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For the Cauchy problem for the nonlinear infiltration equation

ML = #(um)xxa X € ]Rst > 07m > 1’
u]—o = uo(x), x €R,

we use its linear solution u(x,t, 1) to approach the nonlinear solution u(x, t,m), and obtain the
explicit estimate:

T
/ / lu(x, t,m) — u(x, t, 1) dx dt < (C*(m —1))?,
o Jr

where C* = O(T?) and y = ;H'ﬁ:ﬂj forany 0 <o < 1.

1 Introduction

We consider the degenerate parabolic equation

Uy = l(u'")xx, m> 1.
m

Although the equation has been studied by many authors some years ago, there are
also some new results for the equation in recent years [6, 8, 9]. In these papers, the
qualitative behaviour of the solutions of the equations is studied. But there are few works
on the continuous dependence on the nonlinearities of the equations. In 1981, Benilan
& Crandall [1] studied a similar problem for degenerate parabolic equations, but their
results are not written in terms of explicit estimates. Cockburn & Gripenberg [4] also
discussed a similar problem, and obtained a continuous dependence results in the space
L'(R) for any fixed ¢t > 0. To the knowledge of the authors, there are no other results on
such problems.

Let u(x, t,m) be the solutions for m > 1. it is well-known that |u(-,t,m)|/;2> is bounded
for any given ¢t > 0, so |lu(-,t,m)—u(-,t,mgp)| ;> is bounded also. Therefore, we hope we can
obtain the continuous dependence on the nonlinearities in L*(Q7), not in L*(R), where,

1 This project was supported by the Science Foundation of Jimei University, by the Natural
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07 = R x (0, T). So the present paper discusses the problem in L*(Qr). We obtain the
following result:

lu(x, t,m) — u(x, t, 1) 20, < C7(m — 1),
where C* = O(T7) and y = 2H=% for any 0 < a < 1.

2(14+m)
We begin by recalling some known results. For the Cauchy problem

Uy = %(um)xx: xe€ERt>0m=>=1, (11 1)
ul=o = uo(x),  x€R o
with
0 <up(x) <M, uge L' (R), ug'(x) is Lipschitz continuous on x € R, (1.1.2)

we can very easily obtain the following results on the existence and uniqueness.

Lemma 1.1 For any positive constant T, the Cauchy problem (1.1) with the conditions (1.2)
has a unique weak solution u(x,t,m) € C(Qy) such that %um(x, t,m) € C(Qr) and

0<u(x,t,m) <M for (x,t) € Qp, m=>1, (1.1.3)

u(x,t,m) € C([0,400); L'(R))  for m> 1, (1.1.4)

/u(x, t,m)dx = / up(x) dx fort>0 m=>=1 (1.1.5)
R R

Proof The classical case m = 1 is well-known and it is easy to see that u(x,t,1) is also
classical. If m > 1, the existence and uniqueness of u(x,t,m) are given by Friedman &

Kamin [3] and Gilding & Peletier [5], the continuity of generalized derivative ag—’: is given
by Theorem 3 in Gilding & Peletier [5], (1.3) is given by Friedman [2] (see p. 34), and
(1.4) and (1.5) are given by Vazquez [7]. O

Apart from these results, there are also other conclusions about the problem (1.1), such
as the large time behaviour [7]. A function u(x,t,m) will be called a weak solution of
(1.1), (1.2) if

(i) u is bounded, continuous and nonnegative in Qr;

(ii) u™ has a bounded generalized derivative with respect to x in Qr;

(iii) u satisfies the identity

T
/0 /R K;um>x Oy — M¢r:| dxdt = /R(;S(x, 0)up(x) dx (1.1.6)

for all ¢ € C'(Q) which vanish for large |x| and for t = T.

It is necessary to indicate that the solutions u(x, t,m) are obtained by the following steps
[4, p. 132-133].

Construct a sequence of functions {ugx} with ugx(x) € C*[—k, k] such that

(1) upyx — up as k — oo, uniformly on bounded intervals;
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:

ok+1 < uoy for all k >
k! < Uk Moforallk/l,whereMQZM;
uox = Mo on [—k,—k + 1] [k — 1,k] for all k > 1

\a%ugw <K for all k > 1, where Ko > K,
in which K is a positive constant such that

lug'(x1) — ug (x2)] < K|x1 — X2 for x1,x, € R.

