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Abstract. The problem of finding the number of ordered commuting tuples of ele-
ments in a finite group is equivalent to finding the size of the solution set of the system of
equations determined by the commutator relations that impose commutativity among any
pair of elements from an ordered tuple. We consider this type of systems for the case of
ordered triples and express the size of the solution set in terms of the irreducible characters
of the group. The obtained formulas are natural extensions of Frobenius’ character formula
that calculates the number of ways a group element is a commutator of an ordered pair of
elements in a finite group. We discuss how our formulas can be used to study the probabil-
ity distributions afforded by these systems of equations, and we show explicit calculations
for dihedral groups.

2020 Mathematics Subject Classification. Primary 20P05; Secondary 20C15, 20F12.

1. Introduction. Systems of equations in finite groups have been studied using a
variety of tools such as probability and representation theory. One of the simplest systems
of equations one can consider in a finite group G is the one determined by the commutator
equation:

[x,yl=g,

where g is a fixed element in G and [x, y] =x~'y~!xy. According to Ore’s Conjecture
(proved in [9]), this latter equation always has a solution in finite non-abelian simple
groups. If one considers the probability P,(g) that a randomly chosen ordered pair of ele-
ments in a finite group G has commutator equal to g, then Ore’s Conjecture is equivalent
to saying that P,(g) is always positive for finite non-abelian simple groups. One of the
key tools in proving Ore’s Conjecture is Frobenius’s character formula which allows us
to express the number of solutions to the equation [x, y] = g in terms of the set Irr(G) of
irreducible characters of G. More precisely, we have:

THEOREM 1.1. [Frobenius] Suppose g € G. Then

G
{0 eGxG:lx,yl=gl = ) 19, @

x €lrr(G) X ( 1)

A complete proof of Frobenius’ formula can be found in [3]. If £(G) is the number
of conjugacy classes of G, then Frobenius’ formula yields P, (1) = k(G) /|G|, which is the
probability of randomly selecting a commuting ordered pair.
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This latter probability can be generalized in a number of ways, for instance we can
consider the probability P,(1) that a randomly chosen n-tuple of elements in G commutes:

HGxi, ... x,) € G" i [x;, x;] =1 fori < j}|

P,(1) =
(D Gl

The probability P, (1) was also studied in [8] under the name of commutativity degree.
Note that the set of commuting n-tuples {(xi, ..., x,) € G": [x;, x;] =1 for i <} can be
identified with the set of group homomorphisms Hom(Z”, G). Since Hom(Z"*!, G) C
Hom(Z", G) x G € G"*!, it follows that

1=P () =---=2P,(1) 2Pp(D) =

with equality between any two (and hence between all) if and only if G is abelian.
Moreover, since Hom(Z", G) x 1 ¢ Hom(Z"+!, G), we see that P,(1)/|G| < P,41(1), and
thus P,(1) < P,,,(1)|G|". The sets Hom(Z", G) reflect a number of structural properties
of G as well as topological properties. These sets have been used in [2] and [1] to con-
struct the classifying space B, G for commutative G-bundles and in [13] to study further
properties of P, (1) related to B, G.

To extend the definition of P,(1) to other elements g € G, we will consider the class
function

H@={G1,....x) e G :[xi,x]] =g fori<j} |,

and we will set P,(g) =/,(g)/|G|". This latter is the probability that a randomly chosen
n-tuple in G" is a solution to the system of commutator equations [x;, x;] =g, for all i <.
The calculation of the value of £;(g) is given by Frobenius’ formula, which is in terms
of the irreducible characters of G and their degree. In contrast, calculating the value of
Jfu(g) for different elements g € G when n > 2 requires a careful analysis of the lattice of
centralizers in G and their cosets as we will show with the case n = 3. Recall that if f is a

class function, then we can write itas f = > _ yelrr(G) 9x X > Where

1 R
o =0 =15 Y f@x(@).
geG
THEOREM 1.2. Suppose x € Irr(G). If we let
0, (@)=Y |Cqlab)b N Cg(a)|x ([, b)),

beG

and

my =Y 0y(a),

acG

then 0, is a class function and

fl@)=— Y. mx(@.

|G
x €lrr(G)

The calculation of f3 could be pretty involved, but it is possible to get an upper bound
for the value of f3(g) by considering the class function:

@=1{xr.20€G [xyl=g=I[xzl}|
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Of course, f3(g) < t3(g), and the calculation of #; in terms of the set Irr(G) is much
simpler.

