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Abstract

We consider subgraph counts in general preferential attachment models with power-
law degree exponent t > 2. For all subgraphs H, we find the scaling of the expected
number of subgraphs as a power of the number of vertices. We prove our results on
the expected number of subgraphs by defining an optimization problem that finds the
optimal subgraph structure in terms of the indices of the vertices that together span it and
by using the representation of the preferential attachment model as a P6lya urn model.
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1. Introduction

The degree distribution of many real-world networks can be approximated by a power-law
distribution [12],[30], where, for most networks, the degree exponent t was found to be be-
tween 2 and 3, so that the degree distribution has infinite variance. Another important property
of networks are subgraph counts, also referred to as motif counts. In many real-world networks,
several subgraphs were found to appear more frequently than other subgraphs [19]. Which type
of subgraph appears most frequently varies for different networks, and the most frequently
occurring subgraphs are believed to be correlated with the function of the network [19], [20],
[32]. The triangle is the most studied subgraph, allowing for the computation of the clustering
coefficient of the network, which expresses the fraction of connected neighbors of a vertex.

To investigate which subgraphs occur more frequently than expected in a given network,
the subgraph count in a given network is usually compared to the subgraph count in a random
graph null model [13], [18], [20], [21]. Several random graph models could potentially serve
as null models. In practice, the null model is frequently obtained by randomly switching edges
while preserving the degrees. This model, however, is not mathematically tractable for v < 3,
so that it requires simulations to estimate the subgraph count in such networks [17], [31].

Several other null models for simple, scale-free networks exist, such as the configuration
model [5], the rank-1 inhomogeneous random graph [4], [9], the preferential attachment
model, [2] or hyperbolic random graphs [16]. When the degree exponent satisfies T < 3,
the configuration model results in a network with many multiple edges and self-loops [28,
Chapter 7], so that it is not a null model for simple networks anymore. A possible solution is
to merge all multiple edges of the configuration model, and consider the erased configuration
model instead [8]. This model is mathematically tractable, and subgraph counts for this model
were derived in [29].
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In this paper, we analyze subgraph counts for a different random graph null model, the
preferential attachment model. The preferential attachment model was first introduced by
Albert and Barabdsi [1], [2]. In their original work, they described a growing random graph
model where a new vertex appears at each time step. The new vertex connects with a fixed
number of existing vertices chosen with probability proportional to the degrees. This original
Albert—Barabdsi model has been generalized over the last years, generating the broad class of
random graphs called preferential attachment models (PAMs).

The original Albert—Barabdsi model is known to produce a power-law degree distribution
with 7 =3 [2]. Often, a modification is considered, where edges are attached to vertices
with probability proportional to the degree plus a constant §. The constant § allows us to
obtain different values for the power-law exponent t. For § =0, we retrieve the original
Albert—Barabdasi model.

The PAM can also be extended to the case where new vertices come into the graph with a
number m > 1 of edges, each attached to an existing vertex (or also to the new vertex itself)
[31, [15], [28]. In the present paper we focus on the case where m is fixed, and our results hold
for any value of § > —m. Taking § € (—m, 0) results in T € (2, 3), as observed in many real-
world networks. An important difference between the preferential attachment model and most
other random graph null models is that edges can be interpreted as directed. Thus, it allows us
to study directed subgraphs. This is a major advantage of the PAM over other random graph
null models, since most real-world network subgraphs in, for example, biological networks are
directed as well [20], [25].

1.1. Literature on subgraphs in PAMs

We now briefly summarize existing results on specific subgraph counts in PAMs. The
triangle is the most studied subgraph, allowing us to investigate clustering in the PAM.
Bollobds and Riordan [6] proved that, for any integer-valued function 7'(7), there exists a PAM
with 7'(¢) triangles, where ¢ denotes the number of vertices in the PAM. They further showed
that the clustering coefficient in the Albert-Barabdsi model is of order (logr)?/t, while the
expected number of triangles is of order (log £)* and, more generally, the expected number of
cycles of length / scales as (log 7).

Eggmann and Noble [11] considered § > 0, so that T > 3 and investigated the number of
subgraphs for m =1 (so subtrees), and, for m > 2, they studied the number of triangles and
the clustering coefficient. They observed that the expected number of triangles is of order
log ¢, while the clustering coefficient is of order log /¢, which is different than the results
in [6]. Our result on general subgraphs for any value of § in Theorem 1 explains this difference
(in particular, we refer the reader to (3)).

In a series of papers [22], [23], [24] Prokhorenkova et al. proved results on the clustering
coefficient and the number of triangles for a broad class of PAMs, assuming general properties
on the attachment probabilities. These attachment probabilities are in a form that increases the
probability of creating a triangle. In this setting the number of triangles is of order ¢, while the
clustering coefficients behave differently depending on the exact attachment probabilities.

1.2. Our contribution

For every directed subgraph, we obtain the scaling of the expected number of such
subgraphs in the PAM, generalizing the above results on triangles, cycles, and subtrees.
Furthermore, we identify the most likely degrees of vertices participating in such subgraphs,
which shows that subgraphs in the PAM are typically formed between vertices with degrees of
a specific order of magnitude. The order of magnitude of these degrees can be found using an
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optimization problem. For general subgraphs, our results provide the scaling of the expected
number of such subgraphs in the network size z. For the triangle subgraph, we obtain precise
asymptotic results on the subgraph count, which allows us to study clustering in the PAM.

We use the interpretation of the PAM as a P6lya urn graph. This interpretation allows to
view the edges as being present independently, so that we are able to obtain the probability
that a subgraph H is present on a specific set of vertices.

1.3. Organization of the paper

We first define the specific PAM we study and explain its interpretation as a Pélya urn graph
in Section 2. After that, we present our result on the scaling of the number of subgraphs in the
PAM and the exact asymptotics on the number of triangles in Section 3. Section 4 then provides
an important ingredient for the proof of the scaling of the expected number of subgraphs: a
lemma that describes the probability that a specific subgraph is present on a subset of vertices.
After that, we prove our main results in Section 5 and Section 6. Finally, in Section 8 we give
conclusions and a discussion of our results.

2. Definitions

In this section, we define the specific PAM we study. Then, we give the definition of a Pélya
urn graph in Section 2.2, and we specify how we count subgraphs in Section 2.3.

2.1. PAM
As mentioned in Section 1, different versions of PAMs exist. Here we define the specific
PAM we consider, which is a modification of [3, Model 3].

Definition 1. (Sequential PAM.) Fix m € N> 2,6 > —m. Then (PA;(m, §));eN is a sequence of
random graphs defined as follows.

e Fort=1, PA|(m, §) consists of a single vertex with no edges.
e For t =2, PA>(m, §) consists of two vertices with m edges between them.

e For 1> 3, PA;(m, §) is constructed recursively as follows. Conditioning on the graph at
time ¢t — 1, we add a vertex ¢ to the graph, with m new edges. Edges start from vertex
tand, for j=1, ..., m, they are attached sequentially to vertices E; 1, ..., E; » chosen
with probability

Di(t—1)+$6
2m(t —2)+ (t —1)6
Di(t—1,j—1)+6
2m(t—2)+(G -1+ (—1)

ifj=1,
P(Ej=i | PAj—1j-1(m, 8)) = ()

ifj=2,....m.

In (1) PA;—1 ;1 denotes the graph of size ¢ after the first j — 1 edges of vertex 7 have been
attached. Furthermore, D;(f — 1) denotes the degree of i in PA;_1(m, §), while D;(t — 1,j— 1)
denotes the degree of vertex i in PA;_1 j_;. We assume that PA,_; o =PA,_;.

To keep the notation light, we write PA; instead of PA;(m, §) throughout the rest of the
paper. The first term in the denominator of (1) describes the total degree of the first r — 1
vertices in PA;_1 ;1 when ¢ — 1 vertices are present and j — 1 edges have been attached. The
term (¢ — 1)§ in the denominator comes from the fact that there are t — 1 vertices to which an
edge can attach. Note that we do not allow for self-loops, but we do allow for multiple edges.
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The PAM of Definition 1 is a graph with no self-loops, but possibly with multiple edges. In
this setting, new edges are added sequentially one by one, with intermediate updates of degrees
in the attachment probabilities as in (1). Several other possible definitions of PAMs exist. For
example, we can allow edges to be attached to their original vertex, thus generating self-loops,
or we can force the edges to be attached to distinct vertices, in order to prevent the formation
of multiple edges (for example, [3, Model 2]). We can also attach the m edges independently
of each other, without intermediate degree update, as in [3, Model 1].

All these models have in common the fact that edges choose the vertex to be attached to
according to probabilities of the from (1), where in the numerator the degree of the vertex, &,
appears as an argument of an affine function f(k) = k + §. For this reason, these models are
called affine PAMs. The parameter § determines the initial attractiveness of vertices when they
have degree 0, or, equivalently, the prominence of the effect of high degrees in the attachment
probabilities. When § — oo, this creates a PAM where edges are attached uniformly (i.e. the
degrees are no more relevant). For a list of affine PAMs, with differences and similarities
explained, we refer the reader to [14, Chapter 4, Section 3] and the references therein.

