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Abstract  For a state w on a C*-algebra A, we characterize all states p in the weak® closure of the set
of all states of the form w o ¢, where ¢ is a map on A of the form ¢(z) = > 7 afza;, Y ;g afa; =1
(a; € A, n € N). These are precisely the states p that satisfy ||p|J|| < ||w|J|| for each ideal J of A. The
corresponding question for normal states on a von Neumann algebra R (with the weak* closure replaced
by the norm closure) is also considered. All normal states of the form w o 1), where 1 is a quantum channel
on R (that is, a map of the form ¢(z) = 3_; afxa;, where a; € R are such that the sum }_; a%a; converge
to 1 in the weak operator topology) are characterized. A variant of this topic for hermitian functionals
instead of states is investigated. Maximally mixed states are shown to vanish on the strong radical of a
C*-algebra and for properly infinite von Neumann algebras the converse also holds.
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1. Introduction

For two states w and p on a C*-algebra R, p is regarded to be unitarily more mixed
than w if p is contained in the weak* closure of the convex hull of the unitary orbit of
w. In [1, 2, 29], Alberti, Uhlmann and Wehrl studied the notion of maximally unitarily
mixed states on von Neumann algebras and such states were characterized by Alberti
in [1]. Recently, this topic has been revitalized in the broader context of C*-algebras by
Archbold et al. [4], who proved among other things that the weak*closure of the set of
maximally unitarily mixed states on a C*-algebra A is equal to the weak* closure of the
convex hull of tracial states and states that factor through simple traceless quotients of A.
However, the evolution of open quantum systems is not always unitary, but is described
by more general completely positive (trace preserving) maps of the form w— Y awal,
say on the predual of B(H), so it seems worthwhile to study also a less restrictive notion
of when one state is more mixed than the other. The dual of such a map is a unital
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completely positive map of the form

xHZafxai, Zafal-:l (1.1)

on R = B(H). Let E(A) be the set of all unital completely positive maps on A of the form
(1.1), where a; € A and the sums have only finitely many terms. A natural question in
this context is, when a state p on a C*-algebra A (or a normal state on a von Neumann
algebra R) is in the weak* closure (or the norm closure) of the set w o E(A) of all states
of the form w o v, where w is a fixed state (perhaps normal in the case of von Neumann
algebras) and v runs over the set E(A). In § 2, we show for normal states on a von
Neumann algebra R that p is in the norm closure of w o E(R) if and only if p and w agree
on the centre of R. We also study the same topic for hermitian normal functionals on
R and provide an explicit normal mapping v in the point-weak* closure of E(R) such
that p = w o). In the special case of R = B(H), hermitian normal functionals are just
hermitian trace class operators and maps mapping one such operator to another have
been constructed by Hsu et al. in [19] and by Li and Du in [21], but they do not study
the question if such maps are in the closure of E(B(H)).

For a normal state w on a von Neumann algebra R C B(H) and a map ¢ of the form
(1.1), where a; € R and the sums may have infinitely many terms (that is, ¢ is a quantum
channel) any state of the form p = w o ¢ has the following property: if © is a normal state
on B(H) that extends w, then there is a normal state p on B(H) that extends p such
that p and @ coincide on the commutant R’ of R (namely, j =@ o ¢, where ¢ is the
map on B(H) given by the same formula as ¢ on R). This property holds in any faithful
normal representation of R on a Hilbert space H. In § 2, we will see that this property
characterizes states of the form w o ¢, where ¢ runs over quantum channels on R.

Then, in § 3, we study the analogous topic for hermitian functionals p, w on a unital
C*-algebra A. If A has Hausdorff primitive spectrum, Theorem 3.1 shows that p is in
the weak™ closure of woE(A) if and only if w and p agree on the centre of A and
llepll < Jlew]| for each positive element ¢ in the centre of A. If the primitive spectrum of
A is not Hausdorff, this characterization is not true any more, but an alternative one is
given in Theorem 3.7.

For two states w and p on a C*-algebra A, p is regarded here to be more mized than w.
if p is contained in the weak* closure w o E(A) of the set w o E(A) :={wov: 1 € E(A)}.
Then, w is called mazimally mized if for each state p on A the condition that p € w o E(A)
implies that w € p o E(A); in other words, w o E(A) is minimal among weak* closed E(A)-
invariant subsets of the set S(A) of all states on A. This is a coarser relation than the
one considered in the references mentioned above, where instead of E(A), only convex
combinations of unitary similarities are considered. In § 4, we show that each maximally
mixed state on a unital C*-algebra A must annihilate the strong radical J4 of A (= the
intersection of all two-sided maximal ideals of A) and, if A is a properly infinite von
Neumann algebra, the converse is also true. Furthermore, the set S, (A) of all maximally
mixed states contains all states that annihilate some intersection of finitely many maximal
ideals of A and is therefore weak* dense in S(A/J4). These results are analogous to those
of [4] and [1] for unitarily maximally mixed states. For C*-algebras with the Dixmier
property, the authors of [4] provided a more precise determination of maximally unitarily
mixed states than for general C*-algebras. In our present context, the role of C*-algebras
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with the Dixmier property can be played by weakly central C*-algebras. For a weakly
central C*-algebra A, we show that the set S,,(A) is weak™ closed (and hence equal to
the set of all states that annihilate J,) if and only if each primitive ideal of A which
contains J4 is maximal. States in S,,(R) for a general von Neumann algebra R are also
characterized.

Throughout the paper, an ideal means a norm closed two-sided ideal and all C*-algebras
are assumed to be unital unless explicitly stated otherwise.

2. The case of normal states on a von Neumann algebra

We denote by A¥ the dual of a Banach case A. In what follows A will usually be a C*-
algebra. Throughout this article, R is a von Neumann algebra, Ry its predual (that is, the
space of all weak* continuous linear functionals on R) and Z the centre of R. Basic facts
concerning von Neumann algebras, that will be used here without explicitly mentioning
a reference, can be found in [20, 28].

We will need a preliminary result of independent interest, which in the special case
(when, in the notation of Theorem 2.1, A = R and R is a factor or has a separable pre-
dual, and positivity was not considered), has been proved by Chatterjee and Smith [9)].
We would like to avoid the separability assumption. In its proof, we will use the notion
of the minimal C*-tensor product over Z of two C*-algebras A and B both containing an
abelian W*-algebra Z in their centres. This product A ®z B [6, 13, 22], can be defined
as the closure of the image of the algebraic tensor product A ©®z B in ®ieaA(t) @ B(t),
where A is the maximal ideal space of Z and, for each t € A, A(t) denotes the quotient
C*-algebra A/(tA), where tA is the closed ideal in A generated by ¢ (and similarly for
B(t)). (If at least one of the algebras A, B is exact, which will be the case in our appli-
cation in the proof of Theorem 2.3, A ® z B coincides with the quotient of A ® B by the
closed ideal generated by all elements of the form az @b —a® 2b (a € A, b€ B, z € 2)
[22, 3.12].)

