SDEs with irregular coef-
ficients also receives a great deal of attention; see e.g. [5] for SDEs with Holder-continuous
diffusions via the Yamada—Watanabe approximation approach, [31] for SDEs whose drift terms
are Holder-continuous with the aid of the Meyer—Tanaka formula and estimates on local times,
and [1] and [24] for SDEs whose drifts are Holder(—Dini)-continuous by regularities of the cor-
responding backward Kolmogorov equations. In the past few years, numerical approximations
of SDEs with discontinuous drifts have also gained a lot of interest; see e.g. [6], [16], [17],
[20], and [21]. Until now, most of the existing literature on strong approximations of SDEs
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with discontinuous drift coefficients have been implemented under the additional assumption
that the drift term is piecewise Lipschitz-continuous.

Since the pioneering work of Zvonkin [34], the well-posedness of SDEs with irregular coef-
ficients has made great progress in several ways; see e.g. [3], [4], [14], [30], and [32] for SDEs
driven by Brownian motions or jump processes, and [9] and [25] for McKean—Vlasov (or
distribution-dependent or mean-field) SDEs. There also exist a number of works on numer-
ical simulation of SDEs with low regularity. In particular, [22] is concerned with the strong
convergence rate of the EM scheme for SDEs with irregular coefficients, where the one-sided
Lipschitz condition is imposed on the drift term. Subsequently, the one-sided Lipschitz condi-
tion applied in [22] was dropped in [23], whereas one-dimensional SDEs are barely affected.
At this point, our goal in this paper has been evident. More precisely, motivated by the previous
literature, we aim to investigate the convergence rate of EM for multidimensional SDEs with
low regularity, where the drift terms need not be piecewise Lipschitz-continuous; see e.g. [6],
[16], [17], [20], and [21].

Now we consider the following SDE:

dX, = b(X,) dt + o (X,)dW;, >0, Xo=xe R4, (1.1)

where b: R > R4, o: RY > R? @ R™, and (Wp)r=0 is an m-dimensional Brownian motion
on some filtered probability space (2, .Z, (:Z)s>0, P). For the drift b and the diffusion o, we
assume the following.

(A1) ||b]loc := sup,cre |b(x)| < 00, and there exists a constant p > d/2 such that b|* €
LP(RY), the usual L7-space on R4.

(A2) There exist constants y >2, «, >0, and a continuous decreasing function
@y : (0, 00) — (0, oo) with fol ¢y (s) ds < oo for arbitrary [ > 0 such that

1 o
W/Rd |b(x+y)_b(x+z)|yefwx‘2dxi¢y(S)|y—zlo‘y, y,zeRY, s>0.

(A3) There exist constants io, ig, Lo > 0 such that

XolE1? < (00, &) < hol€l?, x, & €RY, (1.2)

lo(x) — o llus < Lolx —yl, x,yeRY, (1.3)
where o™ means the transpose of o and || - ||gs stands for the Hilbert-Schmidt norm.

Below we make some comments on the assumptions (A2) and (A3).

Remark 1.1. If ¢, is bounded, then we can replace ¢, (s) in (A2) with supsco 77 @y (s), which
is automatically decreasing. Let

wps(dy)= sup [¢y(x) = ¢y ().

x,y€[nd,(n+1)8]

Instead of ¢, decreasing, we can assume that ¢, satisfies

LT/5)
sup (3 > wk,,g(%)) < +00. (1.4)
k=1

0<é<l1
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Then, for any «o > 0,

L7/3) T/8) ey 1ys L7/3)
Z ¢y (kokd)s < Z / ¢y (kot) dt 4 & Z n,5(dy (ko +))
k=1 k=1 k8 k=1
T L7/3)
SKO_I(/ ¢y (H)dt+ sup <5 Z wn,a(¢y)>>
0 0<s<I\ 1T
<0

It is not easy to check (1.4) for ¢, with lim;_, g+ ¢, (§) = +00. However, if ¢, is decreasing,
then

L7/3] LT/8]
sup (5 3 wn,a(cby)) = sup (8 3 (@ (k8) — ¢y (K + 1)6))) =5¢,(5).
0<d<1 k=1 0<s6<1 k=1

Hence, in this case, (1.4) holds if and only if there is C > 0 such that ¢, (x) < C/x.

Remark 1.2. For x € RY, let llo()llop = supjy <y lo(x)yl, the operator norm of o (x). By the
Cauchy—Schwarz inequality, it follows from (1.2) that

d

d
lo@)llgy < Y sup (v, o0)*ei)” < llo* @i = Y _((00™)X)ei, i) <dho, xR,
i=1 D=1 i=1

where {e,'}f.l=1 is the orthogonal basis of R?. Then we arrive at

lo@)llop < llo)llus = lo*@®)llus </ dro, xeR% (1.5)

Under (A1) and (A3), (1.1) has a unique strong solution (X;);>0; see e.g. [9, Lemma 3.1].
(A2) is imposed to reveal the convergence rate of the EM scheme corresponding to (1.1), which
is defined as follows: for any § € (0, 1),

X =b (X) dr+o (X7) aW,, 120, X§) =X, (1.6)

with t5 := [#/8]5, where [¢/8] denotes the integer part of /5. We emphasize that (X,E?)k o
is a homogeneous Markov process; see e.g. [19, Theorem 6.14]. For t > s and x € R, l_et

p¥(s, t, x, -) denote the transition density of Xt(g) with starting point XAEB) =x. Set

d 2 1
Jiﬁ.:{(p,q)e(l,oo)x(l,oo).;+6—1<2}, )/0.=1_1/q—_d/2p, (p, q) € A1,

Jifz::{(p,q)e(l,oo)x(l,oo)::—j+§1<1}.

Our first main result in this paper is stated as follows.

Theorem 1.1. Assume (A1)—~(A3). Then, for 8 €(0, y), (p,q) € %, and T >0, there exist
constants Cy, Cy > 0 independent of & such that

5
IE( sup )X, —X,(‘”‘ ) <Cyexp (Cz (1 + |||b|2||Z§3)) (5,3/2 +5“vﬂ/<2y>) . (1.7)

0<t<T
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Compared with [22], in Theorem 1.1 we get rid of the one-sided Lipschitz condition for
the drift coefficients. On the other hand, [23] is extended to the multidimensional set-up. We
point out that an .4 approximation is given in advance in [22, 23] to approximate the drift term.
So, in contrast to the assumption set in [22, 23], assumption (A2) is much more explicit. On
the other hand, by a close inspection of the argument of Lemma 2.2 below, assumption (A2)
can indeed be replaced by the other alternatives. For instance, (A2) may be replaced by (A2)
below.