Affine PAMs, for fixed meN and § > —m, are known to generate graphs where the
asymptotic degree sequence is close to a power law [27, Lemma 4.7], where the degree
exponent 7 satisfies t =3 + §/m.

2.2. PAMs as Polya urn graphs

As mentioned, our results are based on the Pdlya urn interpretation of PAMs. We now
explain this interpretation in more detail. An urn scheme consists of an urn, with blue balls and
red balls. At every time step, we draw a ball from the urn and we replace it by two balls of the
same color. We start with By = bg blue balls and Ry = r( red balls. We consider two weight
functions,

Wyk)=ap+k and W.(k)=a,+k.

Conditionally on the number of blue balls B, and red balls R, at time n + 1 the probability of
drawing a blue ball is equal to
Wy(By)
Wi(By) + Wi (Ry) .
The evolution of the number of balls ((B,, R;))uen obeys [27, Theorem 4.2]

P(Bp = Bo + k) =E[PBin(n, ¥) =k | ¥)],

where ¢ has a beta distribution with parameters By + a, and Ry + a,. In other words, the
number of blue balls (equivalently, of red balls) is given by a binomial distribution with a
random probability of success ¥ (equivalently, 1 — ). Sometimes we call the random variable
Y the intensity or strength of the blue balls in the urn. We can also see the urn process as two
different urns, one containing only blue balls and the other only red balls, and we choose a urn
proportionally to the number of balls in the urns. In this case, the result is the same, but we can
say that ¥ is the strength of the blue balls urn and 1 — ¥ is the strength of the red balls urn.

The sequential model PA; can be interpreted as an experiment with ¢ urns, where the number
of balls in each urn represents the degree of a vertex in the graph. First, we introduce a random
graph model.

Definition 2. (Polya urn graph.) Fix m > 1 and 6 > —m. Let t € N be the size of the graph. Let
Y1 =1, and consider i, . .., ¥; independent random variables, where

Vi = Beta(m + 8, m(2k — 3) + (k — 1)8).
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FIGURE 1: Two labeled triangles.

Define .
t
gi=v; [ O=vd.  S=)_¢  Lk=I[S15%. )
i=j+1 j=1
Conditioning on vy, ..., ¥, let {Ukyj}szlz”' """" " be independent random variables, with Uy

uniformly distributed on [0, Sx—1]. Then, the corresponding Pélya urn graph PU; is the graph
of size t where, for u < v, the number of edges between u and v is equal to the number of
variables U, j in I, for j=1, ..., m (multiple edges are allowed).

The two sequences of graphs (PA;);cn and (PU;);en have the same distribution [3, Theorem
2.1], [27, Chapter 4]. The beta distributions in Definition 2 come from the P6lya urn
interpretation of the sequential model, using urns with affine weight functions.

Throughout this paper, we will use the fact that we can interpret the PAM as a Pdlya urn
graph to prove as well as to interpret our results on the number of subgraphs in PAMs.

2.3. Labeled subgraphs

As mentioned before, the PAM in Definition 1 is a multigraph, i.e. any pair of vertices may
be connected by m different edges. One could erase multiple edges in order to obtain a simple
graph, similarly to [8] for the configuration model. In the PAM in Definition 1 there are at
most m edges between any pair of vertices, so that the effect of erasing multiple edges is small,
unlike in the configuration model. We do not erase edges, so that we may count a subgraph
on the same set of vertices multiple times. Not erasing edges has the advantage that we do not
modify the law of the graph; therefore, we can directly use known results on PAM.

More precisely, to count the number of subgraphs, we analyze labeled subgraphs, i.e.
subgraphs where the edges are specified. In Figure 1 we give the example of two labeled
triangles on three vertices u, v, w, one consisting of edges {j,.1,jw.1,jw,3} and the other of
edges {jy.1, jw.2, jw.3}. As it turns out, the probability of two labeled subgraphs being defined
by the same vertices and different edges is independent of the choice of the edges. For a more
precise explanation, we refer the reader to Section 4.1.

Notation. We use ‘—’ for convergence in probability. We say that a sequence of events
(&1)n>1 happens with high probability (w.h.p.) if lim,_. o P(&,) =1. Furthermore, we
write f(n) = o(g(n)) if lim,_,  f(n)/g(n) =0, and f(n) = O(g(n)) if |f(n)|/g(n) is uniformly
bounded, where (g(n)),>1 is nonnegative. We say that X,, = Op(g(n)) for a sequence of random
variables (Xj),>1 if |X,|/g(n) is a tight sequence of random variables, and X,, = oz(g(n)) if
Xn/g(n) 2 0. We further use the notation [k]={1,2,...,k}.
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3. Main results

In this section, we present our results on the number of directed subgraphs in the PAM.
We first define subgraphs in more detail. Let H = (Vy, Ey) be a connected, directed graph.
Letw: Vg 1,...,|Vy| be a one-to-one mapping of the verticesof Hto 1, ..., |Vg|. In the
PAM, vertices arrive one by one. We let w correspond to the order in which the vertices in H
have appeared in the PAM, that is, 7 (i) < 7 (j) if vertex i was created before vertex j. Thus, the
pair (H, m) is a directed graph, together with a prescription of the order in which the vertices
of H have arrived. We call the pair (H, ) an ordered subgraph.

In the PAM, it is only possible for an older vertex to connect to a newer vertex but not
the other way around. This puts constraints on the types of subgraphs that can be formed. We
call the ordered subgraphs that can be formed in the PAM attainable. The following definition
describes all attainable subgraphs.

Definition 3. (Attainable subgraphs.) Let (H, ) be an ordered subgraph where A, (H)
denotes the adjacency matrix of H, such that the rows and columns of the adjacency matrix
of H are permuted by 7. We say that (H, ) is attainable if A, (H) defines a directed acyclic
graph, where all out-degrees are less than or equal to m.

3.1. Scaling of the number of subgraphs

We now investigate how many of these attainable subgraphs are typically present in the
PAM. We introduce the optimization problem

s=0,1,....k

B(H,7)= max —s+ Z [ (d“'”( O d‘““”(fla)))—dﬁ?(n‘%i»}

i=s+1
1,
= — , 3
_max H,--;] B~ (@) 3)

where d};"‘)(i) and d;;")(i) respectively denote the in-degree and out-degree of vertex i in the
subgraph H. Let N,(H, ) denote the number of times the connected graph H with ordering
7 occurs as a subgraph of a PAM of size 7. The following theorem studies the scaling of
the expected number of directed subgraphs in the PAM, and relates it to the optimization
problem (3).

Theorem 1. Let H be a directed subgraph on k vertices with ordering w such that (H, i) is
attainable and there are r different optimizers to (3). Then, there exist 0 < C1 < Cy < 00 such

that
E[N/(H, 7)] . E[N:(H, )]
C| <liminf <lim sup <
=00 fh+BH.T) Jog" L () T 1m0 AHBH.T) Jog L (1)

“

Theorem 1 gives the asymptotic scaling of the number of subgraphs where the order in
which the vertices appeared in the PAM is known. The total number of copies of H for any
ordering, N;(H), can then easily be obtained from Theorem 1.

Corollary 1. Let H be a directed subgraph on k vertices with I1 # @ the set of orderings
such that (H, ) is attainable. Let

mmzm%mmnx 5
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and let r* be the largest number of different optimizers to (3) among all w € T1 that maximize
(5). Then, there exist 0 < C1 < Cy < 0o such that

E[N/(H E[N;(H
Ci < liminf [Ni( *)] <1 [Vi( *)] -
=00 (k+BH) Jog™ 1 (1) T inoo tHHBE) Jog™ ! (1)

Note that, from Corollary 1, it is also possible to obtain the undirected number of subgraphs
in a PAM, by summing the number of all possible directed subgraphs that create some
undirected subgraph when the directions of the edges are removed.

3.1.1. Interpretation of the optimization problem. The optimization problem in (3) has an
intuitive explanation. Assume that 7 is the identity mapping, so that vertex 1 is the oldest
vertex of H, vertex 2 the second oldest, and so on. We show in Section 4.2 that the probability
that an attainable subgraph is present on vertices with indices u; < up < - - - < u; scales as

T7 .

ielk]

with B(i) as in (3). Thus, if, for all i, u; oc 1% for some «;, then the probability that the subgraph
is present scales as 12iett P The number of vertices with index proportional to 1% scales as
t“i. Therefore, heuristically, the number of times subgraph H occurs on vertices with indices
proportional to (#%');c[x) such that oy <ap <--- < o scales as

[Z[e[k] B+

Because the exponent is linear in «;, the exponent is maximized for «; € {0, 1} for all i. Because
of the extra constraint o] <oy <--- <oy which arises from the ordering of the vertices in
the PAM, the maximal value of the exponent is k 4 B(H). This suggests that the number
of subgraphs scales as *tBH) Thus, the optimization problem B(H) finds the most likely
configuration of a subgraph in terms of the indices of the vertices involved. If the optimum
is unique, the number of subgraphs is maximized by subgraphs occurring on one set of very
specific vertex indices. For example, when the maximum contribution is «; = 0, this means
that vertices with constant index, the oldest vertices of the PAM, are most likely to be a
member of subgraph H at position i. When «; =1 is the optimal contribution, vertices with
index proportional to 7, the newest vertices, are most likely to be a member of subgraph H
at position i. When the optimum is not unique, several maximizers contribute equally to the
number of subgraphs, which introduces the extra logarithmic factors in (4).