Theorem 2.1. Let A be an injective von Neumann subalgebra of a von Neumann
algebra R containing the centre Z of R. Then, each completely contractive Z-module
map Y : R — A is (as a map into R) in the point-weak* closure of the set consisting
of all maps of the form z+— Y.  afxb; (x € R), where n € N and a;, b; € R satisfy
Yo ara; <1and ) . bib; <1.If in addition 1 is unital, then 1 is in the point-weak*
closure of E(R).

Proof. Let H be a Hilbert space such that R C B(H). It follows from [20, 5.5.4]
that there is a natural #-isomorphism ¢ from RR’ (the subalgebra of B(H) generated
by R UR’) onto the algebraic tensor product R ®z R’, given by rr' — r @z r’. By [6,
2.9], the tensor norm on R®zR’ restricted to R ®z R’ is minimal among all C*-tensor
norms on R @z R’, hence the *-homomorphism ¢ extends uniquely to the norm closure
RR'. Since A is injective and commutes with R’ the multiplication z : A®@ R’ — AR’ C
B(H) is a completely contractive #-homomorphism [8, 9.3.3, 3.8.5]. But more is true: by
[13, 4.2], the natural map A ®z R’ — AR’ extends (uniquely) to a #-isomorphism A ® z
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R’ — AR'. Tt follows that the composition

B(H) 2 RR — R®zR Y22 A9 R’ =~ AR’ C B(H)

is completely contractive and clearly, it is an R’-bimodule map, hence extending to such
a map ¢ on B(H) by the Wittstock extension theorem (see [30] or [7, 3.6.2]). By [11],
¢ can be approximated in the point-weak* topology by a net of elementary complete
contractions of the form

T Zaf(k)xbi(k) = a(k)*zb(k) (z € B(H)) (2.1)

where a(k) = (a1(k), ..., an, (k)T and b(k) = (b1(k), ..., bn(k))T are columns with the
entries a;(k), b;(k) € R and

= a;(k)ai(k) <1, b*(k)b(k) = > bi(k)bi(k) < 1. (2.2)

Thus, ¥ (=¢|R) can also be approximated by such maps.
Assume now in addition that ) is unital and consider a point-weak* approximation of
¥ of the form (2.1), (2.2). Since

0 < (b(k) — a(k))" (b(k) — a(k)) = b(k)*b(k) + a(k)*a(k) — a(k)"b(k) — b(k)"a(k)
<2 — a(k)*b(k) — b(k)*a(k) — 2 — 2(1) = 0,

it follows that b(k) — a(k) tends to 0 in the strong operator topology. Hence, 1 can be
approximated by maps of the form z — a(k)*za(k) in the point-weak™ operator topology.
To see this, write

U(x) — a(k) za(k) = (P(x) — a(k) zb(k)) + (a(k) z(b(k) — a(k)))

and note that |la(k)*z(b(k) — a(k))|| < ||z||]|(b(k) — a(k))]|| for each vector & € H.
Finally, as a(k)*a(k) tends to ¥(1) =1 in the strong operator topology, ¥ can be
approximated by maps of the form

x — af )+ \/ 1—a( x\/ 1—a(
that is, by unital completely positive elementary maps. (I

Lemma 2.2. Let w and p be hermitian functionals on a C*-algebra A such that
p|Z = w|Z and ||cp|| < ||ew|| for all ¢ € Z, where Z is the centre of A. Then, p1|Z < wi|Z
and p_|Z <w_|Z.

Thus, if Z is a von Neumann algebra, w and p are normal and p* and p~ are the
support projections of wy|Z and w_|Z, then there exist elements ¢y and c_ in Z such
that 0 <cp <pt,0<c_<p~,

P12 = crwilZ, p_|Z = cow_|Z, and (p — cp)ws|Z = (7 — e )w_|Z.
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Proof. For each c € Z, and 6 € (A*),, we have that ||cf|| = (cf)(1) = 0(c) and it is
also well-known that for each hermitian functional o the equality ||o|| = o (1) +0_(1) =
llot|| + [[o—| holds, hence

p1(0) + p() = lepll < llew] = wi (€) +w_ (o),
p1(0) = () = ple) = w(c) = wi () —w_(0).

Adding and subtracting these two relations, we find that pi(c) < wi(c) and p_(c) <
w_(c) for all ce Z,. If Z, w, p, p* and p~ are as in the second part of the lemma,
we may regard Z as L°(u) for some positive measure p and then the existence of
elements ¢y and c_ in Z satisfying 0 <cy <py, 0<c_ <p~ and p|Z = crwy|Z,
p—|Z = c_w_|Z follows easily, so we will verify here only the last equality in the lemma.
The condition p|Z = w|Z can be written as (c;wi —c—w_)|Z = (wy — w—_)|Z, hence
(1—c)wi|lZ=(1—c)w_|Z. But wy =pTw, and w_ = p~w_, since p* and p~ are
the support projections of w;|Z and w_|Z, hence the required equality follows. O

By [17] or [27], each positive functional w on R, such that w|Z is weak*® continuous,
can be uniquely expressed as
w=(w|Z)owgz, (2.3)
where wz is a (completely) positive Z-module map from R to Z such that wz(1) is the
support projection g € Z of w|Z. If w is weak™® continuous, then so is also wz. Observe
that the support projections of w and wz coincide, if w is normal. (Indeed, for each
projection e € R, we have 0 < wz(e) <wz(1) = ¢, hence w(e) = (w|Z)(wz(e)) =0 if and
only if wz(e) = 0 since ¢ is the support projection of w|Z.)

Theorem 2.3. Let w, p be normal hermitian functionals on R. There exists a normal
unital completely positive map i : R — R in the point-weak™® closure of E(R) satistying
(1) =1 and y(w) = p if and only if

plZ =w|Z and ||ep|| < ||ew]] Ve € Z4. (2.4)
Under this condition, p is in the norm closure of w o E(R).

Proof. Since maps in E(R) are unital and completely positive, they are also completely
contractive. Each map in E(R) is of the form ¢(z) = >."" | afza;, where a; € R and
i afa; =1, hence weak* continuous and the corresponding map 13 on the predual
Ry of R is given by ¢y(w) = > 1 ; a;wa; and is a Z-module map with ||¢y]| = ||¢| =
1. Hence ||cty(w)|| = [[¥g(cw)|| < |lew|| for each ¢ € Z. This means that the inequality
|(cw) o ¥|| < |lew|| holds for all 1) € E(R), hence also for all ¢ in the point-weak* closure
of E(R) since cw is weak™ continuous. If 1 is a weak™ continuous such map and p = ¥4 (w),
then ||ep|| = ||[(cw) o ¥|| < ||ew]|. Furthermore, since ¢|Z = id for each such map 1, it
follows that p|Z = w|Z for each p € wo E(R).

