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The paper deals with a multiple species Lotka—Volterra model with infinite
distributed delays and feedback controls, for which we assume a weak form of
diagonal dominance of the instantaneous negative intra-specific terms over the
infinite delay effect in both the population variables and controls. General sufficient
conditions for the existence and attractivity of a saturated equilibrium are
established. When the saturated equilibrium is on the boundary of R, sharper
criteria for the extinction of all or part of the populations are given. While the
literature usually treats the case of competitive systems only, here no restrictions on
the signs of the intra- and inter-specific delayed terms are imposed. Moreover, our
technique does not require the construction of Lyapunov functionals.

1. Introduction

After several decades of intensive study and use of functional differential equations
(FDEs) in population dynamics, it is now very well understood that the introduction
of delays in differential equations leads, in general, to more realistic population
models, and much more complex and rich dynamics. Nevertheless, delays are not
harmless and often create instability and oscillations unless they are either small
or neutralized by instantaneous terms. When the delays are infinite it is not clear
how to surpass the effect of the infinite past of the system so, in order to obtain
stability results, some form of instantaneous dominance is expected. On the other
hand, the consideration of FDEs with infinite delay is relevant in accounting for
systems with ‘infinite memory’, and goes back to the works of Volterra. In fact,
for Lotka—Volterra systems or other general population models, whether the global
stability may persist under large or even infinite delays without strictly dominating
instantaneous negative feedbacks is a question that has attracted the interest of
many researchers, and had partial positive answers (see, for example, Kuang [16],
Xu et al. [27], Faria [5] and references therein).
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Recently, the study of population models with delays and controls, in particular
Lotka—Volterra models, has received some attention (see, for example, [3,9,17,21,
22,25,28] and references therein). In this paper, we consider the following n-species
Lotka—Volterra system with feedback controls and infinite delays:

zi(t) = 2i(t) <b¢ — iz (t)
_ Zaij /OOO Kij(s)ajj(t — 3) ds

—¢ /OOO Gi(s)u;(t —s) ds>,

wl(t) = —eju;(t) + dixi(t),

where p;, ¢;, d;, e; are positive constants, b;,a;; € R and the kernels
Kij,Gi: [0,00) = [0,00)

are L'-functions, normalized so that

/ Kij(s)ds =1, / Gi(s)ds=1
0 0

for i,7 = 1,2,...,n. Without loss of generality, we assume that, for all 7, the
linear operators defined by Li;(¢) = [, Kii(s)e(—s)ds, for bounded continuous
functions ¢: (—o0,0] — R, are non-atomic at 0, which amounts to having K;;(0) =
K (0).

In biological terms, z;(t) denotes the density of the population ¢ with Malthusian
growth rate b; and instantaneous self-limitation coeflicient p; > 0, and a;; and a;;
(i # j) are, respectively, the intra- and inter-specific delayed acting coefficients;
u;(t) denotes a feedback control variable, 7,5 = 1,2,...,n. Due to the biological
interpretation of (1.1), we are only interested in positive (or non-negative) solutions.
We therefore consider solutions of (1.1) with admissible initial conditions, i.e.

1‘1(9) = 501(9) >0, ul(e) = "/Jl(e) 20, 0¢ (—O0,0), (1.2)
901(0) > Oa 1/%(0) > Oa '
with ¢;, ¥; bounded continuous functions on (—o00,0],i=1,2,...,n.

In order to have an effective feedback control, it is natural to impose that each
G; (1 < i< n) satisfies

/OC>C Gi(s)p(—s)ds >0 (1.3)

for any positive bounded continuous function ¢ defined on (—o0, 0] with ¢(0) > 0.
In particular, (1.3) holds if G; is continuous at 0 with G;(0) > 0, or if G; has a
jump discontinuity at 0 with G;(0) — G;(07) > 0.
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For simplicity of exposition, we consider (1.1), but our study applies to more
general systems of the form

i(t) = zi(t) (bi — pizi(t)

- a /OO z;(t — s)dniz(s)

= ) i=1,2,....,n, (1.4)

el /OOo ui(t—s)dui(s))

ui(t) = —e;u;(t) + dizq(t),

where all the coefficients are as in (1.1), ;5,5 [0,00) = R are bounded variation
functions that are supposed to be normalized such that their total variation is 1
and the v; are non-decreasing on [0,00). Note that, in (1.1), we supposed that
K;;j(t) > 0 on [0,00), but the above scenario does not impose this restriction.
Some of our general results, however, require that the kernels K; in (1.1) are non-
negative, or that the functions 7;; in (1.4) are non-decreasing, although they can
easily be adapted to deal with systems without such constraints.

Our study was strongly motivated by some previous work of the authors. The
uncontrolled Lotka—Volterra system with infinite distributed delays was studied
by Faria [5], and questions of partial survival and extinction of species in non-
autonomous delayed Lotka—Volterra systems were addressed by Muroya in [20] (see
also [19]). The works of Gopalsamy and Weng [9], and Li et al. [17], where special
cases of two-dimensional competitive Lotka—Volterra systems with controls and no
diagonal delays were studied, were an important source of inspiration for the present
paper. Here, the investigation refers to controlled Lotka—Volterra models of any
dimension n. While the literature usually only deals with the case of competitive
systems (i.e. systems with a;; > 0 for j # ¢) with b; > 0, here no restrictions on
the signs of a;; and b; will be imposed. Moreover, infinite delays are incorporated
in the control terms (see also [22] for a competitive model). Another novelty is that
our method does not require the construction of a specific Lyapunov functional.

Clearly, the introduction of controls in a delayed Lotka—Volterra system might
change the existence, position and stability of equilibria. The main goal of the
present paper is to address the global asymptotic dynamics of solutions to the sys-
tem (1.1), (1.2), in what is concerned with the establishment of sufficient conditions
for the existence and attractivity of a (not necessarily positive) saturated equilibrium
(see [15,16] and §3 for a definition). As in previous works [5,9,17,22], we assume
that (1.1) satisfies some form of diagonal dominance of the instantaneous negative
terms p;x;(t) over the infinite delay terms (these involving both the population
variables and the controls) so that the usual instability caused by the introduction
of the delays is cancelled. For some of our stability results, another prerequisite
is that the uncontrolled Lotka—Volterra system ((1.1) with ¢; = 0 (1 < @ < n))
already possesses a globally attractive saturated equilibrium. These assumptions,
although they seem restrictive, are quite natural; moreover, here the main goal is to
use the controls to change the position of the saturated equilibrium while keeping
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its stability, as emphasized by some examples. For a biological interpretation of the
use of controls, see, for example, [9,25,28] and references therein.

We now briefly describe the contents of the paper. From a theoretical perspective,
dealing with FDEs with infinite delays requires a careful choice of a suitable Banach
phase space (usually called an admissible space), in order to recover classical results
of well-posedness of the initial-value problem, existence and uniqueness of solutions,
continuation of solutions, etc. For this reason, in §2 we set some basic notation for
FDEs with infinite delay, and insert (1.1) into such a framework. In § 3, after study-
ing the existence of a unique saturated equilibrium (z*,u*) and the boundedness
of positive solutions to (1.1), theorem 3.8 provides a general criterion for the global
attractivity of (z*,u*). Also, a sufficient condition for the dissipativeness of (1.1) is
given. In § 4, sharper criteria are established for the global attractivity of a saturated
equilibrium (z*,u*) that is not strictly positive. In this situation, this means the
extinction of all or part of the populations. Our results turn out to be particularly
powerful for predator—prey models. We also emphasize that, for the uncontrolled
system, we derive better results for partial (or total) extinction than the ones in [5].
Our techniques also allow us to obtain a perturbation result for non-autonomous
Lotka—Volterra systems with a limiting model of the form (1.1) or (1.4) as t — oo.
The particular case of a two-dimensional Lotka—Volterra system is covered in § 5.
In §§4 and 5, some examples illustrate our results.

2. An abstract formulation

Since (1.1) has unbounded delays, we must carefully formulate the problem by
defining an appropriate Banach phase space where the problem is well posed.
Let g be a function satisfying the following properties.

(gl) g: (—o0,0] = [1,00) is a non-increasing continuous function and g(0) = 1.

(82)
lim 4G+

=1 uniformly on (—o00,0].
u—0- g(s)

(83) g(s) = o0 as s — —oc.