THEOREM 1.3. Suppose that xi, ...,Xxq) is a full set of representatives of the
conjugacy classes of G. If x € Irr(G), then

k(G)

|G| )
(B, x)=) ——Ixx)I".
; x (D)

As an application of f3, we show that:

THEOREM 1.4. If'n >3 and g is an arbitrary element in the alternating group A, then
the system of commutator equations.

[x1, x2]=g
[x1, x3]=g
[x2, x3]1=g

is always consistent in the symmetric group %,,.

REMARK 1.5. Based on a number of calculations in GAP [12], we have conjectured
that the system in Theorem 1.4 is always consistent in 4, when n > 5. Further calculations
also seem to indicate that this may be very well the case for any finite non-abelian simple
group. This would be a natural extension of Ore’s conjecture (see Remark 4.4).

The organization of this paper is as follows: in Section 2, we prove the character for-
mulas for f3 and #3; in Section 3, we calculate the coefficients of f3 and #; for dihedral
groups; and in Section 4, we revisit some upper bounds for P,(1), obtain estimates for
P5(g), and discuss some properties of the probability distribution afforded by f;.

2. Character formulas. In order to write #; in terms of the irreducible characters of
G, we will use the following formula (see Problem 3.12 of [7]):

x (1) .
X@x(hy="">" x(gh'), .1
|G| zeG
where x € Irr(G) and #° =z~ hz. Our first result in this section is a slight generalization of
Theorem 1.3.
THEOREM 2.1. Let t,(g) = |{(x1, ..., xs) € G": [x1,x;] =g fori>1}|, and suppose

that ¥ is the character of the conjugation action of G on itself. If x is an irreducible
character of G, then

— ﬂ (19"*2

~x) 0]

{tn, X)

and hence t, is a character of G.

Proof Note that [x1, x,] =[x, x;] if and only if xzxi_1 € Cg(xy) for all i > 2. This
implies that the set that affords the value of #,(g) is determined by g and pairs (xy, x,)
with [x1, x,] = g. Then using (2.1), we have
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1
(0 ) = 1 Z H@XE) = 1o Z D 1CeEn " x(lx1, x21)

xlEG XzEG

=_Z| (el (1') X)X Ger)

veG

|G| 1 _ —
=— | — E (9" G x (1) x Gep)
x() \ 1G] =

So, (t,, x) 1s |G|/ x (1) times the mult1p11c1ty of x in 9”2 . x, which is the product of two
non-negative integers. Thus, (¢,, X) = (fn, X) = (tx, x). This completes the proof. O

REMARK 2.2. If we fix g € G, then there is a bijection between the sets
{(.y.0eG:x,yl=xzl=[y. 2] =g}
and
(3.2 €G :[x,yl=Ix. 2] =z y] =g}
given (x, y, z) — (x, z, ).
Now, we proceed to prove our formula for f3.

Proof of Theorem 1.2: Let T, be the set {(x,y,z) € G:x,yl=Ixzl=[z, vyl =g}
Then according to the previous remark f3(g) = |T,|. Suppose that (x, y, z) € UgegT,. Then,
the condition [x, y] = [x, z] holds if and only if y = ¢z for some ¢ € C(x), or equivalently
y = cz for some ¢ such that x € C(c). In addition, [x, y] = [z, y] if and only if [y, x] = [y, zI,
if and only if x € C(y)z. Then in order to form a triple (x, y, z) in a set T, we can first pick
any two elements z, ¢ € G, then set y = ¢z, and find x € G such that x € Cg(cz)z N Cg(c).
Then, we have

Y A@x@ =YY 1Cs(cx)zN Ca(o)lx Iz, cz).

geG ceG zeG

Since [z, cz] = [z, z][z, cJF and x([z, c]) = x([c, z]), it follows that we can write this latter
as:

GI(fs, ) =) _A@x® =YY ICc(ab)bn Cs(a)lxla, b)).

geCG acG beG

Hence
1

as wanted. To show that 6, is a class function fix an element w in G and note that:

0(a") =Y |Ce(@"h)b N Caa")|x([a", b))
beG

=Y ICa(@"b")b" N C(a")|x (la", b"1)
bveG
=6(a).
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When studying systems of commutator equations in a group G, there will be times
when we will consider solutions consisting of tuples of group elements in specific sub-
groups of G. This motivates the following class function: let H be a subgroup of G and let
Jfo<c: G— N given by

fon=c@ =1{G1, ..., xn) €H" : [x;, x;] =g fori <} |.

