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We propose to obtain certain results involving areal and trilinear
co-ordinates, by a uniform method of changing to Cartesian co-ordi-
nates with two sides of the triangle of reference as axes.

Taking ABO as the triangle of reference, change to Cartesian
co-ordinates with CA and CB as axes. Then, if x, y denote the
Cartesian, x, y, z the areal, and a, /?, y the trilinear co-ordinates of
any point, we have at once

x = bx, y = ay;
and x = a/sin C, y = /?/sinC.

1. To find the distance between two points.

If r be the distance between two points whose areal co-ordinates
are given, substituting in the usual expression in oblique Cartesians
for the square of the distance, we get

r° = b\x, - xaf + a\Vl - y3f + 2ab (as, - *„)(*/, - y2)cosC.
. •. - r2 = c'(xl - x ^ - y2) - a?(yi - y2)(x1 -

Thus, by the invariable relation x + y + z=l in areals, we have

! - «,)(*, -x2) + c\Xl - «,)(& - y2)... (I).

The corresponding in trilinears may be obtained independently
in like manner, or deduced from the foregoing, the result being

... (1)'

The distance between two points may also be expressed in other
interesting forms.
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Since (a, - xa) + (y, - y2) = - («, - *,,),

we have 2(8;! - *2)(yx - 2/2) = (a, - z.f - {xx - x,f - («/, - y2)°.

Substituting in

r2 = J 'fo - x2f + a\Vl - y2)s + (a2 + V - <?){Xl - x,){Vl - y.2),

we shall get

2r2 = (63 + c2 - «2)(a3i — X.JY + two similar expressions,

or
r = Jccos^ (K, - ax,)2 + cacosBfa - y2)

2 + aJcos^^ - «2)
2 ... (2).

The corresponding in trilinears will be found to be

+ sin2C(7l - y2)
2

Further, since

â  - x2 = ( x ^ - o;^) - (z^ - z.^) = Z - Y suppose,

with like equivalents for i/j - J/2 and % - z2, substituting in (1) and
(2) we shall get the additional forms

... (3)
= bc.cosA(Y-Zf + cacosB(Z- Xf + abcosC(X- Yf
= a?X- + 6272 + c2^2 - 26cFZcos^ - 2caZXcosB - 2abXYcosC,

which are sometimes useful.

2. To find the perpendicular distance of a point from a straight
line.

Let the equation to the line in areal co-ordinates be

Ix + my + nz — 0,

and x, y', z' the co-ordinates of the point.
Reducing the problem to the oblique Cartesian system, we have

to find the perpendicular from the point (bx1, ay') on the line

a(l - n)x + b(m — n)y + nab = 0.

Now the perpendicular from (*', y') on the line Ax+£y + C = 0
in oblique Cartesians being

(Ax + By + C)sino>/ JA' + B3- 2ABcoso>,
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the required perpendicular

_ absinC {(I - n)x'+ (m - n)y' + n}
- nf + b*(m - nf - 2ab(l - n)(m - m)cosC}

where
(P = aH* + b2mr + cV - 2bcmncosA - ...

= (l- m)(l - w)aa + (m - n)(m - !)& + (n- J)(n - i»)c3.

[The corresponding expression in Trilinears may be deduced
from this, or obtained independently, as follows :—

If the point be (o', /J', •/). and the line la + m/3 + wy = 0, chang-
ing to Cartesians, we seek the perpendicular from the point (a'cosecC,
/3'cosecC) on the line

(el - an)x + (cm - bn)i/ + 2«AcosecC = 0,

which

= (el - an)a + (cm - bn)fi' + 2nA
J{ (cl - anf+(cm - bnf - 2(cl - an)(cm - bn)cosC}

(la + m/3' + ny')jd,

where

d1 = P + vn? + n2 - 2tnncosA - 2nlcosB - 2lmcosC]

3. The perpendicular from a given point on the line joining two
oilier given points may be noticed.

The equation to the line joining the points (xlt yu s^), (xa y^, z.2)
being

2(yi% - y*h)x+(2i*2 - a»»i)y+(xiVi - iejyOs = o,
the perpendicular on it from the point (x.Jt y3, z3) becomes

where

d? = (X- Y)(X-Z)a2 + (Y-Z)(Y-X)bi+(Z~X)(Z- Y)c\

Thus, by reference to the third expression for the distance be-
tween two points, we see that the perpendicular is

where d is the distance- between the points (xu ylt Sj), (xa y2, z.2).
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In Trilinears, the corresponding expression will be found to be

These results also follow directly from the consideration that,
in Cartesians, the perpendicular is

x3 y 1
~d~'

and on transformation to the other systems we readily obtain the
above expressions.

4. To find tlve area of a triangle in terms oftlie co-ordinates of its

angular points.

(1) Independently of the corresponding expression in Cartesians.

If A' denote the area, since twice area = side x perpendicular,

we have by the foregoing

A'

involving the areal co-ordinates; and

involving the trilinear co-ordinates of the points.

(2) Directly from the expression in Cartesians.

We have

2A' =

:2A

Xz

x3

x3

2/3

y»

y*
2/3

l
I
l

%

Thus

sinC = absinC

, since

A' = A(a;1y2s3).