(A2) There exist constants y > 2, By, 6, > 0 such that, for some constant C > 0,

L / b(x) — b(y)|Y e = lse=b=x/7 gy dx < ¥ P =1, s, > 0.
(rs)d/? cRrd JRIXRE

The drift b satisfying (A2’) is said to be of the Gaussian—Besov class with index (8,, 6, ),
written as GBgyﬁy (R?). The index 6, is used to characterize the order of continuity and 8,
is used to characterize the type of continuity. Note that functions with the same order of con-
tinuity may enjoy a different type of continuity; see e.g. f(x) = |x|'/? with (1, %) and f(x) =

1ic.q1(%), ¢, d € R, with (%, %). We refer to Example 4.2 below for the drift b € GB%L 0, (R%). For

0 e€(0,1)and p>1, let wo-p (Rd) be the fractional-order Sobolev space on RY. Nevertheless,
woP(RY) C GB%fd/pﬂ(Rd), 0 >0, pe[2,00)N(d, 00); see Example 4.3 for more details.
Furthermore, [29, Example 2.3] shows that the drift b constructed therein satisfies (A2") but
need not be piecewise Lipschitz-continuous (see e.g. [16] and [17]).

In Theorem 1.1, the integrability condition (i.e. |b|? € LP(R?)) seems to be a little bit restric-
tive, which rules out some typical examples, e.g. b(x) = 1[o,00)(x). Below, by implementing
a truncation argument, the integrability condition can indeed be dropped. In such a set-up
(i.e. without the integrability condition), we can still derive the convergence rate of the EM
algorithm, which is presented below.

Theorem 1.2. Assume (A1)~(A3) without |b|* € L (RY). Then, for B € (0, 2), (p, q) € 3, and
T > 0, there exist constants C1, Co > 0 independent of § such that

B
E( sup X,—Xt(ﬁ)‘ >
0<t<T
B o dyo/(2p)
<Ci {GXP(Cz <—5 (1 A —V) log 6) ) + 1}(5/3/2 +5%PIOYY(1.8)
4

We remark that the right-hand side of (1.8) approaches zero since

B o dyo/Cr)N 4
lim exp(C2<—— (1 A _y) log 8) )52(1A(WV/V)) =0
§—0 2 y

due to the fact that
e x4v0/(2p)

lim ——— =0
xX—00 et
whenever (p, q) € 5.
The remainder of this paper is organized as follows. In Section 2, by employing Zvonkin’s
transform and establishing Krylov’s estimate and Khasminskii’s estimate for the EM algo-
rithm, which is based on a Gaussian-type heat kernel estimate, we complete the proof of
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Theorem 1.1. In Section 3 we aim to finish the proof of Theorem 1.2 by adopting a trunca-
tion argument. In Section 4 we provide some illustrative examples to demonstrate our theory.
In the Appendix we show explicit upper bounds of the parameters associated with Gaussian
heat kernel estimates concerned with the exact solution and the EM scheme.

2. Proof of Theorem 1.1
Before finishing the proof of Theorem 1.1, we prepare several auxiliary lemmas. Set

b N ~ 2\ b2 T
A1:=2{” 0 1 2vdLo (Rofo) +a">at (ho/ko) Lo}exp(” LE3 )

5»() )

v {2y olbllos + (b1 + 280 LoV +2) + 21T (Lo + 20bllc)

2(d+1)/2 b bIZHT
exp<(|| ||oo-f:|| 15) ) @.1)

12 + dhon | —
20 Ao

x (IblI2, + (dro)*’* + &,

and

s 073 ydyi
Agim exp( ||b||AooT) 3 (AVAT((1 4 24d)ho/ho)h)

. , (2.2)
220 F(1+i/2)

i=0
where I'(-) denotes the gamma function. Due to Stirling’s formula, I'(z + 1) ~ +/27wz(z/e)*, we
have Ay < o0.

The lemma below provides an explicit upper bound of the transition kernel for (X;‘”)

>0
Lemma 2.1. Under (A1) and (A3),
2
Az exp(— 2

OG5, 1, x,y) < ———~ #UZDT e RA iS5 5 e (0, 1), (2.3)

e TE) /A /
where

A 1612\ ( ko \**
ko :=4(1 +24d)hg, Az:=Azexp ~ — . 2.4)
200 210

Proof. For fixed t> 0 there is an integer k>0 such that [k§, (k+ 1)§). By a direct
calculation, it follows from (1.2) and (1.3) that

exp (_ |>v—xjh(x)<t—ka>|2)
20 (t—k3)

Qho)(t — k8)d/2

pO*s, 1, x,y) <

(2.5)

by )
- Xp(llbllio)exl’( Hoo(1—ks)
- 2% ] Qrio(t — k8))d/2’

where in the second inequality we used the basic inequality |a — b|> > %|a|2 —|b)%, a,beRq.
Next, by invoking Lemma A.2 below, we have

/2
A I
2P < «o(/5-8)

(2o (78— j8)>d/2 ’

P8, 8, x, x) < j >j, ~x,x eR?, (2.6)

where Ay, kg were given in (2.2) and (2.4), respectively. Subsequently, (2.3) follows immedi-
ately by taking advantage of the Chapman—Kolmogorov equation

P8, 1, x,y) = f P8, 11/818, x, wp®(11/88, 1, u, y) du,
]Rd
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and the fact that

\
el

_ _lux? i ) (_ |H|z>
/ exp( Ko(ké—jé)) exp( Lo (1—k8) du < (ﬂ)d/z eXp Ko (t=)) k> 0
e = Y A

d (27 ho(kS — j8))A/2 27 ho(r — k8))4/2 2h0) Qo —j8))dr?’

Lemma 2.2. Under (A1)—(A3), for any T > 0, there exists a constant C > 0 such that
r ) M\ |V
/ E ‘b (X§ )) —b (Xl{S ))‘ dr < Cs\N@ /), 2.7
0

where o > 0 was introduced in (A2).