Assume now that the condition (2.4) holds. Decompose each of the functionals
Wy, w_, px, p— as described in (2.3), so that

w= (Wil Z) 0w} — (w_|Z) 0w and p = (p+]Z) 0 pk — (p_|Z) 0 p3,

where p%, pZ, wk, wz are Z-module homomorphisms from R to Z such that p* := w$ (1)
and p~ := w3 (1) are the support projections of w;|Z and w_|Z. Let p; and p_ be the
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support projections of w; and w_. Observe that p; <p* and p_ < p~. (Namely, w,

(1—p")=(we|Z)(1 —p*)=0 implies that 1 —p" <1—py, hence py <p'.) By

Lemma, 2.2, there exists ¢y, c. € Z such that 0 <cy <p™, 0<c_ <p~,
pr|Z=ciwi|Z, p|Z=cw_ |Zand (pT —cp)wi|Z=(p” —c )w_|Z. (2.5)

When we first tried to find a map v satisfying the requirements of the theorem to be
of the form ¢ = apk + bpz, where a, b € R, we found that it is not always possible to
simultaneously satisfy the conditions (1) =1 and w o1 = p by maps of such a form.
But after several attempts we arrived to the following map:

b= cspapt + (L—copi)(pz + (1 —p o). (2.6)

Here, 0 is any fixed normal positive unital Z-module map from R to Z. (Such a map
exists even on Z/ D R since Z’ is of type I, hence isomorphic to a direct sum of matrix
algebras of the form M,,(Z), where n can be infinite.) This map ¢ is positive, weak*
continuous, Z-module map, with the range contained in the commutative C*-algebra
generated by Z U {p,}, hence completely positive. We can immediately verify that v is
also unital:

V(1) = cuprpE (1) + (1= cupp)(pz(1) +1—p ) =cppr+(l —cypy)(p- +1—-p ) =1.
Now, we are going to compute
Py(w) =wotp = (wy|Z) owf 0h — (w_|Z) cwZ 0¥ (2.7)

For this, first observe that if f, g: R — Z are Z-module maps and a € R, then
(f o (ag))(@) = flag(®)) = f(a)g(x) = (f(a)g)(x), that is, fo(ag) = f(a)g. Note also
that p*p} = p} and p~pz = pz since Lemma 2.2 implies that the support projection of
p+|Z is dominated by the support projection of w,|Z and similarly for p_|Z and w_|Z.
From the definition (2.6) of ¢ and using that w} and wz are Z-module maps with ranges
contained in Z and mutually orthogonal support projections py and p_ (which are just
the support projections of wy and w_, respectively), we now compute

wi oy =wi(erpi)ps +wi (1 —cipi)(pz +(1—p7)0) (2.8)
= cipk + (" —cp)(pz + (1 —-p7)f)
and similarly
wz o =wz(l—cipi)pz =p pz =pz- (2.9)
From (2.7), (2.8) and (2.9) we have, using also (2.5) and (2.6),
wotp = (wi|Z)oerpt + (pF —ci)(pz + (1 —p)0)] = (w-|2) 0 pz
= (c+wi|2) 0 pL +[(p" — cp)wi|Z] 0 pz + [(pT —cr) (1 —pT)wi|Z] 00
—(w-|2)op3
= (p+]2) 0 pL + (0™ —cJw-|Z]opz +[(1 —p7)(p™ —c-)p w-|2] 00
—(p"w-|2)opz
= py—(c—w-|Z2)opz = p1—(p-|2) 0 pz = p1—p—=p.
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It follows from Theorem 2.1 that 4 is in the point-weak* closure of E(R). Thus, p = w o ¢
is in the weak closure of the convex set w o E(R), which is the same as the norm closure
by the Hahn-Banach theorem and the fact that R is the dual of Ry. O

When w and p are states, Theorem 2.3 simplifies to the following corollary:

Corollary 2.4. Let w and p be normal states on R. There exists a normal unital
completely positive map 1 in the point-weak™ closure of E(R) satistying 13(w) = p if and
only if p|Z = w|Z. This condition is satisfied if and only if ||cp|| < ||ew]| for all ¢ € Z.

Proof. By Theorem 2.3, we only need to verify that the condition p|Z = w|Z implies
that ||cp|| < |lew]| for all ¢ € Z; and conversely. Since w and p are positive, we have
llepll = (ep)(1) = p(e) and w(c) = ||ew]| for all ¢ € Z,. If ||ep|| < |lew]| for all ¢ € Z, then
p(c) < w(c). Applying this to 1 — ¢ instead of ¢, where 0 < ¢ < 1, it follows that p(c) =
w(c) for all such ¢. But such elements span Z, hence it follows that p|Z = w|Z if and only
if |lep|l < |lew]| for all ¢ € Z. O

It is well known that on R = B(H), all normal completely positive unital maps are of
the form

$(x) =Y ajza; (z€R), (2.10)
Jjel

where J is some set of indexes and a; € R are such that } . yaja; =1 with the con-
vergence in the strong operator topology. Maps on B(H) of the form (2.10) are called
quantum channels and we will use the same name for maps of such a form on a general
von Neumann algebra R. It is well known that on a general von Neumann algebra, not all
unital normal completely positive maps are of the form (2.10), so we still have to answer
the following question: If w and p are normal states on a von Neumann algebra R, when
does there exist a quantum channel ¢ on R such that wo ¢ = p?

Theorem 2.5. For normal states w and p on R, the following statements are
equivalent:

(i) There exists a quantum channel ¢ on R such that w o ¢ = p.

(ii) For every faithful normal representation m of R on a Hilbert space H, and any
normal state & on B(H,) that extends w o™, there exists a normal state p on
B(H.) that extends p o m~! such that @|m(R)" = p|7(R)’.

(iii) For some faithful normal representation of R on a Hilbert space H, such that w is
the restriction to R of a vector state @ on B(H), there exists a normal state p on
B(H) such that p|R = p and p|R’ = @|R’.

(iv) Let m, be the GNS representation of R engendered by w on a Hilbert space H,, and
let &, be the corresponding cyclic vector. The state p annihilates the kernel of m,
and there exists a normal state p on B(H,,) such that p|m,(R) is the state induced
by p on m,(R) 2 R/kerm, and p|m,(R) = &|n,(R)’', where & is the vector state
x — (xé,, &) on B(Hy,).
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Proof. (i)=(ii) If p=wo ¢, where ¢ is of the form (2.10), then let & be any
state on B(H,) extending wor !, let gz~5~be the map on B(H,) defined by ¢(z)=
> jerm(aj)zm(a;) and set p = & o ¢. Then, ¢(x) = z for each x € 7(R)’, hence p[m(R)" =
@|m(R)’. Moreover, p extends po w1,

(ii)=-(iii) Take for 7 a faithful normal representation on a Hilbert space H such that
w is the restriction of a vector state @ on B(H). (For example, R may be in the standard
form [28, Chapter IX] so that all normal states on R and R’ are vector states.) For
simplicity of notation, we may assume that R C B(H), that is, 7 = id. Then, with g as
in (ii), we have p|R = p and p|R’ = ©|R’.

(iii)=-(i) Assume that R is represented faithfully on a Hilbert space H such that w is
the restriction of a vector state @ on B(H) and that p is a normal state on B(H) such
that p|R = p and p|R' = &|R’. Let £ € H be such that @(z) = (z€, §) (x € B(H)). As a
normal state, p is of the form

pla) = (@>)n,m)  (x € B(H)),

where 2(°°) denotes the direct sum of countably many copies of = acting on the direct sum
H> of countably many copies of H and n € H*. Now, from &(z) = p(z) for all z € R/,
we have

(x€,€) = (@n,m)  (x € (R)).

