Euro. Jnl of Applied Mathematics (2013), vol. 24, pp. 179-211. © Cambridge University Press 2012 179
doi:10.1017/S095679251200037X

Existence results for diffuse interface models
describing phase separation and damage*

CHRISTIAN HEINEMANN and CHRISTIANE KRAUS

Weierstrass Institute for Applied Analysis and Stochastics (WIAS ), Mohrenstr. 39, 10117 Berlin, Germany

emails: christian.heinemann@wias-berlin.de, christiane.kraus@wias-berlin.de

(Received 15 December 2011; revised 4 October 2012; accepted 4 October 2012;
first published online 9 November 2012)

In this paper, we analytically investigate multi-component Cahn—Hilliard and Allen—Cahn
systems which are coupled with elasticity and uni-directional damage processes. The free
energy of the system is of the form [, 1I'Ve : Ve + 1|Vz2 + W(c) + W(e,c,z) dx with
a polynomial or logarithmic chemical energy density W<, an inhomogeneous elastic energy
density W¢ and a quadratic structure of the gradient of damage variable z. For the corres-
ponding elastic Cahn—Hilliard and Allen—Cahn systems coupled with uni-directional damage
processes, we present an appropriate notion of weak solutions and prove existence results
based on certain regularization methods and a higher integrability result for strain e.
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1 Introduction

Phase separation and damage are common phenomena in many fields, including material
sciences, biology and chemical reactions. Such microstructural processes take place to
reduce the total free energy, which may include bulk chemical energy, interfacial energy
and elastic strain energy.

The knowledge of the mechanisms inducing phase separation and damage processes
is very important for technological applications, as for instance in the area of micro-
electronics, due to the ongoing miniaturization. The materials used in this area are
typically alloys consisting of mixtures of several components (cf. [26]).

Phase separation and damage processes are usually described by two separate models in
the mathematical literature. To describe phase separation processes for alloys, phase-field
models of Cahn—Hilliard and Allen—Cahn type coupled with elasticity are well adapted. On
the other hand, damage processes for standard materials are often modelled as unilateral
processes within a gradient-theory [19]. A phase-field approach which describes both
phase separation and damage processes in a unifying model has been recently introduced
in [27].

* This project is partially supported by the DFG project A 3 ‘Modeling and sharp interface
limits of local and non-local generalized Navier—Stokes—Korteweg Systems.’
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The main objective of this work is to prove under general assumptions existence results
for multi-component systems where Cahn-Hilliard as well as Allen—Cahn equations are
coupled with rate-dependent damage differential inclusions for elastic materials. We are
interested in free energies of the system which may contain a chemical energy of logarithmic
or polynomial type, an inhomogeneous elastic energy and a quadratic term of the gradient
of the damage variable. To this end, we establish some regularization methods which
enable us to show existence results for gradient terms |Vz|? of the damage variable z
in the free energy even if the assumption p > n (n space dimension) is dropped. In
contrast to [27,30], now the physical meaningful term |Vz|*> can be treated (cf. [18,19]). In
addition, we also provide a higher integrability result for strain tensor. As a consequence,
the chemical-free energy may also have a logarithmic structure such that we are not
restricted to polynomial growth as in [27]. We focus on the modelling of rate-dependent
damage processes, but we would like to mention that the results of this work can be
extended to rate-independent systems (i.e. the dissipation potential is homogeneous of
degree one) by some modifications. In the following, we will introduce the model formally.

The elastic material we want to consider in this work is an N component alloy occupying
a bounded Lipschitz domain @ < IR". To account for phase separation, deformation and
damage processes in one model, a state at a fixed time point is described by a triple
(u,c,z), where u : Q@ — R" denotes the deformation, ¢ : @ — IRY denotes the vector of
chemical concentrations and z : @ — IR denotes the damage variable. The meaning of
the variables and its governing evolutionary process is explained more explicitly below.

The mixture of the alloy is described by a phase field vector ¢ = (cy,...,cy), Where
element ¢, for k = 1,..., N denotes the concentration of component k. Therefore, we will
restrict the state space for ¢ to the physically meaningful condition Z?’ZI cj=1in Q. The
constraint ¢, > 0, k =1,...,N, in Q is also used for logarithmic chemical potentials (see
below).

If an alloy is cooled down below a critical temperature then usually there occur spinodal
decomposition and coarsening phenomena. Well established models for describing that
such effects are Cahn—Hilliard and Allen—Cahn equations, which describe mass preserving
and mass non-preserving phase separation in solids (cf. [1,9, 10,25, 28]) for modelling
aspects. Analytical investigations of Cahn-Hilliard equations can be found in [4,7,11,20-
22] and that for Allen—Cahn equations in [6,12,13]. The essential difference between these
two equations is that the Cahn—Hilliard equation is a fourth order parabolic evolutionary
equation expressible as a H~! gradient flow of free energy with respect to ¢, whereas the
Allen-Cahn equation is a second order parabolic equation arising from an L’ gradient
flow. More precisely,

Allen-Cahn: ¢ = —M( —div(I'Ve) + W (c) + WEl(e(u), ¢, z)), "
Cahn-Hilliard:  9;c = div(MV( — div(I'Ve) + W(c) + W (e(u), ¢, 2))).

Here W*" denotes the chemical energy density, W¢ is the elastic energy density, M is the
mobility matrix satisfying Zfi My =0forall k=1,...,N and I' is the gradient energy
tensor, which is a fourth order symmetric and positive definite tensor, mapping matrices
from RV*" into itself.
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In this work, W may be a chemical energy density of polynomial type, i.e. W (c) =
Wehpol(e) or of logarithmic type, ie. Wh(c) = Welog(c) (see (A8)). Note that phase
separation only arises if matrix 4 in (A8) is non-positive definite, since the first term in
(A8) is convex.

Elastic behaviour is modelled by a deformation variable u so that each material point
x € Q from the reference configuration is located at x 4 u(x). We use the assumption that
strain e is sufficiently small so that we can work with the linearized strain tensor given by
e(u) = %(Vu + (Vu)"). In this work, we will neglect inertia effects pii and volume forces .
Therefore, the momentum balance equation div(e) + [ = pii from continuum mechanics
becomes a quasi-static force equation, i.e.

div(e) = 0. (2)

The stress tensor ¢ is defined by W,f,l, i.e. as a derivative of elastic energy with respect to
strain.

Analytical results for multi-component Cahn—-Hilliard equations coupled with elastic
deformations can be found in [20] whereas Allen—Cahn systems with elasticity are, for
instance, studied in [5]. Finite element error estimates of Cahn-Hilliard equations with
logarithmic-free energies and concentration-dependent mobilities are derived in [2]. Recent
numerical results for Cahn—Hilliard and Allen—Cahn equations can be found in [3]. It
turns out that different elastic moduli of phases in the mixture influence the rate of
coarsening and the morphology of phases decisively [14]. Numerical investigations of
elastic Cahn—Hilliard systems are conducted in [23].

The damage process we want to consider in this paper is uni-directional, i.e. it can
only increase in time and the material is not able to heal itself. The phase field variable
z satisfying 0 < z < 1 is interpreted as damage in a way that z(x) = 1 stands for a
non-damaged, and z(x) = 0 for a maximally damaged material point x € Q. We assume
that the damage in our model is not complete, which means that a maximal damaged part
has still elastic properties. These constraints lead to a differential inclusion formulation
for the evolution of z which relates the derivative of the energy dissipation of the system
depending on the rate of damage with the derivative of free energy with respect to z.
More precisely, we consider the doubly nonlinear differential inclusion (cf. [19]),

0 € p(drz) — Az + WEl(e(u), z) + 0l j0.0)(2). (3)

The energy dissipation density due to damage progression is given by p where we assume
the structure

p(2) = —oz + §|2|2 + I—op0)(2)

with o, f > 0. Because of the quadratic term §|2|2, the damage evolution is called rate-
dependent whereas § = 0 would correspond to rate-independent systems. See [15,29,31,32]
for analytical results on rate-independent damage and numerical experiments (without
phase separation). We also refer to [8,17] for further analytical investigations of damage
models. In comparison to [27] we use a gradient-of-damage theory with the Laplacian Az
in (3) instead of a p-Laplacian div(|Vz|P~2Vz) with p > n.
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In conclusion, the systems that we would like to consider in this work are governed by
(1), (2) and (3) and can be rewritten as

0ic=—-Sw in Qr,
w = P(—div(I'Ve) + Wh(e) + W(e(u),c,z))  in Qr, 5
div(c) = 0 in Qr, 0

