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On certain results involving Areal and Trilinear
co-ordinates.

By Professor A. H. ANGLIN.

‘We propose to obtain certain results involving areal and trilinear
co-ordinates, by a uniform method of changing to Cartesian co-ordi-
nates with two sides of the triangle of reference as axes.

Taking ABC as the triangle of reference, change to Cartesian
co-ordinates with CA and CB as axes. Then, if &, § denote the
Cartesian, z, y, z the areal, and a, §, y the trilinear co-ordinates of
any point, we have at once

and &=afsinC, §=p/sinC.

1. To find the distance between two points.

If r be the distance between two points whose areal co-ordinates
are given, substituting in the usual expression in oblique Cartesians
for the square of the distance, we get

7" = b2, — )" + 6y, — )" + 2ab (x, - 2;)(y — ya)cosC.
==X, — ) (%1 — ¥a) — @°(% — Yy = T+ Y1 — Y)
— ¥y — 2 ) () ~ 23+ Yy ~ Y)-
Thus, by the invariable relation «+y +2z=1 in areals, we have
~ P =a¥(y; - y2)(z — %) + 5% — 2)(@ — @) + (@ - @)y - y)-o- (1)

The corresponding in trilinears may be obtained independently
in like manner, or deduced from the foregoing, the result being

— = {(B - B:)(y1 - y2)sind + ...} sindsinBsinC ... (1Y

The distance between two points may also be expressed in other
interesting forms.
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Since (T —2)+ (Y1~ y) = ~ (3 — 2),
we have 2(2 ~ 2)(ys ~ Ya)=(z—- z) -~ (% —2,) - (- ¥a)

Substituting in
7 =ba, ~ @) + @Y1 - o)’ + (a7 + B ~ )y - )~ 1)
we shall get
r* = (b%+ ¢* - a?)(x, — x,)* + two similar expressions,

or
72 = bocos A (2, ~ ) + cacos B(y, — y,)* + abcosC(z - 2)* ... (2).

The corresponding in trilinears will be found to be

e sin2d(a; ~ a,)* +sin2B(B, — B,)* +sin2C(y, - y,)° @y
2sindsin BsinC " '

Further, since

@) — @y = (T, — Tyyy) — (1% — 25%,) = Z — ¥ suppose,

with like equivalents for y, ~y, and z; — 2, su‘bstituting in (1) and
(2) we shall get the additional forms

P=d X -T)NX-2)+ ¥ (Y -Z)(Y-X)+c(Z-X)(Z-Y) ... (3)
=be.cosd(Y — Z)* + cacosB(Z — X)* + abcosC(X - Y)?
=a’ X2+ b2Y2 4?2 — 2bc Y ZcosA — 2caZ Xcos B — 2ab X YeosC,

which are sometimes useful.

2, To find the perpendicular distance of a point from a straight
line.

Let the equation to the line in areal co-ordinates be
le+my+nz=0,

and «, ¥/, # the co-ordinates of the point,
Reducing the problem to the oblique Cartesian system, we have
to find the perpendicular from the point (b2, ay’) on the line

a(l — )&+ b(m — n)g + nab=0.

Now the perpendicular from («', ') on the line dz+ By+C=0
in oblique Cartesians being

(42 + By + C)sine/ JA + B — 34 Boose,
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the required perpendicular

_ absinC{(I - n)x’ + (m - n)y’ +n}
J{a(l - n)*+ 62 (m — n)* — 2ab(l — n)(m — n)cosC’}

= 2(lx’ + my' +n2')/d,
where
@ = @® + b*m® + c*'n® — 2bemncosd - ...
= (I - m)(! - n)a® + (n ~ n)(m — DF + (n - [)(n — m)c*.
[The corresponding expression in Trilinears may be deduced
‘from this, or obtained independently, as follows :—
If the point be (a, B, 7). and the line la+mB + ny =0, chang-

ing to Cartesians, we seek the perpendicular from the point (a’cosecC,
B’cosecC) on the line

(cl — an)& + (em — bn)j + 2nAcosecC =0,

which
_ (cl - an)a’ 4 (cm — bn)f' + 2rA
~ (= any + (em — bn) — 2(cl — an)(em — bn)cosC}
= (la'+mfB +ny')/d,

where

d?="P +m? + n? - 2mncosd — 2nlcosB - 2lmcosC.]