For n € N, define the Banach space UC, = UC,(R"), where ‘UC’ stands for

‘uniformly continuous’,

= —00,0]; R™): su M 00
UG, = {¢EC(( ,0;R™): igg o(s) < 00,
(s)

—— is uniformly continuous on (—oo, 0]}7

g(s)

with the norm

o o(s)]
llollg AR

where | - | is a chosen norm in R™. Consider also the space BC = BC(R") of
bounded continuous (BC) functions ¢: (—oo,0] — R™. It is clear that BC C UC,,
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with [|4]l; < [|¢]lec for ¢ € BC and || - [l the supremum norm in BC. Here, BC
will be considered as a subspace of UC,, so BC is endowed with the norm of UC,.

The space UC, is an admissible phase space for n-dimensional FDEs with infinite
delay (see [13,14]) written in the abstract form

o(t) = f(t, ), (2.1)

where f: D C R x UC,; — R" is continuous and, as usual, segments of solutions in
the phase space UC, are denoted by x4, 2¢(s) = x(t+s), s < 0, with components z ;.
The standard results, therefore, on existence and uniqueness of solutions for the
Cauchy problem &(t) = f(t,2¢), o = ¢ hold when f is regular enough and ¢ € UC,.
Moreover, for initial conditions ¢ € BC, bounded positive orbits are precompact in
ua, [10).

We now set an appropriate formulation for problem (1.1), (1.2). From [11] and [7,
lemma 4.1], for any 6 > 0 there is a continuous function g satisfying (gl)—(g3) and
such that

/ g(—s)K;;(s)ds < 1+, / g(—8)Gi(s)ds < 1+46, i,7=1,...,n. (2.2)
0 0

When dealing with (1.4), where the more general linearities are given by bounded
variation functions #;;(s), v;(s) with total variation 1 and v;(s) non-decreasing, (2.2)
should be replaced by

/ g(—s)d|ni;(s)] <149, / g(—s)dyi(s) <1496, 4,j=1,...,n. (2.3)
0 0

Whenever an abstract setting is required, in what follows we shall always assume
that (1.1) takes the abstract form (2.1) in the phase space UC, = UC,(R?") for
some fixed § > 0 and function g satisfying (gl1)—(g3) and (2.2), and consider solu-
tions with initial conditions

zo =@, u(0) =1, (2.4)

where (p,1) € BC(R?). The system (1.1) has a unique solution (x(t),u(t)) =
(z(t; @, 1), u(t; v, 1)) satistying (2.4). Moreover, since only positive or non-negative
solutions of (1.1) are biologically meaningful, we restrict our framework to positive
or non-negative initial conditions. A vector x € R" is said to be positive, or non-
negative, if all its components are positive, or non-negative, respectively, and we
write z > 0, x > 0, respectively. We define and denote in a similar way positive and
non-negative functions in BC, and positive and non-negative matrices as well. As
usual, we use the notation R’} = {z € R": z > 0}. In the space UCy, a vector c is
identified with the constant function 1 (s) = ¢ for s < 0.

Consider the positive cone BCT = BC*(R?") = {(p,) € BC: ¢(s), ¥(s) = 0
for all s < 0}. As a set of admissible initial conditions for (1.1), we take the subset
BC{ of BCT, BCY = {(¢,%) € BCT: »(0) > 0, ¥(0) > 0}. It is easy to see that
all the coordinates of solutions with initial conditions in BCT (respectively, BC{)
remain non-negative (respectively, positive) for all ¢ > 0, whenever they are defined.

In the following, we shall consider norms |-|4 in RN (N = n or N = 2n) given by
|(z1,...,2Nn)|a = maxigicn d;|2z;], for some d = (dy,...,dn) > 0. For such norms
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in RY, in order to be more explicit, we denote the norm in UC, by || - lg,a;

o 1P(8)la
[¥lg.0 = sup =275~

3. Existence and global attractivity of a saturated equilibrium

In the absence of controls, the Lotka—Volterra system reads as
2 (t) = x(t) <bi — pixi(t) = > ai / Kij(s)z;(t — 8) ds>7 (3.1)
j=1 0

for which
My=N+ A, where N =diag(u1,...,tn), A= [a], (3.2)

is designated as the interaction community matriz. As for ordinary differential equa-
tions (ODEs), the algebraic properties of My determine many features of the asymp-
totic behaviour of solutions to (3.1) (see, for example, [5,6,15]). Clearly, the intro-
duction of controls might change the dynamics of (3.1). Here, the main aim is to
use the controls to change the position of a globally attractive equilibrium and give
general criteria for its attractivity.

For (1.1), we define the controlled community matriz as

d ndn
M=N+A+C, WhereC:diag(C;l,...,ce ) (3.3)
1 n
We also consider the matrices
My=N —|A|, M=N—|Al-C, where |A|=[|ay]]. (3.4)
Note that (z*,u*) = («F,..., 2}, uf,...,u;) € R" xR™ is an equilibrium of (1.1)
if and only if
xf =0or (Mz*); =b;, and u]=—zf, i=1,...,n,
€

where x; is the 7th coordinate of the vector x.
Throughout the paper, we shall use the definition of a saturated equilibrium.

DEFINITION 3.1. Let (z*,u*) = (z7,...,2%,u},...,u’) be an equilibrium of (1.1).
We say that (z*,u*) is a saturated equilibrium if (z*,u*) is non-negative and

(Mx*); > b; whenever 27 =0, i=1,...,n.

REMARK 3.2. We observe that if (z*,u*) > 0 is an equilibrium of (1.1) on the
border of the positive cone R} xR}, i.e. zj = u; = 0 for some 4, and (z*,u*) is not
saturated, then (z*,u*) is unstable. In fact, (1.1) and the ODE system in R} x R},

2 (t) = x4(t) (bl- — piwi(t) = Y aga;(t) — ciui(t)>,
j=1

ui(t) = —esug(t) + dizi (),

i=1,2,....,n, (3.5)
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share the same equilibria. Since R” xR"} is forward invariant for (3.5), if (z*,u*) > 0
is an equilibrium of (3.5) and (z*,u*) is not saturated, then (z*,u*) is unstable,
since the characteristic equation for the linearized equation about (z*,u*) has an
eigenvalue with positive real part (see, for example, [15]).

When analysing (1.1), our concepts of attractivity and stability always refer to
the set of admissible solutions, i.e. to solutions (x(t),u(t)) = (z(t; ¢, ¥), u(t; p, 1))
with (p, 1) in the set of admissible initial conditions. In particular, an equilibrium
(z*,u*) of (1.1) is globally attractive if all solutions (x(t),u(t)) of (1.1), with initial
conditions (zg,ug) = (p,¥) € BCEJ", satisfy lims oo 2(t) = o, lims o0 u(t) = u*. Tt
is globally asymptotically stable (GAS) if it is stable and globally attractive.

We recall some concepts from matrix theory, which will be used in the next
sections.

DEFINITION 3.3. Let B = [b;;] be an n x n matrix. We say that B is an M-matriz
(respectively, non-singular M-matriz) if b;; < 0 for ¢ # j and all its eigenvalues
have non-negative (respectively positive) real parts. The matrix B is said to be a
P-matriz if all its principal minors are positive.

REMARK 3.4. It is well known that there are several equivalent ways of defining
M-matrices, non-singular M-matrices and P-matrices; in [8], these matrices are also
designated by matrices of classes Ky, K and P, respectively (see [1,8,15] for further
properties of these matrices). In particular, we recall that a square matrix with non-
positive off-diagonal entries is an M-matrix (respectively, a non-singular M-matrix)
if and only if all of its principal minors are non-negative (respectively, positive);
so any non-singular M-matrix is a P-matrix. A related concept is the notion of a
Volterra—Lyapunov stable ( VL-stable) matrix, i.e. an nxn matrix B = [b;;] for which
there exists a positive vector d = (dy,...,d,) such that szzlxidibijxj < 0 for all
x = (z1,...,2,) # 0. If —B is VL-stable, then B is also a P-matrix; the converse
is true for the particular case of a 2 x 2 matrix, but not for higher dimensions.
For Lotka-Volterra ODE systems of the form @} = 2;[b; — >27_ ai;z;], 1 < < m,
it is known that if —[a;;] is VL-stable, then there is one globally stable saturated
equilibrium [15, p. 199].

Consider both the original and the controlled community matrices My, M, as
well as the matrices Mo, M (see (3.2)-(3.4)). For the uncontrolled system (3.1), it
was shown [5, corollary 4.1] that if M is a non-singular M-matrix, then there is a
unique saturated equilibrium of (3.1) that is a global attractor of all solutions with
initial conditions zyp = ¢ € BCJ(R™). The idea now is to prove a similar result
for (1.1). We start by studying the existence of a saturated equilibrium and the
boundedness of solutions to (1.1).

THEOREM 3.5. Assume that M is a P-matriz, where M is the controlled community
matriz in (3.3). There is then a unique saturated equilibrium (x*,u*) of (1.1).