0p(0;z) — Az + ng(e(u),z) + 0lj04)(z) 20 in Q7,

where w denotes chemical potential. Here matrix IP denotes the orthogonal projec-
tion of RN onto the tangent space TY = {x € RN| Y\ x; = 0} of affine plane
Y ={xeRY| Zf\]:l xi = 1}. The operator & determines whether we have an Allen—
Cahn- or a Cahn—Hilliard-type diffusion of the system. More precisely,

Allen-Cahn: . : L*(Q;RY) - L*(Q;RY), F(f) == M,

. 4)
Cahn-Hilliard: & : HY(Q;R"Y) » (H(Q;R"))", Z(f) = (MVf,V-),..
In the Cahn-Hilliard case, operator . is invertible when restricted to & : Y — &, where
spaces Y and Z are defined as follows:

N
Y = {ceHl(Q;]RNH /c=0, 3 =0},
Q k=1
9 = {c* € (HI(Q;]RN))* | (", )y = 0 for all ¢ = d(x)(1,...,1),

where d € H'(Q) and for all ¢ = ¢, k = 1,...N} e) . kth unit function. (5)

We need to impose some restrictions on mobility matrix IM. We assume that M is
symmetric and positive definite on the tangent space T2X. In addition, due to constraint
S, e = 1, M has to satisfy the property )% M, = 0 for all k = 1,..., N. Note that
M=MP.

We abbreviate Dy = (0,T) x D and (0Q)7 := (0,T) x 0Q, where D < 0Q with
A#""1(D) > 0 denotes the Dirichlet boundary. The initial-boundary conditions (IBC) of
our systems are summarized as follows:

c(0) =" in Q, 6-vV =0on(d0Q)r \ Dr,
2(0)=2"1in Q, I'Ve- vV =0on (0Q)7, (IBC)
u="hbonDr, Vz- 3V =0on (0Q)r
and in addition for Cahn—Hilliard systems
MVw-V =0 on (3Q)7, (IBC)

where V" is the unit normal on dQ pointing outward and b is the boundary value function
on the Dirichlet boundary D. The initial values are subject to 0 < zg < 1 and ¢* € TNRY
a.e. in Q. In the following, we assume that b can be suitably extended to a function on
Qr.
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The paper is organized as follows. In Section 2, we introduce an appropriate notion of
weak solutions for the system (Sy). To handle the differential inclusion rigorously, we adapt
the concept of energetic solutions originally introduced in the context of rate-independent
systems (see for instance [29]) to phase separation systems coupled with rate-dependent
damage. This approach was first presented in [27]. The main result and their assumptions
are stated at the end of Section 2.

In Section 3, we prove existence of weak solutions for the regularization of system (Sp)
expressed in classical formulation as

0ic = —Fw in Qr,
w = P(—div(I"Ve) + WPl (c) + W (e(u), ¢, z) + £d;c) in Qr, )
div(c) + ediv(|Vu|*Vu) = 0 in Qr, ‘

0p(0,2) — Az — ediv(|Vz|P~>Vz) + le(e(u),z) +0lpx)(z) 20 in Qr,

where WPl and W satisfy certain polynomial growth conditions and p > n. The
initial-boundary conditions are

(IBC) with (¢ + &Vu|*Vu) - ¥ = 0 instead of ¢ - v = 0. (IBC,)

It turns out that the weak solutions of the regularized system have the following regu-
larities: ¢ € H'(0, T; L*(Q;RY)), Vu € L4 Q7;R™") and Vz € LP(Q7;R") (with p > n
as above). These are constructed by adapting the approximation techniques developed
in [27].

The limit problem ¢ \ 0 for (S,) corresponding to (Sg) with Weh = Wwehrol js solved in
Section 4. The displacement field u obtained in this process has H!(Q;IR")-regularity in
the first instance. To establish existence results for chemical-free energies of logarithmic
type, we prove a higher integrability result for Vu in Section 5, which is based on some
ideas of [16,20,22].

Finally, Section 6 is devoted to logarithmic-free energies for concentration c¢. Following
the approach in [20,22], we use a suitable regularization W with polynomial growth
of the logarithmic-free energy density W<M°2 to obtain a solution for (Sp). Using this
regularization, the chemical component ¢, becomes strictly positive in the limit.

The notation that we will use throughout this paper is collected in the following:

Spaces and sets.
W (Q;R") standard Sobolev space,

Wl’r(Q) functions of W!7(Q), which are non-negative almost everywhere,

W (Q) functions of W'¥(Q), which are non-positive almost everywhere,
Wll)’r(Q;]R”) functions of W7 (Q;IR"), which vanish on D < dQ in the sense of traces,
Bgr(A) open neighbourhood of 4 = IR" with thickness R,

Or(xo) open cube {x € R"| ||x — xo[, < R},
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{f =0} zero set {x € Q| f(x) =0 ae.} of function f € L'(Q) defined up to a
set of measure 0 and defined uniquely if f € W(Q) for p > n as
W (Q) = 6°(Q),

Qr set (0,T) x Q.

Functions, operations and measures.

[f1" non-negative part of f, i.e. max{0, f},

Iy indicator function of subset M < X,

AM characteristic function of subset M < X,

W, classical derivative of function W with respect to variable e,

(g*,f)  dual pairing of g* € (W'"(Q;R"))* and f € W' (Q;R"),
o“'E generalized Clarke’s sub-differential of E,

dE Gateaux differential of E,
* fes P
P Sobolev critical exponent n"Tp for n > p,
diam(Q) diameter of subset Q = R",
H" Hausdorff measure of dimension n,
&z Lebesgue measure of dimension n.

2 Existence theorem
2.1 Weak formulation

The weak notion, we will derive in this section for the doubly nonlinear differential
inclusion occurring in (Sp), is inspired by the concept of energetic solutions for rate-
independent systems (see for instance [29]). In the rate-independent setting, the differential
inclusion is formulated by a global stability condition and an energy inequality. In [27], we
have introduced an approach which uses an energy inequality and a variational inequality
to handle rate-dependence coming from the viscosity term §|2|2 in the damage dissipation
density function p.

The corresponding Gateaux-differentiable free energy & : H'(Q;R") x H'(Q;RRN) x
(H{(Q) N L*(Q)) —» R and the dissipation functional # : L%(Q) — IR to system (S;) are
given by

~ 1 1
Eu,c,z) = / EFVC :Ve+ E\Vz|2 + W)+ W e, c,z)dx,
Q
R() = / —oz + £\2|2dx,
o 2
with viscosity constants o, f§ > 0. To account for the constraints of z, we extend functionals
& and # above for analytical reasons by indicator functions:

Eu,c,z) = Eu,c,z) + / Ij0.0)(2) dx, R(z) = R(Z)+ / I(—op0)(2) dx.
Q Q

If we equip space H!(Q) N L*(Q) with norm || - || giap= := | | g1 + | - || =, the generalized
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sub-differential 8¢ at point (u,c,z) € H'(Q;R") x H'(Q;RN) x (H'(Q) N L*(Q)) is
0S¢ (u, c,2) = {dZéN”(u, ¢,z)+reH(Q)NLAQ) |re aIHi(Qm%(Q)(z)}. (6)

The inclusion L'(Q) < (H'(Q) N L*(Q))" will be later used for the construction of a
specific sub-gradient. Using property (6), the differential inclusion in (Sy) can be rewritten
in a weaker form as

0 € 0S¢ (u(r), c(t), 2(1)) 4 0: R(2(1)).

The analytical basis for the formulation of a weak solution is the following proposition
(a proof of the related result can be found in [27]).

Proposition 2.1 Let (u,c,w,z) € €*(Qr;R" x RN x RN x R) be a smooth solution satisfy-
ing (1) and (2) with the initial-boundary conditions. Then the following two conditions are
equivalent :

(i) 0 € 051 (u(t), c(t), z(t)) + d:R(2(1)) for all t € [0, T,
(i1) the energy inequality

t

t
E(u(t), c(t),z(t)) +/ (d:%(d,z),0,z) ds +/ (Fw(s), w(s))ds
0 0
< &(u(0), ¢(0),2(0)) +/ Wel(e(u),c,z) - e(d,b) dxds
Q
for all 0 <t < T and the variational inequality
0 < (d:E(u(t), c(t), (1) + r(t) + d: #(d,z(1)),{)
for all { € HY(Q) N L*(Q) and r(t) € 0l 1 (o)L= (2(1)) and for all 0 <t < T.
If one of the two conditions holds then the following energy balance equation is satisfied :
t t
EO.c0.20) + [ (A0 ds+ [ (Fuis)mis)ds
0 0

= &(u(0), ¢(0),z(0)) + / W;l(e(u), ¢, z) @ e(0;b)dxds.