Replacing « by z*x, it follows that there exists an isometry u : [R'€] — [(R)(*)5] such
that u& = n and uy = y(®)u for all y € R’. This u can be extended to a partial isometry
from H into H°, denoted again by u, by declaring it to be 0 on the orthogonal com-
plement of [R’¢] in H. Then, u intertwines the identity representation id of R’ and the
representation id™ and, is therefore, a column (u;), where u; € R. For r € R, we have

plr) = plr) = (O, m) = {1 ) = (ur g, ) = w(u'r ),
Thus, p = w o v, where 1 is a map on R, defined by ¥ (r) = u*r(®)y = Zj uiru;. This
map 1 is not necessarily unital, but from
w(l)=1=p(1) =w(y(l)) = w(Zu;uJ) =w(u*u) and uv'u <1
J
we infer that 1 —u*u <1 — p, where p is the support projection of w. Hence, p < u*u

and we may replace ¢ by the unital map ¢ defined by ¢(r) = py(r)p + (1 — p)r(1 — p),
which satisfies w o ¢ = w 0¥ = p and has the required form:

G(r) =Y puirup+plrpt,  where Y puiu;p+ptpt =putup+pt =1.
j j

The equivalence (i)<(iv) is proved by similar arguments and we will omit the details,
just note that R = 7, (R) @ ker . O
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3. The case of C*-algebras

In a general C*-algebra A, there are usually not enough module homomorphisms of A
into its centre Z and even if Z = C1, there can be many ideals in A. Functionals on A
usually do not preserve ideals, hence can not be approximated by elementary operators.
Therefore, we will use for general C*-algebras a different approach from that in the
previous section, not trying to construct an explicit map sending one state to another.
For C*-algebras with Hausdorff primitive spectrum, the situation nevertheless resembles
the one for von Neumann algebras.

Theorem 3.1. Let w, p be hermitian linear functionals on a C*-algebra A with Haus-
dorff primitive spectrum A and centre Z. Then, p is in the weak* closure w o E(A) of
the set wo E(A) if and only if the following condition is satisfied: (A) p|Z = w|Z and
llepll < |lew]| for each ¢ € Z.

Proof. To prove the non-trivial direction of the theorem, suppose that the condition
(A) is satisfied, but that p ¢ w o E(A). Then, by the Hahn-Banach theorem, there exist
he A, and o, 6 € R, § > 0, such that

w(®(h)) < a Vip € B(A) and p(h) > a + 6. (3.1)

Since p|Z = w|Z, in particular p(1) = w(1), we may replace h by h+~1 (and « with
a+~yw(1)) for a sufficiently large v € R and thus assume that h is positive in invertible.
Given € > 0, let a € A}, be such that

—1<a<landwi(a) —w-_(a) =w(a) > ||w|]| —e =wi(l) +w_(1) —e.

By a well-known argument, which we now recall, this implies the relations (3.2). Namely,
from the above, we have w; (1 —a) < —w_(1+a) +cand (sincel —a > 0and 1+ a > 0)
this implies that wy (1 —a) <e and w_(1+a) <e. Thus wi(ay) > wi(a) > wi(l) —¢
and w_(ay) =w_(14a) —w_(1 —a_-) <w_(1+a) <e. In conclusion,

wi(l—ay) <eand w_(ay) <e. (3.2)

For each t € A let m(t) and M(t) be the smallest and the largest point in the spectrum
o(h(t)) of h(t) € A/t. Since A is Hausdorff by assumption, the two functions M and m
(given by M (t) = ||h(t)|| and m(t) = ||h(t)~1||7!) are continuous [26, 4.4.5] and therefore
define elements of the centre Z of A by the Dauns—-Hoffman theorem. Set

b= May+m(l —ay).
For each t € A, the spectrum of b(t) is o(m(t)1 + (M (t) — m(t))a,(t)) and is contained
in m(t) + (M(t) — m(t))[0, 1] C [m(t), M(t)] since o(a4(t)) C o(ay) C [0, 1]. Thus, the

numerical range W (b(t)) of b(t) (which for normal elements coincides with the convex
hull of the spectrum) is contained in W (h(t)) = [m(t), M(t)]. Therefore, by [23, 4.1], b is
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in the norm closure of the set {¢(h) : ¢ € E(A)}, hence
w(b) < (3.3)
by the first relation in (3.1). On the other hand, we can estimate w(b) as
w(b) =wi(May) —w_(May) +wi(m(l —ay)) —w—(m(l —ay))

(m) = wi (M = m)(1 - a+)) —w_((M — m)as)
(m) — M = m(ws (1 - as) +w_(a1))

=wy(M) —w_
= CL)_;,_(M) — W_
(since 0 < (M —m)(1 —ay) <|[[M —m|(1—ay) and 0 < (M —m)ay < |[|M —m|ay)
>y (M) —w_(m) = 2|M — mle (by (3.2).

Thus, by (3.1), (3.3) and since m < h < M implies that pi(h) < p4 (M) and p_(h) >
p—(m), we have now

wy (M) = w_(m) = 2¢||M = m|| +6 < p(h) = ps(h) — p_(h) < p+(M) = p_(m).
This can be rewritten as
(wi—ps) (M) < (w_—p_)(m) + 22| M — m] - & (3.4)
or (since w|Z = p|Z implies that (w_ — p_)|Z = (wy — p+)|Z and since M, m € Z)
(wp—py ) (M = m) < 2¢[|M —m|| 6.

Since this holds for all € > 0, by choosing small enough ¢, it follows that (wy — py)
(M —m)<0.But, Z> M —m >0 and wy|Z > p;4|Z by Lemma 2.2, hence (wy — p4)
(M —m) > 0, which is a contradiction. O

The following corollary can be proved in the same way as Corollary 2.4, so we will omit
the proof.

Corollary 3.2. If w and p are states on a C*-algebra A with Hausdorff primitive
spectrum, then p € w o E(A) if and only if p|Z = w|Z.

Before stating our main result in this section, we need a lemma. Recall that a projection
p in the centre of the universal von Neumann envelope R of a C*-algebra A is called open
if there is an ideal .J in A such that J = pR, where J is the weak™ closure of J in R.

Lemma 3.3. Let R be the universal von Neumann envelope of a C*-algebra A and Z
the centre of R. For each h € A, the central carrier C}, of h in R can be approximated
in norm by linear combinations of open central projections in R, where the coefficients
in each combination are positive.