Note that £, g<¢ =f,. When H = G, we will write f, ¢ or simply f,. Now we can prove
multiple properties of the functions f, and ,.

PROPOSITION 2.3. Suppose that g € G and that H and K are subgroups of G. We have
the following:

(1) If H <K, then f,,11<6(8) < fa.k=c(Q)-
(2) If x € Irr(G) and we let

7, ()= _ |Cglab)b N Cg(a)|x(la, b)),
acG

then t, is a class function and T, b»H= % (b) = m

(B) my=Y Ty (b) andm, €R.

(4) Both f, and t, are invariant under isoclinism between groups of the same order. In
particular, P, is invariant under isoclinism.

(5) ta(g) = tu(1).

(6) f3(g) =13(8), and if g # 1 then f3(g) < 13(2) — f2(2).

() fug™) =/

®) ta(g™") =1a(g).

Proof. (1) This statement is straightforward.

(2) To prove that 7, is a class function, we can proceed as we did for 8, in Theorem 1.2,
so we leave this to the interested reader. Note that for any two non-empty subsets
A, B of G and any element v in G, we have [4v N B| = |4 N Bv~'|. Then

7(b") =Y _"1Cs (ab™") b~ N Cg (a) Ix([a. b7"])

=Y ICs (ab™") N Co (@) bl x([a. b7])
= G (@ "o ) nCg (a7) blx([a", 7))

So if we set u=a 'b~' and use the identities [ub, b~']1=[u, b~ ']’ and
[, b= 1=[b, ul’"', we get:
7, (b~") =Y |Ca(u) N Coub)b|x([ub, b™'])

ueG

=" 1Co(w) N Coubyb|x([u, b))

ueG

= |Ce(w) N Caub)bl x([b. u])
ueG

=Y 1Ca(u) N Co(ub)b|x(u. b])

ueG

=1, (b) = 15 (b).
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(3) Thatm, =), 7, (b) follows from the definition of m, . Moreover, we have:

B SAUED SEACU R SEAC R

beG bleG b-leG

(4) To prove that f, is invariant under isoclinism between groups of the same order,
we refer the reader to the proof in [8] of the invariance of the value of P,(1). The
argument for 7, is the same.

(5) If we write t, =}, (1,16, 4x X» then according to Theorem 2.1, the coefficients a,
are non-negative integers. Thus,

W@ < Y ayx() =ty (1),

x €lrr(G)

as wanted.

(6) The first inequality is straightforward, while for the second note that if g #~ 1, then
a triple (x, y, z) satisfying [x, y] =[x, z] = [y, z] = g cannot have y =z. The triples
that do satisfy y =z are of the form (x, y, y) and can be counted by the function
f2(g). These latter triples can be knocked off from the set of triples that are counted
by #; yielding a set containing the set of triples that are counted by f3.

(7) The map given by (ay, ..., a,) — (a,, ..., a;) defines a bijection between the set
{(x1, ..., Xp) 1 [x;, x] = g for i <j} and the set {(x1, ..., x,): [x;, x;]=g ' fori<
j}. Their size is precisely f,(g) and f, (g™ ).

(8) If we write #, = ) .G @x X» then

W)= D ax@= Y ax(@ =t =t. 0

x €lrr(G) x €lrr(G)

ExampLE 2.4. Using Proposition 2.3, one can simplify the calculations yielding the
coefficients of f3 and #;. For the alternating group A5, we have:

(1) 2=060x1 +20x2 +20x3 + 1514 + 12xs.

(2) fo = 401 + 642 + 643 + 844 + 112xs.

(3) 5 = 3001 + 2602 + 2603 + 2854 + 324 5.
(4) Py(1) = 1/12 and P5(1) = 11/1800.

Here, yx is the character of the trivial representation, x, and x3 have degree 3, whereas x4
and xs have degree 4 and 5, respectively.