For any given k > 1, Lemma 2 of Gilding & Peletier [5] assures the existence and
uniqueness of

w(x, t,m) € C*(Q), (1.1.7)
solution of
e = L (U")y, for (x,t) € Q% = (—k,k) x (0, T1,
u(tk,t) = My, for t € [0, T], (1.1.8)
u(x,0) = ugk(x), for x € [—k, k],
with
K'<w <My for (x,0) € O (1.1.9)

Theorem 2 of Gilding & Peletier [5] shows that the limit functions

u(x, t,m) = ; lirzlr ui(x,t,m) for (x,t) € Qr (1.1.10)

are indeed the weak solutions of (1.1) for m > 1.
In this paper, we shall establish the following result.

Theorem Let u(x,t,m) be the solutions of the Cauchy problem (1.1) with the conditions
(1.2) for m € [1,2). Then

/ /|uxtm u(x,t, 1> dxdt < (C*(m — 1)), (1.1.11)

where C* = O(T") and y = 12?'1’1;1’)‘ for any 0 < o <1 when T is large enough.

As an example, we test our result on explicit solutions, namely the Barenblatt solution
of the equation B; = (B™),, (m > 1) and the fundamental solution of the heat equation
J; = J«.. However, because the solutions B and J are not bounded as ¢ tends to zero, so
although we can employ the method of the theorem, the result is different from (1.11).

2 Some lemmas

Lemma 2.1 Assume 1 < m < 2. For any given T > 0, let uy(x,t,m) be the solutions of (1.8)
on QkT Then for any | > 0 and 2l < k, there exist positive constants Cy and Cy such that

y G\’ 2m 2\
[(ug) | < (2 (1) + 5 CoM.t 1) (2.2.1)
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for (x,t) € [-1,1] X (0, T], where M. = max . ot U.
Proof We first perform the change u, = V. In view of 21 < k, we have

V, = V5V + Viu(Vi)? for (x,t) € [—21,21] x (0, T]. (22.2)

It follows from (1.7) and (1.9) that V € COO(@kT). We differentiate (2.2) with respect to
x and multiply through by V. Writing p = V, we obtain

L=V ppe = (4 - 2) VI=hpip. + (1 - 2) y=ipt
2 m -
for (x.1) € [~21,21] x (0. T}, (223)

Let f(x) be a C;°(IR) function such that 0 < f(x) <1 and

f( ) 17 |x‘ < 19
x —t
0, x| = 2.
For [ > 0 and 7 > 0, we define the functions
X /X
i) =1(3) (224)
and
f(5E), o0<t<r,
) =
8() {1, t<t<T
Set
{(x, 1) = fi(x)g ().
Then
0<lx,)<l
and

. t) = 1, for (x,t) € [-L,1] x [t, T],
0, for (x,t) € Qr — (21,21) x (0, T]
and there exists a positive constant Cy such that

Co Co Co
‘C bl

s 7 el Ul s for (x,1) € Q.

Let
Z = (L),
then Z € C(@kT). Set

Z (xg,tg,m) = max Z(x,t,m).
(x.)€0y

It follows from the definition of {(x,t) that (xo,ty) € (—21,2l) x (0, T] and

Z.=0 and Z,—V>iZ.>0  at (xo,to).
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Hence,

PxC = _pr at (XOa tO)
and

PV L — 2V () — (L) < @(pz)t - Vz-ippxx) 2 at(xph) (225
Using (2.5) in (2.3), we find that

2o < 20

Ty ple+ V222 — () + VECL at (xo,to).

Notice that uy < M., so V3 < M.. Therefore, for 1 < m < 2, there exists a positive
constant C; such that

24
(P i) € G VPEL: + 37— V2L = () + 30— M. Co™
—m 2—m 2—m

G\’ 1
< (l) +§(PC) l(xo,t0) + 2 M*COT

Thus,
C 2m
(o) \2< ll) o M.Cor (2.2.6)
It follows from the definition of Z(xo,ty) that (2.6) holds for all (x,t) € [—2[,2] x (0, T],
especially, for (x,t) € [—,1] x {t}. Notice that {(x,7) =1 for x € [, 1], hence

1

a\?  2m ’
Ip(x,7,m) < [ 2 (z) + mM*COT‘l for x € [—1,1].