Proof. By definition, the central carrier z of h is the infimum of all ¢ in Z such
that h < c¢. If A is the maximal ideal space of Z, then z corresponds (via the Gelfand
isomorphism) to the function A 3¢+ ||h(¢t)||, where h(t) is the coset of h in R/tR.
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(This function is continuous by [14].) Thus, we will regard z as a function on A. Let
[m, M] be an interval containing the range of z, where m > 0 and M = ||h|| = ||z]|. Given
a€ Ay, the set U={t€d: a(t)#0} is open since the function A 3¢+ |la(t)] € R
is continuous. The weak™ closure of the ideal generated by a in R is of the form pR
for a unique projection p € Z and p is open by definition. Since the quotient algebras
R/tR have only scalars in their centres, p(t) = 1 for each ¢ € U, hence also for each
t € U by continuity, so p > ¢, where ¢ € Z is the projection that corresponds to the
characteristic function of U. But from the definition of U, we see that qa = a and this
implies that ¢b = b for each b in the ideal generated by a. Hence, gp = p and it follows
that ¢ = p. In particular, for each r € R, the projection that corresponds to the closure of
the set U, = {t € A: z(t) > r} is open since U, is just the set {t € A : a(t) # 0}, where
a = (h —r)4. (This has been observed already by Halpern in [18, proof of Lemma 6].)
Given ¢ > 0, for each k € N let p; be the projection corresponding to the closure of the
set Uy ={t € A: z(t) > M —ke}. Then, 0 =py <p1 <pa<...<p, =1, where n € N
is such that M —ne < m and M — (n — 1)e > m. Now, from 1 = (p; — po) + (p2 — p1) +
eoo 4 (pn — Pn_1), we have that Fj := Uy \ Uj_; are disjoint closed and open sets that
cover A and for ¢ € Fy,, we have that M — ke < z(t) < M — (k — 1)e. Thus, if we choose
in each interval [M — ke, M — (k — 1)e] a point A, > 0 and set ¢ := >/ A\e(px — Pr—1),
it follows that |z — ¢|| < e. Finally, observe that

c= A1 —=A)p1+ (A2 = A3)p2 + ...+ (A1 — An)Pn—1 + Aapn
is a linear combination with positive coefficients of open projections. O

The following theorem is a special case of Theorem 3.7, but it is used in the proof of
that theorem.

Theorem 3.4. Let w and p be states on a C*-algebra A. Then, p is in the weak* closure
woE(A) of the set woE(A) ={wov: ¢ € E(A)}, where E(A) is the set of all unital
completely positive elementary complete contractions on A, if and only if || p|J| < ||w|J||
for each ideal J of A.

Proof. Evidently, p € wo E(A) implies that ||p|J| < ||w|J|| for each ideal .J in A since
maps in E(A) are contractive and preserve ideals. For the converse, suppose that p ¢
w o E(A). Then, by the Hahn—Banach theorem there exist h € Aj, and o € R such that
(3.1) holds, that is w(1(h)) < « for all ¢ € E(A), while p(h) > «. Replacing h by h + 51
for a sufficiently large § € R (and consequently o by « + [3), we may assume that h is
positive.

Let R be the universal von Neumann envelope of A and denote the unique weak™
continuous extensions of w and p to R by the same two letters. We will use the same
notation as in the proof of Lemma 3.3. Thus, z is the infimum of all ¢ in Z such that h < c.
Since W (z(t)1) = {z(t)} C W(h(t)) for each t € A, it follows by [23, 3.3] that z € cor(h)
(= the weak™ closure of the R-convex hull of ), hence by the first relation in (3.1)

w(z) < a, (3.5)

since each map v of the form xz — >, bjzb; (b; € R, >, bib; = 1) can be approximated
by maps of the form x+— . afza; (a; € A, ), aja; =1). (This follows by using the
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Kaplansky density theorem in M,,(R) to approximate the column b = (by, ..., b,)’ by
(ai, ..., an)T.) Since w and p are states, the hypothesis ||p|J|| < ||w|J|| for each ideal J
in A means that p(p) < w(p) for each open projection p € Z. Then, it follows by Lemma
3.3 that p(z) < w(z). But from h < z and using (3.5), we have now that p(h) < p(z) <
w(z) < a, which is in contradiction with the previously established relation p(h) > . O

The naive attempt to generalize Theorem 3.4 to hermitian functionals fails, as shown
by the following example. The example also shows that the assumption in Theorem 3.1,
that A has Hausdorff primitive spectrum, is not redundant and that in Theorem 2.3 the
normality of w and p is not redundant.

Example 3.5. For a separable Hilbert space H, let w; be a normal and w, a singular
state on B(H), p1 and py positive normal functionals on B(H) with orthogonal supports
such that p;(1) = 3 = pa(1). Set w = w; —wy and p = p; — p2. Then, p(1) = 0 = w(1),
lloll = p1(1) + p2(1) =1 = wi(1) < |jw]||. Since p1, p2 and w; are normal, while ws is sin-
gular (which means that wy annihilates the ideal K(H) of all compact operators on
H), we have [|p[K(H)[| = [lo]l = p1(1) + p2(1) = w1 (1) = [ler[K(H)|| = [w[K(H)|| < [lw].
Thus, ||p|J]| < ||w|J]| for each ideal .J of B(H) and w and p agree on the centre C1 of B(H).
But nevertheless, p ¢ w o E(B(H)) since on K(H) all elements of w o E(B(H)) act as ele-
ments of wy o E(B(H))|K(H) and are therefore positive, while p|K(H) = (p1 — p2)|K(H)

is not positive.
To generalize Theorem 3.4 to hermitian functionals, we need a lemma.

Lemma 3.6. For each hermitian functional w on a C*-algebra A, we have

woE(A) = wioE(A) — w_oE(A).

Proof. Suppose that p € wo E(A) and let (1)) be a net in E(A) such that p(a) =
limg, w((a)) for all @ € A. Extend w, p and each v, weak™ continuously to the universal
von Neumann envelope R of A and denote the extensions by the same symbols. Let 1
be a weak* limit point of the net (¢) and note that ¢ is a unital completely positive
(hence contractive) module map over the centre Z of R. Set p; = wy o|A and py =
w_ o|A. Then p; € wy o E(A), po € w_ o E(A) and p = w o |A = p; — pa. This proves
the inclusion w o E(A) C wy o E(A) —w_ o E(A).

To prove the reverse inclusion, suppose that p; € wy o E(A) and py € w_ o E(A). Then,
there exist nets of maps ¢, and ¢, in E(A) such that p; = limg w4 o ¢y and po = limy w_ o
1. Let p and ¢ be the support projections in R of w; and w_ (where w; and w_ have
been weak* continuously extended to R). Let (a,) be a net of positive contractions in A
strongly converging to p in R, set b, = /1 — a2 and define maps ¢y, ,, and 9y, , on A by

k() = andp(x)an and Y n () = byr(2)by.