REMARK 2.5. We have done numerous calculations in GAP, and we have conjectured
that f3 is always a character.

3. Calculations for Dihedral groups. In this section, we calculate the coefficients
of f3 and t; for the dihedral group: D», = (a, b: a" =b*> =1, a” = a~"). For convenience
of the reader, we include the character table(s) of D,,. For more details, we refer the reader

to [10].
When 7 is odd, D,, has two linear characters y;, x», and (n — 1)/2 degree-two irre-
ducible characters 1, ..., ¥(—1)/2. The conjugacy classes in this case are: {1}; {a", a™"}
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forl <r<(m—1)/2;and {a’h:0<s <n— 1}. If we set w = &>™/", we have the following

table.

Class | 1 a b

size | 1 2 n

X1 1 1 1

X2 1 1 —1

v |2 o te 0
When 7 is even, D;, has four linear characters y;, ..., x4 and (n — 2)/2 degree two
irreducible characters v/, . .., ¥ (,—2)2. In this case, if we write n = 2/, then the conjugacy

classes are as follows: {1}; {@'}; {a’, a"} for 1 <r <1I—1;{a’b: r even}; and {a*b : s odd}.
We have the following table.

Class | 1 a a b ab
size | 1 1 2 / /
X1 1 1 1 1 1
x2 |1 1 1 -1 -1
x| 1 =1 (=D’ I -1
xa |1 (=1 = -1 1
v |2 2(-1Y "+ 0 0

LEmMMA 3.1. Ifnis a positive integer, then

n—1
Zcos <2kn) —1;

and if n is an odd integer greater than 1, then we also have

chos (4kn>

Proof Recall that @ = €2™i/" — cos 2& + isin Z. Then we have " — 1= (0 —1)
SiZy w* =0. So, it follows that

n—1
Zcos <2kn> —1.

If n is a positive odd integer greater than 1, then

n—1

= —1
Z2cos <#> Z <2k7r> —1. 0
k=1 k=
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THEOREM 3.2. The coefficients of f3 for D,, are given as follows:
(1) Whenn=1,3 mod 4,

1
(fas xi) = 5(:12 +2n+5) and (f3, ¥;) =n*> +5.
(2) Whenn=0 mod 4,

1, n? + 16 if j is odd
(fg,,)(,-):z(n +4n+24) and (f3, ¥;) =
n? + 24 if j is even.

(3) Whenn=2 mod 4,

(f3: xi) = %(n2 +4n +20) and (f3, ¥;) = n* + 20,

Proof- Let x be an irreducible character of D,,. To simplify notation, we will write
only C(y) to denote the centralizer of y in D,,. According to Theorem 1.2, we have:

1

(fs,X)=m

D 0,0, where 6, () = Y [CCy)y N C)lx ([x, D).

xeD, y€Dyy,

We will make use of Lemma 3.1 and of the fact that 6, is a class function (see
Theorem 1.2).

Suppose n=1,3 mod 4. A careful analysis shows that we have the following
calculations:

O, ()= 1COIx (D)

yeG
=[2n+ (n— Dn+2n]x (1)
= (n +3n) x(1).

0La) = |C@y)yNC @) |xld",y])
yeG

=n’x(1) —i—nx(aZ’) .

0La’by =Y |C (a'by) yN C(@b)| x([a'b, y])
yeG

n—1
=4x(1)+ Z x(d) .
i=1

https://doi.org/10.1017/5S0017089521000124 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089521000124

328 KANTO IRIMOTO AND ENRIQUE TORRES-GIESE
Thus,

1 n—1 ' B n—1 '
(f3, )():E (n2+3n) X(l)—l—Z[nzx(l)—i-nx(az’)]—i-n 4x(1)+2x(a’):|:|
L i=I L [y

n—1 N

n—1
=3, (n3 + 7n) x(1) + Z 2nx(a2i) +n Z X(a’)
i=1 i=1

n=1

1 2 n—1

=3 [ P+ 7) 2D+ 30 25(@”) + 3 x(al)

i=1 i=1

Hence, if x = x;, then

(fas xi) = [(n2+7)+(n—1)+<n—1>]

va—ﬂ l\JI

(n* +2n+5),

and if x = ;, then

n—1

(ﬁ,lﬂ,-):% 2 n +7 24005( ) ZZCOS( )

=n*4+7-1-1
=n® +5.