@

Remarks for Proposition 2.1. In contrast to [27], the energy inequality in (ii) compares
the energy at the beginning s = 0 with the energy at an arbitrary time s = t instead of
s=tiwiths=tfor0<t; <t, <T.

Applying the chain rule on the right-hand side of

é”(u(t),C(t),Z(t))—5(14(0),0(0),2(0))=/0 %g(u(S),C(S),Z(S))dS

and using (1) and (2) as well as the variational inequality in (ii), the “>’-part of the energy
balance can be shown.
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We will see that in our approach the mathematical analysis of (Sp) requires several -
regularization terms (see (S;)) to establish energy and variational inequality for differential
inclusion and to handle logarithmic-free energy. A transition to ¢ v 0 will finally give us
a solution of the limit problem (Sp).

Proposition 2.1 can also be formulated for the regularized system (S;) with the regular-
ized energy

~ 1 1
Eou,c,z) == / 3TVe:Ve+ E|Vz\2 + Webol(e) + Wel(e, ¢, z) + §|Vu|4 + §|Vz\”dx,
Q
6unc.s) = Gz + [ Too(@)dx
Q
and the initial-boundary conditions (IBC,). Notice that IPO,c = 0,c because O,c(t,x) € TZ.

We can now give a weak notion of (S;) and (Sy). (The energy densities WPl and W
will satisfy some polynomial growth conditions, which are specified in the next section.)

Definition 2.2 (Weak solution for the regularized system (S;)) We call a quadruple ¢ =
(u,c,w,z) a weak solution of the regularized system (S;) with the initial-boundary condi-
tions (IBC,) if the following properties are satisfied:

(i) The components of g are in the following spaces:

u € L?(0,T; W'(Q:R"), ulp, = blp,,
ce L0, T;H(Q;RN) N H' 0, T;L*(Q;RY)), c(0) =c°, c € X ae. in Qr,
z € LP(0, T; WIP(Q) N H'(0, T; L(Q)), z(0) = z°, 8,z <0,

and

we L*0,T; H(Q;RY)) for C—H systems
w e L(Qr;RY) for A-C systems.

(ii) For all { € HY(Q;IRN) and for ae. t € [0, T]:

M t) : V{d for C—H syst
/ dic(t) - L dx = Jo MVw(t) : V{dx or systems )
Q Jo Mw(t) - { dx for A-H systems.

(iii) For all { € H'(Q;R") and for ae. t € [0, T]:
/ w(t) - {dx = / P Ve(t) : VE + PWEPl(e(t)) - { dx
Q Q
+ | W etuto (0,200 £+ cto) € . (8)
Q
(iv) For all { € Wy*(Q;R") and for ae. t € [0, T]:

/ W (e(u(t)), (1), 2(1)) = e(£) + &l Vu(t)*Vu(t) : V{ dx = 0. 9)
Q
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(v) For all { € W!(Q) and for ae. t € [0, T]:
/(8|V2(f)|p_2 + DVz(t) - V{4 (W (e(u(t)), c(t), (1)) — o+ B(D2(1))) dx
Q
= —(r(t),0), (10)

where r(t) € (W'P(Q))* satisfies (r(t),z(t) — () >0 for all { € W}r’p(Q).
(vi) Energy inequality for a.e. t € [0, T]:

Eo(u(t), c(t), z(t)) — & (u°, %, 2°) + / a(z® — z(t)) dx
Q

t
+/ ﬁ|6t2|2+s|atc|2dxds+/ (L w(s), w(s)) ds
Q 0
< | Wle(u),c,z) - e(d,b)dxds + ¢ / \Vul*Vu : Vo,bdx ds, (11)
Q ;

where 1 is the unique minimizer of &,(-, ¢, z°) in W'#(Q;IR") with trace u°|p = b(0)|p.
With the help of operator ., the diffusion equation (7) can also be written as

[ 2t cax =~
Q
which will be used in the following.

Definition 2.3 (Weak solution for the limit system (Sy)) A quadruple ¢ = (u,c,w,z) is
called a weak solution of system (Sy) with the initial-boundary conditions if the fol-
lowing properties are satisfied:

(1) The components of ¢ are in the following spaces:

ue LOO(O: T:Hl(Q:Rn))o u|DT = b|DT3
ce L*0,T;H(Q:R")), c € T ae. in Qr,
z € L*(0, T; HL(Q)) N H'(0, T; L*(Q)), z(0) = z°, 9,z <0

and

we L0, T;H (Q:R")) for C-H systems
w e LX(Qr;RY) for A—C systems.

(ii) For all { € L2(0, T; H'(Q;RY)) with 8,{ € L2(Q7;RY) and {(T) = 0:

T
/(c—co)-até’dxdt=/ (Fw, () dt.
QT 0
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(iii) For all { € HY(Q;RN)N L*(Q;IRN) and for ae. t € [0, T]:
/ w(t) - {dx = / PIVe(t) : VE + PW(e(t) - {dx
Q Q
+ [ PWetuo).c(0.2(0) - Ldx
Q

(iv) For all { € H)(2;R") and for a.e. t € [0, T]:

| wEetuto). .0 s eld) dx =
(v) For all { € HL(Q) N L*(Q) and for ae. t € [0, T]:

/QVZ(I) V4 (W e(u(D), (1), (1) — &+ B(D,z()) dx = —(r(2), 0),
where r(1) € (H'(Q) N L*(Q))* satisfies (r(1),z(t) — {) = 0 for all { € HL(Q) N L*(Q).
(vi) Energy inequality for a.e. t € [0, T]:
E(u(r), c(t), z(t)) + /Q a(z® — z(t)) dx + /Q, B10.z|* dx ds + /Ot(yw(s), w(s)) ds

<&, 20 + / W (e(u),c,z) : e(d,b)dx ds,
Q

where 1 is the unique minimizer of &(-, % z%) in H'(Q;R") with trace u°|p = b(0)|p.
Note that both notions of weak solutions imply chemical mass conservation, i.e.

/ ¢(t)dx = const.
Q

2.2 Assumptions and main results

The general setting, the growth assumptions and the assumptions on the coefficient tensors
which are mandatory for the existence theorems are summarized below.

(1) Setting
Space dimension neN,

Components in the alloy N € N with N > 2,

Regularization exponent p > n,

Viscosity factors o ff >0,

Domain Q = R" bounded Lipschitz domain,
Dirichlet boundary D < 3Q with #" (D) > 0,

Time interval [0, T] with T >0
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(ii) Energy densities

Elastic energy density we e ¢ (R™" x RN x R;R,) with

We(e,c,z) = W(', ¢, z), (A1)
W (e, c,z) < C(lel” + |c|* + 1), (A2)
nler — ex]* < (W(er,c,z) — Wea, ¢,2)) : (e1 — e2), (A3)
[W(er + ex,¢,2)] < C(W¥(er,¢,2) + |ea] + 1), (A4)
(W, c,2)| < Clel + [cl + 1), (A3)
W (e,c.2)| < Cllef + le? + 1). (A6)
Chemical energy densities Wl pehlog ¢ g1(RN;R) with werol > _C,
[wehole)| < C(le|*? + 1), (A7)
al 1
W) =0y cloger+3e Ac, >0, 4 € Ry
k=1
(A8)
(iii) Tensors
Mobility tensor M € RV symmetric and positive definite on 7Y and

N
> My =0forallk=1,..N,
I=1

Energy gradient tensor I € #(RN*";IR¥*") symmetric and positive definite

fourth order tensor.

Remark 2.4 Due to the effect of damage on the elastic response of the material, W¢ is
often modelled by the following ansatz:

W = (&(z) + i) W*,

where @ : [0,1] —» R, is a continuously differentiable and monotonically increasing
function with ¢(0) = 0 and #j > 0 is a small value.
A typically form of the elastically stored energy density W¢ is as follows:

W(c,e) = = (e—e’(c)) : Tle)(e —e€(c)). (12)

| —

Here e”(c) denotes the eigenstrain, which is usually linear in ¢, and €(c) € L(R)) is a
fourth order stiffness tensor, which is symmetric and positive definite. The elastic energy
density is called homogeneous if the stiffness tensor does not depend on the concentration,
ie Cc)=C.