3.1.2. Most likely degrees. As mentioned above, the optimization problem (3) finds the most
likely orders of magnitude of the indices of the vertices. When the optimum is unique,
the optimum is attained by some vertices of constant index, and some vertices with index
proportional to 7. The vertices of constant index have degrees proportional to /(=1 with high
probability [28], whereas the vertices with index proportional to ¢ have degrees proportional to
a constant. When the optimum is not unique, the indices of the vertices may have any range,
so that the degrees of these vertices in the optimal subgraph structures have degrees ranging
between 1 and ¢!/"=D_ Thus, the optimization problem (3) also finds the optimal subgraph
structure in terms of its degrees. The most likely degrees of all directed connected subgraphs on
three and four vertices resulting from Corollary 1 and the asymptotic number of such subgraphs
for 2 < 7 < 3 are visualized in Figures 2 and 3. For some subgraphs, the optimum of (3) is
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FIGURE 2: Order of magnitude of N,(H) for all attainable connected directed graphs on three vertices and
for 2 < t < 3. The vertex color indicates the optimal vertex degree.
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FIGURE 3: Order of magnitude of N;(H) for all attainable connected directed graphs on four vertices and
for 2 < v < 3. The vertex color indicates the optimal vertex degree.

attained by the same s and therefore the same most likely degrees for all 2 < 7 < 3, while, for
other subgraphs, the optimum may change with 7.

One such example is the complete graph of size four. For the directed complete graph,
there is only one attainable ordering satisfying Definition 3, so we take the vertices of H to
be labeled with this ordering. For 7 < %, the optimizer of (3) is given by s = 3 with optimal
value —3 —3(t —2)/(t — 1), whereas, for 7 > %, it is given by s =4 and optimal value -4.
Thus, forr < 3, a complete graph of size four typically contains three hub vertices of degree
proportional to /=1 and one vertex of constant degree, and the number of such subgraphs
scales as f1=(7=2)/ (=D whereas, for t > %, the optimal structure contains four hub vertices
instead and the number of such subgraphs scales as a constant.
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3.2. Fluctuations of the number of subgraphs

In Theorem 1 we investigate the expected number of subgraphs, which explains the average
number of subgraphs over many PAM realizations. Another interesting question is what the
distribution of the number of subgraphs in a PAM realization behaves like. In this paper, we
mainly focus on the expected value of the number of subgraphs, but here we argue that the
limiting distribution of the rescaled number of subgraphs may be quite different for different
subgraphs.

As shown in Definition 2, by viewing the PAM as a Pdlya urn graph we can associate a
sequence of random independent random variables (¥,),¢[7 to the vertices of the PAM, where
Y, has a beta distribution with parameters depending on m, §, and v. Once we condition on
Y1, ..., ¥y, the edge statuses of the graph are independent of each other. Furthermore, the
degree of a vertex v depends on the index v and ,. The higher v,, the higher D,(¢). Thus, we
can interpret v, as a hidden weight associated to the vertex v.

Using this representation of the PAM, we can view the PAM as a random graph model
with two sources of randomness: the randomness of the i/-variables, and then the randomness
of the independent edge statuses determined by the i-variables. Therefore, we can define
two levels of concentration for the number of ordered subgraphs N;(H, m). Denote by
Ey,[N:(H, m)] :=E[N,(H, ) | VY1, ..., Y] Furthermore, let N; y (H, ) denote the number
of ordered subgraphs conditionally on . Then, the ordered subgraph (H, ) can be in the
following three classes of subgraphs.

o Concentrated: Ny y(H,mw) is concentrated around its conditional expectation
Ey,[N:(H, 7)), i.e. as t — oo,
N, o (H , T ) P

T 1, (6)
By, [Ni(H, )]

and, as t — 00,
Ni(H, ) »
-
E[N{(H, )]
e Only conditionally concentrated: condition (6) holds, and, as t — oo,
N;(H,
(H, ) _d> )
E[N:(H, )]

for some random variable X.
e Nonconcentrated: condition (6) does not hold.

For example, it is easy to see that the number of subgraphs as shown in Figure 2(d) satisfies
N(H)/tl m(m — 1)/2, so that it is a subgraph that belongs to the class of concentrated
subgraphs. Below we argue that the triangle belongs to the class of only conditionally
concentrated subgraphs. We now give a criterion for the conditional convergence of (6) in
the following proposition.

Proposition 1. (Criterion for conditional convergence.) Consider a subgraph (H, 1) such that
E[N:(H, )] = o0 as t — oo. Denote by # the set of all possible subgraphs composed by two
distinct copies of (H, ) with at least one edge in common. Then, as t — 00,
N,y (H,

t,n//( ) E)

_— 8
Ey, [N(H, )] ®

> EIN(H)] = oBIN(H, m)") =
He#
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N

FIGURE 4: The order of magnitude of this subgraph containing two merged copies of the subgraph of
Figure 3(q) is #*/(=1, 50 that the condition in Proposition 1 is not satisfied for the subgraph in Figure 3(q).

Proposition 1 gives a simple criterion for conditional convergence for a subgraph (H, ),
and it is proved in Section 7. The condition in (8) is simple to evaluate in practice. We denote
the subgraphs consisting of two overlapping copies of (H, 7r) sharing at least one edge by
Hi,...,H,. To identify the order of magnitude of E[H;], we apply Corollary 1 to H; or, in
other words we apply Theorem 1 to all possible orderings 7 of H;. Once we have all orders of
magnitude of (H;, #) for all orderings 7, and for all H;, it is immediate to see if the hypothesis
of Proposition 1 is satisfied.

There are subgraphs where the condition in Proposition 1 does not hold. For example,
merging two copies of the subgraph of Figure 3(q) as in Figure 4 violates the condition in
Proposition 1. We show in Section 7 that this subgraph is in the class of nonconcentrated
subgraphs with probability close to 1.

3.3. Exact constants: triangles

Theorem 1 allows us to identify the order of magnitude of the expected number of subgraphs
in the PAM. In particular, for a subgraph H with ordering s, it assures the existence of two
constants 0 < C1 < Cy < o0 as in (4). A more detailed analysis is necessary to prove a stronger
result than Theorem 1 of the type

E[N(H, )]
1m =
t—o0 fk+B(H,m) 10gr71 )

for some constant 0 < C < oo. In other words, given an ordered subgraph (H, ), we want to
identify the constant C > 0 such that

E[N,(H, )] = CHFHEHD 1601 (1)(1 + o(1)). )

We prove (9) for triangles to show the difficulties in the evaluation of the precise constant C
for general subgraphs. The following theorem provides the detailed scaling of the expected
number of triangles.

Theorem 2. (Phase transition for the number of triangles.) Let m>2 and § > —m be
parameters for (PA;);>1. Denote the number of labeled triangles in PA; by A;. Then, as
t— o0,

1. if t > 3 then

m?(m — 1)(m 4 8)(m+ 8+ 1)
822m+ )

E[A] = log (t)(1 4 o(1));

2. if t =3 then
m(m— 1)(m+1)

_mm= im0 3 .
E[A] = 73 log” (1)(1 + o(1));
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3. ift €(2,3) then

mAm = Dn+ 8+ +1) o)1)
82Q2m + 8)

E[A] = log (1(1 + o(1)).

Theorem 2 in the case § = 0 coincides with [6, Theorem 14]. For § > 0, we retrieve the result
in [11, Proposition 4.3], noting that the additive constant 8 in the attachment probabilities in
the M6ri model considered in [11] coincides with (1) for g = §/m.

The proof of Theorem 2 in Section 6 shows that to identify the constant in (9), we need
to evaluate the precise expectations involving the attachment probabilities of edges. The
equivalent formulation of the PAM given in Definition 2 below simplifies the calculations, but
it is still necessary to evaluate rather complicated expectations involving products of several
terms as in (15). For a more detailed discussion, we refer the reader to Remark 1.

3.3.1. The distribution of the number of triangles. Theorem 2 shows the behavior of the
expected number of triangles. The distribution of the number of triangles across various PAM
realizations is another object of interest. We prove the following result for the number of
triangles A,.

Corollary 2. (Concentration of triangles, conditionally on v.) For t € (2, 3), the number of
triangles /\; satisfies condition (6).