Proof. If M is a P-matrix, then for each vector b = (by,...,b,) € R™ there is a
unique non-negative vector z* such that Mz* > b and (Mz*); = b; if 2f > 0 [1,
p. 274]. With v* = (uj,...,u}), where u} = (d;/e;)x}, this means that (z*,u*) is
the unique saturated equilibrium of (1.1). O
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If all coefficients in (1.1) are positive, then clearly all positive solutions are
bounded, since the inequalities x}(t) < x;(t)(b; — p;x;(t)) hold, and positive solu-
tions of the logistic ODEs y/'(t) = y(¢t)(b; — p;y(t)) are bounded. This is not the
case, however, if we allow some of the coefficients a;; to be negative, unless further
constraints on My are imposed.

LEMMA 3.6. Assume that the matriz My in (3.4) is a non-singular M-matriz.
Then, all solutions of (1.1) with initial conditions (1.2) are defined and bounded
on [0,00).

Proof. Solutions of (1.1) with initial conditions (1.2) are positive whenever they
are defined. For (1.1) written in the abstract form X'(t) = F(X;), the function F
transforms bounded sets of UC,(R?") into bounded sets of R?", and hence solutions
are defined on compact intervals [0, «] for all & > 0, and therefore on [0, c0).

Since My is a non-singular M-matrix, there is a positive vector n = (n1,...,1,)
such that Mon > 0 [8], i.e.

n
win; > Z|aij|77j7 i=1,...,n.
=1

Choose an arbitrarily small § > 0 such that
ui—(1+5)2|aij|%>o, i=1,...,n, (3.6)
j=1 !

and a function g for which (g1)—(g3) and (2.2) hold.
Forj= (n;',...,n; er(dim) ™, ..., en(dnnn)~"), we furthermore consider R?"
equipped with the norm |- |5 given by

1 €;
[(z1,...,Tn,U1,...,Uy)|7 = max max E\wl\ , max mdimi' .

Let (x(t),u(t)) = (x1(t), ..., zn(t),us(t), ..., u,(t)) be a positive solution of (1.1).
We claim that

sup [ (z(t), u(t))]5 < oo 3.7)

t>0

For the sake of contradiction, assume that (3.7) fails. Then, for any K > 0, there

exists T' > 0 such that
K,...,K)|s,
:( )‘77 } 0<t

N

~
w0
N

(@(8), u(t))]7,
Consider (3.8) with K such that
[(x(s
K,...,K)|; > |[(zo,u0) 4.5 = sup ————~>-1,
I( ) > ll(zo, uo)llg,7 R gy

and sufficiently large, to be specified later.
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If |(z(T),u(T))|5 = (ei/nmidi)us(T) > (1/m;)x;(T) for some i € {1,...,n}, then
from (1.1) we obtain

which is not possible since the definition of T implies that «/(T) > 0. Thus,
|(z(T),uw(T))|5 = (1/n;)x;(T) for some i € {1,...,n}. Clearly, a:;( ) = 0.
Let 0 <t < T and let s > 0. Note that
1 x;(t — 1 x;(t— 1 1
7M < 7M < —K< *ﬂfi(T> ift—s<0,
njo9(=s)  “mjgt—s) mj o
and ) )
Lalt=s) 1 1) so<t—s<T
nj 9(=s) i

Hence,

Fasl [ ook as

< (1 +68)n; Haylz(T), j=1,....,n.  (3.9)

a”/ K;j(s)z;(t—s)ds

From (1.1) and (3.9), we obtain

0 <1 < () i~ (- (14 5)2 o2 Jar)|

By (3.6), this is a contradiction if K is chosen such that

n -1
K> (/J,i — (1 +5)Z a2]|zj>
i=1 ’

O

In fact, a better criterion for the uniform boundedness of all positive solutions
of (1.1) will be given later (see theorem 3.10).

Note that Mo = M + C, where C is a positive diagonal matrix. By [8, theorem
5.1.1], it follows that if M is an M-matrix, then M is a non-singular M-matrix. Now,
if My is a non-singular M-matrix, then there is a positive vector n = (11, ... ,nn)
such that Mon > 0, i.e. pin; > Z 1 laijn; for 1 < i < n (see [8]); in particular, this
implies a ‘diagonal dominance’ of MO in the sense that (p; + aii)ni > 32, laijln;
for 1 < i < n. From [15, p. 201], it follows that if M is a non-singular M-matrix,
then —Mj (and hence —M as well) is VL-stable, and therefore a P-matrix.

LEMMA 3.7. Assume that the matriz M in (3.4) is a non-singular M-matriz and
that the unique saturated equilibrium (x*,u*) of (1.1) is positive. Then (x*,u*) is
locally asymptotically stable.

Proof. As observed, if M is an M-matrix, then M is a P-matrix and there is a
unique saturated equilibrium (2*,u*). The linearization of (1.1) about (z*,u*) is
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o) = (o o)+ 2 2)) @10
with y(t), v(t) € R", and the linear operator £: BC,(R2") C UC,(R?") — R?" and

the (2n) x (2n) matrix B defined as
L= (L1,...,Lo), B =diag(ai,...,an,e1,...,6€p),

given by

where
Wiz} if 27 >0,
n
@ = * : *
g a;jT; — by ifx =0,
Jj=1
and

Li(p, 1) = x5 Zaij/ Kij(s)p;(—s)ds
j=1 0

—i—mfci/ Gi(s)i(—s)ds, i=1...m
0

Lnyi(p, ) = —dipi(0),

for (¢, v) = (p1,...,0n,U1,...,%n). Note that o; > 0 for 1 < i < n.
_For (ey,...,ez,), the canonical basis of R*", define L: = B + [L;(e;)];; and
L:=B—[|Li(ej)|]i; (1 <14, j<2n). We have

= |15 7).

with A(z*) = [z]a]i; (1 <4, j < n), C(z*) = diag(zfer,...,z5c,) and D =
diag(dy,...,dy). Now, suppose that z* > 0. It is easy to see that the matrices L

and L are equivalent to, respectively,

[M(Oas*) C(g*)]’ {M(Ox) —c]gx*)y

where
E = diag(ey, ..., en),
N(z*) = diag(piz7, .. ., tny,),
C‘(gg*):diag (x*{cldl,,x:; )7
€1
M(z*) = N(z*) + A(z*) + C(z*),
M(z*) = N(z*) — A(z*) — C(z*).

Note that M (z*) and M (z*) are obtained from M and M, respectively, by multi-
plying each line 7 by z}. Hence, it follows that det L # 0 and that L is a non-singular
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M-matrix as well. From [5], we derive that the linear system (3.10) is asymptotically
stable. O

We remark that if 27 = 0, then the ith line of the above matrix [£;(e;)] is 0.
Hence, a saturated equilibrium (z*,«*) of (1.1) on the boundary of the positive cone
is not necessarily asymptotically stable. Thus, although its linearization (3.10) is
stable, one cannot deduce that (z*,u*) is stable as a solution of (1.1).

Our main general result on the global attractivity of the saturated equilibrium
is given below.

THEOREM 3.8. Assume that the matriz M in (3.4) is an M-matriz. There is then a
unique saturated equilibrium (z*,u*) of (1.1) that is a global attractor of all solutions

with initial conditions (1.2). Moreover, if in addition x* > 0 and M is non-singular,
then (z*,u*) is GAS.

Proof. Since M is an M-matrix, from theorem 3.5 and lemma 3.6 we conclude
that there is a unique saturated equilibrium (z*,u*) of (1.1) and that all positive
solutions are defined and bounded on [0,00). Lemma 3.7 shows that (a*,u*) is
stable if it is a positive equilibrium. We now need to show that (2*,u*) is a global
attractor of all positive solutions of (1.1).