3. The perpendicular from a given point on the line joining two
other given points may be noticed.

The equation to the line joining the points (x,, y,, 2)), (Zn Yo %)
being
(2 ~ Ye)® + (202, — 220)Y + (1Y — 21)3 =0,
the perpendicular on it from the point (=, y;, 2;) becomes

20{(yi% - Y2 + ... }/d,
where

&=(X-YNX-Z)a*+(Y - Z)(Y - X)b*+ (Z ~ X)(Z - Y).

Thus, by reference to the third expression for the distance be-
tween two points, we see that the perpendicular is

2A(zyy25)/d,
where d is the distance between the points (x;, ¥y, 1), (¥ ¥ay %)
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In Trilinears, the corresponding expression will be found to be
abe(a,B,y;)/44%.

These results also follow directly from the consideration that,
in Cartesians, the perpendicular is

l @y 1 Isinw
oy, 1 d ’
z y 1

and on transformation to the other systems we readily obtain the
above expressions.

4. To find the area of a triangle in terms of the co-ordinates of its
angular points.

(1) Independently of the corresponding expression in Cartesians.

If A’ denote the area, since twice area = side x perpendicular,
we have by the foregoing

24" = 2A(xy.2,). _g.
A= Azy.2),
involving the areal co-ordinates ; and
A' = abe(aB,y,) /847
involving the trilinear co-ordinates of the points.

(2) Directly from the expression in Cartesians.

We have
g1 @ oy 1
oar=| % %o 1| Guo—apsing | & %2 1
& g 1 @ oy 1
T %
=20 | x5 Yo % |,sincE+Y+2=1
T3 Ys 2
Thus &' = Azyy.2).
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[The corresponding in Trilinears may be deduced from this, or
obtained independently thus :—

o fl sin C
el o o1 | S

az Ps

by direct substitution ;

ap B ao,+5B, +cyy
SA'SInC-2A =| a, By aay+bB,+cy,
ag By acy+50;+cy; |

, since aa + 58 + cy=24

o B n
=c|a B 1
a Bs v |

Thus &' = abe(a,Byy;)/8A%]

5. T'o find the condition that two lines may be at right angles.

In Trilinears, if the equations to the lines be of the form
la +mf +ny =0, on changing to Cartesians they will be of the form

(¢l — an)x + (cm — br)j + 2nAcosecC =0.

Hence, the condition that two lines in oblique Cartesians may

be at right angles, becomes
(cl — an)(cl — an')y + (cm — dn)(em’ — bn')
—{(cl — an)(em’ — bn') + (¢l — an’)(em — bn)}cosC =0,

Now the co-efficient of i’ + mm’ + nn'is ¢?, while that of mzn’' +m'n
is — (be — accosC), that is — ¢*cos4 ; and those of nl' + n'l and im' +U'm
are — c°cosB and - c’cosC respectively.

Hence the condition becomes

i +mm' 4 nn’ — (mn' + m'n)cosd - (vl +n'l)cosB
= (Im' + U'm)cosC = 0.
[The corresponding for areals may be obtained in like manner,

or deduced from the foregoing by writing la, mb, nc for /, m, n re-
spectively ; and is

&l + ... — (mn’ + m'n)becosd — ... =0.]

6. 7o find the condition that two lines may be parallel.

https://doi.org/10.1017/50013091500031151 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500031151

13
The equation Iz +my + nz =0 in areals becomes
a(l ~ n)&+b(m - n)j +nab=0

in Cartesians ; and the condition for parallelism of two lines is

therefore {@-n)m' —n)— (I =) m-~n)=0,
that is, mn’ ~m'ndnl —2l+lm' - Im=0,
or Lmn

r'ma | =0;

111

the corresponding in trilinears being

I, m =n |
' m' 7

=0

a b ¢

7. To find the angle between two lines,
1f ¢ be the angle between two lines in oblique Cartesians whose
equations are of the form Az + By +C =0,

tang = (AB' - A'B)sine
AA"+ BB - (AB + A'B)cosw

Expressing the trilinear equations in Cartesians and substitut-
ing, we get
1 '’ .
tang= c{a(mn ntn)+, ... }sinC ‘
{0+ ... —(mn'+m'n)cosd — ... }

_ {(mn' —m'n)sind + ...
W+ ... —(mn' +m'n)cosd ~ ...