Corollary 2 is a direct consequence of Proposition 1, and the atlas of the order of magnitudes
of all possible realizations of the subgraphs consisting of two triangles sharing one or two
edges is presented in Figure 5. In Figure 6 we show a density approximation of the number of
triangles obtained by simulations. These figures suggest that the rescaled number of triangles
converges to a random limit, since the width of the density plots does not decrease in ¢. Thus,
while the number of triangles concentrates conditionally, it does not seem to converge to a con-
stant when taking the random 1/ -variables into account. This would put the triangle subgraph

20 N 6 N 7 N 74 S V4

0 e
(a)t<%: (b)r>%: (c)r<%: (d)r>%: (e)r<%:
tG3=20/=D 1002 (1) constant 1O=20/C=D Jog (1) constant £65-20)/(z—1)
I ] Iz
040 ® 040 &—
"> 3 (g) 1G-0/@=D (h) 13-/G=D) (i) 16=20/=D) (>3
constant constant
k< 5: MHz> 5' m) T < 7; (n) 1G-0/(=D
15-20/G=D 19g(7) constant 15-20)/(z=1)

FIGURE 5: Order of magnitude of N;(H) for all merged triangles on four vertices and for 2 < t < 3. The
vertex color indicates the optimal vertex degree as in Figure 3.
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3 3 3
g, g, g,
[ (9} [}
= =] =
o g o
[5] (0] [0}
U: | LE | H-m-m-hﬂ\h E |
0 0 "l 0 -
06 08 1 12 14 16 1.8 2 06 08 1 12 14 16 1.8 2 06 080 1 12 14 16 1.8 2
N(A)/E[N(A)] N(A)/E[N(A)] N(A)/E[N(D)]
(@)t = 10° ()t = 10° ()t =5x10°

FIGURE 6: Density approximation of the number of triangles in 10* realizations of the preferential
attachment model with T = 2.5 and various values of 7.

in the class of only conditionally concentrated subgraphs. Proving this and identifying the
limiting random variable of the number of triangles is an interesting open question.

4. The probability of a subgraph being present

In this section, we prove the main ingredient for the proof of Theorem 1, the probability of
a subgraph being present on a given set of vertices. The most difficult part of evaluating the
probability of a subgraph H being present in PA; is that the PAM is constructed recursively.

We con51der tnangles as an example. We write the event of a labeled triangle being present
by {u &4 v, u {— w, v 2 w}, where {u Lz v} denotes the event that the jth edge of vertex v is
attached to vertex u. In this way we express precisely which edges are used in the triangle
construction. ) ) )

To evaluate the probability of the event {u &L v, u 2 w, v 2 w}, we can only use (1), which
gives the conditional probabilities of attaching edges. Note that j, and j3 are attached to the
same vertex w. Assuming that jo < j3, we write

Pulv, uliw, vE W) =EPuLlv, ulw, vEw| PA;—1 j;—1)],
where we condition on PA;_1 j; 1, bccause the last edge we have to insert in the graph to create
the triangle is given by the event {v Eia w}. Using (1), we write
Ji P 73
E[P(u <v, u<=w, v<=w | PA;_ j;-1)]
Dyw—1,j3—1)+6
_E[l{u<—v u£ w} v ‘]3 ) ]
2mw —2)+ (3 — 1)+ (w—1)8

In (10), the indicator function 1{u L v, u 2 w} and D,(w — 1, j3 — 1) are not independent,
therefore evaluating the expectation on the right-hand side of (10) is not easy. A possible
solution for the evaluation of the expectation in (10) is to rescale D,(w — 1, j3 — 1) with
an appropriate constant to obtain a martingale, and then recursively use the conditional
expectation. For a detailed explanation of this, we refer the reader to [7], [26], and [28, Section
8.3]. This method is hardly tractable due to the complexity of the constants appearing (see
Remark 1 for a more detailed explanation).

We use a different approach to evaluate of the expectation in (10) using the interpretation
of the PAM as a P6lya urn graph, focusing mainly on the age (indices) of the vertices, and not
on precise constants. We give lower and upper bounds for the probability of having a finite
number of edges present in the graph, as formulated in the following lemma.

(10)
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Lemma 1. (Probability of a finite set of labeled edges.) Fix £ € N. For vertices uy =
i, ... u) €[] and v =Wy, ..., v) €], and edge labels j, = (j1,...,J1) € [m]¢, we
denote the set of £ distinct labeled edges from u; to v; connected by the jith edge fori=1, ..., ¢
by My(ug, vy, j,). Assume that the subgraph defined by set My(uy, vy, j,) is attainable in the
sense of Definition 3. Define x = (m+ 8)/(2m + §). Then the following assertions hold.

1. There exist two constants c1(m, 8, £), cay(m, 8, £) > 0 such that

4 4
crm, 8, 0 [T uf v, " < By, ve.jp) SEPA)) <cam, 8,0 uf v, ™.
=1 =1
(11)

2. Define the set
J(ug, ve) = {j, € ml°: My(ug, ve,j,) C E(PA,)}. (12)

Then there exist two constants ¢1(m, 8, £), ¢o(m, 8, £) > 0 such that

£ Ja
&1, 8,0 [uf V" <El@e.voll <éam. 8.0 [ Jul"v*. (13)
=1 =1

Formula (11) in the above lemma bounds the probability that a subgraph is present on
vertices uy and vy such that the j;th edge from u; connects to v;. Note that (11) is independent
of the precise edge labels (ji, . . ., j¢). To be able to count all subgraphs, and not only subgraphs
where the edge labels have been specified, (13) bounds the expected number of times a specific
subgraph is present on vertices #, and v,. This number is given exactly by the elements in set
J(ug, vp) as in (12). Note that the expectation in (13) may be larger than 1, due to the fact that
the PAM is a multigraph.

Lemma 1 gives a bound on the probability of the presence of ¢ € N distinct edges in the
graph as a function of the indices (u1, v1), . . ., (u¢, v¢) of the endpoints of the £ edges. Due to
the properties of the PAM, the index of a vertex is an indicator of its degree, due to the old-
get-richer effect. Lemma 1 is a stronger result than [10, Corollary 2.3], which gives an upper
bound of the form in (11) only for self-avoiding paths.

The proof of Lemma 1 is based on the interpretation of the PAM in Definition 1 as an urn
experiment as proposed in [3]. We now introduce urn schemes and state the preliminary results
we need for the proof of Lemma 1, which is given in Section 4.2.

4.1. Preliminary properties of Polya urn graphs

The formulation in Definition 2 in terms of urn experiments allows us to investigate the
presence of subgraphs in an easier way than with the formulation given in Definition 1, since
the dependent random variables in (10) are replaced by the product of independent random
variables. We now state two lemmas that are the main ingredients for proving Lemma 1.

Lemma 2. (Attachment probabilities.) Consider PU; as in Definition 2. Then,

1. fork e [t],

t

Se=[] 0 —vm; (14)

h=k+1
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2. conditioning on 1, . .., V¥, the probability that the jth edge of k is attached to v is equal
to

P(Urjely | Iﬁl,n-»lﬁz):lﬁvs =y H (= ¥m). s)

h=v+1

The proof of Lemma 2 follows from Definition 2, and the fact that (Si)e[s as in (2) can be
written as in (14) (see the proof of [3, Theorem 2.1]).

Before proving Lemma 1, we state a second result on the concentration of the positions
{Sk}kern in the urn graph (PU;)sen. In particular, it shows that these positions concentrate
around deterministic values.

Lemma 3. (Position concentration in PU;.) Consider a Pélya urn graph as in Definition 2. Let
X =(m+8)/2m+ 6). Then, for every w, ¢ > 0, there exists Ny = No(w, €) € N such that, for

QL (=) )=

and, for large enough t,

i X
P(max S — (—) za)) <e.
i€(t] t
AS a consequence, ast— oo,
N\ X
l
max |S; — <> o, (16)
ie(t] t

The proof of Lemma 3 is given in [3, Lemma 3.1].

4.2. Proof of Lemma 1

We now prove Lemma 1, starting with the proof of (11). Fix uy, v¢, j,. In the proof, we
denote M,(u;, vy, j,) simply by M, to keep the notation light. We use the fact that the Pélya
urn graphs PU; and PA; have the same distribution, and evaluate P(M, € E(PU,)). We consider
£ distinct labeled edges, so we can use (15) to write

£
S
P(My SEPU) | Y1, ..., ¥ =] | 0 (17
vi—

Now fix & > 0. Define & := {maxe[q |S; — (i/1)*]| < e}. By (16), and the fact that the product
of the random variables in (17) is bounded by 1,

l
S
E[]‘[wu,sw—_’]} [lggﬂm, 5 }+o(1> (18)
=1

On the event &, we have, for every [ € [¢],

X X
(1—e><ﬂ) < (e )( ) (19)
v Sy—1 v
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where in (19) we have replaced v; — 1 with v; with a negligible error. Note that, since v; is
always the source of the edge, this implies that v; > 2; therefore, this is allowed. Using (19) in
(18), we obtain

¢ X ¢
(1-oT] <‘v‘—j) E[lgg I1 m,} <P(M € E(PUY))
=1 =1
C i\ ¢
<0+o] (E) E|:lgs I wu,]. (20)
=1

=1

Even though v, ..., ¥, depend on &, it is easy to show that we can ignore 1g, in (20) and
obtain a similar bound. In fact, since the random variables v, . . ., ¥, are bounded by 1, we
can write

'E[ l]j w] [18; H wu,]

where o(1) is intended as t — oo because of (16). Note that the bound in (21) depends on ¢
through the event &F, but not on the choice of M. As a consequence, for some constants cy, ¢2
and large enough ¢, from (20) and (21),

[1& H wm} <1-P(&) =o(), @1)