Denote by I,, the n x n identity matrix. If M is an M-matrix, then for any dy > 0
the matrix dol, + M is a non-singular M-matrix. Fix any g > 0 and a positive
vector n = (91, ...,Mn) such that (dp1,, + M)n >0, ie.

d; - ,
<50+/Li_cil)ni>2|aijnj7 Zzla"'vn'
j=1

€i

Choose 6 > 0 such that
(5+ _70_71' *(14*5) En |a| >0 1<i1<n (311)
0 ,U,Z i . 772 < ij 77] s SIS n, .

and a function g for which conditions (gl)—(g3) and (2.2) are fulfilled. We abuse
the notation, and denote norms in both R** and in R" by | - |;, where

1 €; .
(@1, s Ty UL,y ey U] = Jnax { max (771'%', 77z:i1|uz|>} in R,
1
|z|7 == max —|z;| in R",

1<i<n 7;

and consider UC,(R*") and UC,(R") equipped with the norms || - ||4.7.
Let (z(t),u(t)) be a positive solution of (1.1). With the change of variables
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the system (1.1), together with definition 3.1, lead to

it) = @x>+x>QMh +§:mﬂ/ K (s)ys (¢ — 5) ds
+cl/ Gi(s)vi(t —s) ds) ifz; >0, (3.12)
yi(t) < —vi(t) (,uiyi(t) + Z a;j /0 Kij(s)y;(t —s)ds

Jrci/ Gi(s)vi(t — s) ds) ifz; =0, (3.13)
0

vi(t) = —eivi(t) + diyi(t), (3.14)
1=1,2,...,n. Define

liminfy,;(t) = —=l;, limsupy;(t)=L;, i=1,...,n, (3.15)
t—o0 t—00
and set .
| = max —, L= max —, U =max(l,L).
1<i<n ’I]Z 1<isn 1);

Integrating (3.14), we get

t
vi(t) = v;(0)e” 4" + die_eit/ e“y;(s)ds, t=0, (3.16)
0
and therefore
—z; < =; < %hﬁiﬂf”i(@ < Z—zliﬂgp vi(t) < L; < 0. (3.17)

Since U > 0, it is enough to prove that U = 0. In order to get a contradiction,
assume that U > 0.

Define I = {1,...,n}, [ ={i € [:n; 'Ly =U}and I, = {i € I: n; ', = U}.
The assumption U > 0 implies that 7 > 0 if ¢ € I; otherwise, with 2} = 0, we get
lim inf; o z;(t) = liminf; o yi(t) = —1; = —nm;U > 0, and thus U = 0.

The coordinates y;(t), v;(t) are uniformly bounded for ¢ > 0, and thus, as
remarked in § 2, the positive orbit {(y:,v;): t > 0} is precompact in UC,(R?").

Take any sequence (t;) with t; — oo. Thus, there is a subsequence of (yq,, vy, ),
still denoted by (v, , v, ), converging to some (¢, 1) in UC,(R?™). Let ¢;, ¢; (1 <
j < n) be the components of ¢, ¢, respectively. Take any € > 0 and let t* > 0 be
such that 77J71|yj(t)\ <U+4cefort >t*, 1< j<n. Forany s > 0, if k is large so
that t, — s > t*, then

_1 Yt (=) _1 ]y (te — 3)|

—1
n; e = = < |yt — 8)| < U ¢,
T g(-s) T g(—s) I

and therefore we get n]._l ll¢illg < U +e. In a similar way, we obtain

— €;
1(d)wﬂg<U+a
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Hence, we conclude that ||(¢,)|g,7 < U. Moreover, if ¢ € I U I, and () is
chosen in such a way that ;' |y;(tx)| — U, we furthermore deduce that ||¢||,.; =
n;1|¢i(0)| = U and that y, j, v, ; converge uniformly to ¢;, 1, respectively, on
each compact set of [0, c0).

Fix ¢ € I; U Is. By the fluctuation lemma, take a sequence () with ¢t — oo,
yi(tr) — 0 and

U if ¢ € I,

—1
. i(te) —
i ville) {—U it i € Iy.

As above, we may assume that (y,,vt,) — (¢,1) € UC,(R?*") for the norm || - ||4.7.
First, we consider the case i € I}, and thus n; 'y;(ty) — U.
Since the linear operator ¢ — [~ G;(s)y(—s)ds, defined for 1p € BC(R) C
UC,(R), is bounded, there exists

v:= lim b Gi(s)vi(ty —s)ds = /00 Gi(s)i(—s)ds.
k—oo Jo 0

From (3.17), we have

|i(=s)| < 77i(di>U for any s > 0,

(2

and thus v > —n;(d;/e;)U. From (1.3), the equality v = —n;(d;/e;)U implies that
¥;(0) = —n;(d;/e;)U. But, from (3.16), we have

tk
vi(tr) = v;(0)e™ 't 4 di/ e “ Yy, i(—u) du,
0

and from Lebesgue’s dominated convergence theorem it follows that

lim v;(tx) = ¢:(0) = di/ e ‘"¢ (—u) du.

k—o0 0
Since ¢; is a continuous function with n; *|¢;(—s)| < U for s > 0 and n; '¢;(0) = U,
then n;lfooo e ¢%¢,(—s)ds > —U/e;. We conclude, therefore, that

di
n v > ——U. (3.18)

K3 el

Moreover, despite the use of a specific vector 7 = 7(dp) and norm ||-||4,5 in UC4(R™),
obviously the limit v does not depend on the chosen norm | - |5 in R™.
Next, define

H;(t) = pyi(t) + Z a;j /000 Ki;(s)y;(t —s)ds +¢; /OOO Gi(s)vi(t —s)ds. (3.19)

From (3.12) and (3.13), we obtain

Yilte) < —(yi(te) + 7)) Hi(tr)-
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From (2.2), we have (see (3.9))
< lag| /OOO g(_S)Kij(s)wj;(k;)S) ds

< (L+0)laijlllye.sllg, (3.20)

aij/ Kij(s)yj(ty, —s)ds
0

and this leads to

Hi(tk) > payi(te) — (1+0) Y laij|1ye, jllam + Cz‘/o Gi(s)vi(ty — s)ds

j=1
> payi(te) — (14 6) D lass|njllyeello.s + Ci/o Gi(s)vi(te — s)ds. (3.21)
j=1
By letting k — oo, from (3.11) and (3.21) we have

n

di

j=1 !

Since dp > 0 is arbitrarily small, this yields v < —(d;/e;)n;U, which is not possible
in view of (3.18).

Now, consider the case i € Io. Then, n; 'y;(t) — —U and (3.12) holds.

If y;(t) is eventually monotone, then y;(t) — —nU and v;(t) — —(d;/e))nU
Using arguments similar to the ones above, we obtain

5+ cl/ Gi(s)v;(ty — s)ds
0

Hi(ty) < payi(te) + (1 +9) Z |aw‘77]
J:

n

{ (uﬂrcl >n (1+5)Z|a¢j|nj}U<0. (3.23)

j=1

Since y;(tx) = —(y:(tx) + x7) H;(tx), using the above estimate we obtain

. di -
02> (—niU + ) [(Mi + Cie_)ni —(1+08)Y |aij|77j:| U
i i=1

and thus y;(t) - —af = —nU as t — oo. Since y;(t) > —x for ¢t > 0, this is only
possible if y/(t) < 0 for ¢ large, so that n; 'y;(t) \, —U. But in this case, from (3.12),
it follows that H;(t) > 0 for ¢ large, which contradicts (3.23).

If y;(t) is not eventually monotone, then we can assume that y;(tx) is a sequence
of minima, so that H;(tx) = 0, and this case is treated as the case i € I;. These
arguments show that U = 0, and the proof is complete. O

REMARK 3.9. As referred to in the introduction, clearly the above proof applies to
systems (1.4). In fact, with the terms

aij/o K;j(s)x;(t —s)ds and Ci/o Gi(s)u;(t —s)ds
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replaced, respectively, by the more general linearities

aij/oooxj( s)dn;;(s) and ci/oooui(ts)dyi(s),

where 7;;, v; are normalized bounded variation functions and v; are non-decreasing,
we use (2.3) instead of (2.2), the estimates (3.20) are replaced by

e . NS,
5 [ it = yans(o)] < s [ o928 dlg )

< (1 + 5)|aij|||ytk,j||g’ l)j = 1) LD

the limit v is now given by v = [ 1;(—s) dv;(s), and all the other arguments are
valid.

With the usual notation of

aij = a;;- —a,;, where a:; = max{a;;,0} and a;; = max{—a;j,0},
we define
My = diag(pa, .., pn) — A7,  where A7 = [a;]. (3.24)

Note that M, > Mo, and hence, in general, imposing that M is a non-singular
M-matrix is weaker than requiring that My is a non-singular M-matrix. We now
give sufficient conditions for the dissipativeness of (1.1), improving lemma 3.6

THEOREM 3.10. If M is a non-singular M-matriz, then (1.1) is dissipative, that
is, there exists K > 0 such that limsup,_, . z;(t) < K, limsup,_, . u;(t) < K,
1 < i < n, for all solutions (x(t),u(t)) of (1.1) with initial conditions (1.2).

Proof. A solution (x(t),u(t)) of (1.1) with initial condition (xg,uo) = (¢,9) € BCF
satisfies

2 () < z4(t) (b,- — pixi(t) + Z a;; / K;j(s)x;(t—s) ds),
=t 70
’U,;(t) = —eiui(t) + dil‘i(t),
Let (X (t),U(t)) be the solution of the system

i=1,2,...,n.

