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Block Decomposition and Weighted
Hausdorff Content

Hiroki Saito, Hitoshi Tanaka, and Toshikazu Watanabe

Abstract. Block decomposition of L? spaces with weighted Hausdorff content is established for 0 <
p < 1and the Fefferman-Stein type inequalities are shown for fractional integral operators and some
variants of maximal operators.

1 Introduction

The purpose of this paper is to develop a two-weight theory of dyadic Hausdorff con-
tent. Let D be the set of all dyadic cubes in R”, that is,

D:={27%¥m+[0,1)"):keZ,meZ"}.

We first introduce the weighted Hausdorff content (cf. [16,17]) and Choquet spaces.
By weights we will always mean nonnegative and locally integrable functions on R".
Given a measurable set E and a weight w, w(E) = [, w dx, |E| denotes the Lebesgue
measure of E and 1; denotes the characteristic function of E.

Let wbeaweighton R". If E c R” and 0 < d < n, then the d-dimensional weighted
Hausdorff content H? of E is defined by

He(E) =inf 3§ wdxe(Q,)",
HE)=int . f wdse(Q)

where the infimum is taken over all coverings of E by countable families of dyadic
cubes Qj, the barred integral fQ w dx stands for the usual integral average of w over Q,
w(E)/|E|, and by £(Q) we denote the side length of the cube Q. When w = 1, we
simply denote by H?, which is the d-dimensional (dyadic) Hausdorff content. When
d = n, one has H" (E) = w(E). We emphasize that the set function H? is strong
subadditive (cf. [11]), that is,

HY(EUF)+HY(EnF)<HY(E)+ H.(F), E,FcR".
The Choquet integral of f > 0 with respect to a set function C is defined by

fRnde:: foooe({xeRn:f(x)>t}) dt.
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The Choquet space L (€), 0 < p < oo, is the set of all functions f such that [, [f|? d€
is finite.

Thanks to the strong subadditivity of the set function HY, one has sublinearity (cf.
[11]), that is, for nonnegative functions f and g,

degf dH? f dH,
fRn(f+g) ws o fdHy+ | g dH,

which implies that the quantity

1/p
Wy = ( ., e ar)

is the norm when 1 < p < oo and the quasi-norm when 0 < p < 1.
We consider the following dyadic maximal operator. For a locally integrable func-
tion f on R”, the dyadic fractional maximal operator My, 0 < « < n, is defined by

Maf (x) = sup 1Q<x>]{2 Al dye(Q)™.

If « = 0, My is the usual dyadic Hardy-Littlewood maximal operator and it will be

denoted by M.

In [12], the authors proved the following. For an arbitrary weight w, the Fefferman-
Stein type inequality
(L1) IMaflromsy < Cp ||f”Lp(Hj’wypw)

holdsfor 0 < y < a,d/n < p < d/aand § = d — (a — y)p. In both sides of (1.1),
the relationship between fractional order and Hausdorff dimension is controlled by
the simple equation 6 + ap = d + yp. A main ingredient in the proof of (L1) is the
following Sawyer type testing estimate. The testing inequality

(1.2) [R Ma[10]? dH? < c{,’]g M,,w dxe(Q)*

holds for any dyadic cube Q € D. It wasn’t so clear why the testing inequality (1.2)
implies the norm inequality (1.1). In this paper, introducing block decomposition
with weighted Hausdorff content, we clarify its structure. Once we have had the de-
composition, precious two-weight estimates for positive subadditive operators can be
proved.

This paper is organized as follows. In Section 2 we introduce block decomposition
with weighted Hausdorff content and give a characterization of two-weight inequali-
ties with Hausdorff content for a subadditive operator. In Section 3 we apply this char-
acterization theorem to several maximal operators, including the strong maximal op-
erator and the fractional maximal operator on unweighted Choquet spaces, to reprove
some known results for these operators. In Section 4 we discuss the weighted esti-
mates for the composition of maximal operators, the fractional maximal operator, and
the fractional integral operator. In appendices, we will verify the Hardy-Littlewood-
Sobolev inequality for the fractional integral operator with Hausdorff content and will
consider an application for the Riesz potential (usual fractional integral operator).

The letter C will be used for unimportant constants that may change from one
occurrence to another. Constants with subscripts, such as C;, C, do not change in
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different occurrences. By the notation A ~ B we mean that C™'B < A < CB with some
positive finite constant C independent of appropriate quantities. We write X < Y,
Y > X if there is an independent constant C such that X < CY.

2 Block Decomposition with Weighted Hausdorff Content
In what follows we introduce block decomposition with weighted Hausdorff content.