14

X
(1—8)41"[(w> []‘[w}<P<MeCE<PUt>)<(1+a)f1'[() [me} (22)
=1

What remains is to evaluate the expectation in (22). We assumed ¢ distinct edges, which does

not imply that the vertices uy, vy, .. ., ug, v¢ are distinct. The expectation in (22) depends only
on the receiving vertices of the ¢ edges, namely uy, .. ., ug.
Letuy, ..., u denote the k < £ distinct elements that appear among uy, . . ., ug. For h € [k],

the vertex uy, appears in the product inside the expectation in (22) with multiplicity d,(;"), which
is the degree of vertex u; in the subgraph defined by My. As a consequence, we can write

TR EE

where in (23) we have used the fact that ¥, . . ., ¥, are all independent. Note that E[I/fld] =1
for all d > 0, since | = 1. Therefore, if u; = 1 for some h € [k], E[I//d ]=1 and the terms
depending on the first vertex contribute to the expectation in (23) by a constant

For the terms where u;, > 2, recall that, if X(«, ) is a beta random variable then, for any
integer d € N,

a(fe+1)---(ax+d—1)

@+ pBa+B+1)--(a+B+d—1)
Since vy, is beta distributed with parameters m + & and 2(uy, — 3) + (uy, — 1)4,

E[X(a, )71 =

E[wd,(;")] (m+8)---(m+8+d" —1)
T m2ity — 2) + 8] - - [mQity — 2) + S + ) — 1]
_—d™ (m+38)---(m+8+d" —1)

[2m+6 — Q2m)/up] -+ - [2m+ 8+ (dy” — 1 —2m)/iiz]’
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Note that if u, > 2, uniformly in 7 and the precise choice of the £ edges,

2 di" —1—2m7\"!
(m+5)(§<|:2m+5—fm]-~-|:2m+3+h+m]) <@m+5+0)7"
u u

As a consequence, we can find two constants c{(m, §, £), co(m, 8, £) such that

ko K (in) ko
cim, 8,0 [T, <[]EW; 1<cams, 0 a,™ . (24)
h=1

h=1 h=1

We now use (24) in (22) to obtain

¢ X k in
cim, 8, 01— &) [ (?) I1 i <P, < BPU)
1

=1 h=1

‘ ¢ u X k _d(in)
<ca(m, 8, 0)(1 +¢) H(—) [Tw,™ - @5
h=1

1%
=1 \V!

In (25) we can just renamelthe constants ¢(m, 8, £) = c1(m, 8, £)(1 — &)t and ca(m, 8, £) =
ca(m, 8, £)(1 + ¢)*. Since d;;") is the multiplicity of vertex uy, as the receiving vertex, we can
write

Combining this with (25) completes the proof of (11).
The proof of (13) follows immediately from (11) and the definition of the set J(u,, v¢) in
(12). In fact, we can write

E[J(ue, vo)ll = Z P(Me(ue, ve.jo) S E(PA)).

Jeelm)®

Recall that P(M,(ug, ve, jo) € E(PA;)) is independent of the labels j,. For a fixed set of source
and target vertices uy and vy, there is only a finite combination of labels j, such that the
subgraph defined by M,(u¢, vs, j,) is attainable in the sense of Definition 3. In fact, the number
of such labels j, is larger than 1 (since the corresponding subgraph is attainable), and less than
m? (the total number of elements of [m]e). As a consequence, taking ¢; = ¢y and ¢ = cam®
proves (13).

5. Proof of Theorem 1

To prove Theorem 1, we write the expected number of subgraphs as multiple integrals.
Without loss of generality, we assume throughout this section that 7 is the identity permutation,
so that the vertices of H are labeled as 1, ..., k, and therefore drop the dependence of the
quantities on r. We first prove a lemma that states that two integrals that will be important in
proving Theorem 1 are finite.
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Lemma 4. Let H be a subgraph such that the optimum of (3) is attained by sy, . . ., sy. Then

Ay(H):= / uf()/ uzﬁ()u-/ ufl(s‘)duslu~du1 < 00,
Us—1

Usp+2
Ar(H) = / (k)/ (k D, / uﬁ_(i"frl) dug, 41 - - - duy < 0o.
0

Proof. Since the first integral iteratively integrates u; 41—, to the power z—1+
Zf‘ - B() from ug _, to oo for z=1, ..., 51, these integrals are finite as long as z — 1+

>oily, . BG) < —1, or similarly
51
2+ Y Bl)<0 26)

i=s1—2
for all z € [s1]. Suppose that (26) does not hold for some z* € [s1]. Then, the difference between
the contribution to (3) for s =s; — z* and s is

k k 51
1=+ Y. B +si— Y Bi=+ Y BG)=0,
i=s1—2z7* i=s1 i=s1—7*

which would imply that s; — z* is also an optimizer of (3), which is in contradiction with s
being the smallest optimum. Thus, (26) holds for all r € [s] and A;(H) < oo.

Similarly to the analysis in the first integral, the second integral iteratively integrates u, to
the power z — 1 — 5, + Z§=s,+l B@) from O to u,y1 for z € {s, + 1, ..., k}. Thus, the integral
is finite as long as

Z
z=sr+ ) BH>0
i=s+1

forall ze{s,+ 1, ..., k}. Suppose that this does not hold for some z* € {s, + 1, ..., k}. Set
§=2z" > s,. Then, the difference between the contribution to (3) for § = z* and s, is

Z*
— 45— Y Bi)=0,
i=sr+1

which is a contradiction with s, being the largest optimizer. Therefore, A>(H) < oo. g
We now use this lemma to prove Theorem 1.

Proof of Theorem 1. Again, we assume that 7 is the identity mapping, so that we may drop
all dependencies on . Suppose that the optimal solution to (3) is attained by s1, 52, . . ., s, for
some r > 1. Let the £ edges of H be denoted by (i, v;) for [ € [£]. Let Ny(H, iy, . . ., ix) denote
the number of times subgraph H is present on vertices iy, . . ., ir. We then use Lemma 1, which
proves that, for some 0 < C < oo,

E[N:(H)] = Z E[N(H, i1, ..., )]

i1 <---<igelt]

e ¥ [t

i1 <--<ig€lt] I=1

k
—c Y Jl#9. @7

i <--<igelt] g=1
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We then bound the sums by integrals as

t t
EIN,(H)] < C f ... f uf® du - duy
Uk—1

00 A1 ')
1 us—1

t
Bsi+1) B(s1+2)
. / uS1+11 / us1+l2 o / ufz(sZ) dug, - - - dug, 11
1 Usy+1 u

sp—1

t
(s2+1) (s2+2) ;
/ uifl / uifz .- / uf}(”) dugs - - - dugy g1 x - -
1 Usy 41 Ugn —

s3—1

o t
Blsy—1+1) B(s, +2) .

x / s, 1+11 f ug 1+l2 o / uf,(s ) d"‘s;- Tt d“sr,l-i-l

1 us,_ﬁ»l Ug.—1

t
r+1 2 k

x / Zan / W f uf® dug - dutg (28)

0 srt1 Uup—1

for some 0 < C < co. The first set of integrals is finite by Lemma 4 and independent of ¢. For
the last set of integrals, we obtain

t
1 +2) (k
/ ), )/ w5 / uf ™ dug - du, 41
0 Usp 41 Uj—1

1

— k [ r+1 r+2 k

= K5t iz f‘(”/ fi(il )/ ’f’(iz ). / wh® dwy - - - dwg, 1
0 W41 Wi—1

— KB (29)

| /\

X

for some 0 < K < oo, where we have used the change of variables w = u/t and Lemma 4. For
r =1, this completes the proof, because then the middle integrals in (28) are empty. We now
investigate the behavior of the middle sets of integrals for » > 1. Because the optimum to (3)
is attained for s as well as s,

k k 52
—sit Y B+n— Y Bi=s-s+ Y BH=0. (30)

i=s1+1 i=so+1 i=s1+1

Therefore, when s, =51 + 1, the second set of integrals in (28) equals

t
/1 uy,! dug, =log ().