X 1/ 1

ax, y.2 1

* a 2/3 1
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[The corresponding in Trilinears may be deduced from this, or
obtained independently thus :—

2A' = «. A 1

.-. 2A'sinC-2A = o,, /3a

0.3, /33,

s . , by direct substitution;

, since aa + b/3 + cy= 2A

7!

Thus

5. To find the condition that two lines may be at right angles.

In Trilinears, if the equations to the lines be of the form
la + mfi + ny = 0, on changing to Cartesians they will be of the form

(cl - an)x + (cm - bn)y + 2/iAcosecC = 0.

Hence, the condition that two lines in oblique Cartesians may
be at right angles, becomes

(cl - an)(cV - an') 4- (cm - bn)(cm' - bn)
— {(cl — an)(cm - bn') + (cl' - an')(cm — 6»)}cos(7 = 0.

Now the co-efficient of W + mm' + nn' is c2, while that of mn + m'n
is — (be — accosC), that is — cPcosA ; and those of hi' + n'l and Irn! + I'm
are - c*cosB and - c2cosC respectively.

Hence the condition becomes

W + mm! + nn' - (mn' + m'n)cosA - (nV + n'l)cosB
-(lm' + l'm)cosC = 0.

[The corresponding for areals may be obtained in like manner,
or deduced from the foregoing by writing la, mb, nc for I, m, n re-
spectively ; and is

i

a?W + ... - (mn' + m'n)bccosA - ... = 0.]

6. To find the condition that two lines may be parallel.
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The equation Ix + my + nz = 0 in areals becomes

ail - n)x + b(m - n)y + nab — 0

in Cartesians; and the condition for parallelism of two lines is
therefore

that is,

or

(I - n)(m - ri) - (V - n')(m - n) = 0,

mn' - irin + nl' - n'l + Irri - I'm = 0,

I, m n
V m' n
I 1 1

the corresponding in trilinears being

I, m n
I' m n'
a b c

= 0;

= 0

7. To find the angle between two lines.

If <f> be the angle between two lines in oblique Cartesians whose
equations are of the form Ax + By + (7 = 0,

tan<£ = i L
A A' + BB' -(AB' + A'B)cos<t>

Expressing the trilinear equations in Cartesians and substitut-
ing, we get

c{a(mn' - tn'n) + ... }sinC
c"{W+ ... —(mn' + m'n)cosA— ... }

(mn' - m'n)sin4 -I- ...
II' + ... — (mn' + m'n)cosA - ...

In areals this becomes

2A(mri - m'n + ...)
aHV + ... - (mn' + m'n)bccosA - ...

[The expressions for sin<£ may be worth noticing; and may be
deduced from those for tan</>, or obtained independently, thus :—

In oblique Cartesians

sin<£ =
(AB' -

IP - '2A flcosw. JA'2 + B12 - 24'5'cosw
2 Vol. 11
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which for areals becomes

2A(mn' ~m'n+ ...)

J(l - m){l - n)a? + .... J(V - m'j(l' - » j i ! T 7.

and for trilinears

(mn' — m'n)sinA + ... ,
Jl? + ... - 2mncosA - ... Jl'- + ... - 2m'n'cosA - ...

8. We will now consider the general equation of the second degree,
and obtain certain results by the same method.

To find tlie conditions tliat the equation may represent a circle.

Let the equation in areals be

uar + vy2 + w£ + 2u'yz + 2v'sx + 2w'xy = 0.

Changing to Cartesians, and removing z by the relation
x + y + z = 1, this becomes

(2v' -w-u)^- + (2u' ~v-w)^

+ .. =0.
Now the general equation

... =0

in oblique Cartesians will represent a circle if A = C = .flseceo;
hence the required conditions are

2u' - v - w _ 2v - w - u _ u' + v' - w - w'
a2 b1 abcosC

each of which ratios

2w' — u — v 2w' — u-v

[The corresponding for trilinears may be likewise obtained, or
at once deduced, when we get

2bcu' - e>v - 62w = 2cav' - a?w -c*u = 2abw' - b'u - a?v.]

9. To find the condition tltat the equation may represent an ellipse,
parabola, or hyperbola.

The above equation in Cartesians will represent these curves
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respectively according as IP - A C is negative, zero, or positive. If
we take the general equation in trilinears

ua? + v(? + tt-Y5 + 2u'Py + 2v'ya + 2w'a(3 - 0,

and change to Cartesians, removing y by the relation
= 2A, it becomes

(a?w + <?u - 2cav')xt + (<?v + tfw - 26CM' ) /

+ 2(abw + c-w' - can - bcv')xy + ... = 0 .

Thus the required condition is that

- (abw + (?w' — caw' - bcv')* + (arw + <?u — 2cav')(c1v + b2w - 26CM'),

or, with a known notation,

Ua? + Vbl + We- + 2 U'bc + 2 V'ca + 2 W'ub

is positive, zero, or negative ; or that

M, w, v, a
w', v, u', b
v, u', w, c
a, b, e 0

is negative, zero, or positive.