Proof. Observe that

/OT]E ‘b (x,“”) —b (X,(f))‘y dr = /08 E (b (x§‘”) —b (xg”)\y di
3 [ el ) s )

By ||b]lco < 00 due to (A1), it follows that
’ 8 H\ "
/ Efb (x) = b (x)| dr <27 Ib1Les. 2.8)
0

For ¢ € [k, (k+ 1)§), by taking the mutual independence between X,((‘;) and W; — Wy into
account and employing Lemma 2.1, we derive that

o (o) -+ ()]
=F ‘b (X,({‘? +b (Xl({‘;)> (t—k8)+o (X](js)) W, — Wks)) —b (X,(j;)> ’V
=/ / by +2) — b)Y P20, k8, x, y)
R4 JRd

Xwﬂ—awww”«wwr%w@—wwa—w»z—mwa—wm
V@r)ddet((t — k8)(oo*)(y))

C /’/ < |z ) (M—W)
<—— b(y +2) — b(y)| exp| —————— | exp| — dydz
G — k)72 Jia Jua PO e = ) S\ ks )Y

dydz

2.9
for some constant C; > 0, where g was given in (2.4). With the aid of the fact that
) % v/2
sup (xVe_ﬂ" ) = (—) , v,B>0, (2.10)
x>0 2613
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we infer from (A2) and (2.9) that

2 Cagpy (k0ks) |2
E‘b XY b (x)|" < =20 @ exp( —————]d
( ! ) ( kﬁ) T (t—k8)A2 Jpa eI exp Aho(t — k8) ‘

C k8)5%r /2 2
< 3¢y (ko L)izy / exp(— ] |z] )dz
(t — k&) R 8ho(t — k&)
< Cagpy (kk8)8*7/?

for some constants C», C3, C4 > 0. Hence we arrive at

L7/8]

TAG+1)5 T
/ E ‘b (X,(‘”) —b (X,‘;;)) ‘y dt < Cy6% /2 / o, (olt/8)8)dr. (211
)

k=1 UKo

Observe that

LT/8] n((14+i)8)AT—8

> /( ' b (k0id) drt
i=1

T
/ oy (kolt/8]8)dt =

8 i—1)s
L7/4]

i
< f ¢, (ioid) dt
g

where in the second inequality we used the fact that ¢, : (0, 00) — (0, c0) is decreasing. Hence

(2.7) holds true by combining (2.8) with (2.11) and by utilizing fOKOT ¢y (1) dt < oo for arbitrary
T>0. O

Foranyp,g>1and0<S§<T,let LZ(S, T) = L4([S, T1:L”(R?)) be the family of all Borel-
measurable functions f: [S, T] x R? — R? endowed with the norm

T q/p 1/q
”f”LZ(S,T) = (/; ([;{d [f;(X)|p dx) dt) < 0Q.

For simplicity we shall write LZ(T) in place of LZ(O, T). In contrast to (1.1), in (1.6) we have
written the drift term as b(X,(f) ) instead of b(X,(B) ) so that the classical Krylov estimate (see e.g.
[41, [9], [14], [30], and [32]) is not directly applicable. However, the following lemma shows
that (X,(B)),Zo still satisfies the Khasminskii estimate by employing a Gaussian heat kernel

estimate, although the Krylov estimate for (X,(;S ))tzo is invalid, as Remark 2.1 below describes.

Lemma 2.3. Assume (A1) and (A3). Then, for f € LZ(T) with (p,q) € # and T >0, the
Khasminskii-type estimate

Y0
T 1+T<2)\ 71 )
Eexp(A / Lf,(x}‘”)‘ dt) <2 \TVEo) s, 2.12)
0
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holds, where

d
(1= 1/p)20=1P ayyp) _ do-
o :=W{Aé P A3l = 1/g)) 4 V(/2)20 1/'”}. (2.13)
0

Proof. For 0 <s <t <T, note that

E( /S [ () ar 9)
([ el o[ 0 )

=:1i(s, 1) + Ix(s, 1).
Since

XO =xD 45 (XD) = 5) + 0 (XO) W, = We) + 0 (XO) W, = W), rels, s +9),

we derive from (1.2) and Holder’s inequality that

tA(ss+8)
I (s, t)=/ / fr())x,w +2)
K RY

5 exp(—4(r =)0 @)@ — e 2 — Vew)) :
VQr(r — s))ddet((co*)(x))

WZWV7WY5
dr

x=x®

tA(ss+8) 1
< 4
=< WFllzoer (/; <\/(2n(r — 9))det((co*)(x))

p el 4 (p—=D/p q/(q—l)d (g—=1/q
“(Leow(sptpmg oo mea)e) ) o)

_ deo_ ~1—1 o
< @)~ 0((p = 1)/ 1T o) (= 9 ONF gy (2.14)

-

where yy,, :=x + b(x)(r — 55) + o ()w, x € RY, weR™. For r>ks, let X3 be the EM
scheme determined by (1.6) with X,({g)‘ Z:S =x. From the tower property of conditional expec-

tation, we have

peos [ B ((x0)] ) o

5+

- /S;ra ]E(E (Lfr (xy?))‘ | Fsts) %) dr
= /S;B E(E Lﬂ (Xf‘jl')gr) =, ﬁs> dr.
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In terms of Lemma 2.1, along with Holder’s inequality, we obtain
Elf (x5.)
_ 2
= @ahotr - P fRd yrlesp (_ Ko<|rx— - 6)) >

d

A —1 j(lfl/P)

= G (KO(I;p )> =3 =Wl
vs 0

L/p
Wfrll L ray = </Rd 1P dy) -

By Holder’s inequality this yields

{a-1/p) pt
A3 ko(p — 1)) 2¢ _
Ds. 1) < - ( D) VNl ey
8

where

((2m)1/Ppg)d/2 2p
A3()/0(1—1/q))(q D/q K0 d(1-1/p) "
(2)/Pig)H/? (2( —1/p )> =" lgy (2.15)