Now suppose that s; < s> + 1. Then, any 5 € [s; + 1, so — 1] is a nonoptimal solution to (3),
and, therefore,

k k 52
s+ Y BO+F— Y Bi)=F—s1— Y B >0,
i=s+1 i=5+1 i=5+1
or

52
> Bl)<s: -5 (31)

i=5+1
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This implies that

t o0 t
Bs1+1) B(s1+2)
/ ”s1+11 / us1+'2 - / ufz(sz) dug, - - - dug, 41
1 Usy+1 u

sp—1

t
~ Zl 5141 B)+s2—s1—1 "
Usi+1 s+l

t
:K/] s1+l du;l_;,_l
=K log (1) (32)

for some 0 < C < co. A similar reasoning holds for the other integrals, so that combining (28),
(29), and (32) yields
lim sup —— VD]
oo KHBHE) Jog™ 1 (1) T
for some 0 < C; < o0.
We now proceed to prove a lower bound on the expected number of subgraphs. Again, by
Lemma 1 and lower bounding the sums by integrals as in (27), we obtain, for some 0 < C < oo,

t t
EIN/(H)] = C / L0 / W dug - duy.
1 Up—1

Fix ¢ > 0. We investigate the contribution where vertices 1, ..., sy have index in [1, 1/¢€],
vertices sy + 1, ...,s> have index in [1/e, 8t1/’], vertices sp + 1, ..., s3 have index in
[£1/7, &2/7], and so on, and vertices s, + 1, . .., s; have index in [&t, ]. Thus, we bound
1/e (1) 1/¢ 52) 1/e
E[N:(H)] > C/ u / uy, / ufl(s) dug, - - - duy
1 uj Usy—1
etl/r Bs1+1) us]“/ ;3( +2) usz—l/é? B(s)
S1 S1
* / U541 / Us 2 N f uszsz dutg, - - - dutg, 41
1/e Usy+1 Usy—1
er?l" Ugy+1/€ Ug3—1/€
Blsa+1) [ 2 Blsat2) [ (93) ) e
X /[1 . Ug, /M U /M dug, - - - dug, 41 X
sp+1 s3—1
err=D/r Us, | +1/¢€ Us,—1/€
Bls,—14+1) [ 1 WL v B(sy)
x Ar—z)/r U141 /u Us, 142 / g " dug, -+ - dug, 41
sp—1+1 Ugp—1
"B [T B2 I
Sy Sy
X / ug / ug 'y e / up du - - - dutg, . (33)
et Usp+1 Uk—1

The first set of integrals equals A (H) plus terms that vanishes as € becomes small by Lemma 4.
For the last set of integrals, we use the change of variables w = u/t to obtain

t t t
! 2 k
/ up ity / e / ™ dug -+ dug, 1
&t Uy 1 Uk—1
1 1
k—sr+ 3% - (sr+1) (57+2) (k)
=1 S, +Zlfsr+1 ﬁ(’) / f‘,j—l f W'ﬁiz . / W]/? de e dWs,+1
& Wi—1

= B Ay (H) — Iy (e)) (34)
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for some function &1(e). By Lemma 4, hj(e) satisfies limg_,o #1(e) =0. Again, if r =1, the
middle sets of integrals in (33) are empty, so we are done.

We now investigate the second set of integrals in (33) for r > 1. Using the substitutions
Wg,+1 = Ug,+1 and w; = u; /u;—y for i > s1 + 1, we obtain

1/r
st Us,+1/€ Usy—1/¢
B+ [ Bls1+2) : B(s2)
/; Usi+1 U427 Us, dutg, -+ ditg, 11
u U,

/e 51+1 s7-1
et/ $H—81— 1+212r1+1ﬁ(l) Ve sposn—2+332 5142 PO
= Wei+1 dws; 41 Wsi+2 Wbl X0
1/e
1/¢
X/ WEZ(SZ)dWSz' (35)
1

The first integral equals, by (30),

etl/r O 1 5
Wit dwy, 41 = — log (¢) + log (7).
1/e r

The integrand in all other integrals in (35) equals w " for some y; < —1 by (31). Therefore,
these integrals equal a constant plus a function of ¢ that vanishes as ¢ becomes small so that

1/r
st Us +1/¢€ Usy—1/€
B+ [ Bls142) 2 B(s2)
/ Usi+1 g 77 Uy ditgy -~ dutg 11
1/e Usy+1 u

sp—1

- G log () + log (82)> (K + ha(e)) (36)

for some 0 < K < oo and some /(¢) such that lim,_,g h2(e) = 0. The other integrals in (33)
can be estimated similarly.
Combining (33), (34), and (36) we obtain

. E[N:(H)]
imi

o0 FHBH) 1og™ 1 (1) T 2 €1+ ki)

for some constant 0 < C| < co and some function A(¢e) such that lim,_, ¢ (¢) = 0. Taking the
limit for ¢ — O then proves the theorem. ]

6. Proof of Theorem 2
Fix m > 2 and § > —m. The first step of the proof consists of showing that

T=2m*m—D(m+8m+8+1)
-1 (2m + §)?

[ =

L T@t2-Q@m)/Q@m+8)  T(ut2—@m—1)/2m+8)
Tu+2—Gm+8)/Cm+8)Tu+2—GBm+38—1)/2m+8))

E[A]=
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X’: T(w—GBm+8)/2m+8) T(w— GBm+8—1)/2m+8))

Fw—Q2m)/2m+35))  I'(w—QC2m—1)/(2m+5)) en

w=v+1
We can write

2 -1 t

11— . . .
Atzzz Z Z Z Z 1{u<]l—v,u£w,v<&w}. (38)

u=1 v=u+1 w=v+1 ji1€[m] jo,j3€lm]

Since there are m2(m — 1) possible choices for the edges ji, j2, j3,

t—2 t—1 t S S S
E[Ad=m’m—1)Y Y E[m ”1qu g - } (39)

u=1v=u+1w=v+1 w=1

Recalling (15), we can write every term in the sum in (39) as

v—1 w—1 w—1
E[(wu I1 <1—wh>)(wu I (1—wk>>(wv I (l—wﬂ. (40)

h=u+1 k=u+1 I=v+1
Since the random variables v, . .., ¥, are independent, we can factorize the expectation to
obtain
w—1 w—1
E[y(1 —9)]
B2 -yl [ B — g = Ewi]ﬁﬁ_—f)g] TT Ei -yt
k=u+1, kv v k=u+1
41)
Recall that, for a beta random variable X(«, ), we have
o ofp
EX]=——, E[X(1-X)]= ;
a+p (x+B)a+B+1) @)
1
E[x?] = ala+1)

@+ B+ B+

and 1 — X(«, B) is distributed as X(8, ). Using (42), we can rewrite (41) in terms of the param-
eters of Y1, ..., Y. Since ¥ has parameters « =m + § and B = B =m(2k — 3) + (k — 1)4,
the first term in (41) can be written as

(m~+8)(m+5+1)

E[y2]
mQu —2) 4+ ud)mQu — 2) +ud + 1)
_(m+8m+8+1) 2m 2m—1\7"
T Qm+o)y [(“_ﬁﬂ)(”_zmH)] ' “3)
For the second term, we have
Ely,(1—v,)] m+38 _r—Z( 3m+6—1)_1 4
El(1—v2] m2v—3)+0-18 -1\ 2m+s ‘
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The last product in (41), fork=u+1, ..., w — 1, results in
2k—3 k—1)8 2k —3 k—1)5+1
E[(1 — yp)?] = (m( )+ ( )8)(m( )+ ( )+ 1)
(mQRk —2) + k8)(mk —2) + ks + 1)
_k=QBm+8)/2m+8)k—0CBm~+35—1)/(2m+ )
T k—2m/Q2m+8) k—Q@m—1)/Cm+6)

Using the recursive property I'(a + 1) = al'(a) of the gamma function,

(45)

vi;[l EL(L — ] — Fu+2—02m)/2m+8)  Tu+2—Q2m—1)/Q2m+38))
s T Tu+2—0Bm+8)/@m+8) Tu+2—GBm+06—1)/Q2m+9))

TOv = Gm+8)/2m+8) T(w— Bm+5—1)/2m +8))
F'w—-_02m)/2m+468) TI'(w—_2m—1)/2m~+9$))

Equation (39) follows by combining (41), (43), (44), (45), and (46).
The last step of the proof is to evaluate the sum in (39), and combining the result with the
multiplicative constant in front in (39). By Stirling’s formula,

F(x+a)_ a—b l
Tatb) " <1+0<x>>'

As a consequence, recalling that x = (m + §)/(2m + §), the sum in (39) can be written as

Sar(-off)) £ 7 (rofl)) £ (oofd)) @

v=u+1 w=v+1

(46)

We can approximate the sum in (47) with the corresponding integral using the Euler—Maclaurin

formula, thus obtaining
! ! t
f u?x =2 du/ vl dv/ w2X dw. (48)
1 u v

As t— oo, the order of magnitude of the integral in (48) is predicted by Theorem 1. If
we evaluate the integral then we find that the coefficient of the dominant term in (48) is
2m +8)2/82 fort >2, 7 #3,and % for t =3.

Putting together these coefficients with the constant in front of the sum in (37) completes
the proof of Theorem 2.

Remark 1. (Constant for general subgraphs.) In the proof of Theorem 2, the hardest step is to
prove (38), i.e. to find the expectation of the indicator functions in (37). This is the reason why,
for a general ordered subgraph (H, i) on k vertices, it is hard to find the explicit constant as
in (9). In fact, as we have done to move from (39) to (40), it is necessary to identify precisely,
for every v € [¢], how many times the terms ¥, and (1 — v,) appear in the product inside the
expectations in (39). This makes the evaluation of such terms complicated.

Typically, as shown in (41), (43), (44), (45), and (46), the product of the constants obtained
by evaluating the probability of an ordered subgraph (H, ) being present can be written as
ratios of gamma functions. The same constants can be found using the martingale approach as
in [7], [26], and [28, Section 8.3], even though in this case constants are obtained through a
recursive use of the conditional expectation.

We remark that our method and the martingale method are equivalent. We focused on the
Pélya urn interpretation of the graph since it highlights the dependence of the presence of edges
on the age of vertices, which is directly related to the order of magnitude of degrees.
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7. Conditional concentration: proof of Proposition 1

In the previous sections, we have considered the order of magnitude of the expectation of
the number of occurrences of ordered subgraphs in the PAM. In other words, for an ordered
subgraph (H, 1), we are able to identify the order of magnitude f(f) of the expected number
of occurrences N;(H, i), so that E[N;(H, 7)] = O (f(r)). We now show how these orders
of magnitude of the expected number of subgraphs determines the conditional convergence
given in (6).