Note that the inhomogeneous elastic energy (12) fits into our setting with the previ-
ous growth assumptions (A1)—(A6). In particular, we are not confined to homogeneous
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elasticity as in [27]. There the more restrictive growth condition |Wf,1(e,c,z)| <
C(le| + |c|* + 1) is used instead of (AS5).

The main results of this work are summarized in the following theorems.

Theorem 2.5 (Existence theorem — polynomial case) Let the above assumptions be satis-
fied. Then for every

be WH (0, T; W' (Q;R")),
& e HY(Q:RY) with * € X ae. in Q,
22 e HY(Q) with 0<2° < 1 ae. in Q,

there exists a weak solution q of the system (So) with W = Whpol and the initial-boundary
conditions in the sense of Definition 2.3.

Theorem 2.6 (Existence theorem — logarithmic case) Let the above assumptions be satis-
fied and, in addition, let D = 0Q and I' =y 1d with a constant y > 0. Then for every

be W0, T; Wh(Q;R"),
= HI(Q;IRN) with &® € £ and cg >0ae. inQ fork=1,...,N,
22 e H(Q) with0 <z <1 ae. in Q,

there exists a weak solution q of the system (So) with W = WehIog and the initial-boundary
conditions in the sense of Definition 2.3. In addition, ¢, > 0 a.e. in Qp fork=1,...,N.

Remark 2.7 Note that for Theorem 2.6 the assumptions (A2), (AS) and (A6) can be
replaced by

W (e, c,z) < C(le]* + 1), (A2)
(We,c,z) < C(lef* + 1), (A5)
(W (e, c,z)| < C(le]* + 1), (A6

for all ¢ € RY with 0 < ¢, < 1 and Z,ILI a = 1, all e € R and all z € R with
0<z< 1.

3 Existence of weak solutions of (S;)

The proof is based on [27]. Arguments similar to [27] are only sketched.
Since ¢ > 0 is fixed in this section, we omit the e-dependence in the notation, e.g. here &
always means &, and so on. Furthermore, in this section z° is assumed to be in W2(Q).

1. STEP: CONSTRUCTING TIME-DISCRETE SOLUTIONS.
Set u® to be a minimizer of u — &(u,c’,z°) defined on the space W'#(Q) with the
constraint u|p = b(0)|p in the sense of traces.
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Let the closed subspace 2%, of H!(Q;R") x H(Q;RN) x W!(Q) be defined by

ue H'(Q;R"), ulp = b(m1)|p,
2y =% ce H(Q;RN), | [, ¢ —c"dx =0 for C-H systems,
z € Whr(Q) 0<z<zl
Based on the initial triple (1%, c°,z%), we construct (u,, %, z%) for m = 1,..., M recurs-

ively by minimizing the followmg functional E}; : 2%, — R:

c—em P e fle—ent P
7 b | . 7 S 13
. + 3 , (13)

12

_ m—l1
RZ(U,C,Z) = éa(M,C,Z)-l—‘L',% (Z:]V[> +%

T

where X denotes the space Z (see (5)) with the scalar-product
(c1|er)x = /Q]MVSP*lc] VI e, dx
for Cahn-Hilliard systems and X = L?(Q;RY) with the scalar-product
(c1]e)x = /Q]Mq ey dx

for Allen—Cahn systems.

Note that the last regularization term in (13) is not necessary for Allen—Cahn
equations due to the term with the X-norm. To use a uniform approach, we consider
this term in both systems. By direct methods of calculus of variations the triple

m o m _mY .__ 1 m
(ulyy, €y, zhp) = argmin EYy(u,c,z)
(u,c,z)e2y;

exists (cf. [27]). Furthermore, we set

_ gl (M) + Ay for C—H systems,

m .
Wy = m __m—1
—y1 (C%) for A-C systems,

with the Lagrange multiplier 17§, (associated with the mass constraint for C-H systems)
given by

By = W) + W (w24 dx
Q

We define the time incremental solutions as

m .__ m m m
am = (“MaCMaWM»ZM)

and introduce the piecewise constant interpolations gy, gy, tm, ty; and the linear inter-
polation g, as

ty = min{mt|m € Ny and mt > t},
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ty =min{(m — 1)t |m € Ny and mz > t},
am(t) = qyy for t € ((m — 1)t,mr],
4y (t) == qy for t € [mr,(m+ 1)),

du(t) = Bally + (1 — B! for ¢ € [(m— 1)z, me) and f = % —(m—1).

Due to the minimization properties of (u}, ¢y, zh;), we establish the following vari-
ational formulas and energy estimate (cf. [27, Lemma 6.2]).

Lemma 3.1 (Euler-Lagrange equation, energy estimate) The functions qu, qy; and
Gum satisfy the following properties for all t € (0, T):

(i) For all { € H(Q;RY):
/Q @ (0) - € dx = —(Pwui(0),0). (14)
(ii) For all { € H'(Q;RN):
/ wp(t) - (dx = / PI'Vey(t) : VE+PWSPl ey (1) - £ dx
Q Q
+ /Q PW (e(up(t), em(t), zum(t) -  + ed,ep () - {dx. (15)
(ii) For all { € WA (Q:;R"):
/Q Wl (e(uni(1)), ea(t), za (1)) = e(C) + &l Vup()]*Vup (1) : V{dx = 0. (16)
(iv) For all { € WP(Q) with 0 < { + zy(t) < zy(1):
/Q(«SIVZM(t)I”_2 + D)Vzu(t) - VE+ W e(un (1)), epr(t), 2 (1))C dx
+ / (—o+ B@EM(D)) dx > 0. (17)
Q
(v) Energy estimate:
S(una(0), enr(t), 2 (1) + /0 " [ s+ Lot + Ljoonf® axds
+ /OtM %<5pWM(S), wi(s)) ds — &, 0,20
< /0 /Q W(e(uy; + b — by), i 2u) < e(db) dx ds

tym
—i—s/ /|Vu;4+Vb—Vb;4\2V(u;4+b—b;4) : VO,b dx ds. (18)
0 Q
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2. STEP: IDENTIFYING CONVERGENT SUBSEQUENCES.

The energy estimate (v) in Lemma 3.1, growth condition (A4) and the Gronwall
estimation argument lead to a priori estimates for the energy &(un(t), car(t), zp(2))
and for [|0:2ymll12(0,)s 10:CMm |l 12(0,) and fg(wa(s), w(s)) ds. By standard compactness
arguments and a compactness theorem from Aubin and Lions (cf. [34]), we deduce the
following weak convergence properties (cf. [27]).

Lemma 3.2 There exist a subsequence {M;} and an element q = (u,c,w,z) satisfying
(i) from Definition 2.2 such that for a.e. t € [0, T]:

(i) ung, — uin L2(0, T; W4(Q)), (iii) zag,, 23y, — 2 in L(0, T; W(Q)),
Zm (8), 23y, (1) — 2(2) in whr(Q),
ZMysZyy, — Z ae. in Qr,

Zv, — z in HY(0, T; L*(Q))

(i) eucyy, — ¢ in L#(0, T; H'(Q;RY)),
em (1), €y, (1) = (1) in H'(Q;RN),
CM;» Cpy, — € @ce.in Qr,
ey, — ¢ in HY(0, T; L2(2;RY)),

and
(iv) wa, — w in L*(0, T; HY(Q;RY)) for C—H systems,
wy, — win LAH(Q7;RY) for A—C systems
as k — oo.

Exploiting the Euler-Lagrange equations, we can even prove stronger convergence
properties. To proceed, we recall an approximation lemma from [27].

Lemma 3.3 ([27, Lemma 5.2]) Let ¢ = 1, p > n and f,{ € L0, T; W}_’I’(Q)) with
{¢ =0} = {f = 0}. Furthermore, let {fy}men = L0, T, W}L’p(Q)) be a sequence
with fap(t) — f(t) in WWP(Q) as M — oo for ae. t € [0,T]. Then there exist a
sequence {{p}men < L1(0, T ; Wi’p(Q)) and constants vy, > 0 such that

(i) Ly — Cin LYO, T; W(Q)) as M — oo,

(i) {y < ae. in Qp for all M € N,

(iil) varela(t) < fm(t) ace. in Q for ae. t € [0, T] and for all M € IN.
If, in addition, { < f a.e. in Qr, then condition (iii) can be refined to

(i)’ ¢y < fm ace. in Qp for all M € N.

We are now able to prove strong convergence results by using uniform convexity
estimates.