Hence (2.14) and (2.15) imply

E(/t Lf (Xg‘”)‘ dr‘ﬂﬁ) <ao et — 9™, 0<s<t<T. (2.16)

in which «¢ > 0 was introduced in (2.13). For each k > 1, applying (2.16) inductively gives

t k
([ ()| o) |5)
N
sk ()] (12 e
Dg—1(s,0)
t
X IE(/ Lfk (Xﬁf))‘ dry ‘ f}‘rk_l> ) fs)
Fk—1
< aok!(t = ) If | )
([ I D) (62 o ) | )
Dp—1(s,0)
<-.-- Sk!(()[o([—S)I/VO|V||L§(T))/{’ OSSStST’ (217)
where
Ar(s, ) :={(r1, - ) ERF  s<r <. <m <t}

. 0 . 1 . .
Taking 89 = (Zaok ”f”LZ(T)) , we obviously have AaO(SO/V" ”f||L§(T) = % With this and (2.17)
in hand, we derive that

iSo T 00 1
<exp< / L’ X() ‘ dt) )J(l 1)50) SZ—k =2, i>1, (2.18)
@i—1édo 2
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which further implies inductively that
L7/80)

Eexp<k /0 Tpg(xf‘”)‘ dz): (exp( Z /( I)SOV X)) dt)
e ) )

LT/SoJ
§2Eexp< / V (8) ‘ dt)
(-1
5--.521”/50. (2.19)
—N
Therefore (2.12) is now available by recalling 8 — <2a0,\|[f|| LZ(T)) 0 O

The following lemma is concerned with Khasminskii’s estimate for the solution process
(X1)i=0, which is more or less standard; see e.g. [4], [9], [14], [30], and [32]. Here we state the
Khasminskii estimate and provide a sketch of its proof merely for the sake of an explicit upper

bound.
Lemma 2.4. Assume (A1) and (A3). Then, for f € L}, (D) with (p, q) € 1, . >0, and T > 0,
r 1 (2 I )m
+T( 20é
E exp(x f (X)] dr) <2 7O (2.20)
0
where

A - . 4oy a1 o Nd/2
G0 = )P fr(s(p — /T (37 i0)

s (IBIATN S B (2.21)
ﬂT"“"( 2 );rmz‘/zy

0

with Br being given in (A.2) below.
Proof. By (A.1) below, it follows from Holder’s inequality and the Markov property that

t t
E( f lfr(xrndr\%): f Elf ()] dr| _y

ly—x[?
! exP(~ i)
A (r—s)
<PBr )| dydr
P /s /Rd o Qko(r— )2 =X,
<ot =)' COVAYf) g, (2.22)

where (X;™);> stands for the solution to (1.1) with the initial value X$* =x, and fr, &o >
0 were introduced in (2.21). Then (2.20) follows immediately by utilizing (2.22) and by
following the argument to derive (2.19). U

Remark 2.1. In (2.16), Krylov’s estimate for (Xt(s)) o instead of <X,(;S )> o is available,
=

>
whereas the Krylov estimate associated with (Xg”) o no longer holds true. Indeed, if we
>

take s, t € [k8, (k + 1)8) for some integer k > 1, we obviously have

6
[ t5)
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which is a random variable. Hence it is impossible to control the quantity on the left-hand side
of (2.23) by |/f|| 1r) UP to a constant; see also [26] for more details.

Before we go further, we introduce some additional notation. For p > 1 and m > 0, let H[’,"
be the usual Sobolev space on R? with the norm

Il = Z IV"fllzr,

where V" denotes the mth-order gradient operator. Forg>1and 0 <S <T, let
HM(S, T) = L ([s, T];Hg')

and let jﬁ (S, T) be the collection of all functions f: [S, T] x R? - R such that f e
mq(S T) and o,f ELZ(S T). For a locally integrable function h: R? > R, the Hardy—
Littlewood maximal operator .#h is defined as

(Ah)(x) = su h(y)dy, xeR?,
"0 1Byl |Br( W o

where B,(x) is the ball with the radius r centered at the point x and |B,(x)| denotes the d-
dimensional Lebesgue measure of B,(x).

To make the content self-contained, we recall the Hardy—Littlewood maximal theorem,
which is stated as follows.

Lemma 2.5. Forany f € WIOC (]Rd) there exists a constant C > 0 such that

F(x) = fO)] < Clx = Y{(AN V@) + (VD)) ae xy R, (2.24)

For any f € LP(R?), p > 1, there exists a constant Cp, independent of d, such that
I-2f Nl < Cplifller- (2.25)

Remark 2.2. For the detailed proof of (2.24), please refer to the counterpart of [33, Lemma
3.5]. Comparing with [33, Lemma 3.5], we have replaced the local maximum function by
the global one due to the monotonicity of the local maximum function. On the other hand, the
inequality in (2.25) is called the Hardy-Littlewood maximal inequality, which can be consulted
in [28, Theorem 1, page 5]. Combining (2.24) with (2.25), it is clear that for f € H;, the right-

hand side of (2.24) is finite for a.e. x, y € RY.
Now we are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. For any A > 0, consider the following PDE for u*: [0, T] x RY —
RY:

d
1
g + 5 > (o0*ei ) Ve, Ve + b+ Vpuh =i, (2.26)
ij=1
where {ej}]d: | stipulates the orthogonal basis of R4 and (Vbu)‘) (x) (resp. (Veju’x) (x)) means
the directional derivative of u” at the point x along the direction b(x) (resp. ej). According to
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[30, Lemma 4.3], (2.26) has a unique solution u* € %%I’qu(O, T) for the pair (p, ¢) € #1 due to
p > d/2 satisfying

L= _
(1 )2 IOV 7 oo+ IV2U W 20y < 1 I1B 10 (2.27)
q

for some constant ¢; > 0 independent of A, where

A . A
IVt := sup  [[Vuy(0)|lus.
0<t<T,xcRd

With the help of (2.27), there is a constant Ao > 1 such that
IV lroe < 5. 32 20, 2.28)
For u* € %%jq(o, T), there exists a sequence wkec L2([0, 77 x R4 ;Rd) such that
kl_lfgo ”ux,k — ||%§I»]2f1(o,T) =0,

where

||u||t%%l’,2‘1(0’T) = ”au”L%Z(O,T) + ||u||H§p2q(O,T)

Henceforth, we can apply Itd’s formula directly to u* € %%;)2[1(0, T) by adopting a standard
approximation approach; for more details see e.g. the arguments of [30, Theorem 2.1] and [32,