Likewise, when n =0 mod 4, we have the following calculations:

0, (=Y 1CMIx 1)

yeG
=[2-2n+ (n—2)n+2nlx(1)
=m*+6nx(1).

O (a?) = 1CIx (D)

yeG
= (n* +6n) x (D).

Whenr# 25 6,@) =) IC@yyNC @) xld.»)
yeG

=n*x (1) —|—2nx(a_2’) .
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When riseven: 0 (a'b) = Z |C (a"by) yNC (a"b) | x([a"b, y])
yeG

1y
=2-4x(1)+2-4x(1) +4x(a§) + 3 ax(a)
i=1

1o

—16%(e) +4X(a%) + 3 ax(@) .

i=1

1oy

When ris odd:  6,(a’b) = 16x (1) + 4X(a%) +3 dx(d).

i=1

Thus,
1]
2

1 .
(fox) =512 (n* + 6n) x(1) + (n — 2)n* x (&) + ;471)((612’)

+2:5 165 +4x(at) + 3 4x(a)

Il
N —
—_

N

)

+

[\

[ee]
~
P
—~~

ot

N
+

S
P
Yoy
INY

[N
N—"
+
o0
=
—~
INY

IS4
~

Hence, when yx = x;, we have

1]

2
(i +28)+4+ 8
i=1

<f37 Xi) =

N —

(n* +4n+24) ,

N —

and when x = v;, we get

.
11

o =5 | 202 +28) 4 8cos(im) + Y 16 cos (z’ﬂ>

- n
i=1

n* 416 if j is odd

n? + 24 if j is even.
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Finally, when n =2 mod 4, a similar analysis yields:

1
(0 =5 2 (n* +6n) x(e) + (n —2)n’ x (1)

.
11

+2- 2 | 162D +4x(af) + ;4)((612")

11

- % (n* +28) x (1) + ; 8x(a*)
Thus, if x = x;, then
(s, X) = % (n2+4n+20) .
And if x =y, then
(3, x) =n" +20. O

THEOREM 3.3. Suppose that n > 3. If g is in the commutator subgroup of Dy, then
f3(g) > 0. More precisely, we have the following:

(D

n*+7Tn ifnisodd,

n’ +28n ifnis even.

S =

(2) For any integer s with 0 < s < 2,

2n if nis odd,
f@®) =1 8n ifnisevenands # 1%,

12n ifnis even and s = 7.
Proof. Recall that [D,,,, Dy,] = (a%). We will go over the case when # is odd and will
leave the cases n =0, 2 mod 4 to the reader.
When 7 is odd, it suffices to calculate f3(a®) where 0 < 2s < (n — 1)/2. According to
Theorem 3.2, whenn=1,3 mod 4, we have:

@) = (W +2n+5) 1+ 1)+ (B> +5) ) 2cos (4”Sk) =2n,

\S]

and

f3(1)=%(n2+2n+5)(1+1)+(n2+5)(nz;l>2=n3+7. O
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Recall that the coefficients of #; are given by

X @)
(t, x) =Gl :
; x (1)

where K is a system of representatives of the conjugacy classes of G, and x € Irr(G). Using
this formula, we easily obtain the following result, whose proof we omit.

THEOREM 3.4. The coefficients of t3 for the dihedral group D,, are given as follows:
(1) When n is odd,

(13, xi) =n" +3n, and (13, ) =n” + 2n,
(2) and when n is even,

(tz, xi) =n* +6n, and (tz, ¥;) =n* +4n.

4. Probability distributions. Calculating the exact value of f3(g), or equivalently
that of P3(g), could be a pretty challenging task even in the case when g = 1. Nevertheless,
it is possible to obtain some estimates as we will show in this section. Some results
estimating P, (1) and P;(g) can be found for instance in [S] and [11].

A key observation that has been used to estimate P,(1) is to write £, (1) recursively as
follows:

LD =&, x) € (G\Z(G) x G : [xi xi] = 1 for i <} + 1Z(G)[fy—1 (1.