Lemma 3.4 (Strong convergence of the time incremental solutions) There exists a
subsequence { My} such that for a.e. t € [0,T]:
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(i1) zpy,zp, — 2z in LP(0, T Wr(Q)),
2 (0,2, () = 2(0) in W1P(Q),
ZMysZyy, — Z ae.in Qr,
2y, — z in HY(0, T; LX(Q))

(1) unm,,uy, — uin LA0, T; Wh(Q;IR")),
U, (2), uyy, () — u(t) in W4(Q:R"),
Unp,, Uy, — U ace. in Qr,

(i) cm.cyy, — ¢ in L0, T; HY(Q;RY)),
e, (), ¢y, () — e(t) in H'(2;RY),
CMy»Cyy, — € a@e. in Qr,
ey, — ¢ in HY(0, T; L*(Q;RY)),

as k — oo.

Proof We omit the index k in the proof.

(i) We refer to [27, Lemma 5.9].

(i) The weak convergence properties for ¢y, ¢; and ¢y, follow from Lemma 3.2. It
remains to show strong convergence of Vcy, to Ve in L2(Q7;RN).

By the compact embedding H!(Q;R"N) — L¥/>*1(Q:IRN) and Lemma 3.2, we get
HcM(t)—c(t)HLmﬂ(Q;RN) — 0as M — oo for ae. t € [0, T]. The boundedness property
ess supsepo. 7 lleam(t) — C(t)HLz*/M(Q;]RN) < C for all M € N and Lebesgue’s convergence
theorem yield ¢)y — ¢ as M — oo in L¥/2T1(Q7;RYN). Testing (15) with { = ¢y (1)
and { = c(t) gives after integration from t =0tot =T

PI'Vey : Vey dxde = / Wp Cyv — ]PVI{Sh’pOI(cM) ey dxdt

Qr Qr

- / PW e (e(un), ey, zu) - ey + €0,8y - ey dxd,
Qr

/ PIr'vVey : Vedxdt = / Wy € — IPWf,yh’pOl(cM) - cdxdt
Qr Qr

- ]PVV,?'I(e(uM)a M, ZM) ‘Cc+ 6ar€M - cdxdt.
Qr

Passing to M — oo and comparing the right sides of the equations show

/ PIr'vey : Vep dxdt — IPI'Ve : Vedxdt.
Qr Qr

By using the properties PVcy = Vey and IPVe = Ve, we eventually obtain

/ I'Vey : Vey dxdt — I'Ve : Vedxdt.
Qr Qr

We end up with
/ I'(Vey — Ve) - (Vey — Ve)dxdt — 0.
Qr

Therefore, Vey — Ve in L2(Qr;RYN) since I' is positive definite.

(iii) Applying Lemma 3.3 with f = z and f) = z); and { = z gives an approximation
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sequence {{y} = LP(0, T'; Wl”’ (Q)) with the properties:

{v — z in LP(0, T; W(Q)), (19a)
0<{m<z)yforal M € N. (19b)

The estimate
Cuc|Vzy — VzIP < (|Vzp P2 Vzy — [V2P72Vz) - V(zy — 2)

where C,. > 0 is a constant, and equation (17) tested with { = {;(t) — zp(¢) (possibly
due to (19b)) yields:

Cuc/ g|Vzy — Vz|P dxdt —l—/ \Vzp — VZ|2 dxdt
Qr Qr
< / ((elVzp P72 + 1)Vzy — (V2?2 + 1)Vz) - V(zy — z) dxdt
Qr

< (elVzp P2 4+ 1)Vzyy - V(za — Cur) dxde

Qr
+ [ (e|VzuP2 + 1)Vzy - V(En — 2) — (6] V2?72 + 1)Vz - V(zp — z) dxdt
Qr
< [ (WEe(um), ens za) — o+ BO2n)(Eur — zu) dxdr
Qr

+/ (elVzu P2 + 1)Vzy - V(Ey — 2) — (]Vz|P~2 4+ 1)Vz - V(zpy — z) dxdt
Qr

< [Wele(un)s e zm) — o+ BOEwM | 2y 1 — 2 220y

bounded
—
+ IVl Trop) + 1VZM Il e-n00) IVEM — Vzlr@r)

bounded

— | (elVz|P2 + 1)Vz - V(zpy — z) dxdt
Qr

Due to (19a) and zy — z in L2(0, T; W(Q)) as well as zy — z in LX(Q7), each
term on the right-hand side converges to 0 as M — oo. 0

3. STEP: ESTABLISHING A PRECISE ENERGY INEQUALITY.
In this step we establish an asymptotic energy inequality, which is sharper than the
energy inequality in (18). Note that compared with (18), the factor 1/2 in front of
(P wpr(s), war(s)) is missing. To simplify notation, we omit the index k in the following.

Lemma 3.5 For every t € [0,T]:
v
St w00 + [ [ <ot + 02U + ofoitu dxds
0o Ja

+ /f‘w (Fwr(s), wp(s)) ds — &, 0,20
0
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tm
< / / W,Zl(e(u;[ + b —by),capszm) - e(0,:b) dx ds
0o Jo

tm
+s/ /\Vu;ﬁVb—Vb;AZV(u;ﬁb—b;l) 1 VObdx ds + Ky
0 Q
with kyy — 0 as M — oo.

Proof Applying the estimate IE};(qh;) < Iy (uj ' + by, — by, chy, zhy) form =1 to ¢
yields (cf. [27, Lemma 6.10]):

(g(uM([)a CM(t)’ ZM(I)) - (50(”05 CO, ZO)
< 8/IM / V(i + b(s) — by,)|*V(uy; + b(s) — by;) : VO,b(s) dx ds
0o Je
+ /OM /Q W’zl(e(u& +b—>by),cu,zy) - e(0b)dxds

1371
+ / / W"C’l(e(u& + by — by Cymszyy) - Oy dxds
0 Q

(%)

tym
+ / / T'Vey - Voy + WEP(@y) - 0,8y dxds
0 Q

(*)2

tm
+ / / Wl (e(uy; + b — byy), cur, 2a)0 20 dx ds
0 Q

(%)

tym
+/ / 8|V2M‘p_2V§M . V@,EM + V?M . V@tﬁM dxds. (20)
0 Q

(%)
The elementary inequalities
(IVEMIP2VEy — [Vzy|P72Vzy) - V02 <O and  (VEy — Vzy) - VO, 2y <0
and (17) tested with { := —0,Z(t)7 lead to the following estimate:

(*¥*)1 + (**)2

tym
S—/ /—aa[2M+ﬁ|a[2M|2d.de
0 Q

tm
4 / / (W eluzy + bas — by cas2ar) — W(elung ), ar, 2n))0r 2y dxds
0 Q

— 3
=Ky
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Furthermore,

tm
") < / / W eluunn). cars 2a1) - Bins dx s
0 Q

tMm
+ / /(Wf.l(e(u& + by — by, Cmszyy) — W;l(e(uM), cm»zum)) - 0,0y dx ds.
o Jo

— ol
=y

Using the elementary estimate I'(Véy — Veyy) @ VO Cy < 0 gives
tm
(*)2 < / / I'Vey : Vey + WPl eyr) - 9,ey dx ds
0o Jao

M
[ [t - W) - dty dxds
0 Q

a2
=Km

Hence, applying equation (15) with { = 0,¢p(t) and (14) with { = wy(t) by noticing
PO, ¢p(t) = 0,¢ps(t) shows

tMm tm
)+ (%) < — / (Pwar(s), w(s)) ds — / / elo,en|* dxds 4 xh, + 13,
0 0 Q

Lebesgue’s generalized convergence theorem, growth conditions (A5)—(A7) and Lemma
3.4 show ky = kb, + K3, + K3 = 0 as M — oo. We would like to emphasize that we
need the boundedness of Vuy; in L*(Qr;R"*") and the boundedness of 9,¢y and 9,2y
in L?(Q7) with respect to M. O

4. STEP: PASSING TO M — co0.
Using Lemmas 3.2 and 3.4 and (14), (15) and (16) we establish (ii), (iii) and (iv) of
Definition 2.2. Moreover, Lemma 3.5 implies

Sura(t), enr(0), 231(0)) + / iyt + Bloul? + elden P dx ds

t
t

+ / (Fwar(s), wa(s)) ds — &, °, 20
0

tMm
< [ [ Wit +b = bihcir.zu) : e@bydxds
0 Q
tMm
+s/ /\Vu;4+Vb—Vb;4\2V(u;4+b—b;4) 2 VO,bdxds + .
0 Q

The energy estimate (vi) from Definition 2.2 follows from above by using the known
convergence properties and weak semi-continuity arguments.