Mmzxm(m—m&w

+Zaz]/ K’L] ts)ds) 1=1,2,...,n, (325)

Ui(t) = —eiUi(t) + di Xi(t),

with the initial conditions Xy = ¢ and U(0) = (0). Since (3.25) is cooperative
or, in other words, it satisfies the quasi-monotonicity condition in [23, ch. 5], by
comparison results, it follows that x(t) < X (t), u(t) < U(¢). From [5, corollary 4.1],
(X(@),U(t)) = (X*,U*) as t — oo, where (X*,U*) is the saturated equilibrium
of (3.25). Thus, the solutions (z(t),u(t)) of the initial-value problems (1.1), (1.2)
satisfy limsup,_, . z;(t) < X7, limsup,_, o u;(t) < U, 1< i< n. O

https://doi.org/10.1017/50308210513001194 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210513001194

316 T. Faria and Y. Muroya

Our setting contemplates all the possibilities for the signs of the coefficients b;,
a;; in (3.1). In biological terms, the most interesting cases are, however, (i) a;; > 0
for i # j (competitive systems), (ii) a;; < 0 for i # j (cooperative systems), (iii)
a;; > 0, aj; < 0 (predator—prey systems) if species ¢ is a prey for the predator
species j, i # j. On the other hand, the existence of a positive equilibrium depends
heavily on the coefficients b; and can be studied in more detail by using Cramer’s
rule. Nevertheless, a criterion for cooperative systems is given here.

THEOREM 3.11. Consider (1.1) with b; > 0 and a;; < 0 for alli # j. If M is a
non-singular M-matriz, then there exists a unique positive equilibrium of (1.1).

Proof. Define b = (b1, ...,b,). Since M is a non-singular M-matrix, M~ > 0 [1].
This implies that (M ~'b); = 0 if and only if the ith line of M~1! is 0, which is
not possible. Therefore, * := M~!b is a positive vector and (x*,u*), with u; =
(di/ei)xs, 1 < i< n,is a positive equilibrium of (1.1).

4. Extinction and stability

For the results in this section, it is important to consider (1.1) with K;; non-
negative, or the more general system (1.4) with 7;; non-decreasing, ¢,j = 1,...,n.
Straightforward generalizations for the situation of K;; in (1.1) changing signs or 7;;
non-monotone on [0, 00) can, however, be derived (see [5] for the case of uncontrolled
Lotka—Volterra models).

We now seek better sufficient conditions for extinction for either all or part of
the populations. Together with the controlled Lotka—Volterra system (1.1), consider
the ODE (3.5), and write (3.5) in the form

X'(t) = F(X(t))

for X(t) = (z1(t), ..., 2n(t),ur(t),.. (t)).
Define \; = p; + (¢id;/e;). U X* = (a,
equilibrium of (3.5), then

prxe = [P 0]

u*) = (xf,...,2%,uj,...,u

where C(z*) = diag(c1z3,...,cpaxl), D = diag(dy,...,d,), E = diag(ey,...,en),
and

Ofi
0:@-

Ofi
6xj

Note that (0f;/0x;)(z*) = —(u; + ay)z; if 27 > 0, otherwise (9f;/0z;)(x*) =
b; — Zj# a;;x; < 0 for a saturated equilibrium X* with 7 = 0.

For the trivial equilibrium, we have C(0) = 0, and hence, the spectrum of DF(0)
is o(DF(0)) = {b1,...,bn, —€1,...,—en}. We conclude, therefore, that 0 is a stable

equilibrium for the linearization of (3.5) at 0 (which is also the linearization of (1.1))

n
(x*) = b — Ny = Y aix} — (i + aii)a],
=1

(%) = —a;jz;  if i #j.
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if and only if b; < 0, 1 <7 < n, and the introduction of the controls does not change
its stability.

Let M be a P-matrix. If b; < 0, 1 < ¢ < n, then 0 is the saturated equilibrium.
Conversely, if b; > 0 for some i, then DF'(0) is unstable and 0 is not the saturated
equilibrium. In the latter case, we have seen that (1.1) is dissipative if M, is a non-
singular M-matrix; there then exists a compact global attractor [12, theorem 3.4.8],
which, however, need not be the saturated equilibrium. When 0 is saturated, rather
than using theorem 3.8, the next result provides a better criterion for extinction of
all populations.

THEOREM 4.1. Assume that M is a P-matriz. The equilibrium 0 is the saturated
equilibrium of (1.1) if and only if b; < 0 for 1 < ¢ < n. In this case, if M is
an M-matriz, where My is defined as in (3.24), then the equilibrium 0 of (1.1) is
globally attractive.

Proof. Since M is an M-matrix, for any arbitrarily small o > 0 consider a positive
vector 7 = (11, ..., M) such that (M +00I,)n > 0 [8]. Let (x(t), u(t)) be a solution
of (1.1). After a scaling x; — &; = ni_lzi, w; > Uy = ni_lui, 1 < i < n, and dropping
the bars for the sake of simplicity, we may suppose that (z(t),u(t)) is a solution
of (1.1) and that (M + dol,)n > 0 with = (1,...,1). Next, choose § > 0 small
and g satisfying (gl)—(g3) and (2.2), with

n
So+pi—(1+08)> a;>0, 1<i<n. (4.1)

j=1
Define L; = limsup,_, . z;(t) and U = max;<i<n Li. For the sake of contradiction,
assume that U > 0 and choose i € {1,...,n} such that L, = U. Consider a
sequence (tg) with ¢ — oo, z(t) — 0, z;(tx) — U as k — co. We now argue as
in the proof of theorem 3.8, omitting some of the details. For some subsequence of
(24, , uzy, ), still denoted by (x4, , uy, ), there is (¢,v) € BCT(R*™) C UC,(R?") such
that xtk — ¢, uy, — ¥ and ||¢|l; = U = ¢:(0). Next, from (1.3) and the fact that

=d; [, e " ¢;(—u) du > 0, we obtain

= lim Gi(s)u;(ty, —s)ds = / Gi(s)¢i(—s)ds > 0.
k—o00 0
Choose dg > 0 small and k large so that szo (s)u;(ty — s)ds > doU. Since

b; <0, for k large estimates as in (3.9) yield

zi(tg) < (fk)(b — i (t) +Zaw/ Kij(s)xj(ty —s)ds
—¢ /00 Gi(s)ui(ty — s) ds)
< ailtn) (et Z% rcly [ o) (o) ds 4 0 )

<—xi<tk>(uz () = (1+9) Za”nangwozf)

j=1
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By letting £ — oo we obtain

0> 50+Mi—(1+5)ZaU}U,

j=1
which contradicts (4.1). Hence U = 0, and the proof is complete. O

Consider now the case of a saturated equilibrium (z*,u*) # 0 of (1.1) with
r* € 9(R%). By reordering the variables, write x* = (zf,...,5,0,...,0) with
xf >0 for 1 <i < p, where 1 < p < n. Here, the attractivity of (z*,u*) means the
extinction of the populations z;(t), p+1 < j < n, while the first p populations z;(¢)
stabilize with time at the ‘saturated’ value z;. For this situation, the next result
improves theorem 3.8. Its statement includes theorems 3.8 and 4.1 as particular

cases.

THEOREM 4.2. Assume that M is a P-matriz, let (x*,u*) be the saturated equi-
librium of (1.1) and suppose that z* = (x3,...,25,0,...,0) (0 < p < n). Write

b p’
n1 =p, ng =n —p and the matrices A = [a;;], |A] = [|ai;[] and A~ = [a;;] in the
form
Ay AlQ] [|A11 A12|] - {Aﬁ Afz}
A= 5 Al = ) AT = — —|»
{Am /5% Rl [ VISRV Agy g,
where Ay, |Ari|, Ay, are ng X ng matrices for k,1 =1,2. Define also
- . d d
My = diag (,ul 1 — Cpp) —[Anl,
€1 €p
Mo, = diag(ppri, - -y fin) — Ass.
If the matriz R
- M —A12]
M= - 4.2
[—A21| M22 ( )

is an M-matriz, then (x*,u*) is a global attractor for the solutions (z(t),u(t))

of (1.1), (1.2).

Proof. The cases p = n and p = 0 were treated in theorems 3.8 and 4.1, respectively.
Now, consider 0 < p < n. Again, the proof follows along the lines of the proof of
theorem 3.8, so some details are omitted.