Lemma 4.3]. Set Hf‘(x) =x+ u?‘(x), xeR4, and Z,(‘S) =X, — X,(B). By 1t6’s formula, we obtain
from (2.26) that

do* (X)) = at(X,) dt + VOHX)o (X)) dW,

o} (x®) = {ku)‘ (x) + vor (x7) (b () = b (X)) + % Xd: (o) (%)

ij=1

— (00 (X?)) i, €) Ve, Vel (xf)} dr + v} (X?)) o (Xt(f)) dw,. (2.29)
LetI'; = Of(Xt) — Qt)‘ (X,(S)>, t > 0. From (2.28), it is easy to see that

z

®) 3
Z7| <0 < 2 . (2.30)

1
2
Hence, by 1t6’s formula, we derive from (2.29) that for y > 2 in (A2),

27 <27y / IO A6, 1) — ) ds
0
+27y /O PP, ve} (Xf‘”) (b (Xy)) —b (ng)))) ds

d t
+2r7ly Y / PO 2((00™) (XO) = (@0 (XP) Jei, (T (5). Ve, Veyiis (X2)) ds
i _

ij=1
t
+27 - 1) / PO 2IVEAXo(X) - V6 (X)) o (XD) s ds + dM,
0

=:11,5() + D, 5(t) + I3,6() + 14,5(t) + M;, (2.31)
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where
t
M,:=27y / PGP 2Te), ((v6)0) () - 8k () o (X)) aw).
0
By means of (2.28) and (2.30), we have
! ¥
Is(t) <37 \ya / ‘Z@’ ds. (2.32)
0
Also, by virtue of (2.28), as well as (2.30), we find that there exists a constant ¢, > 0 such that

t t
12,3(r)5cZ{/ 2" ds+/ b (x®) = (x| ds}. (2.33)
0 0

Owing to (1.3) and (1.5), we have

[(co™)(x) = (6™l < (le@llop + loWMllop)llo(x) — ) lIus
<2Ly iod [x—yl, x,yeRd.

Combining (2.30) and Young’s inequality, this leads to

t
13,5(0563/ ‘Xffg)—

y—1
|z 12 s as

c3 1
< = {(y 1 ‘Z(s)’ 192 (Xa) ”V/(V )4
0

<5 /1

for some constant ¢3 > 0. Furthermore, thanks to (1.2), (1.5), (2.24), (2.28), and (2.30), we
derive from Holder’s inequality that

14
S }ds

v 14
(r1v2 () s +7 —2) + [x@ = x["L as @34

t
Ly =2 y(y = 1) /0 PGP 2{lo(t) = o (XO) I
1V = Vit (X))o (Xl
+196 (XP) 00 — o (X)) I} ds
t
<es [ PO {lo0) —o () s + 19060 - vk (x0) lis) ds
0
t
—2,7(8),2 2.2 2. 02 )
<cs /0 PP 2202 { (V2 s ) X+ (V2 s (X)) as
t 2
wes [Lror [z +
0

<cq /0 iz [(canviits) cxo+ (anviigs) (XO)] ds

! ¥
+c6/ [|l2®] + [x® -
0

2
)
_Xb(‘a)‘ }ds

y] ds (2.35)
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for some constants c4, cs5, cg > 0. As a result, plugging (2.32)—(2.35) into (2.31) gives

® _ [T !
‘Z, ‘ 5/ ’Z§>‘ dAS+f{cz
0 0

in which, for some constant ¢; > 0,

t
A= /0 {14 (v 1%s) X0 + (V2 1Es) (XO) + 192 s (%)} as. 10,

Y
}dS+Mt,

14
b (XO) = b (XD + (@32 +co)

) )
X0 - X

Consequently, by the stochastic Gronwall inequality (see e.g. [30, Lemma 3.8]), we deduce
that for 0 <k’ <k <1

l/l(/ _
"1k K _ o\ (I=6)/k
EIZONL)" < (K_K/) (Bet/0—0)

x LI{CZE ’b (x) —b (ng))‘y +(c3/2+c6)E

y}ds,

) 8
x® —x®

where [|fl;.00 := Supg<y<, [f(s)| for a continuous function f: Ry — R?. The estimate above,
together with Lemma 2.2 and the fact that

sup IE‘X,(S) — Xt(f)|y < &87?
0<t<T

for some constant ¢, > 0, leads to

s\ i1
(Euz@)u{;) <& (]EeKA’/(l_")) (ay/2+3“v/2) (2.36)

for some constant ¢3 > 0. By Holder’s inequality, we deduce for some constant ¢4 > 0 that

~ t 1/2
E exp(K—At) < exp( cal ) <IE exp<84 f (///||V2ui‘||%s)(Xs) ds))
1—« 1—« 0 ’
' 1/4
x (Eexp(&; f (V2 ) (Xy)) ds>>
0
t 1/4
X (Eexp<é4/ IV2ul s (X2) ds>> .
0

In addition to (2.12), (2.20), (2.25) as well as (2.27), this implies that
KA A 2, 002 ||Y0 2. 42 %0
Eexp(m) <exp(2s(1+ [V s |y + 120V s 3 ) )

<exp(&s(1+ 1V 7))
2
<exp(e7(1+11617175)) (2.37)

for some constants Cs, ¢g, ¢7 > 0. Substituting (2.37) back into (2.36), we find constants
g, C9 > 0 such that

/ /
ENZP; L < &s exp(eo(1 + [[1BI21170)) (8777 + 84 /%)*
so that we have
E|1Z®|f o < & exp(Co(l + [1612115)) (6772 + 6rP/2), pe (0, y).

We therefore complete the proof. O
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3. Proof of Theorem 1.2

In this section we aim to complete the proof of Theorem 1.2 by carrying out a truncation
approach; see e.g. [1] and [23] for further details.
Let ¥ : Ry — [0, 1] be a smooth function such that

v(r)=1,rel0,1], v@)=0,r>2.