It remains to show (v) of Definition 2.2. To proceed, we cite the following lemma
from [27] which provides a tool to drop a restriction on the space of test-functions for
a variational inequality of a specific form.
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Lemma 3.6 ([27, Lemma 5.3]) Let f € LP(Q;R"), g € LP(Q) and z € W'P(Q) with
220, f-Vz=0and {f =0} =2 {z =0} a.e. Furthermore, we assume that

/f'VC—i—ngxZO for all ¢ € W(Q) with {{ =0} 2{z=0}.
Q
Then

/f “V{+gldx >/ [g]T¢dx for all { € WM (Q).
Q {z=0}

We are now able to prove the remaining property.
Lemma 3.7 We have
/(EIVZ(t)I”_2 + 1)Vz(0) - VE + (WS (e(u(t)), c(t), 2(8) — o + B(D:2(2)))¢ dx
Q
= —(r(t),0), (21)

for all { € Wi’p(Q) and for a.e. t € [0, T], where r(t) € LY(Q) < (W'P(Q))* is given
by

F(t) = —gz0=0 [WE (e((t)), (), ()] . (22)

Proof First of all, we take any test-function { € L?(0,T; wlr (Q)) with
{ =0} 2 {z = 0}. Lemma 3.3 gives a sequence {{y} = L?(0, T; W!"(Q)) with
(v — Cin LP(O, T; W'P(Q)) and 0 > v{p(t) = —zpm(t), where v depends on M and t.
Therefore, (17) holds for { = {y(¢). Integration from O to T and passing to M — oo
gives

(V22 + 1)Vz - V{ + (W elu),.2) — o+ f(8,2))C dxdt > 0.
Qr

In other words,
/(SIVZ(t)I”_2 + D)Vz(1) - V¢ + W e(u(t), e(t), z(1))¢ dx
Q
+ [ (ot poznzdr> 0
Q

holds for every { € WP(Q) with {{ = 0} 2 {z(t) = 0} and ae. t € [0,T]. To
finish the proof, we need to extend the variational inequality to the whole space
W (Q).
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Setting f = (&|Vz(t)|P 2+ 1)Vz(t) and g = le(e(u(t)), c(t), z(t)) — o+ B (0;z(t)), Lemma
3.6 shows for every { € W!(Q)

/ V(0P + DVz(t) - VE + (W elult)), o(0),2(0) — o + B@,(0)) dx
Q
> / W e(u(t), (1), 2(1)) — o+ B(@,2(0))] 7L dx
{z(t)=0}
> / [ e(u(t)). (), ()] ¢ dx.
{z(t)=0}

Now variational inequality (21) follows by setting

r(t) = —gz=0 [WE (e(u(t)), e(2), 2(0)] . O

Remark 3.8 Lemma 3.7 gives more information than (v) from Definition 2.2. It
provides a special choice for r(t) given by (22).

4 Existence of weak solutions of (Sy) — polynomial case

In this section we show that an appropriate subsequence of regularized solutions ¢, for
¢ € (0,1] of Definition 2.2 converges in ‘some sense’ to ¢, which satisfies the limit equations
given in Definition 2.3. Besides this the initial damage profile z° in this section is in H'(Q).
We approximate z° € H'(Q) by a sequence {z°} in W?(Q) such that z0 — 2% in H!(Q)
ase N 0.

Using the energy inequality and Gronwall’s inequality, we establish again the following
energy estimate.

Lemma 4.1 We have

8 us(t),cal0),2,(0) + /O l /Q o0,z + Bloszl? + el0scal? dx ds + /0 (i) wils) ds

< C(éﬂs(“& CO’ Z?) + 1)
for a.e. t € [0, T] and every ¢ € (0,1].

Since &,(u?,c%,z0) < &.(u9,c0,20) < &1(ud, 0, 20), the left-hand side is also uniformly
bounded with respect to a.e. t € [0, T] and every ¢ € (0, 1]. By using standard compactness
theorems and uniform convexity properties of W€ (see (A3)), we obtain the following
convergence properties (cf. [27]).

Lemma 4.2 (Convergence properties of q.) There exists a subsequence {&;} with & ~\ 0 as
k — oo and an element q = (u,c,w,z) satisfying (i) of Definition 2.3 such that for a.e.
te[0,T]
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(i) g — u in L0, T; H'(Q;R"), (ifi) 2, —z in L*(0, T; H'(Q)),
eV, — 0 in L0, T5 LY (Q;R™")), 7 YerVzg, — 0 in L7(0, T; LP(Q;R")),
g, (£) > u(t) in H(Q;R), 25, (t) = z(t) in H'(Q),
U, — u a.e. in Qr, Zgy — Z a.e. in Qr,
ud —u® in H'(Q;R"), 2z, =z in H'(0, T; L*(Q))

JexVug, — 0 in LY(Q;R™™),

(ii) ¢, — ¢ in L™(0, T; H'(Q;RN)),
&r0:c,, — 0 in L(Qr;RYN),
e (t) — c(t) in H'(Q;RN),

C,, — C ae.in Qr,

k
as k — oo. We, in addition, obtain for Cahn—Hilliard systems
— w in L*(0, T; H(Q:RM))

Wy,

and for Allen—Cahn systems

. —win L*(Qr;RY),
¢y, — c in H(0, T; L*(Q;RYN))

We,

as k — oo.
As before, we will omit index k in subscripts below.

Remark 4.3 We would like to mention that the arguments in [27, Lemma 6.14] cannot
be adapted to prove strong convergence properties of Ve, and Vz, due to more generous
growth condition (AS5) as well as the use of Lemma 3.3 where the compact embedding
W'P(Q) = €°*(Q) for p > n with >0 and o < 1 — 2 is exploited.

We are now able to establish existence of weak solutions of (Sp) in the polynomial case.

Proof of Theorem 2.5 Whenever we refer in the following to (7)—(11) the functions u,c, w, z
and r are substituted by u,, c;, w,, z, and r,. Moreover, Lemma 4.2 is used without mention
in the following.

(i) Let { € L*0, T; H'(Q;RY)) with 8,{ € L*(Qr;RY) and {(T) = 0. Integration from
t=0tot=T of (7) and integration by parts yield

T
/(cg—co)-a,édxds=/ (Pw,, 0) ds.
Qr 0

Passing to ¢ N 0 shows (ii) of Definition 2.3.
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Let { € L*(0, T; H'(Q;RN)) N L*(Q7;IRN). Integration from t = 0 to t = T of (8)
and passing to ¢ \ 0 yield

/ w-{dxds= [ PI'Vc:V{+PW )+ PW(e(u),c,z)) - { dxds.
QT QT
Note that

< g0l 2@ M) I I 200 rY) — O

/ £0;¢, - {dxds
Qr

as ¢ \ 0. This shows (iii) of Definition 2.3 with W& = W/ chpel,
Let { € W,;A(Q;]R") be arbitrary. Passing to ¢ N\ 0 in (9) yields for a.e. t € [0, T']

/Q W (e(u(®), c(t), 2(1)) = e(() dx =0, (23)

by noticing

/ e|Vuy(t)|*Vuy(t) : V¢ dx
Q

< el Va0 Ly 1l i) = O.

A density argument shows that (23) also holds for all { € H)(Q;R"). Therefore, (iv)
of Definition 2.3 is shown.

The characteristic functions y; ) are bounded in L*(Q27) with respect to ¢ € (0, 1].

We select a subsequence such that iz, =0} - y in L*(Q7) as k — oo. In the following,
we will omit index k in the notation. Integrating (10) from t =0 to t = T and passing
to ¢ N 0 show

/ Vz-V{+ (Wle(u), c,z) — o+ B(D2)) dx > / AW e(u), e, 2)] T dxds  (24)
Qr

Qr

for all { € LP(0, T; W,l’p(Q)) N L*(Q7). We also used the fact that

/ e|Vz,[P72Vz, - V{dx ds| < SHVZSHPL:(19T)HVCHLP(QT) — 0.
Qr

It follows that
/Q V(1) - V4 (W e(u(t)), (). 2(0)) —  + B@z(0) dx
> / OIS (). (1), 2(0)]H dx
Q

for all { € HY(Q) N L*(Q) and ae. t € [0, T]. Set r := —}([V[{‘j;l(e(u), ¢,z)]". For every
& e L*([0,T]) with £ =0 ae. on [0, T] and every { € Hi(Q) N L*(Q) we also have

T
0 = /0 (/Q rg(t)(c - Za(t)) dx) i(t) dt = /QT TS(C — Za)é dxdt
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T
- r(¢ — 2)¢ dxdt = /O ( /Q r(t)(C—z(t))dx> ¢(t)dt.