Assume that M is an M-matrix. Choose an arbitrarily small §, > 0. Since
ool + Misa non-singular M-matrix, there is a positive vector n such that (5o I, +
M)n > 0. After a scaling x; — Z; = ni_lxi, u; > U = ni_lui, 1 <i<n,and
dropping the bars for the sake of simplicity, we may suppose that n = (1,...,1).
Choose ¢ > 0 small and ¢ satisfying (g1)—(g3) and (2.2), with

d; -
otm=eig > (4D Y eyl 1<i<m (43)
ny n
50+u,»>(1+6)<2|aij|+ > a;j>, n+1<i<n. (4.4)
Jj=1 j=ni+1
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For i > nq, let a; > 0 be such that b; + a; = Z;il aijT; and define a; = 0 for

1 < i < ny. We now effect the changes y;(t) = x;(t) — zF, vi(t) = u;(t) — u} for

1 < i < n, so we keep y;(t) = x;(t), v;(t) = u;(t) for ny + 1 < i < n. Together
with (3.14), we obtain
yi(t) = —(ui(t) + 2])Hi(t), 1<i<nm,

where now
n o
Hilt) = i+ () + 3 iy / Koy (s)yy(t — 5) ds
=1 70

o0
+ ci/ Gi(s)vi(t—s)ds, 1<i<n. (4.5)
0
Define I; and L; as in (3.15) and recall that 0 < —I; < L; for ¢ > ny. Set
I = maxi<i<n, i, L = maxigign Li- We need to prove that U := max(l, L) = 0.

For any € > 0 small, if ¢ > 0 is sufficiently large, we have

< agj|(max(l;, L) +¢), 1<, j<mn,

aij/ Kij(s)y;(t —s)ds
0

/ Kij(s)y;(t — s)ds 2 —a;;(L; + ), n+1<j<n
0

Suppose that U > 0. If U = L; or U = I; for some i € {1,...,n;1}, we choose
a sequence t — oo with yi(tx) — 0, yi(tx) — L4, respectively y;(tx) — —I;, and
(Yt V1) = (,0) € BC C UCy as k — oo. If U = I; > 0 for some i € {1,...,n1}
and y;(t) is eventually monotone, we proceed as in the proof of theorem 3.8 and
easily get a contradiction. Otherwise, (t;) may be chosen such that H;(t;) = 0.
We argue as in the proof of theorem 3.8 and obtain the estimates (3.21), respec-
tively (3.23) (where now we suppose that n; =1 for all j). As in (3.18), we obtain
v = limg_, fooo Gi(S)Ui(tk — S) ds > —diLi/ei if yz(tk) — L, and v < dllz/el if
yi(tx) — —l;, so we may suppose that o > 0 in (4.3) and (4.4) was chosen such
that ¢;v/L; > —c;d;/e; + do, respectively c¢;v/l; < ¢;d;/e; — do. By taking limits
k — oo, g9 — 0", we derive

0> (Mi - (1+5>Z|aij|>U+CiVa

Jj=1

in contradiction to (4.3).
If U = L; for some i € {ny +1,...,n}, we choose a sequence t; — oo with
yi(te) = L, yi(tr) — 0, proceed as above and obtain

n

0><ai+ui—(1+§)2|aij—(1—1—5) Z aij)U—i—ciu7 (4.6)

j=1 j=ni1+1

where now 0 < ¢;(—s) < U, ¢;(0) = U > 0, and thus d; [~ e “*¢;(—s)ds > 0,
which implies that v := limg_, fooo G;i(s)vi(tgy — s)ds > 0. The above estimate,
therefore, contradicts (4.4). O
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For equilibria on the boundary of R, and depending on the sizes and signs of
coefficients b;, one might be able to shghtly improve the conditions in theorem 4.2.

THEOREM 4.3. Assume that M is a P-matriz, let (x*,u*) be the saturated equilib-
rium of (1.1), and suppose that z* = (7,...,25,0,...,0) (1 <p <n). As well as
the notation in the statement of theorem 4.2, we further define Ag1 = [a;4], where

a; b —&—Za”]\ ,

aij = i=p+1,....,n, j=1,...,p. (4.7)
lai;| if b; —&—Za”xj >0,
Jj=1
If K
> M —|A12|}
M= - 4.8
[_-’421 M22 ( )

is an M-matriz, then (z*,u*) is a global attractor for the solutions (x(t),u(t))
of (1.1), (1.2). In particular, if Aoy 2 0, b; < 0 forp < i < n, and Mi; and
M5, are M-matrices, then (z*,u*) is globally attractive.

Proof. Set p=mn1, n—p=na, y;(t) = x;(t) — xF, v;(t) = u;(t) —uf for 1 <i < n.
For each ¢ > nq, the function H,(t) in (4.5) is given by

Hi(t) = i + () 2/ Ky (s)y (¢ — ) ds

+ Z azg/ sz yjt_s dS"‘Cz/ G Ult—s)

j=ni1+1

S ahe () X o [ Kitslle=s)ds

=1

—|—cl/ Gi(s)v;(t — s)ds
(b +Za1] ]) -I-,qul Zam/ KZ] y] t—S)d

+ Ci/o Gi(s)vi(t — s)ds. (4.9)

For each ¢ > ni, we can use the arguments in the above proof with the right-hand
side of (4.5) replaced by the above estimate if (b; +>_71, a;;27) < 0.
Now, if As; > 0 and b; < 0 for p < i < n, the matri% in (4.8) becomes

~ My —]Ag
M‘[ 0 My |’

which is an M-matrix if and only if M;; and My, are M-matrices. O

In applications, the following corollary is also useful.
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COROLLARY 4.4. Assume that M is a P-matriz, let (z*,u*) be the unique saturated
equilibrium of (1.1), and let h;: [0,00) — R be continuous functions with h;(t) — 0
ast — oo (1 < i < n). Under the assumptions of theorems 3.8, 4.2 or 4.3, all
solutions (x(t),u(t)) of

21(0) = i) (b = st
- é%‘ /OOO Kij(s)z;(t —s)ds
—¢ /OOO Gi(s)u;(t —s)ds — hi(t)),

ul(t) = —eju;(t) + dixi(t),

with initial conditions (1.2) satisfy (x(t),u(t)) — (z*,u*) as t — oo.

i=1,2,....,n (4.10)

Proof. The result follows by repeating the above proofs with H;(¢) in (3.19), (4.5)
or (4.9) replaced by H;(t) := H;(t) + hi(t), i =1,...,n. O

EXAMPLE 4.5. We introduce a delayed control in the single population model pro-
posed by Volterra and studied by Miller [18]:

() =0 a0~ [ ste=atas— [Cot—omnas) |
u'(t) = —eu(t) + dx(t),

where ¢ = 0 or ¢ = —o0, a,b,d,e > 0, the memory functions f: [0,00) — R,
g: [0,00) = [0,00) are continuous and in L'[0,00) and g(0) > 0. For ¢ = —oo0,
(4.11) is the autonomous system

2/ (t) = x(t) (a—bx / f(s)z(t—s ds—/Ooog(s)u(t—s)ds)7

u'(t) = —eu(t) + dz(t),
whereas for ¢ = 0 (4.11) takes the form

2/ (t) = z(t) (a—bx / f(s)z(t—s ds—/(jg(s)u(t—s)ds),

u'(t) = —eu(t) + dz(t).

From theorem 3.8 (see also remark 3.9) and corollary 4.4, if b > (d/e) [, g(s) ds +
Jo 7 £ ()| ds, then, for any positive solution (J;(t) u(t)) of (4. 11) with elther c=0
or ¢ = —oo, we have z(t) — * = a[b+ (d/e) [~ g(s)ds+ [}~ f(s)ds] ™ as t — occ.

When a predator—prey system of the form (1.1) is considered, the next result
provides less restrictive sufficient conditions for the extinction of all the predator
populations.

THEOREM 4.6. Assume that M is a P-matriz, let ( ,u*) be the saturated equi-

librium of (1.1), and suppose that z* = (27,...,7;,,0,...,0) (1 < p < n). With
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the notation of theorem 4.2, assume that Aip >0, Az <0. If Mll, M3, are
M-matrices, then (x*,u*) is a global attractor for the solutions (x(t),u(t)) of sys-
tem (1.1), (1.2).

Proof. Write ny = p, no = n — p. Let (x(¢),u(t)) be a positive solution of (1.1),
and set y;(t) = x;(t) — zF, vi(t) = ui(t) —uf for 1 < ¢ < ny, and y; () = z;(t),

19

vi(t) = u;(t) for mg +1 < i < n.
CLAIM 4.7. limsup,_, o z;(t) <z} fori=1,...,n.