7.1. Bound with overlapping subgraphs

The Polya urn graph in Definition 2 consists of a function of uniform random variables
(U, j)‘f:{t and an independent sequence of beta random variables (y,),e[. We can interpret
the sequence (¥,),c[;) as a sequence of intensities associated to the vertices, where a
higher 1nten51ty corresponds to a higher probability of receiving a connection. The sequence
U, j)iign determines the attachment of edges. In particular, conditionally on the sequence
(Y¥v)ve[s)» every edge is present independently (but with different probabilities).

For teN, let Py, (-)=P(- | ¥, ..., ¥y, and similarly Ey [-]=E[- | ¥, ..., Y]
Furthermore, let N; y (H, ) denote the number of times subgraph (H, ) appears conditionally
on the y-variables. We now apply a conditional second moment method to N, y (H, ). We
use the notation introduced in Section 4, so that every possible realization of H in the PAM
corresponds to a finite set of edges M,(ug, v¢, j,), where £ is the number of edges in H such
that v, LY up, i.e. uy is the receiving vertex, and jj, is the label of the edge. For simplicity, we
denote the set M, (uy, ve, j,) by M. For ease of notation, we assume that 7 is the identity map

and drop the dependence on . We prove the following results.

Lemma 5. (Bound on the conditional variance.) Consider subgraph H. Then, P-almost surely,

vary,(Ni(H)) < Ey,[IN(H)] + ) Ey, [Ni(H)].
He#
where J denotes the set of all possible attainable subgraphs H that are obtained by merging
two copies of H such that they share at least one edge.

Lemma 5 gives a bound on the conditional variance in terms of the conditional probabilities
of observing two overlapping subgraphs H at the same time. Note that we require these copies
to overlap at least one edge, which is different than requiring that they are disjoint (they can
share one or more vertices but no edges).

Proof of Lemma 5. We prove the bound in Lemma 5 by evaluating the conditional second
moment of N,(H) as

Ey, [Ni(H)’] =]E¢t[ > 1{M§E<PA,)}1{M’CE<PA,)}}
M.M
=) Py (M S EPA), M S EPA)),
M.M

where M and M’ are two sets of edges corresponding to two possible realizations of the
subgraph H. Note that M and M’ are not necessarily distinct. We then have to evaluate the
conditional probability of having both the sets M and M’ simultaneously present in the graph.
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As a consequence, the conditional variance in Lemma 5 can be written as
Z Py, (M C E(PA,), M' C E(PA,)) — Py, (M C E(PA))Py,(M' CE(PA,)).  (49)
M#M’

We define

M :={(M, M'): there exists (u, v, j) such that (u, v, j) e M, (u,v,j)eM’,
M #M', (M UM’) defines an attainable subgraph}.

We then consider two different cases, i.e. whether (M, M) is in M or not. If (M, M") & M then
one of the three following situations occurs.

e M UM’ defines a subgraph that is not attainable (for instance, M and M’ require that the
same edge is attached to different vertices).

e M UM’ defines a subgraph that is attainable, M and M’ are disjoint sets of labeled edges
(they are allowed to share vertices).

e M and M’ define the same attainable subgraph (so M = M’; thus labels of edges
coincide).

When M = M’, we have
Py, (M C E(PA;), M' C E(PA;)) =Py, (M C E(PA))),
so that the corresponding contribution in the sum in (49) is
Py, (M C E(PA)) — Py, (M S E(PA))* < Py, (M S E(PA,)),

and the sum over M gives the term Ey, [N;(H)] in the statement of Lemma 5. When M # M
and M UM’ is attainable and their sets of edges are disjoint, it follows directly from the

independence of (Uv,j)ig']ﬂ and (Y, )ve[s) that

Py, (M S E(PA)), M’ C E(PA)) =Py, (M C E(PA)Py, (M C E(PA))).

Thus, in this situation the corresponding contribution is 0. When (M, M’) is not attainable,
the corresponding contribution is negative. When (M, M) € M, we bound the corresponding

terms in (49) by Py, (M C E(PA,), M’ C E(PA,)), thus obtaining
vary,(Ni(H)) <Ey,[IN(ED]+ Y Py (MUM' CEPA))).
(M,M"YeM

‘We then rewrite this as

vary,(N(H, 7)) < By, INCED1 + Y By, IN:(H)],
Hedt

which proves the lemma. O
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7.2. Criterion for conditional convergence

We now prove Proposition 1 using Lemma 5 and Lemma 7.

Proof of Proposition 1. 1t is sufficient to show that, for every fixed € > 0,
]P(|Nl‘,l//(H7 ) — EJNi(H, )] > eE[N;(H, 7)]) = o(1).
We now apply Lemma 5, which yields

P(INy, g (H, 70) — Ey, [N(H, 7)] > eE[N,(H, )])
1
= 2E[N(H, 7))
E[Ew, IN(H, 0]+ Y i o By, [IN:(ED]]

e2E[N/(H, 7)]2

_ E[Ni(H, 7)] + E[N,(H])]
 e2E[N(H, m)]?
=o(1). O

E[vary, (N:(H, 7))]

To show how Proposition 1 may be applied to investigate the concentration properties
of subgraphs, we consider triangles. Theorem 2 identifies the expected number of triangles,
and by Theorem 1 we can show that IE[A,Z] = O(E[A,]%), so we are not able to apply the
second moment method to A;. Figure 6 suggests that A;/E[A;] converges to a limit that is not
deterministic, i.e. in (7) the limiting X is a random variable. However, we can prove that A; is
conditionally concentrated, as stated in Corollary 2. The proof of Corollary 2 follows directly
from Proposition 1, the fact that E[A,] = ©(C~9/(t=D Jog (1)) as given by Theorem 2, and
Figure 5, which contains the information on the subgraphs consisting of two triangles sharing
one or two edges.

7.3. Nonconcentrated subgraphs

We now show that, for most ¥-sequences, the other direction in Proposition 1 also holds.
That is, if there exists a subgraph composed of two merged copies of H such that the condition
in Proposition 1 does not hold then, for most vr-sequences, H is not conditionally concentrated.

Proposition 2. Consider a subgraph (H, ) such that E[N,(H, )] — 0o as t — 0o. Suppose
that there exists a subgraph H, composed of two distinct copies of (H, ) with at least one edge
in common such that E[N;(H)]/E[NH, )] - 0 as t — oo. Then, for any ¢ > 0, there exists

n > 0 such that
p((VEuNH ) N
E[N,(H, m)]?

To prove Proposition 2, we need a preliminary result on the maximum value of i, the
maximal intensity in the P6lya urn graph.

Lemma 6. For every ¢ > 0, there exists K = K(¢) € N such that

(log k)
(m{lﬁk_ om +8)k}> >1—e.

k>K
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Lemma 6 is a part of a more general coupling result between (Yx)xeny and a sequence of
independent and identically distributed gamma random variables. We refer the reader to [3,
Lemma 3.2] and [27, Lemma 4.10] for more detail. We now state the lemma we need to prove
Proposition 2.

Lemma 7. (Maximal intensity.) For every ¢ > 0, there exists w = w(e) € (0, 1) such that, for
everyteN,

IP( max 1//,<a))>1—8

i€2,...,

Proof. Fix ¢ > 0, and consider K(g/2) as given by Lemma 6. For every w € (0, 1), we can
write

#( ) =P( max, vi<o)P( max vi<o) 50
max, Vi<o max, Vi<o X Vi<o (50)
where we used the independence of ¥, ..., ¥;. If t > K, the second term on the right-hand

side of (50) is well defined; otherwise, we have only the first term. Define

(log K)?
w1 =19 2m+ 8K
0 ift<K.

ift>K,

Note that, since the function k — (log k)? /(2m + &)k is decreasing, it follows that

]P’( max wi<w1)zl—%s. (&2))
ie[r\[K]

Define the random variable Xx = max;c2, .. x ¥;, and denote its distribution function by Fg and
the inverse of its distribution function by F ,;1. Consider wy = Fy' (1 — /2), which implies that

P(max v < wz) =1- §5 (52)

i€[K]

Consider then w = max{wi, w>}. Using (51) and (52) with w in (50), it follows that

2
—_= > —
]P’(leglax Vi < w)P(iEI[Ill]E\IE(K] Vi < a)) (1—38)" >1—¢,

which completes the proof. g

Proof of Proposition 2. We use the expression of the conditional variance of (49). We first
study the term in the conditional variance correspondlng to H. Let .M denote the set of labeled
edges M, M’ that together form subgraph H. Let the edges that M and M’ share be denoted by
M. Furthermore, let M denote the set of labeled edges M, M’ that together form subgraph H
that do not use vertex 1. We can then write this term as

> Py M UM CEPA))(I — Py, (M S E(PA)))
M,M'eM
=

> Py, (M UM S EPAN)I — Yimax)
MM e M,

= (1 — Yma) Ey, [N (D],
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where the inequality uses (15), and ¥max = max;e2, .. ; ;. Note that here we excluded vertex
1 from the number of subgraphs with negligible error. By Lemma 7, there exists w such that,
with probability at least 1 — ¢, 1/fmax <w<l.