This shows [, r(1)({ — z(r))dx < 0 for a.e. ¢ € [0, T]. Hence, we obtain inequalities
(v) of Definition 2.3.

(v) Weakly semi-continuity arguments lead to

eNo

t
11m1nf< (1), co(t), z:(1)) —I—/ 0|0,z +ﬁ\6tzﬁ\2 +g|8tc£‘2 dx ds+/ <yw,;,w8>ds>
Q 0

> &u(t), c(t), z(1)) + /Q a|0,z| + B19.z|* + /0 t(&”w,w) ds.

Testing (9) with { = u? — b(0) and (iv) of Definition 2.3 with { = u® — b(0) yield

/|Vu \4dx—a/ \VulPVu? : Vb(0) dx
/Wel (), c°, 20 : e(u® — b(0)) dx
- — / W (e(®), % 2°) : e(u® — b(0))dx =0
Q

as e \ 0.

Therefore, we can pass to the limit ¢ \v 0 in (11) and obtain (vi) from Definition 2.3. [l

5 Higher integrability of the strain tensor

To prove existence results for chemical-free energies of logarithmic type, a higher integ-
rability result for the strain tensor based on [20,22] will be established. We adapt the
higher integrability result for solutions of the elliptic equation of the form

div( Wel(e(u) )) =0 on Qr,
Wel( (u),c)- vV =0¢"-7V on(0Q)r

to our setting with the non-constant Dirichlet boundary data b and the additional damage
variable z in (Sp). In the following, we will use the assumption D = 0Q.

The proof of the higher integrability result is based on the following special cases of
Sobolev—Poincaré inequalities and on a reverse Holder inequality.

Theorem 5.1 (Sobolev—Poincaré-type inequalities) Let 1 < p < n. There exists a constant
C > 0 such that

(i) for all rectangles Q =< R" and all u € W'P(Q):

<][Q |u —][Qulp'> ’ <C (]é IVu”) '% (diamQ),
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(i) for all rectangles Q = [[i_,(aib;)) = R" and all u € WP(Q) with u = 0 on
{(X1y s Xnetran) | < x; < by, i =1,...,n— 1} = 3Q (in the sense of traces):

s

(][Q |up*)”* <C <]£ Vu|P>" (diamQ).

Theorem 5.1 can be obtained by considering the corresponding inequalities on the unit
cube (0,1)" (for instance, the case 1 < p < n was proven by Sobolev [35], while Nirenberg
[33] gave a proof to p = 1) and then using a scaling argument.

Theorem 5.2 (Reverse Holder inequality, see [24]) Let Q = IR" be a cube, g € L _(Q) for

loc

some q > 1 and g = 0. Suppose that there exist a constant b > 0 and a function f € L .(Q)
with r > q and f = 0 such that

q
][ quxgb(][ gdx) —i-][ fldx
Or(xo) 02r(x0) Q2r(x0)

Sor each xo € Q and all R > 0 with 2R < dist(x,00). Then g € L} .(Q) for s € [q,q + &)
with some ¢ > 0 and

(][ ngX)SSC (][ qux)q+<][ dex>s
Or(x0) Q2r(x0) Qar(x0)

for all xy € Q and R > 0 such that Qir(xo) S Q. The positive constants c,& > 0 depend on
b, q, nand r.

Theorem 5.3 (Higher integrability) Let b €¢ W' *(Q;IR"), z € L*(Q) with 0 < z < 1 a.e.
in Q and ¢ € LMQ;RN) for some u > 4. Then there exists some p € (2, u/2] such that for
all u € HY(Q;R") which satisfy u|p = b|p and

/ Wel(e(u), c,z) : e(()dx =0 for all { € H)(Q;R"), (25)
Q

we obtain u € W(Q;R") and
[Vul proron < C(|Vull L2 mon + HCHizp(Q;]RN) +1). (26)

The positive constants p and C are independent of u, ¢, z.

Proof The proof is based on [20, Lemma 4.4 and Theorem 4.3] and uses a cov-
ering argument. However, due to the non-constant boundary condition, we need to
apply a more general Sobolev—Poincaré inequality (see Theorem 5.1 (ii)) than given
in [20].

(i) HIGHER INTEGRABILITY AT THE BOUNDARY.

Let xo € 0Q. Then there exist an Ry > 0 and a bi-Lipschitz function 7 : Q — R”
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with the open cube Q = Qg,(0) such that xo € 7(Q) and

1(0%) = Q,
Q7)) = R"\ Q,

where Q1 = {x € Q|x, > 0} and Q™ := {x € Q|x, < 0}. Define the transformed
functions i1, € H'(Q1;R"), ¢ € H/(Q") and Z € L*(Q™") as

(@t,h,2,2)(x) = (u, b, c,z)(x(x)).
To proceed, let yo € Q and R < %dist(yo,aQ) and define for each R’ > 0 the sets
Qr(v0) = {x € Or(y0) | x» Z 0}.

We distinguish the following three cases:
Case 1. We first consider the case Q% (vo) + 0 and Q5 (yo) * 0.

The bi-Lipschitz continuity of t ensures
dist(t(0Q5z(y0)) N 2,7(3Q% (y0)) N Q) > RC;,

where C; > 0 is independent of R and yo. Let £ € 45 (£2) be a cutoff function with
the following properties:

(a) ¢ =01in Q\ t(Q2r(y0)), (c) ¢=11n1(Qr(y0) N,
(b) 0<¢<1inQ, (d) V&< &R
Testing (25) with { = &*(u — b), using the computation

e(() = Ee(u) — E%e(b) + E((u — b)(VE) + VE(u— b)),
and (Al), we obtain
/ EWe(u), ¢,z) : e(u)dx
Q
= / EWe(u),¢,z) : e(b)dx — 2/ EWel(e(u), c,z) = ((u—b)(VE))dx. (27
Q Q

By (A3), (A4) and (A2) we also have the estimates

nle(w)* < We(e(u), ¢,2) - e(u) + C(|cf* + 1)le(u)],

C

IWElelw). . 2) = ((u = BVEY| < Z(le(w)] + [e* + Dlu bl

(Wel(e(u), ¢, 2) = e(b)] < (le(u)] + |c|* + 1)]e(b)].
Therefore, (27) can be estimated by

2 2 20102 ¢ 2
0 [ P ds <€ [ E(c + Dietwlds+ ¢ [ el + e + Du—blds

+C /Q Eleu)] + [e* + 1)le(b)| dx.

https://doi.org/10.1017/5095679251200037X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251200037X

Existence results for diffuse interface models 205

Young’s inequality yields
2 2 201 .4 ¢ 2
a [ Cle)"dx<C | &'+ 1)dx+ —5 [ [u—b|"dx. (28)
Q Q R” Jo

We choose u = fQ;R(yn)ﬁdx. The calculation e(&(u — p)) = Ce(u) + %((u — ) (VE)! +
VE(u — p)') leads to

/ |e(é(u—u))2dx<z( / Ele(u) dx + / Iu—uleélzdx). (29)
Q Q Q

Combining (28) and (29), applying Korn’s inequality for H!-functions with zero
boundary values and using (a) and (b) gives

C
/ IV(E(u— w)? dx < c/ (le[* + dx + — / lu— b|*dx
2 “(Q3r(30)) R S0
C

+ = / lu — u)? dx.
R Je0te5o

Because of V(&(u — w)) = EVu+ (u — p)(VE)' we derive by (a) and (c) the following
type of Caccioppoli-inequality:

C
/ [Vul? dx < c/ (Je|* + 1) dx + —2/ lu—b|*dx
Q% (¥0)) ©(Q3x(y0)) R Q3 (¥0))
C
+ / lu— | dx.
R* J0t0v00)

Integral transformation by t implies

C ~
/ |Vii|* dx < c/ (j¢[* 4+ 1) dx + —2/ |it — b|? dx
0k (30) 04 (0) R* Joso)
C
+ —2/ it — pf” dx.
R Q?R(}’o)

Conditions Q7 ,(yo) #+ 0 and D = 0Q imply that & — b vanishes on 3(Q3,(y0)) N
2

R"! x {0}. Therefore, we obtain by applying both variants of the Poincaré-Sobolev
inequality in Theorem 5.1 for p = 2n/(n+ 2):