For each integer k > 1, let by(x) = b(x)¥ (|x|/k), x € R?, be the truncation function associated
with the drift b. A direct calculation shows that

dpd/2 1/p
Ibklloo < Iblloo and 1Bk ll2r < <m) kP 1bII3. 3.1)
Consider the following truncated SDE corresponding to (1.1):
axf =bi (XF) dito (XF) W, 120, X6 =Xo. (3.2)

The EM scheme associated with (3.2) is given by

dxF® =p; (X""‘”) dt+o (Xk’(3)> dw,, >0, x5 =x{.

15 15
Observe that for 8 € (0, y)

E|IX - X®O)f , <3V DIEIX — X0 o + EIXD - XRO)3 4 EIxE - xR0 )
=3+ b+ 1), (3.3)

where, for a map f: [0, T] — RY, we set Il 7,00 := supg<,<7 (). Via Holder’s inequality
and the fact that
(X, # X, 0<1 < T} C{IX 7,00 > K},

it follows that
kB k2B 172 1/2
L =EIX — X7 o Lxir.c0=k)) = (EIIX -X ||T,oo> PUIXNIT,00 = k)7~

Since
1XII7,00 < IX| + 1llocT + IM]| 7,00,
in which .
M,::/Oa(XS)dWS, t>0,

with the quadratic variation (M) < dioT, we derive from [27, Proposition 6.8, page 147] that

P(IXl7.00 = k) < P(IMI7,00 = k = |x| = IBllooT, (M)7 < dioT)

— x| — )2
52a,ﬂ(p(_(k |x| A”b”oo ) )
4d2 00T
bllocT)? k2
gzdexp(w) exp(— _ ) (3.4)
4d20 0T 82T
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where in the last display we used the inequality (a — b)> > a*/2 — b?, a, b € R. Thus (3.4),
together with
2 2
EIX[7 . +EIX47, < ¢

T,00 —

for some constant Cy, yields

blloT)? k?
L<C exp(w) exp(——A> (3.5)
8d2rT 16d%210T
for some constant C, > 0. Following a similar procedure, we also derive that
blloT)? k?
L <C; exp(M) exp(——A> (3.6)
8d2\T 16d20T

for some constant C3 > 0. Moreover, for (p, g) € %3, according to Theorem 1.1, there exist
constants C4, Cs > 0 such that

Elxt - xtO 2 < CyeCIPIp (5812 4 gor B/@D))

This, together with (3.1), implies that

E”Xk _Xk’(S)”%"’oo < C4eC6||b||§ZOkdy0/p (8/3/2 + 8‘¥yﬁ/(2y)) (37)

for some constant Cg > 0. As a consequence, from (3.5), (3.6), and (3.7), we arrive at

k2

EIX - XO|2., < Gy {exp(— ) N eC7de°/”5§(1/\ay/y)}

16d230T

for some constants C7, Cg > 0. Thereby, the desired assertion (1.8) follows by taking
172
24 ay
k= <—8,3d A0T<1 A —> log 8) .
Y

4. Illustrative examples

In this section we give examples to demonstrate that the assumption imposed on the drift
term holds true.

Example 4.1. Let b(x) =1{4,,4,](x), x € R, for some constants a; < ap. Evidently b is not
continuous at all but b> € L for any p > 1. Observe that
—e(bla; — &) — b(ay)) 1

lim 3 =lim-=00
el0 & el0 &

so that b does not obey the one-sided Lipschitz condition. Next we aim to show that b given
above satisfies (A2). By a direct calculation, for any s >0, y > 2, and y € R,

/ |b(x+y+z)—b(x+y)|"e*x2/sdx§/ |b(x + z) — b(x)|“ dx

—00 —00

ajr—z a
= / 114 457¢(x) dx + f 1{a)—z,a,—71¢ (x) dx
a

1—< aj

11(2) + L(2).
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If z> 0, then

(a2—2)Aay az
I](Z)=/ dx<|z] and Iz(z)=/ dx <|z|.
a

1—2 (ay—2)Vay

On the other hand, for z < 0, we have

a—z axNai—z)
Il(z)=/ dx<]|z] and Iz(z)=/ dx <|z|.
(

ay—z)Va aj

So (A2) holds true with @ = 1 and ¢(s) = s~ /2, s > 0.

Example 4.2. For 0 > 0 and p € [2, 00) N (d, 00), if the Gagliardo seminorm is finite, that is,

_ 1/p
[blyo.p = (/ M dxdy) < 00,
R

dxpd  |x—y|dHpo
then b € GB%_ dJp, G(Rd). Indeed, by Holder’s inequality and (2.10), it follows that

1 ) lx — 2|2 ly — x?

1 b(x) — b(v)|? _ 52 — 2
/ [b() — by exp(_ 2] >exp<_ by~ >|x_ SR g g
N r

(rs)4/2 Jrayga |x — y|24/p+20

2/p -2
[b] s, —z]? —vy|? 2(d+p) P=2/p
_Cl—Wj}é( / exp(_lu) exp<_IM>|x_ = dydx)
(rs) RYxRY Pr—2)s r—2r

d/p+6 ) D) P-2)/p
< Cz[b]z/gpr f exp _p|x—Z| exp _p|x—y| dydx
WEP (rs)d/2 \ Jpa xpa p—2)s 2(p—2)r

o (p— 2\ P=2/p
<GP (—> sTPY . r 5>0,zeRY, p>2 4.1)
p

wo-»

for some constants C1, Cz, C3 > 0. On the other hand, if d =1 and p =2, we deduce from
(4.1) that b € GB? P o (RY) due to lim,_, o x* = 1.

Example 4.3. For 0 <a < b < 00, f() := L45(-) € GB} 12.1/2(R), whereas f ¢ WY22Z(R). In
fact it is easy to see that

€Mozo<12W??, i 2 =00,
feNo<p<1/2 BTI?}Z[f]WM 00

which yields f ¢ W!/22(R). On the other hand, since

—_ 2 2
ld 2 / OBVl eXP(—u> exp<— by = x| ) dydx < Cs~ /24172,
(r$)a/? Jg2 B "

r,s>0, zeR

for some constant C > 0, we arrive at f € GB% 2.1 /2(R)'
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Appendix A

The next lemma provides explicit estimates of the parameters concerning a Gaussian-type
estimate of transition density for the diffusion process (X;);>o solving (1.1).