With Aj5 > 0, together with (3.14), we get
ni [o'e)

Yt) < —(a(t) + 2) (uiyxt) =3 / Ky () (£ — ) ds
j=1

+ ¢ /000 Gi(s)vi(t — s) ds)

for i = 1,2,...,n;. Fix any §; > 0 small. With M1 an M-matrix, and after a
scaling of the variables, we may suppose that (8o, + Mi1)n > 0 for the positive
vector n = (1,...,1) € R™. Define L; = limsup,_, . ¥:(t), U = maxigi<n, L;- We
need to prove that U < 0.

Suppose that U > 0. As for the estimate (3.20), for any € > 0 the definition of
U implies that [;~ K;;(s)y;(t —s)ds < (U +¢) for t > 0 large and j = 1,...,ny.
Applying the proof of theorem 3.8, it is clear that we shall get a contradiction, as
in (3.22).

CLam 4.8. limsup, ., [;° Kij(s)y;(t —s)ds <0 for j=1,...,n1,i=1,...,n.
Fix j e {1,...,m}, i € {1,...,n} and § > 0. Since y,;(t) is uniformly bounded
in R, there is T} > 0 such that fTolo K;;j(s)|y;(t — s)|ds < §/2. From claim 4.7,

limsup,_, . y;(t) < 0, and hence there is 75 > T} such that y;(t) < §/2 for each
t > Ty. Thus, for t > 275, we have

[ee) T
/ Kij(s)y;(t —s)ds < Kij(s)y;(t —s)ds +6/2 < 4.
0 0

This proves claim 4.8
Cram 4.9. limy oo z;(t) =0 fori=ny +1,...,n.

For each ¢ € {ny + 1,...,n}, we only need to prove that limsup,_, . z;(t) < 0.
Together with the equations u}(t) = —e;z;(t) + d;u;(t), we now obtain

i(t) = w4(t) (bi — pizi(t) — Z ij /0OC Kij(s)z;(t — s)ds
=1

e /Ooo Gi(s)uslt — s)ds)
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< l‘z(t) (ﬁz — /.Lil‘i(t) — Z Qi /OOO Kij(s)xj(t — S) ds

j=n1+1
— ¢ /000 Gi(s)u;(t —s)ds — hi(t)>,

where 3; := b; — ;L;l a;;xy < 0 (by the definition of a saturated equilibrium) and

hi(t)zzaijA Kij(S)yj(t—S>dS, t=n1+1,...,n.
j=1

From claim 4.8, and since Ag; < 0, we have limsup,_, . (—h;(t)) < 0 for ¢ =
ny+1,...,n. From corollary 4.4 (see also the proof of theorem 4.2), the hypothesis
that M, is an M-matrix implies claim 4.9.

CLAM 4.10. limy_, o0 z;(t) = xf, limy oo ui(t) = uf fori=1,...,n.

We write

90 = ~G0) +.20) () 4 Sy [ Koglohple = )
=1 70
o0 i=1,2,...,m1,
+ ci/ Gi(s)vi(t — s)ds + hi(t)>,
0
vi(t) = —evi(t) + diyi(t),
where now
hi(t)z Z aij/ Kij(S).ﬁj(t—S)dS, i=1,...,n1.
j=ni+1 0

Applying the same arguments as those used in the proof of claim 4.8, where now we
use claim 4.9 instead of claim 4.7, we get lim;_, oo hi(t) = 0, 1 < ¢ < ng. Claim 4.10
again follows from corollary 4.4. O

It is straightforward to apply the above results to uncontrolled systems (3.1),
which, in the case of saturated equilibria on J(R"} ), lead to better criteria than the
ones in [5], as stated below.

COROLLARY 4.11. Assume that My is a P-matriz, let x* be the saturated equilib-

rium of (3.1), and suppose that x* = (x7,...,25,0,...,0) (1 < p < n). With the

same notation as that used in the statement of theorem 4.2, define also

~ MO 11 —|A12]
Mg = ’ _ ,
’ [-’421 M0,22

where
Mo1 = diag(pr, .. pp) = [A11], Mg og = diag(ppt1, .-+ fin) — Agy

and Agy = [a;] is given by (4.7). If Mo is a non-singular M-matriz, then &* is a
global attractor for all positive solutions x(t) of (3.1). Moreover, if either (i) Aay >
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0, b; <0 forp <i<mn, or (it) Aig 2 0, As; < 0, and ./\;10711 and Mg 55 are
non-singular M-matrices, then x* is a global attractor for the positive solutions

of (3.1).

5. The two-species Lotka—Volterra system

As an application of the results in the previous sections, we now analyse with some
attention the dynamics for a planar controlled Lotka—Volterra system with delays,
without any special constraints on the signs of the Malthusian coefficients b; and
intra- and inter-specific coefficients a;;. For the sake of simplicity, we consider a
planar system (1.1) with discrete delays, but the analysis below can be performed
for infinite distributed delays as well.

Consider the system

2y (t) = 21 (t) (b — 1 (t) — an@r (t — 711) — ar222(t — 712) — Qua (t)
—ciur(t — o)),

Ul(t) = —elul(t) + dlxl(t), (51)

ah(t) = za(t)(ba — powa(t) — azi@1(t — T21) — agewa(t — T22) — Hua(t)

— CéUQ(t — 02)),

U/Q(t) = —€2u2(t) + dgl‘g(t),
where 1, ¢2, d;, e; are positive constants, ¢} > 0, bi,a;; €ER, 75,0 2 0,4,5 =1,2.
Define ¢; = 0 + ¢}, i = 1,2. With the above notation, the community matrix is

-
_ |Artan 012 ) Where)\izuiﬁ-Cll,iZLQ-

M
a1 A2 +ag €;

In what follows, we suppose, in addition, that M is a P-matrix, i.e.
det M >0 and X\, +a; >0,i=1,2. (52)

There are three possible equilibria on the boundary of Ri: the trivial equilibrium
Ey = (O, 0, 0,0), E = (bl/()q + an), bldl/((Al + (111)61), 0,0) if by > 0, and Fy =
(0,0,b2/ (A2 + ag2),bada/((A2 + age)es)) if by > 0. There is a positive equilibrium
E* = (xf,uf, x5, u}), where

« _ b1(Ao 4 azo) — aiabs .
r] = y Ty = )

ba(A1 + a11) — az1hr

det M det M
d; .
uy = —x;, i=12
€1
if and only if
by ()\2 + a22) > a12b2, bg()\l + a11) > ao1by. (53)

As already observed, the trivial equilibrium is saturated if and only if by, by < 0.
In this case, 0 is globally attractive if y;—a;; > 0 (¢ = 1,2) and (p1—aj;) (pe—ayy) >
a1505;- If b; > 0, then E; is an equilibrium on the boundary of the positive cone,
i=1,2.
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Next we give a detailed analysis of the absolute stability, and lack of it, for the
case of by, by positive. The case by < 0 < by will be studied afterwards.

Let b1,b2 > 0, so that the equilibria Fy, E1, Fs always exist, with Ej unstable.
At least one of the conditions in (5.3) is satisfied; otherwise, we get a12bs > b1 (A2 +
az) > 0, aziby = ba(A1 + ai1) > 0 and [(A1 + a11)(A2 + a22) — arpaz]biby =
b1by det M < 0, which is not possible.

We now study the stability of Ey. Clearly, a similar analysis can be performed
for E». The characteristic equation for the linearized equation about the equilibrium
E, = (X1,(dy/e1)X1,0,0) is given by

det A(N) =0 for A(\) = AL + {N(()A) E((JA)} -
(I, is the n x n identity matrix), where X7 = b1 /(A + a11) and
_ [Xalm +ane ) Xi(cf + cje ) o Xia12e72M2 0
N(A) = —d e . B = | ol
C— [_(52—@1){1) O} .
_d2 €9

If b2(>\1 + an) > azlbl, then by — a01 X7 > 0 and FEy is unstable. If bZ()\l + an) <
a21b1, the matrix —C is stable, and therefore F; is the unique saturated equilibrium.
In fact, in this situation, there is no positive equilibrium, but, as already observed,
the condition by (Mg + age) > a12by must hold, and from a dual analysis we would
conclude that Es is unstable.