C .
[ warax<e [ (et de 12" (Qd0) diam @3 n)’
Q% (o) 3k (v0)

nt+2 nt+2
x / \Vii— Vh|mzdx | + / Vit dx . (30
ka(yo) Q?R(yo)

Note that if n = 1, we cannot apply Theorem 5.1 because of p = 2n/(n+2) < 1. In
this case, we can work with inequalities in Theorem 5.1 where p is substituted by 1
and p* is substituted by 2. However, we will only treat the more delicate case n > 2 in
the following.
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The estimates diam(Q3x(y0)) < CR and £"(Q3z(y0)) = R" (because of Qk(yo) + 0)
show

LNQr(0)) T diam(Qx(3))* < C. (31)

Now dividing (30) by #"(Qr(y0)) and using (31) and

LI S (1) N
R2 LMQar(10)) = L(Q2r(¥0))
gives

1 / 9
_ Vifdx < ———
L"Or(0)) Joi () Ival LMQ2r(¥0)) Jot(v0)

1 5 ax)
+C|— |Vir| 2 dx
( LMQ2r(¥0)) Jota(r0)

1 5 2n n
s Vb|#+: dx .
(LP"(QzR(J/O)) 03 (o) v >

(¢* + 1)dx

Observe that

n+2

| / AEARA T 2
v |VB|# dx < IVl 1-(0)
<$H(Q2R(y0)) 03x(00) o

Define the following functions on Q:

\Vii(x)|#2  for x € OF,
g(x) =
0 forxe 0\ Q7

and

f(x) = {CW +Vbl1ng + D)7 for x € 07,

0 forxe Q\ Q™.

We eventually get

n+2
][ g7 dx <][ fPdx+C (f gdx) . (32)
Or(y0) Qar(¥0) Q2r(¥o0)

Case 2. Assume Q% (yo) # 0 and Q;R(yo) =0.
The bi-Lipschitz continuity of t implies

dist((0Q: r(y0)), 7(0Qr(y0))) > RC;,

where C; > 0 is independent of R and y,. Therefore, we can choose a cutoff function
& € 3(R2), which satisfies
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(@) ¢ =01in \ 7(Q;x(x0)), (c) &= 1in 7(Qr(x0)),

(b) 0<E<1inQ, (d) IVE| < &R

Testing (25) with & = (*(u — u) and p := JCQz (x0) fidx yields as in the previous case
3RV

C
/ |Vu|* dx < c/ (\c|4+1)dx+—2/ lu— u? dx.
“(Qr(x0) (0 (x0) R* Juoy ywon

Consequently,

][ Vit dx < c][ (2 + 1)dx + C ][ Vit dx
Or(x0) Q%R(Xo) Q%R(Xo)

Therefore, inequality (32) is also satisfied in this case.
Case 3. Assume Q% (yo) = 0.
In this case, inequality (32) trivially holds.
In all three cases, the reverse Holder inequality (see Theorem 5.2) shows g € Lj .(Q)
for all s € [%, nnﬁ + 8) and some ¢ > 0 depending on Ry and n.
(i) HIGHER INTEGRABILITY IN THE INTERIOR.
This case follows with much less effort and is only sketched here.
Let xo € Q be arbitrary and R > 0 such that Q,r(x¢) = Q. We take a cutoff function
& € 63 (Q2) with
(a) £ =0in Q\ Q2r(x0), (c) ¢ =11in Qr(x0),
(b) 0<E<1inQ, (d) V¢ < 7.
Testing (25) with & = (*(u—u) and u = fQZR(XO) udx yields with the same computation
as in case (i):

/ |Vu|* dx < c/ (le]* + 1)dx + %/ lu — u? dx.
Or(xo) 0ar(x0) R Q2r(x0)

The Poincaré-Sobolev inequality implies

f wuaescef (et ndvec (][ IVl dx)
Qr(x0) 02r(x0) Qar(x0)

Applying Theorem 5.2 with g = |Vu|n%, g = "2 and f = C(|c|* + 1)7 finishes the

n

proof. O

n+2
n

6 Existence of weak solutions of (Sy) — logarithmic case

The challenge here is to establish the integral equation (iii) in Definition 2.3 because the
derivative of the logarithmic-free chemical energy (A8) becomes singular if one of the
¢x’s approaches 0. We only sketch the proof in this section since all essential ideas can
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be found in [20,22]. We use the regularization method suggested in [16] and also used
in [20,22].

The energy gradient tensor is assumed to be of the form I' = yId with a constant
7 > 0. Define a ¥*(R") regularization with the regularization parameter § > 0 as

N
: : 1
Weho (¢ :——HE oK)+ ¢ Ac,
(c) k:1¢( ) 3

with

5 x log(x) ford = o,
¢°(x) = 5 2
xlog(d) — 5 + 35 for x <.

Elliott and Luckhaus [16] showed that the regularization W< is uniformly bounded
from below.

Lemma 6.1 (cf. [16]) There exist constants o9 > 0 and C > 0 such that

W)= —C  forallce X, de(0,d).

Let g5 denote a weak solution in the sense of Definition 2.3 with the free chemical
energy W = W By applying Lemma 6.1 and using Gronwall’s inequality in the
energy inequality (vi) of Definition 2.3, we can show a priori estimates analogous as in
Section 4 except the a priori estimate of ws.

In the Allen—Cahn case, we have 0,c; = —Mw;s and consequently the boundedness of
¢s in L*(Q;IRN) and ws € T pointwise lead to boundedness of ws in L*(Q;RY).

In the case of Cahn—Hilliard systems, we can use the following lemma.

Lemma 6.2 ([20, Lemma 4.3]) There exists a constant C > 0 such that for all 6 € (0,0d)

2

T o
/ <][ IPWih">(c,5(t))dx> dt < C.
0 Q

The proof of this lemma is similar to [20, Lemma 4.3], since all arguments can be adapted
to our case. Therefore, we will omit the proof.
This lemma and the integral equation

/ w(t) dx = / PW 0 (cs(t)) + PW N (e(us (1)), ¢5(1), 25(t)) dx
Q Q

together with the already known boundedness properties show

/OT <]£ W5(t)dx>2dt <C

for constant C > 0. Therefore, ws is bounded in L*(0, T; H'(Q)) by Poincaré’s inequality.
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In conclusion, we can extract a subsequence {¢s, } such that we have the same convergence
properties as in Lemma 4.2. As before, we will omit subscript k.

Proof of Theorem 2.6 The remaining crucial step is to show that the limit ¢ satisfies
¢k >0ae on Qr forallk=1,...,N and W (¢c;) - Wog(¢) in L1(Qr) as & N 0.
To this end, we need an additional boundedness property.

Lemma 6.3 There exists constants q > 1 and C > 0 such that for all 6 € (0,00) and all
k=1,...,N

H(¢5)/(C§)HU(QT) <C.

We omit the proof of this lemma, since by utilizing Theorem 5.3 the arguments are
analogous to [20, Lemma 4.5].

Note that
sk log(ck) + 1 if limswock = >0,
lim(¢°) (¢5) = .
N0 otherwise
holds pointwise a.e. on Q7 and for all k = 1,..., N. Together with Lemma 6.3, we obtain
& >0ae on Qr
and

(%) (c%) — log(ck) + 1 a.e. on Q7.
This and Lemma 6.3 further show
(%) (c%) > log(c*) + 1 in L'(Qr)

by Vitali’s convergence theorem. Finally, we can pass to 0 N\ 0 in equation
/ ws - { dxdt = / YVes o VE+PWE (c5) - L+ PWE(e(us), c5,25) - { dxdt
QT QT

and obtain (iii) from Definition 2.3.
The remaining properties can be easily established as in Section 4. Hence, Theorem 2.6
is proven. O

7 Conclusion

Materials, which enable the functionality of technical products, change the micro-structure
over time. Phase separation and coarsening phenomena take place and the complete failure
of electronic devices often results from micro-cracks in solder joints.
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In this work, we have investigated mathematical models describing both phenomena,
phase separation and damage processes, in a unifying approach. The main aim has been
to prove existence of weak solutions for elastic Cahn—Hilliard and Allen—Cahn systems
coupled with damage phenomena under mild assumptions where the free energy contains

e a chemical potential of polynomial or logarithmic type,
e an inhomogeneous elastic energy, e.g. We(e,c,z) = 1(z 4 &)C(c)(e — €*(c)) : (e — €*(c)),
e a quadratic gradient term of the damage variable.

To this end, several approximation results have been established, as well as different
variational techniques, regularization methods and higher integrability results for the
strain have been applied.
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