The nets (wy (b2)) = (w (1 —a2)) and (w_(a2)) = (w_(1 —b2)) all converge to 0. From
this, we will verify in the following by using the Cauchy—Schwarz inequality for

positive functionals that limy, , wi o ¢r.pn = p1, limy p w_ 0 Yppn = p2, limy p, wi 0Py p =
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0 and limy, , w— o ¢y, = 0 pointwise on A, hence

pi=p1—p2= llirrrll[(er—w,) o (P + Vi)l = llimw 0 Ok.n,

N

where 0y, ,, 1= ¢ n + Vk,n. Evidently each 6y, ,, is elementary completely positive map and
also unital since O (1) = angr(1)a, + bptbr(1)b, = a2 + b2 = 1. Thus, p € wo E(A),
verifying the inclusion woE(A4) D wy; o E(A) —w_ o E(A4). Now, we will verify that
limy, ,, wy Pk, = p1, the verification of the other three limits that we have used is similar.
For each x € A, we estimate

|p1(2) = wi(Prn ()] = |p1(2) — wi(andr(z)an)|
< p1(@) = wi Ok ()] + |wi (1 = an)dr(2))]
+ | (andr(2)(1 = an))]
< Ip1(a) = wi(9n(@))] + w (1 = an)®) 2w (Pn ()" du(2)) "2
+wi(dn (@) apdr (@) 2w (1 - an)®)'/?
< lpi(e) = wi(9n(@))] + 2w (1 = an)®) 2 o V2]

Both terms in the last line of the above expression converge to 0. (]

Theorem 3.7. Let w and p be hermitian functionals on a C*-algebra A. Then p €
woE(A) if and only if there exist positive functionals p; and ps on A satisfying the
following condition:

(B) p = p1 — pa, pr(1) = wi (1), p2(1) = w_(1), o1} | < o 11| and [jp2l ]| < [l 1]}
for all ideals J in A.

(In particular ||p|J|| < ||w|J|.) If w is positive, then the condition (B) simplifies to
p(1) =w(1) and ||p|J|| < ||w|J|| for all ideals J.

Proof. Suppose that p € w o E(A). Using the notation introduced in the first part of
the proof of Lemma 3.6, we have observed that the map 1 on R introduced in that proof is
a contractive unital Z-bimodule map. Thus, for any ideal .J in A, if p € Z is the projection
satisfying J = pR, then ¥(J) = (pR) = py»(R) C J. Since w (and hence also wy and
w_) are weak™* continuous on R, we have ||w, |J| = ||wy|J| and ||w_|J| = [|Jw_|J|. With
p1 = wi oY|A and ps = w_ 0 p|A (as in the proof of Lemma 3.6), we have p = p; — pa,

p1(1) = wi(1), p2(1) = w_(1),
lpr| TNl < llwsot | T|| < flws [T = llw| ]|
and similarly ||pz|J| < ||w—|J]||. Therefore, also
ol 1l = llplT = p2l 1| < ool T1 + llp2| 1| < [lwi [ ]| + llw-[J]| = llw[J]].
Conversely, assume the existence of positive functionals p; and ps on A satisfying the norm

inequalities in condition (B). Then, by Theorem 3.4 p; € wy o E(A) and py € w_ o E(A),
hence by Lemma 3.6 p € wo E(A). O
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4. Maximally mixed states

For functionals w and p on a C*-algebra A let us say that p is more mixed than w
if p € woE(A) (where the bar denotes weak™ closure). Applying Zorn’s lemma to the
family of all weak* closed E(A)-invariant subsets of wo E(A) we see that in wo E(A),
there exist minimal E(A)-invariant compact non-empty subsets, which are evidently of the
form p o E(A) for some p and such p are called maximally mixed. Thus, a functional w is
mazximally mized if p € w o E(A) implies that w € p o E(A). If A has Hausdorff primitive
spectrum, Corollary 3.2 implies that all states on A are maximally mixed. The same
conclusion holds for liminal C*-algebras.

Corollary 4.1. On a liminal C*-algebra A every state w is maximally mixed.

Proof. If p € woE(A), then by Theorem 3.4 |p|J|| < |lw|J]|| for each ideal J in A.
Denoting by p the projection in R := A* such that J = pR, this means that p(p) < w(p)
for each open central projection p, where w and p have been weak* continuously extended
to R. Since A is liminal, such projections are strongly dense in the set of all central
projections by [10], hence it follows that p(p) < w(pt). Since p(p) + p(pt =p(1) =1 =
w(1) = w(p) + w(pt), we conclude that p(p) = w(p), that is ||p|.J|| = |lw|J||. By Theorem
3.4, this implies that w € p o E(A). O

Perhaps, the simplest C*-algebras on which not all states are maximally mixed are
C*-algebras that have only one maximal ideal and this ideal is not 0.

Example 4.2. Suppose that a unital C*-algebra A has only one maximal ideal M
(for example, A may be simple or a factor). Then, a state w on A is maximally mixed if
and only if w|M = 0.

Proof. Suppose that w|M = 0and let p € w o E(A). Then, p|M =0, hence also p(J)=0
for each proper ideal J of A since J C M. Thus, ||w|J| = ||p|]| for each ideal J of A, so
w € poE(A) by Theorem 3.4.

Suppose now that w|M # 0. Let p be any state on A such that p|M = 0. Then

llplJ|| < ||w|J]| for all ideals .J, hence p € w o E(A) by Theorem 3.4. But w ¢ p o E(A) since
p|M =0 and w|M # 0, thus w is not maximally mixed. O

Remark 4.3. If K is an ideal of A, each state w on A satisfying w(K) = 0 may be
regarded as a state on A/K, say w. Note that w is maximally mixed on A/K if and only
if w is maximally mixed on A. Indeed, denoting by ¢ : A — A/K the natural map, ¢(J) is
an ideal in A/K for each ideal J in A and all ideals in A/K are of such a form. Moreover,
llwlJ|| = |lwlg(J)]|, hence the claim follows from Theorem 3.4.

Example 4.2 is generalized in Theorem 4.4. The proof of Theorem 4.4 is inspired by an
idea from [4, 3.10], but we will avoid using a background result from [5], that is used in
[4, 3.10], and present a short self-contained proof. Recall that the strong radical J4 of A
is the intersection of all maximal ideals in A.
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Theorem 4.4. (i) w(Ja) =0 for each maximally mixed state w on A.

(ii) If a state w on A annihilates some intersection My N My N ... N M, of finitely many
maximal ideals in A, then w is maximally mixed.

Thus, the set S,,(A) of maximally mixed states on A is a weak™* dense subset of
S(A/Ja) (= the set of states on A that annihilate J4 ).

Proof. (i) Let D = S(A/J4) and w a maximally mixed state on A. Suppose that
w ¢ D. Then, wo E(A) N D = (), otherwise this intersection would be a weak* closed
proper E(A)-invariant subset of w o E(A), which would contradict the fact that w
is maximally mixed. Thus, by the Hahn-Banach theorem, there exist o, § € R and

h € Ay, such that
p(h) <aVpeDand w(y(h)) > F>a Vi e EA). (4.1)

Replacing h by h + 1 for a sufficiently large v € R4 (and modifying «, 3), we may
assume that h is positive. Then, the first relation in (4.1) means that ||k < a,
where A denotes the coset of i in A/.J4. The (algebraic) numerical range W4 174 (h)
of I is an interval, say [c, d], contained in the numerical range Wa(h) of h, which is
an interval, say [a, b]; note that a < ¢ <d=|h|| <b=|h|. Let f:a, b] — [¢, d]
be the function, which act as the identity on [¢, d], and maps [a, ¢] into {¢} and
[d, b] into {d}. For every proper ideal K in A the quotient A/(K + Jy) is non-zero,
for K is contained in a maximal ideal M and hence K + Jy C M + Jy = M # A.
Since W4 (k+74)(h) € Wa kg (h) N Wa,;, (h), this intersection is not empty, hence
the interval W, (h) intersects [c, d] and is therefore mapped by f into itself. The
numerical range W4,k (f(h)) of the coset of f(h) in A/K is just the convex hull
of the spectrum o4/ (f(h)) = f(oa (), hence W,k (f(R)) C f(Wa r(h)) C
W4,k (h). This inclusion implies that f(h) € E(A)(h) by [23], hence w(f(h)) > a
by the second relation in (4.1). Since w is a state, it follows that W4 (f(h)) inter-
sects (o, 00). But this is a contradiction since W4 (f(h)) is the convex hull of the
spectrum o4 (f(h)) = f(oa(h)) C ¢, d = [¢, |A]|] C [¢, @]. Thus, w € D.