When E; is the unique saturated equilibrium, conditions (5.2) are not, however,
sufficient to conclude that F; is a global attractor of all positive solutions for all
sizes of the delays 711, o1. In fact, the characteristic roots of (5.4) are A = —ey < 0,
A = by — a1 X7 < 0 and the solutions of h(\) = 0, where

h(A) = P(\) + e 21 Q(\) + X dicle (5.5)
with P(/\) =\ 4+ )\(61 + Xllil) + Xl(ulel + dlc(l)), Q()\) = alle()\ + 61). The
equation h(\) = 0 is the characteristic equation for the system

1./
u/

(1) = = Xilpma(t) + anz(t = ) + u(t) + clult — 1),
(t) = — leru(t) — dyz(t)). } (5.6)

With 711,01 = 0, the solutions A of h(\) are the eigenvalues of the matrix

~N(0) = — Xi(p1 +an) chl] ’

—dy el

which has det(—N(0)) = X1 (A1 +a11)er > 0 (from (5.2)) and trace Tp := — X1 (p1 +
ay) —ey. If Ty < 0, then FE; is stable as an equilibrium of (5.6) with 711,01 = 0,
otherwise, F is unstable. It is particularly difficult to study a second-order charac-
teristic equation with two delays such as (5.5) (see, for example, [2,26] and references
therein). For instance, fixing o1 = 0, the following situations are possible: either
(5.6) is stable for all 7 > 0, or its stability changes once or at most a finite number
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of times as 717 increases and it eventually becomes unstable [4]. In the latter case,
there is 7 > 0 such that, for 71 > 7%, although FE; is saturated, it also becomes
unstable as a solution to (5.1). Now, assume that p; — |ai1| — ¢1(di/e1) = 0. The
trace Ty of —N(0), then, is always negative, and hence E; is asymptotically stable
for (5.6) with 711,01 = 0. Moreover, the matrix

N(0) = Xl(ﬂ1;1|a11|) —);161

has detN(O) = Xlel(ul — |a11| - cl(dl/el)) 2 0 and has trace T() = Xl(,Ll,l —
la11|) + e > 0, and hence N(0) is an M-matrix [8]. By [6], it follows that (5.6)
is exponentially stable for all delays 711,01 > 0. By theorem 4.2, F; is the global
attractor of all positive solutions of (5.1) if

|a | 4 a2

~ —la11| — 1 — —la

M = M1 11 1 ) 12
—as 2 — Qgg

is an M-matrix, or, in other words,

dq _
N1—|a11|—01;>0, 2 — Qgy = 0,
! (5.7)
di _
<M1 —lan|— Cle> (H2 — agy) = |aiz|az:.
1

Assume now that (5.3) holds, so that the positive equilibrium E* exists. For the
linearized equation about E*, written as

X'(t) = —[DX(t) + L(X4)],
where D = diag(z7pu1,e1, x5z, e2), the characteristic equation is given by
det A(\) := A, + D + L(eM14) =0,

and similar computations to the ones above lead to

: Ni(A) El()‘)]
D+ L(eMIy) = ; 5.8
@= |50 xo 63
where

o} (i + age ™)z () + clem

\ =12, 4.
zra; e~

E’L()\) = |: ! jO O:| )

One can easily check that det A(0) = det(D + L(I4)) = xjz5eiea det M, and thus
det A(0) > 0 since M is a P-matrix. As for the study of the stability of Fj, even
if E* is asymptotically stable for the corresponding ODE system obtained by taking
all the delays equal to 0 in (5.1), the positive equilibrium E* of (5.1) might become
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unstable as the delays increase. In fact, by letting c1,c2 — 07, from (5.8) we obtain
det A(N) = (A + e1)(A + e2)h(A), where now

h(\) = A+ 2} (g1 + agre™ ) riarge” A
o QZ;CL21€7)\7—21 A+ 1‘; (‘UJQ + aQQe’)‘T”) '
Choosing, for example, 7;; = 0 (i = 1,2) and a2 = 1, as; = —1, one can see that

it is possible to choose the other coefficients in such a way that (u1 + ai1)zf =
(2 + agz)xy =: b and xixh =: ¢ > b2, Then, h(\) = (A + )% + ce M712H721) " which
has roots £ivc — b2 if 7 1= 715 + 721 = T, Where

20/ ¢ — b?

Tn € (0,7) + 2n7, tan(r,Vc—b?) = o

n=20,1,2,....

In particular, for 7 > 79 and close to 79, there is a pair of characteristic roots with
positive real parts, and thus the equilibrium becomes unstable. Moreover, (5.1) has

a sequence of Hopf bifurcations at 7 = 7,,, n = 0,1,2,... [24]. However, if
1
R p1 —lan| — e — —laiz]
— €1
= d
—|azi| p2 — |age| — c2—
€2

is an M-matrix, we have the conditions

1% a Cc M a C Z 412021,
1 11 1 L 2 22 2 5 12421 ( . )

pi — laii| — cidie; 20, i=1,2,

and from theorem 3.8 we conclude that the positive equilibrium E* is globally
attractive for all sizes of delays 75, 0;.

As an application of the use of the controls, in the example below we change the
position of the globally attractive equilibrium from the boundary to the interior
of Ri, recovering one of the species otherwise condemned to extinction.

EXAMPLE 5.1. Consider the following uncontrolled system with n = 2 and, for
example, by =1, by = &, iy = p2 = 1, a1y = agy = a1 = 3, a1z = §:
2y (t) =z () (1 — 21 (t) — 321 (t — 711) — §22(t — T12)),
- )

ah(t) = 2o (t)(5 — w2(t) — 321(t — T21) — Sa2(t — T22)).

With the above notation, we have
R 11
) MO = 21 lS .
T2 2

The saturated equilibrium is (X7,0) = (2,0). Furthermore, det My > 0 and My is
a non-singular M-matrix, hence, from [5], we derive that (X7,0) is GAS. We now
introduce the controls in order to recover the x4 (t) population that otherwise would
become extinct with time. Clearly, for any choice of positive coefficients ¢;, d;, e;,

=
—
N[ pJw
N[0 00]—
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i = 1,2, conditions (5.3) hold, and therefore the controlled system (5.1) with the
above coefficients has a positive equilibrium E*. Now, if we choose, for example,
a; = ci(d;/e;) < %, 1= 1,2, we have that

is an M-matrix. Invoking theorem 3.8, we get that E* is a global attractor of all
positive solutions.

Now, suppose that by < 0 < by and ag; > 0. Clearly, (5.3) fails to be true, E
is the saturated equilibrium, and, by theorem 4.3, F; is a global attractor of all
positive solutions of (5.1) if

d _
H1 — |a11| — Cl;i 2 0, H2 — Qoo 2 0. (510)

Next, consider a typical predator—prey system such as (5.1), where by < 0 < by
and a12 > 0, az; < 0. In the absence of the positive equilibrium, which amounts
to having ba (A1 + a11) < a21b1, Eq is the saturated equilibrium. Now, using theo-
rem 4.6, if (5.10) is satisfied, then again E} is a global attractor. In this framework,
we again illustrate how the controls can be used to change the position of a globally
attractive saturated equilibrium.

EXAMPLE 5.2. For the particular case of by = 1, by = f%, w1 = pe =1, a1 =
Aoy = %, a12 = 3, G231 = —2, we obtain the predator—prey system without controls

&
(t) = 21 ()1 = 21(t) = 321(t = 71) — 572t — T12)),
() = w2(t)(=F — w2(t) + 221(t — 721) — G22(t — 722)),

with community matrix

/

T x
!/

Ty x

3 1
-4 4]
-2 3
For this system, (z7,z3) = (%, %) is the positive equilibrium. Moreover, since
det My > 0 and
1 1
Mo _ [ 2 18:|
-2 1

is an M-matrix, from [5] it follows that (z7,z3) is globally attractive. We now
introduce the controls, in order to drive the predators to extinction. For the above
chosen coefficients, ba(p1 + a11 + c1(di/e1)) < az1by if and only if ¢1(dy/er) >
&, in which case E1 = (1/(2 + ci(di/e1)),drer/(3e1 + c1dy),0,0) is the satu-
rated equilibrium. If we now choose 15 < c1(di/e1) < 3, theorem 4.6 yields that
1 — |ai1| — c1(dy/e1) = 0, and thus F is a global attractor of all positive solutions.

We summarize the above global asymptotic behaviour results as follows.
PROPOSITION 5.3. Consider the system (5.1) and assume that (5.2) holds.

(i) If by, b2 < 0, then 0 is the saturated equilibrium; in this case, 0 is globally
attractive if p; —a; >0 (1 =1,2) and (u1 — ajy) (e — agp) = ajp05; -
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If (5.3) holds, there exists a positive equilibrium that is GAS under the addi-
tional conditions (5.9).

If by, by > 0 and ba(A1 +a11) < ag1b1, then Ey is the saturated equilibrium; in
this case, Ey is a global attractor of all positive solutions if conditions (5.7)
are satisfied.

If by <0 < by and either (a) az; = 0 or (b) a12 > 0, ag; <0, ba(A1 +a11) <
az1b1, then Ey is the saturated equilibrium; in this case, F1 is a global attractor
of all positive solutions if conditions (5.10) are satisfied.
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