The corresponding in areals may be obtained in a similar way,
or deduced from the preceding by putting a = 6 = c = l, when the
condition is that

(2M' - v - to)(2v' -w-u)-(u' + v'-w- to')2,

or,

is positive, zero, or negative; or that

u, w", v', 1
vf, v, u', 1
v, u', w, 1
1, 1, 1, 0

is negative, zero, or positive.

The condition that the equation in areals may represent a
parabola can also be expressed under another interesting form.

Since

2(u' + v' - w- w') = (2M' - v- to) + (2v'-w-u)-(2M>'-U-V),

the expression

4(M' + v' - vo - vo'f - 4(2w' - v - w)(2v' -w-u)
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is equal to the product of the four expressions

V/2M' -V — W+ J2v' — to — u + Jiw' -u-v.

Hence the equation represents a parabola if any one of these
expressions is zero.

10. To find the condition that the equation may represent a rectan-
gular hyperbola.

The equation Ax2 + 2Bxy + Cy2 + ... =0 in oblique Cartesians
will represent a rectangular hyperbola if the lines Ax* + 2Bxy
+ Cy2 = 0 are at right angles, the condition for which is that

A + C- 25C0SW = 0.

Hence, for trilinears, the required condition is that

o'w + <?u - 2cav' +<?v + b2w - 2bcu'
- 2(abw + <?w' - cau' - bcv')cosC = 0,

c?(u + v + to)-2c(b-acosC)u'- ... =0,

that is,
u + v + w- 2w'cosA - 2D'COSB - 2io'cosC = 0.

[For areals, the condition is that
«2M + b"v + <?w-26ccosA.w'- ... =0,

or
a\u + u' - v' - w') + b\v + v' - w' - u') + c2(w + w' - u' - »') = 0.]

11. To find expressions for the product, and sum of squares of the
semi-axes, when the equation represents a central conic.

If the general Cartesian equation a'a? + 2hxy + b'y* + 2gx + 2fy + c
= 0 become Ax* + By2 + (7 = 0 when the conic is referred to its prin-
cipal axes, the product of the semi-axes is Cj JAB, and the sum of
their squares is - C(A + B)/AB; and if the original axes be oblique
these are respectively equal to

3

Dsinw/(a'b' - hi)i and - D{a' + b' - 2Acosw)/(a'6' - A2)2,

where D = the discriminant

Transforming the general equation
w*2 + vy* + ««* + 2u'yz + 2v'zx + 2w'xy = 0

a'
h

9

h
b'

f

9
f
c
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in areals to the Cartesian system, it becomes

2v')

+ 2(v' -

whence, substituting, we shall get

bab

0 ;

u
w'
v'

vJ
v'
u'

v'
u'
w

atb*(a'b'-h*) = -

u w' v' 1
to' v u' 1
v' u w 1
1 1 1 0

__ jr

and as62(«' + 6 '

= (M + u' - v' - M)')a2 + (v + v' - w' - u')bl + {w + w' - u' - v')

a
Thus, the product of the semi-axes = 2 A/Z/( - Kf»

and the sum of their squares = - HI/K*.

[Proceeding in like manner with the general equation

Ma2 + vfP + toy" + 2u'fiy + 2v'yo + 2w'a/3 = 0

in trilinears, we shall get

2 s / .

u, to, v, a
vo't v, u', b
«', u', w, c
a, *, c, 0

«' + 6' - 2/icosco = C2(M + » + «>-

- <?K' suppose,

- 2w'cos<7)
= c*.r suppose.

Thus, the product of the semi-axes = 2abcAH/( - K'y>
and the sum of their squares = -

12. Particular forms of the general equation.

The general equation in areals represents :—
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Two straight lines if H = 0 ;
an ellipse, parabola, or hyperbola according as K<. = > 0 ;
a rectangular hyperbola if / = 0 ;
while in trilinears the corresponding conditions are

H= 0, Z < = >0, / = 0 respectively.

We append the values of these functions for three particular
forms of the general equation.

(1) For the circumscribed conic in areals, lyz + mzx + nxy = 0

4//= Iran; 4K=P + m' + na- 2mn - 2nl- 2lm;

or - / = ibccosA + mcacosJB + nabcosC;

and the condition for a parabola is equivalent to

For the same conic in trilinears, Ifiy + mya + na.p — 0,

4H= Iran; iK' = aP + 6W + cV - 2bcmn - 2canl - 2ablm ;
-J' = icosA + mcosB + ncosG;

and condition for a parabola becomes

Jal+ Jbm± Jcn = 0.

(2) For the inscribed conic, or conies touching sides of triangle
of reference in areals, Jlx ± Jmy ± ,Jnz = 0.

1= (l+m + n)(aH + Vtn + c?n) - a"mn - b2nl - cHm.

For the same conies in trilinears,

H= - 4?wW; K = - 4lmn(bcl + cam + abn);
/ =

(3) For the conic with respect to which the triangle of reference
is self-conjugate, the equation to which in areals is la? + my1 + nz1 = 0,

H=- Imn; - K= mn + nl + Im,

and for the same conic in trilinears la? + wiyS2 + ray2 = 0

H=lmn; K' = mna*
F -l + m + n.
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