(ii) By the Chinese remainder theorem [15, 6.3], there is a natural isomorphism A/ N}_;
M; = @7_) A/Mj, thus we may regard w as a state on @7_; A/M;. Since the algebras
A/M; are simple, all states on them are maximally mixed by Example 4.2. The same
then holds for their direct sum, so all states on A/ N7_, M; are maximally mixed
and (ii) follows by Remark 4.3.

The set of all states that annihilate some finite intersection of maximal ideals of A is
convex and norming for A/J4 (since the natural map A/J4 — & A/M, where the sum
is over all maximal ideals in A, is a monomorphism, thus isometric), hence weak* dense

in S(A/Ja) [20, 4.3.9]. O

Remark 4.5. A similar argument as in [4, 3.2] shows that the set S,,(A) of all
maximally mixed states on a C*-algebra A is always norm closed.

Recall that a C*-algebra A is weakly central if different maximal ideals of A have
different intersections with the centre Z of A.
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Theorem 4.6. If the set S,,(A) of all maximally mixed states is weak™ closed (which
by Theorem 4.4 just means that S,,(A) = S(A/Ja)), then each primitive ideal of A
containing J, is maximal. If A is weakly central, then the converse also holds: if each
primitive ideal containing J, is maximal, then S,,(A) = S(A/Ja).

Proof. By Remark 4.3 a state w on A/J4 is maximally mixed if and only if it is
maximally mixed on A. By [3, 3.10], the quotients of weakly central C*-algebras are
weakly central, so in particular A/.J,4 is weakly central. In this way, we reduce the proof
to the algebra A/J4 (instead of A), which has strong radical 0. Thus, we may assume
that J4 = 0.

Suppose now that S,,(A) = S(A). Then, S,,(A/P) = S(A/P) for each primitive ideal
P of A by Remark 4.3. If M is a maximal ideal of A containing P, then A/M is a
quotient of A/P, hence each state p € S(A/M) can be regarded as a state on A/P and
therefore can be weak® approximated by convex combinations of vector states on A/P,
where A/P has been faithfully represented on a Hilbert space. Since A/P is primitive,
as a consequence of the Kadison transitivity theorem, each vector state is of the form
x +— O(u*zu) for a fixed state § on A/P with O(M/P) # 0, where v € A/P is unitary
[20, 5.4.5]. Thus, p € 0 c E(A/P). But p(M/P) = 0, while (M/P) # 0 if M # P, hence
0 ¢ poE(A/P) if M # P. Thus, p can not be maximally mixed (on A/P and hence also
on A) if P is not maximal. This argument, which we have found in [4, proof of 3.15],
shows that in general the equality S,,(A) = S(A) can hold only if all primitive ideals
containing J4 are maximal. If A is weakly central and by our reduction above J4 = 0,
then the assumption that all primitive ideals are maximal implies that the primitive
spectrum A of A is homeomorphic to the maximal ideal space A of Z (via the map
A M~ MNZcA). Thus, A is Hausdorff and in this case, Corollary 3.2 shows that
all states on A are maximally mixed. [

It is well known that each W*-algebra R is weakly central. If R is properly infinite,
each primitive ideal P containing Jg is maximal. (Namely, by [16, 2.3] or [20, 8.7.21], the
ideal M := P+ Jgr D R(PN Z) + Jr is maximal, and M = P if P D Jg.) So, we can
state the following corollary.

Corollary 4.7. In a properly infinite von Neumann algebra R maximally mixed states
are just the states that annihilate the strong radical Jg.

If R is finite, primitive ideals are not necessarily maximal. (By [17, 4.7], any ideal Rt,
where t is a maximal ideal of the centre of R, is primitive, while using the central trace,
one can show that not all such ideals are maximal in R = @®,,M,,(C), for example.) Thus,
the set of maximally mixed states on R is not weak™ closed.

Throughout the rest of the paper R is a W*-algebra, Z its centre and A the mazximal
ideal space of Z. For each t € A let M, be the unique mazximal ideal of R that contains
t [20, 8.7.15] ). Note that ¢(Rt) = ¢(R)t C t for each Z-module map ¢ : R — Z.

To prove that tracial states are maximally mixed, we need a lemma.

Lemma 4.8. A bounded Z-module map ¢ : R — Z C 'R preserves all ideals of R
if and only if ¢(M;) Ct for each t € A. If R is properly infinite, this is equivalent to
¢(Jr) = 0.
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Proof. Let J be an ideal in R and K = J N Z. As an ideal in Z, K can be identified
with the set of all continuous functions on A than vanish on some closed subset Ay
of A, hence K is the intersection of a family {¢:t € Ak} of maximal ideals of Z. By
[20, 8.7.15], there exists the largest ideal J(K) in R such that J(K)NZ = K, and it
follows from [20, 8.7.16] that J(K) = Niea, M. Now J N Z = K implies that J C J(K).
Thus, if ¢ has the property that ¢(M;) Ct for all t € A, then ¢(J) C ¢(J(K)) C
Nteax (M) C Nieat =K C J.

If R is properly infinite, then M; = Rt + Jg for each t € A by [20, 8.7.21 (1)]. Thus,
if p(Jr) = 0, then we have ¢(M;) = ¢(R)t C t for all ¢t € A. Conversely, if ¢p(M;) C ¢ for
all ¢, then ¢(Jr) = d(NeaMy) C Neat = 0. O

Corollary 4.9. A unital positive Z-module map ¢ : R — Z C R is in the point-norm

1.

closure of elementary such maps (that is, ¢ € E(R)p ) if and only if ¢(M;) C t for each
teA.

Proof. By [24, 2.2] and [25, 2.1] each completely contractive map ¢: R — Z C R
which preserves all ideals of R is in the point-norm closure of maps of the form x — a*zb =

Z?Zl ajzbj, where n € N, a;, b; € R, a:= (a1, ..., an)T, b= (by, ..., by), |la|| <1 and
Ib]] < 1. If ¢ is unital, then we can modify such maps to unital maps in the same way as
in the proof of Theorem 2.1, which shows that ¢ € E(R)p‘n‘. O

Corollary 4.10. Let w be a state of the formw = po ¢, where y = w|Z and ¢ : R — Z
is a unital positive Z-module map. If ¢(M;) Ct for each t € A, then w is maximally
mixed. In particular, tracial states are maximally mixed.

Proof. Suppose that p € wo E(R). Then, p|Z = w|Z = p, hence
w=pop=(p|Z)op=po¢.