Lemma A.1. Under ||b|lo < 00 and (A3), the transition density p of (X;)r>s satisfies

IBIRTY §~ A
p(s,t,x,x’)iexP< o >Zr(lf./2)po(t—s,x,x’), 0<s<i<T,xxeR’
0 i=0 !
(A.1)
where I'(+) is the gamma function and
Ao\ b b|2T
,BT:=23d+l<u—0) (rT)'/? w—i-Lo(d—i-Z\/E) exp(|| ”Aoo ),
Ao /5&0 49
exp <— |x7i‘/|2>
1650t
1, X, )= v—o A2
po(t, x, x°) 2o/ (A2)

Proof. The proof of Lemma A.1 is based on the parametrix method [13, 15]. To complete the
proof of Lemma A.1, it suffices to refine the argument of [13, Lemma 3.2]; for further details
see also [15, pages 1660-1662]. Under ||b|c < o0 and (A3), X; admits a smooth transition
density p(s,t,x,y) at the point y, given X = x, such that

alp(sa t5 xyy)zL*p(sv tvx’ }’), p(s5 t5 X, ')=8X(')7 I\LS’
asp(sv 1, x»y):_Lp(Ss t9-x7y)a p(ss 1, '7y)=8y(')s STZ,
where L is the infinitesimal generator of (1.1) and L* is its adjoint operator. For ¢ > s and
- /
x, ¥ € R? let X7 solve the frozen SDE

(A.3)

~ o / v
dX;™ =b()dt + o () dW,, 1>, X;:’x’x/ =xeR’, (A4)

/ ~ / /
and let p* (s, 1, x, X') stand for its transition density at x’, given X3** =x. Evidently p* admits
the explicit form

exp(—ﬁ (0oL W) —x — b))t — 5)), X' —x — b(x')(t — 5)))
V@r(t = s)det((0 o))

/
ﬁx (Sa ta X, -x/) =

A direct calculation yields
/ ~_/ / /
o (s, t, x, X)==L"p* (s, t,x, X)), t>s, p(s,t,-,xX)—> 8s() st

where I:x/ is the infinitesimal generator of (A.4). By (A.3) and (A.4), we derive from [13, (3.8)]
that

, t
ps, t,x, xX)=p" (5,1, x,x') + f / p(s, u, x, 2)H(u, t, z, xX') dz du, (A.5)
s JRd
where

H(s, t,x,x):= (L — Z,x/) ﬁx/(s, t,x,x)

/ 1 /
= (b(x) — b(x'), VP" (s, t, x, X)) + 3 ((00™)x) — (00™)), V2" (5. 1, x, X'))Hs.
(A.6)
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In (A.5), iterating for p(s,u,x,z) gives
> /
pis. 1) =Y (9 @ HO) (5,1, x.2), (A7)
i=0

where p @ HO := j and j* @ H® := (ﬁX’ ® H(H)) ®H,i> 1, with

t
FRe)(s, t,x,x):= / /df(s, u, x,2)g(u, t, z, y) dudz.
s JR
If we can claim that
1613\ gi
XP(w)/S'T
T +i/2)

in which Br, po were introduced in (A.2), then (A.1) follows from (A.7) and (A.8). Below it
suffices to show that (A.8) holds true. By means of (2.10) and |a — b|* > %|al> — |b%, a, b e

R, it follows from (1.2) and ||b||« < 00 that

\/;oexp(—”bi%T)

p®H|(s, 1, x, x') < po(t — 5, x, X)), (A.8)

IVDIGs, £, x, X)) < —————"—po(t — 5, x, X'),
14 Yo s Po
16127 _ =
. / (v/d +4/e) exp( o ) exp( Sio(z—s))
IV2pllus(s, £, x, X') < _ . . (A.9)
Aot — ) (27 ho(r — )42

Thus, combining (2.10) with (A.9), together with ||b||» < 0o and (1.3), enables us to obtain

MO{||b||m/f+L0(d+2«/_)}exP(lb||2 )

|H|(s, t,x,x) < pot—s,x,x). (A.10)

on/t—s
By
t 1
/(t—u)_l/z(u—s)“du:(t—s)“+1/2B<1+a, E)’ t>s, a>—l,
s
we have
Co e ((t —5))""?
Ai(s, )= | --- t—u) ey —uw) Py duy = ——2— ) i1
l( ) /S /; ( 1) ( i—1 1) i 1 F(l—i—i/Z) =

Hence, taking advantage of ||b||» < 00, (1.2), and (A.10), as well as

8%0\¢
/dpo(u—s,x,Z)po(t—u,y,z)dzz(X()) pot—s,x,x), s<u<t,
R

0
yields (A.8). U

" R
For x, ¥ € R and Jj=>0, let (Xg)’] e )i>j solve the following frozen EM scheme associated
with (1.1):

§®rjxd _ g@rjxy’ | pons / s g Oy _
+1)5 i8 + b + o (N Wirns — Wis),  i=j,  Xjs =

https://doi.org/10.1017/jpr.2021.56 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.56

466 J. BAO ET AL

. /
55X, X

~ . /
at the point y, given XJ{?)J,X,X _

Write [7(8)*)‘/ (8, j'3, x, y) by the transition density of )N(Ff;)
J

The following lemma reveals explicit upper bounds of coefficients with regard to the
Gaussian bound of the discrete-time EM scheme.

Lemma A.2. Under ||b||s < 00 and (A3), forany 0 <j <j < |T/8],

~ nA o |x/—x|2
bllooT\ S (VATCr((1+ 240 /i)y simaaned =)
s, /5, x. ¥ §exp<” ||Aoo > Z (V7T Cr((1 4 24d)Ao/10)*) 40424020’
X L(1+k/2) Qo' —j)8)d/2
(A.11)
Proof. To obtain (A.11), we refine the proof of [15, Lemma 4.1]. For ¢ € C2(Rd;R) and
Jj=>0,set
) . -1 (3) ()
(L5 )@ =8B (XG 1)) 1 X5 =2) = v ).
~ 5) _ ~ X /
(L5 ¥)00 =87 By (XG115") — w0,
and

~ (8
HOGS, 8, 5, = (£ L) G+ 08, 75,5, ), [ zj+1.
In what follows, let 0 <j <j < |T/8]. According to [13, Lemma 3.6], we have
Joo.
J = ,
POG8, '8, x, )= (O @ HO®)(js, '8, x, X, (A.12)
k=0

/ /
where (ﬁ(‘s)’x Rs H(‘S)’(O)) :fa(’s)’x S HO W = HO) @0 HO.K=D \with ®; being the convolution-
type binary operation defined by

J
j—1
f Qs )8, )8, x,xX)=46 E /deB,kS,x, u)g(ks, j'8, u, x') du.
. JR
k=j

If the assertion

W —x?
exp | ——2=
Cr P ( 4(1+24d)ho (j’—j)a )

G =8 Qrio( —js)i/?