This yields (2.1) immediately. O

Lemma 2.2 For any given T > 0, assume u(x,t,m) be the weak solutions of (1.1) with the
conditions (1.2) on Q. Then for any given m € [1,2), there is a positive constant C, such
that

1

(U™ (x,t,m))| < Cot™2 for (x,t) € Q7. (2.2.7)

Proof By Lemma 1, for any x,x" € [—1,1],0 < 2] <k, (2.1) yields

mn , % x a %
f o) = (e = | [ 2 e

2 2
< (2 (i‘) + %M*COI 1) X — x|,

Letting k — o0, and then letting | — oo, recalling from (1.3) and (1.10), we have

1

m m 2 2
|u? (x',t,m) — u? (x,t,m)| < <2mMCt > |x" — x|
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for (x,t),(x',t) € Q7. Letting x' — x yields |(u? )| < (ﬁMCot’l)%. This gives (2.7) for
l<m<?2.
To end the proof of the lemma, we notice that

1 —(x—¢)?
,t,1) = Ta o de.
)= 5o [ w5 e
It is easy to find that (2.7) also holds for m = 1. O

3 Proof of the theorem

Let u(x, t,m) be the solutions of the problem (1.1) with the conditions (1.2) on Q7. Define

t
n= / <1um(x’ 7,m) — u(x, 7, 1)) dt fort € (0,T).
m

T

It is not difficult to see that f;(x)y are admissible test functions in (1.6), in which f;(x) is
defined by (2.4). Thus, with the choice ¢ = f;(x)y in (1.6), we have

T T
/0 /R(u(x, t,m) —u(x,t, 1)), dxdt = /0 /RHx¢x dx dt, (3.3.1)

in which,
1
H = —u"(x,t,m) — u(x,t,1).
m

Notice that

/OT/RHx¢xdxdt = /OT/RHX"’f’/(x)dth"’/OT/RHXYIxfz(x)dxdt

I Ay

1
/ |H|dx < (Mml + 1) Tio,
R m

where 1y = f g Uodx. Hence Lemma 2.2 implies that there exist positive constants C; and
C4, which do not depend on [, such that

T CO
1L < —|Hn(x, 1) dx dt
o Jicx<u !
CO T T
< 7/ / \H,| (/ H(x,f)|dr> dx dt
L Jo Jigu<a 0

T T
C°C3/ f%/ / \H(x,7)|dt dx dt
L Jo 1<xi<2t Jo
Cy

By (1.5),

<
<
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It is easy to see that

IL(T)|r= =0,
2

i, 1 [ d g
dT__2/RdT</o det> Fi(x) dx.

Thus I, < 0 and therefore,
T C,
/ /(u(x, t,m) —u(x,t,1))p, dxdt < e (3.3.2)
o Jr
On the other hand,
T
/ /(u(x, t,m) —u(x,t,1))p, dx dt
o Jr
T
— [ [t~ utx. e ) dxds
o Jr
1 T
— o |t = a0 ) = e )
mJjo Jr
1 T
+ — / / (u(x, t,m) — u(x, £, 1))*f1(x) dx dt
mJjo Jr
1—m (T
+ 7/ /(u(x, t,m) —u(x,t, 1))u(x,t, 1)f(x) dx dt.
m 0o JR
It follows from 0 < u < M that

1
u™(x, t,m) — u(x, t,m) = / (d(u(x,t,m))“'m*(l“')) ds
0 dS

= (m— Du"(x,t,m) Inu(x,t,m)

with n =m+ 0(1 —m), 0 < 0 < 1. Letting | —> oo, using (3.2), we have
T
/ / (u(x,t,m) — u(x, t,1))> dx dt
o JR
T
< (m— 1)/ / [u(x, t,m) — u(x, t, D)|(|u"(x, t,m) Inu(x, t, m)| + u(x,t, 1)) dx dt.
o Jr

Holder’s inequality implies that

T

/ /(u(x, t,m) — u(x, t,1))* dx dt
0o JR
T
<2(m— 1)2/ /(|u’7(x, t,m)Inu(x, t,m)> + u?(x, 1, 1)) dx dt.
o Jr

By [7] (p.791), there are positive constants C(m) for m > 1 such that

u(x, t,m) < C(m)t*ﬁ for (x,t) € Qr.
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Since # > 1 and u < M, hence, for any 0 < « < 1 there exists a positive constant Cs
which does not depend on m € [1,2) such that u*"~'=*|Inu|?(C(m))* < Cs, and therefore,

T
/ / (u(x,t,m) — u(x,t,1))* dx dt
0 R

T
<2m— 1)2/ / (Cst™Tmu(x, t,m) + C(1)t2u(x, 1, 1)) dx dt
0 R

1 s
< 2(m — 1)1 (m+CsT T 2C(1)T%> . (3.3.3)
14+m—o
Denote
1 m—o
(C*)? = 2w (m+ CsT i +2C(1)T%>,
14+m—uao

Then (3.3) yields (1.11). Clearly, “{Z’;" > % for all o € (0,1), so

. . . 14+m—uo

= T? h v=—M —

C o(T’) with y 20+ m)

if T is large enough.