By the assumption on H E[N,(H)] > CE[N,(H 7'[)]2 for some C > 0. We use the fact that
Ey, [N,(H )] = OP(IE[N,(H )D). Thus, for sufficiently large ¢, we can bound the contribution from
subgraph H to the conditional variance from below with probability at least 1 — ¢ by

3 Py (MUM S EPA))I — By, (My S E(PA)) = CEy, [N(H, 7))
MM eM

for some C > 0.

Note that the only terms that have a negative contribution to (49) are the terms where
M UM’ is a nonattainable subgraph. In that situation, Py, (M C E(PA;), M’ € E(PA)))=0.
Furthermore, the sum over Py, (M € E(PA,))Py, (M’ € E(PA) < Ey,[N(H, 7)]?/n?, since the
two subgraphs share at least two vertices. Therefore, the negative terms in the conditional
variance scale as most as Ky, [N/(H, )] /n*. We therefore find that, with probability at least
1 —e¢,

vary,(N,(H, 1)) > nEy, [N(H, 7)]*

for some n > 0, which proves the proposition. (]

8. Discussion

In this paper, we investigated the expected number of times a graph H appears as a subgraph
of a PAM for any degree exponent . We found the scaling of the expected number of such
subgraphs in terms of the graph size ¢ and the degree exponent t by defining an optimization
problem that finds the optimal structure of the subgraph in terms of the ages of the vertices that
form subgraph H and by using the interpretation of the PAM as a PSlya urn graph.

We derived the asymptotic scaling of the number of subgraphs. For the triangle subgraph,
we obtained more precise asymptotics. It would be interesting to obtain precise asymptotics
of the expected number of other types of subgraphs as well. In particular, this is necessary
to compute the variance of the number of subgraphs, which may allow us to derive laws of
large numbers for the number of subgraphs. We showed that different subgraphs may have
significantly different concentration properties. Therefore, identifying the distribution of the
number of rescaled subgraphs for any type of subgraph remains a challenging open problem.

Another interesting extension would be to investigate whether our result still holds for other
types of PAMs, for example, models that allow for self-loops, or models that include extra
triangles.

We further proved results for the number of subgraphs of fixed size k, while the graph size
tends to infinity. It would also be interesting to let the subgraph size grow with the graph size,
for example, by counting the number of cycles of a certain length that grows in the graph size.

Finally, we investigated the number of times H appears as a subgraph of a PAM. It is also
possible to count the number of times H appears as an induced subgraph instead, forbidding
edges that are not present in H to be present in the larger graph. It would be interesting to
see whether the optimal subgraph structure is different from the optimal induced subgraph
structure.

https://doi.org/10.1017/apr.2019.36 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2019.36

Subgraphs in preferential attachment models 925

Acknowledgements

We thank Remco van der Hofstad for reading the manuscript. This work was supported in
part by the Netherlands Organisation for Scientific Research (NWO) through the Gravitation
Networks grant 024.002.003 and NWO TOP grant 613.001.451.

(1

[2]
[3]

(4]
[3]
[6]
(71
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]
[26]

[27]
[28]

References

ALBERT, R. AND BARABASI, A.-L. (2002). Statistical mechanics of complex networks. Rev. Modern Phys.
74, 47-97.

BARABASI, A.-L. AND ALBERT, R. (1999). Emergence of scaling in random networks. Science 286, 509-512.
BERGER, N., BORGS, C., CHAYES, J. T. AND SABERI, A. (2014). Asymptotic behavior and distributional
limits of preferential attachment graphs. Ann. Prob. 42, 1-40.

BOGUNA, M. AND PASTOR-SATORRAS, R. (2003). Class of correlated random networks with hidden
variables. Phys. Rev. E 68, 036112, 13pp.

BOLLOBAS, B. (1980). A probabilistic proof of an asymptotic formula for the number of labelled regular
graphs. Europ. J. Combinatorics 1,311-316.

BOLLOBAS, B. AND RIORDAN, O. M. (2002). Mathematical Results on Scale-Free Random Graphs. Wiley—
WCH, Weinheim.

BOLLOBAS, B., RIORDAN, O., SPENCER, J. AND TUSNADY, G. (2001). The degree sequence of a scale-free
random graph process. Random Structures Algorithms 18, 279-290.

BRITTON, T., DEJFEN, M. AND MARTIN-LOF, A. (2006). Generating simple random graphs with prescribed
degree distribution. J. Statist. Phys. 124, 1377-1397.

CHUNG, F. AND Lu, L. (2002). The average distances in random graphs with given expected degrees. Proc.
Nat. Acad. Sci. USA 99, 15879-15882.

DOMMERS, S., VAN DER HOFSTAD, R. AND HOOGHIEMSTRA, G. (2010). Diameters in preferential
attachment models. J. Statist. Phys. 139, 72-107.

EGGEMANN, N. AND NOBLE, S. D. (2011). The clustering coefficient of a scale-free random graph. Discrete
Appl. Math. 159, 953-965.

FALOUTSOS, M., FALOUTSOS, P. AND FALOUTSOS, C. (1999). On power-law relationships of the internet
topology. Comput. Commun. Rev. 29,251-262.

GAO, C. AND LAFFERTY, J. (2017). Testing network structure using relations between small subgraph
probabilities. Preprint. Available at https://arxiv.org/abs/1704.06742v1.

GARAVAGLIA, A. (2019). Preferential attachment models for dynamic networks. Doctoral Thesis, Eindhoven
University of Techonolgy.

JORDAN, J. (2006). The degree sequences and spectra of scale-free random graphs. Random Structures
Algorithms 29, 226-242.

KRIOUKOV, D. er al. (2010). Hyperbolic geometry of complex networks. Phys. Rev. E 82, 036106, 18pp.
MARCUS, D. AND SHAVITT, Y. (2012). RAGE - a rapid graphlet enumerator for large networks. Comput.
Networks 56, 810-819.

Maugais, P.-A. G., PRIEBE, C. E., OLHEDE, S. C. AND WOLFE, P. J. (2019). Statistical inference for
network samples using subgraph counts. Preprint. Available at https://arxiv.org/abs/1701.00505v3.

MILO, R. eral. (2002). Network motifs: simple building blocks of complex networks. Science 298, 824-827.
MILO, R. et al. (2004). Superfamilies of evolved and designed networks. Science 303, 1538-1542.

ONNELA, J.-P., SARAMAKI, J., KERTESZ, J. AND KAsKI, K. (2005). Intensity and coherence of motifs in
weighted complex networks. Phys. Rev. E 71, 065103, 4pp.

PROKHORENKOVA, L. O. (2017). General results on preferential attachment and clustering coefficient.
Optimization Lett. 11, 279-298.

PROKHORENKOVA, L. A. AND KROT, A. V (2016). Local clustering coefficients in preferential attachment
models. Dokl. Math. 94, 623-626.

PROKHORENKOVA, L., RYABCHENKO, A. AND SAMOSVAT, E. (2013). Generalized preferential attachment:
tunable power-law degree distribution and clustering coefficient. In Algorithms and Models for the Web Graph,
eds A. Bonato, M. Mitzenmacher and P. Pratat, Springer, Cham, pp. 185-202.

SHEN-ORR, S. S., MILO, R., MANGAN, S. AND ALON, U. (2002). Network motifs in the transcriptional
regulation network of Escherichia coli. Nature Genet. 31, 64—68.

SZYMANSKI, J. (2005). Concentration of vertex degrees in a scale-free random graph process. Random
Structures Algorithms 26, 224-236.

VAN DER HOFSTAD, R. (2019+). Random Graphs and Complex Networks, Vol. 2. In preparation.

VAN DER HOFSTAD, R. (2017). Random Graphs and Complex Networks, Vol. 1. Cambridge University Press.

https://doi.org/10.1017/apr.2019.36 Published online by Cambridge University Press


https://arXiv.org/abs/1704.06742v1
https://arXiv.org/abs/1701.00505v3
https://doi.org/10.1017/apr.2019.36

926 A. GARAVAGLIA AND C. STEGEHUIS

[29] VAN DER HOFSTAD, R., VAN LEEUWAARDEN, J. S. H. AND STEGEHUIS, C. (2017). Optimal subgraph
structures in scale-free configuration models. Preprint. Available at https://arxiv.org/abs/1709.03466v1.

[30] VAZQUEZ, A., PASTOR-SATORRAS, R. AND VESPIGNANI, A. (2002). Large-scale topological and dynamical
properties of the Internet. Phys. Rev. E 65, 066130, 12pp.

[31] WERNICKE, S. AND RASCHE, F. (2006). FANMOD: a tool for fast network motif detection. Bioinformatics
22, 1152-1153.

[32] WUCHTY, S., OLTVAIL, Z. N. AND BARABASI, A.-L. (2003). Evolutionary conservation of motif constituents
in the yeast protein interaction network. Nature Genet. 35, 176—179.

https://doi.org/10.1017/apr.2019.36 Published online by Cambridge University Press


https://arXiv.org/abs/1709.03466v1
https://doi.org/10.1017/apr.2019.36