Definition 2.1 Let v be a weight on R", 0 < p < 1and 0 < d < n. The block
space BP*>?(v) is defined by the set of all measurable functions f on R" with the
quasi-norm

| Flsracy = inf{ [t : £ = iy} < oo,
J
where bj is a (p; oo, d, v)-block and
1/p
et = (3 lesl?)
)

and the infimum is taken over all possible decompositions of f. We say in addition
that a function b on R" isa (p; oo, d, v)-block provided that b is supported on a dyadic

cube Q € D and satisfies
1/p
161~ (][ y dxe(Q)d) <1
Q

Theorem 2.2 Let v be a weight on R", 0 < p < land 0 < d < n. Then LP(H?)
Bp;oo’d(v) with | - HLP(He) ~ - ||BP5°°>"(V)'

Proof Assume that the nonnegative function f belongs to L? (H?). Consider Ej =
{x e R": f(x) > 2}, k € Z. Then,

(2.1) fR S dHY ~ > 22K HY (Ey).
k

Indeed, by sublinearity,
/ A $ 2P HY (Ey).
R A

Conversely,
2k dt

1
2Pk (B = —— S 2PkHY(E
Zk: v (Ex) logZZk: v (Ex) o

P ZpkukHd({xeR":f(x)>t})g
“log2 4 2kt t

sfooon({xeR”:f(x)>t})t1’“dt
“ [ an.
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We can select a set of the pairwise disjoint dyadic cubes {Qy,;} ¢ D such that
Ek C Uj Qk,j and

(2.2) v dx€(Qy. ;) < 2HY(Ey).
;f(;k,; k,j k

Upon defining
A,j = Qr,j\ UQksnis

we see that the sets Ay ; are pairwise disjoint and supp f = Uy, j A j. With this, we

obtain
f=2 ek b
k,j
where
1/p
Ch,j = 2’”1(][ v de(Qk,j)d)
Qx,j
and
bk,j = 7fXAk’j .
Ck,j

It is easy to check that each by is a (p; 00, d, v)-block, since we have f(x) < 2K+ if
x € Ay, j. To prove that f € BP°>%(v), it remains to verify that {c; ;”} is summable.
It follows that

w35 =27 zzp"]g v dxe(Qx. )"
k.j ki

J

S 202" HY ()
k

~ Hf“fp(Hg)’

where we have used (2.1) and (2.2). This proves L? (H{ ) ¢ B?*>4(v) with ||| gpiee.i 1) S
| o cagy-

We now prove converse. Suppose that f belongs to B#*>?(v). Thus, f = Yjcib;
with {¢;} € I and each bj isa (p; 00, d, v)-block. Assume that Q; is the support cube
of b;. Then we have

f Ib;|P dHY < Hbjuf;][ v dxe(Q;)* <1.
Qj
Thus, thanks to p € (0,1] and the sublinearity of dHY,
[ i1 amt < Siespe [ 1l dm < el
J J

and, hence, B#*>?(v) c LP(H?) with | - lzo ey < || - | groea () These complete the
proof. ]

Remark  Theorem 2.2 for p = 1 and v = 1 was first verified in [3, Remark 3.4].
Block spaces as the predual of Morrey spaces were first introduced in [18]. The Fatou
property of block spaces was shown in [13].
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By the use of Theorem 2.2, we give a characterization of two-weight inequalities
with Hausdorff content for a subadditive operator.

Suppose that T is a subadditive operator. Let w and v be arbitrary weights on R",
and0<d,é < n.

Theorem 2.3 Let0 < p <1land q > p. Then the following statements are equivalent.
(a) The two-weight norm inequality

T fllacrsy < Cill f oo
holds.
(b) The testing inequality
ITb Lacmsy < Cz
holds for any (p; o0, d,v)-block b.
Moreover, the least possible constants Cy and C, are comparable.

Proof By testing (a) on f = b, we see that (b) follows at once from (a). We shall
verify the converse.

Decompose f € LP(H{) as f = ¥; c;bj, where [{c;}[1» » | fllLe(ray and bj is a
(ps 00, d, v)-block. Thanks to subadditivity of T and the assumption 0 < p < 1, we

have that
TFP < X e b
By the triangle inequality of the norm | ] | Lare (18 y> we have further that
I Tf”fq(Hgv) = ” |Tf|P” La/p(H)
< %:|Cj|p H |Tb]-|1’|| Lale(H3)
<GF Z |cil?
j

~CYIfIT

Lr(HY)

where we have used (b). This completes the proof. ]
3 Examples: Unweighted Cases
In what follows we reprove some known results as an application of Theorem 2.3.
Example 3.1 We apply Theorem 2.3 with T' = M. It was shown in [8, Lemma 1] that
fRn M[1o]? dH? 5 £(Q)°, % < p < oo.
This yields (b), and thus (a):

d
IMSfLecray S IF e rays o <P <L

Especially,
IMfllprmay S 1 Flprcmays
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which yields
MU i S APy 221
Since we have (M f)? < M[|f|?],
IMflLecray S Uflpomay,  p>1
Thus, we conclude that

d
IMflocuay S 1f Lo crays PR ANS

Example 3.2  For alocally integrable function f on R”, the dyadic strong maximal
operator M is defined by