In areals this becomes

, 2A(mn —m'n+ ...)
tang =
¢ a*ll + ... — (mn' +m'n)becosd — ...

[The expressions for sing may be worth noticing ; and may be
deduced from those for tand, or obtained independently, thus :—

In oblique Cartesians
(4B - A'B)sinw

sing = —_———
A+ B2 — 24 Beosw., \JA® + B? - 24" B'cosw

2 Vol, 11
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which for areals becomes
2A(mn’ - m'n + ...)
N TN e s T

and for trilinears

(mn' -~ m'n)sind + ... 1
JE+ o = 2mncosd ~ ... 1P+ .. ~ 3m'n’cosd — ...

8. We will now consider the general equation of the second degree,
and obtain certain results by the same method.

To find the conditions that the equation may represent a circle.
Let the equation in areals be
ux® + vy’ + w2+ 2u'yz + 20’z + 2w'ay = 0.
Changing to Cartesians, and removing z by the relation
2 +y + %=1, this becomes

a2 772 €y
9 —w—-u) e (20 v —w) L+ 2 v —w—w)
(2v )b2 ( )a.2+( + w w)ab
+ .. =0.

Now the general equation
A2*+2Bxy + Cy*+ ... =0
in oblique Cartesians will represent a circle if 4=(=Bsecw;
hence the required conditions are

2 —v-w _ W-w-u_w+v-w-uw
a? b* abcosC '

each of which ratios
_ 2 —u-v 2w-u-vw
a2+ b — 2abcosC c?

[The corresponding for trilinears may be likewise obtained, or
at once deduced, when we get

2beu’ — c*v ~ b*w = 2ear’ ~ a*w — Pu = 2abw’ - b*u — a’v.]

9. 7o find the condition that the equation may represent an ellipse,
parabola, or lyperbola.

The above equation in Cartesians will represent these curves
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respectively according as B° - AC is negative, zero, or positive, If
we take the general equation in trilinears
ua? + v+ wy + 2By + 2v'ya + 2w'eB =0,
and change to Cartesians, removing y by the relation
au+bf +cy =24, it becomes
(a®*w + c*u — 2cav’)a® + (v + b*w — 2bcu’)y?
+ 2(abw + w' — cau’ - bev )y + ... =0.
Thus the required condition is that
— (abw + *w' — cau’ — bev')* + (Pw + cPu — 2cav;)(c2v + b4 — 2bew’),
or, with a known notation,
Ua®+ V0 4+ W +2U0bc+2V'ea+2Wab
is positive, zero, or negative ; or that
u, w, v, a
w,’ 7’" u,’ b . . oy
T, 1s negative, zero, or positive.
v, ', w, ¢

a b, ¢ O

The corresponding in areals may be obtained in a similar way,
or deduced from the preceding by putting a=b=c=1, when the
condition is that

2w -v-w)(20 —w—u)— (' +v' —w-~w),
or, U+ V+W2U 127V +2W
is positive, zero, or negative ; or that
u, w, v, 1
w" v’ u,’ 1 . . s, .
v, W, w 1|5 negative, zero, or positive.
1, 1, 1, 0

The condition that the equation in areals may represent a
parabola can also be expressed under another interesting form.,

Since

2w+ —w-w)=(2u" - v-w)+ (2 —w-u) - (20 - u-v),
the expression

4(u' + v —w- ') —4(2u - v~ w)(20 —w-u)
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is equal to the product of the four expressions

o —v—wt S —w—ut 20 -u-v

Hence the equation represents a parabola if any one of these
expressions is zero.

10. To find the condition that the equation may represent a rectan-
gular hyperbola.

The equation Aa®+2Bxy+Cy’+ ... =0 in oblique Cartesians
will represent a rectangular hyperbola if the lines Ax*+2Bxy
+ Cy? =0 are at right angles, the condition for which is that

A +C - 2Bcosw=0.
Hence, for trilinears, the required condition is that
a’w + cu — 2cav’ + v + bw — 2bew
= 2(abw + *w' — caw’ — bev')eosC =0,
(u+v+w) — 2c(b - acosCyu' — ... =0,
that is,
%+ v+w - 2u'cosA — 2v'cosB — 2w'cosC =0.
[For areals, the condition is that
@*u + b0 + 2w — 2beccosAu’ - ... =0,

or
a(utu —v —w)+0w+v —w - w)+ FHw+w -uw -)=0.]