HO (s, /8, x,x') < (A.13)

holds true, where @T was given in (2.1), then (A.11) follows due to (A.12) by an induction
argument. So, in order to complete the proof of Lemma A.2, it remains to verify (A.13). First
of all, we show (A.13) for j/ = j + 1. By the definition of H®, observe from (1.2) that

IH®|(s, ( + 18, x, )

(8. G + 1)8, x, ')
! 1 »—1/2 , 2
= W{ exp(—% ‘(O’U ) () (x —x—b(x)s)‘ )

1 _ 2
—exp(—% ‘(oa*) 172 (x) (x’ —x—b(x’)S)) )‘

® _ l;(é),x/

_1‘
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+

exp<_%<(‘70’*)l (D& —x —b(x)8), X' —x— b(X/)(S))

—exp <—% (oo™ ') —x — b(X)S), X —x — b(x/)8)> ‘

+ % exp(—% (00™) 2 ) (¥ = x = b')0) \2) |det((o0™)(') - det«oo*)(x>>|}

: W{Al + Ay + A3}

Next we aim to estimate A1, Az, A3 one by one. By [|b]|o0 < 00, (1.2), and (2.10), it follows
from the first fundamental theorem of calculus that

: I1b112,8 x — x'|?
A1 <24/8/A0llblloo ex ( ) exp| —— ) (A.14)
/ 0o €Xp % p 8h0d

Then (1.2) and (1.3) imply

(oo™ ) — (0™ ()llus < 2452y dhoLolx — ¥'|.

By invoking |e? — e?| <e®?|a — b|, a, b € R, and utilizing ||b||o < 00, (1.2), and (2.10), this
yields

s 15112,8 lx —x')?
As| <4V dSLoCug/ 2ex( 20~ ) exp| ——— ) A.15
| A2 (Ao/A0)” exp o p 16303 ( )

Also, making use of ||b]|oc < 00, (1.2) and (2.10), in addition to

~d—1/2

|det((00*)(x)) — det (o) ))| < 2d9* 1 athg™ " Lolx — x|,
due to (1.2) and (1.3), we arrive at
d/241 s 5 \d 15112, ¥ —x|?
3| < (Ao/2r0) Lo exp = expl ———= . .
|A3] <24 A\ ho) LoV < °°> ( ) (A.16)
200 8Apd

We therefore conclude that (A.13) holds with j/ = j + 1 by taking (A.14)—(A.16) into account.
Below, we are going to show that (A.13) is still available for j/ >j+ 1. According to the
definition of H©®,

H® (58,18, x, )
1
T 8Q2m)ym/?

- / P2 150 (4 1)8, 78, x + To), ) — PO (G + 18, /8, x, x/)}dz},

{ / e 2O (4 118, 76, x + Do), ) — pO (i + 18, /8, x, )} dz
Rm
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where I';(x) := b(x)é + Voo (x)z, xeRY, z e R™. By Taylor’s expansion, we also have

H® s, j's, x, x)

1 2 /
= —1217/2 ;758X (5 ; _
= 5@y {/Rm e VPO (G4 18, /8, x, x), To(x) = T.(x)) dz
/
+/ e_|Z|2/2 <Vzl~)(5),x ((]+ 1)6,j/8, X, x/) , (FZF;) ()C) _ (FZF:) (x/)>Hs dZ}
1

1
— 1712 ~ /. .
+W/m/ (1 =0y’ 2V (BN ((+1)8, /8, x + 6T (x), X))

—vﬁ( )"<5>X((1+1)3 8, x+0T,(x), x)} d0 dz

=:I1; + I + I3,

where V! means the ith-order gradient operator. Employing

./ e /2 trace(Ao (x)zz* o (x) dz = / e 1220 * (A0 (02 dz
m Rm

= 27)"? trace(o* (x)Ac (x))
for a symmetric d x d-matrix and [, e~ 1?/27 4z = 0 gives
. o / 8 2~(8) X (s . / * * ’
M+ Mo = HG + D8/, x.3) + 5 (V2O (G4 18,78, x.2) . 660 = (007) (), .

where H was defined as in (A.6) with p"/ replaced by 13(5)”‘/. Equations (A.9) and (A.10) enable
us to obtain

[TT1] + [T12|
7(d+1)/2 exp( IIbIIDc
o )8, x, x)
< — Y0 0 R blloe + (101 + 2oLova/d + ) U222
Xo G —=Ns
(A.17)
Note that IT3 can be reformulated as
M= 1(1—9)2 *'1'2/2{v3 5O (G + 1), 5, x + 0T, (), )
3T 2802 Jgu € PP U+ 18,79, x4 6T:x), x
—v;(,)~<5>X((;+1)5 J8, x4+ 6T.(X), x)} do dz
1

1
—172 ~ r. .
+ i fon [ 0= 0P TR 5O G 4 1085, x 670, 0)

-V} (x)p<5)X((;+1)5 78, x+0T.(x), X))} do dz
=: 31 + I3,.
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By means of (1.2), (1.3) and (2.10), it follows that

A~ A~ 2
2mHEDR(Ly 4216l ) (1B, + dio)(1 +y/2(1 + 4d)Ao) exp(Z=T)
W -

[TI31] <

_ |)c/7x|2
eXp( 8(1+4d)io(/—j)a)

Qrho( — j)8)4/2

(A.18)

Also, by exploiting (1.2), and (2.10), we infer from Taylor expansion that

~ \3/2 ~ 2
2221 4 2B oo) (||b||go + (dho) ) (1 +y/201+ 24d)ko> exp (Pt )

32| < Y
ARG =D
\)c/ﬂcl2
P\ T 202430
- oV (A.19)
Qrho(f — )/
Consequently, (A.13) follows from (A.17), (A.18), and (A.19). O
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