By Corollaur%v1 4.9 ¢ can be approximated in the point-norm topology by a net of maps
ér € E(R)"™. Then, w(z) = limg(p(dx(z))) for all 2 € R. This shows that w € p o B(R),
S0 w is maximally mixed.

Any tracial state w annihilates the properly infinite part of R, hence we assume that
R is finite. Then, w = (w|Z) o 7, where 7 is the central trace on R [20, 8.3.10]. Since
M, is of the form M; = {a € R: 7(a*a) € t} by [20, 8.7.17], for a € M,, we have by the
Schwarz inequality 7(a)*7(a) < 7(a*a) € t. This implies that 7(a) € t. Thus, 7(M;) C t,
hence w is maximally mixed by the first part of the corollary. O

Are all maximally mixed states on W*-algebras of the form specified in Corollary 4.107
Not quite. To investigate this, we still need some preparation.

Lemma 4.11. For each state w on R there exists a positive Z-module map ¢ : R — Z
such that w = (w|Z) o ¢ and p := ¢(1) is a projection with w(p) = 1.

Proof. Let ® be the universal representation of R, so that R is the weak* closure of
®(R). Then, the x-homomorphism ®~! : ®(R) — R can be weak* continuously extended
to a *-homomorphism W : R¥ — R; set @ =wo ¥ [20, 10.1.1, 10.1.12]. Let Z be the
centre of R¥. Since @ is weak* continuous, by [17] or [27, 1.4], there exists a unique
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Z-module homomorphism ) : R¥ — Z such that © = (&1|2,~’)~o 1 and (1) is the support
projection g of @|Z. It is not hard to verify that ¢ := (V|Z) o ¢ o ® has the properties
stated in the lemma. O

Let w be a state on R, = w|Z and let ¢, p be as in Lemma 4.11, so that w = o ¢.
Let J be an ideal of R and K = J N Z. Let (e;) and (f;) be approximate units in J and
K (respectively). Then

lwl K[ = (Il K} = lim p(fi) and [|w]J]| = lim p(d(ex))- (4.2)

We may regard (f;) and (¢(ex)) as two bounded increasing nets in the positive part
of the unit ball of C(A) (2 Z), hence they converge pointwise to some lower semi-
continuous functions f and ¢ (respectively) on A. The ideal K of C(A) is of the
form K = {a € C(A) : a]Aj =0} for some open subset Agx of A and since (f;) is an
approximate unit for K, it follows that f is just the indicator function xa, of Ax.
Let A, be the clopen subset of A that correspond to the projection p = ¢(1) (that is,
P = Xa,, the indicator function of A,). Since f; € J and (ej) is an approximate unit
for J, limy ex fi = fi, hence gf; = limy, ¢(ex) fi = limy, ¢(er fi) = ¢(fi) = figp(1) = fip and
gf =lim; gf; = limy fip = fp, that is (9 — xa,)xa, = 0. This means that

g(t) =1Vte AyN Ax. (4.3)

Since (eg) is an approximate unit, for any ki and ks, there exists ks > k1, ko so
that ey, > eg, and ex, > ek,, and (f;) have the analogous property. Thus, f = sup, fi,
g = sup;, ¢(er) and we may apply the version of the monotone convergence theorem
for nets [12, 7.12]. Thus, denoting by /i, the Radon measure on A that corresponds

to i, we have limy pu(f;) = sup; p(fi) = sup; [, fidiv = [y sup; fidip = [ fdiv = j(f) and
similarly limy, p(¢(ex)) = ji(g). Therefore, by (4.2), the equality ||w|J|| = ||w|K|| is equiv-
alent to fi(g) = a(f) = i(Ak). By (4.3), this condition f(g) = fi(f)) means that 0 =
9~ 1) = Jaoms (9~ D) it = [c (0~ xar) dii = [y, g since i(Ag) = 0 (because
u(p) =1). As g > 0, we conclude that |w|.J|| = ||w|K]|| if and only if g(¢) = 0 for ji-almost
all t € A%. Since (eg) is an approximate unit of J, ¢(ex)(t) > 0 for some k if and only if
@(a)(t) # 0 for some a € J. Hence, since g = supy, ¢(e),

{t€ A« g(t) >0} = Up{t € AL+ dler)(t) > 0} = Upe s {t € AS : d(a)(t) # O}

This proves the following lemma. (Note that g is lower semi-continuous, hence the set
A(b(.])‘A;(#O in the lemma is fi-measurable.)

Lemma 4.12. [[w|J| = [lw[(J N Z)| if and only if i(Ag(1)|as 20) = 0, where

Ay(nyas,£0 = U {t € A%k : ¢(a)(t) # 0}. (4.4)

acJ

Here, K = JN Z and AY is the set of all common zeros of elements of K.

The following theorem says that maximally mixed states are those for which the
corresponding ¢ almost (with respect to [i) preserve ideals.
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Theorem 4.13. Let w be any state on R. Let w = o ¢, where p = w|Z and ¢ : R —
Z is a positive Z-module map with ¢(1) a projection. Denote by [i the Radon measure on
A that corresponds to p. Then, w is maximally mixed if and only if i(Ay(1)ac.20) =0
for each ideal J in R, where K = JNZ, Af. ={te€ A: K Ct} and Ay (n)|as #0 is the
set defined in (4.4).

Proof. Suppose that p € wo E(R). Then, p|Z = w|Z and by Theorem 3.4 ||p|J]|| <
[|w|J|| for each ideal J of R. If i(Ag(syac. £0) = O for each J, then by Lemma 4.12 [|w|J|| =
lwl(J N Z)| for each J, hence ||w|J|| = [|w|(J N Z)|| = [Ip|(J N Z)|| < |p|]]||. Therefore,
by Theorem 3.4 w € p o E(R), which proves that w is maximally mixed.

Conversely, if [i(Ag(s)ac+0) >0 for some ideal Jy, then by Lemma 4.12
|w|(Jo N Z)|| < ||w|Jo||. Let ¢ : R — Z be any positive unital Z-module map that pre-
serves ideals. (For example, the central trace, if R is finite, as we have seen in the
proof of Corollary 4.10. If R is properly infinite, preservation of ideals is equivalent
to ¢¥(Jr) =0 by Lemma 4.8, so we can take for ¢ the composition R RN R/Jr = Z,
where 7 is the natural map and ¢ is an extension of the inclusion Z — R/Jg. Here Z
is regarded as contained in R/Jg since ZNJr =0, and ¢ exists by the C*-injectivity
of Z.) Let p=pot. Since ¥(J) C JN Z for each J, the set Ay(1)|ae, #0 is empty,
hence by Lemma 4.12 |[p|J| = |p|(J N Z)||. Since p|Z = p =w|Z, we have ||p|J] =
llpl(J N Z2)|| = |lw|(J N Z)|| < |lw]J]| for all J, hence p € wo E(R) by Theorem 3.4. But
llwlJoll > [|lw|(Jo N 2)|| = |lpl(Jo N 2)|| = ||p|Jo|| implies that w ¢ po E(R). Hence, w is

not maximally mixed. O
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