11, Zo find expressions for the product, and sum of squares of the
semi-axes, when the equation represents a central conic.

If the general Cartesian equation a'a® 4 2hzy + b2 + 292+ 2fy + ¢
=0 become Ax®+ By*+ C=0 when the conic is referred to its prin-
cipal axes, the product of the semi-axes is C/ JE and the sum of
their squares is - C(4 + B)/4 B; and if the original axes be oblique
these are respectively equal to

3
Dsino/(a'd’ — £*)* and - Dia’ +b' - 2hcosw)/(a'b’ - AP,
a h g

where D =the discriminant | A &' f
g9/ ¢

Transforming the general equation
w® + vy + w2t + 2u'yzr + 20’5 + Qw'ay =0
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in areals to the Cartesian system, it hecomes
(w+u-— 2v’)§+(v+w - 2u')'Zz—2+2(w+w'—u —v‘)“z_i
+2(v' —w)f'l}+2(u' —’w)% +w=0;

whence, substituting, we shall get

w w v
a?’D=|w v ¥ | =H,
v ou w
u w v 1 ,
ab*(a'b’ ~ IL2)= _lwo v 1| =_FK
v o uw w1
1 1 1 0
and a®b*(a’ + b’ — 2hcosw)

=(u+u v -whr+ v+ -w - uw)+(w+w -u' -v)F=1,

Thus, the product of the semi-axes= 2AH/(-K, )‘%a
and the sum of their squares = - HI/K®

[Proceeding in like manner with the general equation

ua® + v+ wy* 4 2u' By + 2v'ya + 2w'aB =0
in trilinears, we shall get
D =a’’. H,
u, w, v, a

ab —k=—¢ | W, % b} - _ K suppose,
v, u, w ¢

a &6 ¢ 0

a' + b — 2hcosw = c*(u + v + w - 2u'cosd — 2v'cos B — 2uw'cos()
=T suppose.

Thus, the product of the semi-axes= 2abeAH/( - K’)g,
and the sum of their squares = - a’V'GHI'|K")

12. Particular forms of the general equation.

The general equation in areals represents ;:—
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Two straight lines if =0 ;
an ellipse, parabola, or hyperbola according as K< = >0 ;
a rectangular hyperbola if 7=0 ;
while in trilinears the corresponding conditions are
H=0, K <« = >0, I' =0 respectively.

We append the values of these functions for three particular
forms of the general equation.
(1) For the circumscribed conic in areals, lyz + mza + nxy =0

4H =lmn; 4K=LP+m*+n* - 2mn - 2nl - 2m ;
U =a*(l-m-n)+b(m~n-1)+c(n~1-m),
or — I'=1bccosd + meacosB + nabeosC ;

and the condition for a parabola is equivalent to

Jix JmE fu=0.

For the same conic in trilinears, /8y + mya + naf8=0,
4H=1mn; 4K =al*+b*m® + ¢*n* — 2bemn ~ 2eanl ~ 2ablm |
~ I’ =lcosA + meosB 4 ncosC' ;

and condition for a parabola becomes
Jal+ Jom+ \Jen=0.
(2) For the inseribed conic, or conics touching sides of triangle
of reference in areals, /lx + Jmy+ /uz=0.
H= —4Pm’n®; K= - Hmn(l+m+n);
I= (I4+m+n)a®+bm+c'n) - a*mn - bnl — c¥im.
For the same conics in trilinears, /7o + JmB £ Jny=0

H= - 4Pm’n®; K = — 4imn(bel + cam + abn) ;
I= Pim+a*+mu+nl+im,

(3) For the conic with respect to which the triangle of reference
is self-conjugate, the equation to which in areals is &&* + my® + nz*=0,

H=Ilmn;- K=mn+nl+Im,
I=1la®+mb*+nc?;

and for the same conic in trilinears lo® + mB*+ ny*=0

H=lmn; K =mna®+nlb*+Inc*;
I'=l+m+mn
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