A similar recursive formula can be obtained if we consider the function f, restricted to
tuples formed with elements in the centralizers of elements of the group G. More precisely,

LD =" fircow®)

geG

EXAMPLE 4.1. Recall that a group G is called TC (for transitively commutative) if
commutativity is a transitive relation on the set of non-central elements of G. This latter
condition is equivalent to requiring non-central elements to have abelian centralizers. For
TC groups (also known as CA groups), both recursive formulas simplify to:

L =IGL D 1Ce) "2 +1Z(G) i (1).

xi¢Z(G)

where x1, . .., x; is a full set of representatives of the conjugacy classes of G.

It is also possible to approach the calculation of P,(1) by considering the poset of
abelian subgroups of G as was shown in [13]. The structure of this poset simplifies when
G is a TC group. For instance, we showed in [13] that for the alternating group 4s (which
is a TC group), we have:

6 n 5 n 10 20
127 157 20" 60"

Pn(l) =
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It is well-known that P,(1) < 5/8 for any non-abelian group G (see for instance [6])
and that this upper bound is attained by groups that satisfy G/Z(G) = Z, x Z,. This upper
bound was extended in [8] to:

3.2

P,(1) = i

This inequality can be slightly improved if we take into account the index of the center of
G. We will show this in the following result only when n = 3, although it is not hard to
extend it to higher values of .

PROPOSITION 4.2. Suppose that G is a finite non-abelian group. Then for all g € G, we
have:

(1) Ps(1) < 1(P2(1) —a) + aPr(1) < &, where o™ = |G : Z(G)|.
@) fgie1 < P3@ = T X e xDIx (@] < Pa(D).

(3) P3(g) < Py(1),/ 1.

Proof. (1) If we write the class equation of G as |G| = |Z(G)| +s1 + - - - + sy, then
each s; is at least two and so m < (|G| — |Z(G)]) /2. Since G is not abelian, it follows
that @ < 1/4, and hence

kG _1Z@I+m 1+«

P>(1) =
D=5 G~ 2

Now, we apply this idea again:

&G pawm®) | 120G
PO=2 el 16p t e O

_ i |GIICo @) fa.co00 (1)
G 16

I 1
Gl 2

1 1/1-— 1
=5<P2<1>—a>+aP2<1>55< 2“)+a< ;“)

+aPs(1)

i=i

= (k(G) = 1Z(G)]) 1 +aPy(1)

202 +a+1 11
= << —,
4 — 32
(2) Note that

6,1 _

D) =G|y (1).
|CG(X)|_y€Zij<> |Glx (1)

Thus

G
I <) 16,01 =) l 16, )1 <> IGIGIx (1).

. ]

and so

Ay (1)
GP = '

https://doi.org/10.1017/5S0017089521000124 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089521000124

COMMUTATOR EQUATIONS IN FINITE GROUPS 333

It follows that

P Y i@ ) Y xOix@ =P,
l |xelrr(G)| | |Gl x €lrr(G)

The lower bound follows from P,(1)/|G| < P53(1) and 1/|G’| < P,(1) according
to [5].

(3) Suppose that K is a full system of representatives of the conjugacy classes of G.
Then by Theorem 1.3 and applying the Cauchy—Schwarz inequality, we have:

2
(100 =16 Y K0 <161 Y x() < IGIKG) (612

xekK X 1) xeK

Thus,

BE@= Y (5, x)x®

x €lrr(G)

<IGPPk@"* Y Ix(@)l

x €lrr(G)

<IGPk(G)'*k(G)'*|Cs(g)|',

where the last inequality is an application of the Cauchy—Schwarz inequal-
ity. The desired inequality follows from the inequality f3(g) <t:(g) (see
Proposition 2.3). O

Unlike the values of P,(g), the set of probability values {P;(g): g € G} does not
constitute a probability distribution on G. Nevertheless, we can normalize f; to define a
probability distribution on a group G by setting:

£

05(g) = —erGﬁ(x).

Using the coefficients of f3, we can also write O3 in terms of Irr(G). For instance, for the
alternating group A4s, we have (see Example 2.4):

0s(g) = +8 +8 +21 +14
3 & X1 5)(2 5X3 10)(4 SXS.