4 An example

As an example, we test the present result on explicit solutions, namely the Barenblatt
solution and the fundament solution of the heat equation. Let

G(s) = [(B* — 2],
where
,  l(m—1) 1

2= .=

2m 1 +m
and f is a positive constant such that fR G(x)dx = 1. By Friedman & Kamin [3],

-re(3)

By =(B")x, m>1

is a solution of the equation

2

and B(x,0) = (x), where d(x) is the o-function. Denote J = %e*xT. It is well-known
that J is the fundament solution of the heat equation J; = J,, with J(x,0) = d(x).
Clearly, the functions B,, and J; are not bounded as t — 0, so the condition (1.2)
of our theorem is not satisfied. Fortunately, we can also use the above procedure. But
certainly, the result is different.
To do this, we also set

t
= / (B" —J)de  forte (0,T).
T
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Because (B —J); = (B™ —J), and (B—J) — 0 as x —> o0, sO

/OT/R(B—J)mdxdm/OT/R(B_JMdedL

The same procedure yields

//(B D)y dxdt = —/(/ (B— J)\dt) dx.

Thus, we also have

T T
/ /(B—J)zdxdt < 2(m— 1)2/ /(|B’7 In B> + J?)dx dt, (4.4.1)
0 R 0 R

where 1 <y < m. To estimate the right hand of (4.1), we first find

T
/ / J2dxdt = T2, (4.4.2)
0 R

Secondly, since [, (B> — A2s?)irids = 1, then,

[y =
0 ~7

Perform the change ¢ = f§ cos 0, thus

i = / (sin 0) fn;x Td0 = =

or,

m—1

B = ( > - (/ (sin B)n1 ld@) : .

I("’ 1) and using [’Hospital’s method, we know that there is a positive

Recalling ¢ =
constant ¢ such that

m—1

C\ m+1
0< (7) <eg
2
m—1

0< (/ (mn@)ﬁ-ide) <

uniformly for all m € [1,2). Thus, 0 < < &> for all m € [1,2). Therefore, if we set & = &
then

T T
/ /|B’71nB|2dxdt:l/ / tl*ﬂ"(lﬁ—fz)ﬁ[—llnt—ln(ﬂz—fz)ﬁ}z
o JR ¢Jo Jig<p

2 (" -2l p2 2\ 2L 2 2 2y -1\
< - f— m—1 ll 1 —_ m—1 .
<C/0 /lcisﬂt (B? = &)1 [(Ine)* 4 (In(p* — &%) )]

and
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Clearly, (82— £2)71 and (B2 — &2)a1 (In(B% — £2)7-7)? are bounded for all |¢| < B, so there
is a positive constant k; such that

T kl T
/ /|B’7 InB]?dxdt < 7/ 2 [(In1)* 4 1)] d.
o JR ¢ Jo

Since

Tl2l 1 14+1-2nl
(At = ———— T
/0 1+1—2y4l ’

T
/ 72 (Int)dt = (T =2"(In T)?)  as T is large enough,
0

I(m—1)
2m

so recalling ¢ = again, we know that there is a positive constant k, such that

T
k
/ / |B"In B dxdt < ————T""="2(InT)%,  as T is large enough. (4.4.3)
o JRr 2 /m—1

NS

Finally, combining (4.1), (4.2) and (4.3), we can obtain our result.

Corollary If B is the Barenblatt solution and J is the fundament solution of the heat
equation. Then there is a positive constant C. such that

3

T
/ /(B —J)Ydxdt < Cu(m—1)2 (4.4.4)
0 R

24m—2n

where 1 <y <m and C. = O(T "7 (InT)?) as T is large enough.

5 Conclusion

Set
A= {u(x,t,m); m =1},

where u(x, t,m) are the solutions of the Cauchy problem

u; = %(um)xxs X e IR,[ > O,
u‘t=0 = uO(x), X € ]R7

up(x) satisfies (1.2). We prove that in this paper, the classical solution u(x,t,1) is a limit
of functions of 4 in space L>(Qr) as m — 1. The convergence speed is controlled by
T7|m—1]|, where y = ;(*1’_’;"")‘ But if ug(x) is not bounded, then the speed is different. As an
example of such a case, we show the convergence speed of the Barenblatt solution tends

to the fundament solution of the heat equation in the last section of the paper.
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