It has been shown in [4] that the distribution P,(g) = ?G(‘fz) converges in the L;-norm

to the uniform distribution U(g) = G G‘ for finite non-abelian simple groups as |G| — oo.
Several computations seem to indicate that this latter is not the case for the distribution
0;. For instance, we can see in the chart below that the distribution of Q3 on A5 is heavily
skewed at the identity (all the percentages are approximations).
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Class 1 (12)(34) (123) (12345) (12354)
size 1 15 20 12 12
f 300 32 63 65 65
P, | 8.3% 0.8% 1.75% 1.8% 1.8%
f 1320 24 12 20 20
P | 0.6% 0.01% 0.005% 0.009% 0.009%
0 55% 1% 0.5% 0.8% 0.8%

We will close this section showing that the distribution O3 over the symmetric group
¥, is always positive for even permutations when n > 3. The following Lemma is
straightforward, and we will omit its proof.

LEmMMA 4.3. Suppose that (x1, X2, x3) and (y1, y2, y3) are 3-tuples of elements from G
that satisfy [x;, x;] = g and [y, y;1 = h for i <j. If [x;, yj] = 1 for all i and j, then the 3-tuple
(X115 X2y2, X3¥3) satisfies [x;y;, x;y;] = gh for i <j.

Proof of Theorem 1.4: We want to prove thatifn > 3 and g € 4,, then f3 5, (g) > 0. We
will proceed by induction on n. Using Theorem 1.3, one can check that for X3 and X4, we
have the following:

(1) f3.3,(1) =48,

(2) f3.5,((123)) =6,

(3) f3,2,((12)(34)) =72, and
(4) f3.5,((123)) = 12.

Now assume the result is true for integers greater than 4 and less than n. We write g as
a product of disjoint cycles: g=o0, ---0,7] - - - Ty, s0 that each o; is a r;-cycle of even
length and each t; is a #;-cycle of odd length (including 1-cycles). Thus, n=r| +-- -+
ry+1t +---+t, and u must be an even number equal to 0, or greater than or equal to
4. By relabeling if necessary, we can assume that g € 4, x 4,, where r=r| + - - - +r, and
t=tH+---+1t.

Then, we have to consider two cases:

(1) If each of the cycles o; and 7; has length less than », then both u and v are less than n
and u is equal to 0, or greater than or equal to 4. Then by inductive hypothesis, there
exist triples (x1, X2, x3) in X, and (y1, y2, y3) in X, such that [x;, x;] =07 - - - 0, and
i, yjl=11 -7, forall i <. Hence, by Lemma 4.3, it follows that g = [x;y;, x;);]
for all 7 <, as wanted.

(2) If one of the cycles of g has length equal to n, then this implies that g must
be an n-cycle. Since n-cycles are conjugate in X,, it suffices to prove that
f3.5,((12---n)) > 0. According to Theorem 3.3 and Proposition 2.3, we have:

S3.5,((A2 1)) = f3,0,,((12 - - - n)) > 0,

as wanted. O

REMARK 4.4. We have conjectured that f5 4,(g) > 0 for all g in 4, when n > 5. This
conjecture is in a way an extension of Ore’s conjecture. More precisely, if we set

Ore=1{g€G: fi(g) >0},
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then Ore’s conjecture states that O, ¢ = G for any non-abelian simple group G. With this
notation, Theorem 1.4 states that O 5, = 4, for n > 3. We conjecture that O 4, = 4, for
n>S5.

On the other hand, we know that f3 4, ((123)) =12, so from Proposition 2.3 and the
fact that 3-cycles are conjugate in 4, when n > 5, it follows that f; 4, (g) > 0 whenever g is
the identity or a 3-cycle. Moreover, since any permutation in 4, can be written as a product
of at most n/2 3-cycles, it follows that the support of the k-iterated convolution product
Q;‘k is equal to 4, for k > n/2. Therefore, the random walk driven by Qj is ergodic and Q;‘k
converges in the L;-norm to the uniform distribution. This latter in turn implies that if we
fix both € > 0 and n > 5, then we can find k large enough (see Corollary 1.2 of [4]) so that

Aal = 107 = (1 = )14,

where (’)j’: ={ged,: Q;‘k (g) > 0}. This is remarkable to some extent because it is telling
that almost every element in 4,, can be written as a product of & factors each of which is in
05 4,, for some k large enough.

As for Oy ¢ when k > 3, we have computational evidence to conjecture that Oy 5, =
{1} when k > 3, n > 2. Note that it suffices to show the case when & =4 (since f,(g) #0

implies f,_;(g) # 0).
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