M (x) = supa()f, If]

where the supremum is taken over all dyadic rectangles R ¢ R” forming the Cartesian
product of the dyadic intervals in R. In [10], it is proved that

[ MsT10)? aH? 5 Q)"

holds for min(1,d) < p < co. Invoking the same argument as in Example 3.1, when
0 < d <1, we obtain

IMsfllromay S | flomey, d<p<oo, 0<d<L

Example 3.3 We treat the fractional maximal operator My, 0 < a < n. We have
that the testing inequality
d dé d
31 M1 se(Q)P, g p-<p<—,—+a=—
3.1 IMal1o] ] Lamey S €(Q) qzp " p %’ o o

holds for every Q € D. Indeed, we proved the pointwise expression in [12]
(32 Mallo](®) = €(Q)*(10(*) + .27 "V Lug) w10y (¥))
=

where 7°(Q) = Q and 7/(Q) is the smallest dyadic cube containing 7/7'(Q) for
j=1,2,.... This and the sublinearity of dH® give us that

IMa10] 2y ey = [, Mal1g]? dH®

<UQ)" Y 2 (2 (Q))

j=0

= £(Q)°%+ 3 2(0-q(n-a))j

j=0
$0(Q)°r = ¢(Q)1/e,

where we have used the fact that

H(7/(Q)) = ¢(7(Q))° = 2%e(Q)°
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and
) d
d—-g(n-a)=ql—-n+a)=¢q[—-n) <0.
(2onen) o 4-0)

It follows from Theorem 2.3 and the testing inequality (3.1) that

d Cody 8 d
Mo liscroy 5 | fligys a2 py) <p<min(1 7). va=2
and, when 1 < d/a, that
8
(3.3) IMafluaqesy W Iy g 215 +a=d.

If1 < p < d/a, then, in (3.3), letting f = |g|” and r = pq and using (Mpg)? <
M,[|g|], Bp = a, we have that

)
|Mpglorcusy S I8leequay, r2p—+p=—.

In conclusion, we obtain

d dé d
|Meafllraesy S 1 fleomey. g2 ps " <p< P E ta= ;

Remark  Example 3.3 of « = 0 is an extension of Example 3.1, which is a classical
theorem due to Orobitg and Verdera in [1,2, 8]. Especially, we have that

d
IMf Il powsaqmny S | fllLecrays PRYASRS

which also follows from Hardy-Littlewood maximal theorem and [8, Lemma 3].

4 Fefferman-Stein Type Inequalities

In what follows we investigate the weighted estimates of (b) in Theorem 2.3 by the
same strategy as in the previous section.

4.1 Composition of the Dyadic Hardy-Littlewood Maximal Operator

A composition of maximal operators plays an important role in the weight theory. In
[9], Pérez established the weighted inequalities for singular integrals and their com-
mutators with non-a priori assumption on the weights. The proof is based on the
fact that the singular integral operators and their commutators concerned in [9] are
controlled by the composition of the Hardy-Littlewood maximal operator. The com-
position of the Orlicz maximal operator and the fractional Orlicz maximal operator
also have been studied in [4,5]. In this subsection we shall show the pointwise behav-
ior of the dyadic Hardy-Littlewood maximal operator acting on 1¢ and will invoke
the same strategy as in the previous section.

For the function 1¢, Q € D, we shall compute the value of M*[14](x), where M*
denotes the k-fold composition of the dyadic Hardy-Littlewood maximal operator M.

https://doi.org/10.4153/5000843951900033X Published online by Cambridge University Press


https://doi.org/10.4153/S000843951900033X

148 H. Saito, H. Tanaka, and T. Watanabe

Lemma 4.1 Fork=1,2,... and Q € D, we have
k k o -nj (k
M*[10](x) = af1q(x) + Y227 ai 10\ wr1(0) (%),
=1
where
a(()k) = aﬁl) =1
and, letting A=1-27",

o 1 jas AU oSG (k=) e
j 2! (k-1)!

Proof By considering the density of the function, we see that

(41) M'[10](x) =1o(x) + 222 " a0\ w-1(0) (%)
j=1

and that, for k = 2,3,...,

Mk[lQ](x) :]gj(Q) Mkfl[lQ](y) dy forallx e 7/(Q)\n/(Q).

Starting from (4.1), we first obtain
(2) _4n ]][ 1 _ .
a;’”’ =2 M1 dy =1+ jA,
j Q) (1o](y) dy J
where we have used

177 (Q)\ 7 7(Q)| = 27"|Q|A.

Next, we have that

(3) _ nj][ 2
a’ =2 M1 d
j Q) [1o](y) dy

:1+jA+( Zj:k)A2
k=1

=1+jA+ MAZ.
2!

We have also that
(4) _ nj][ 3
=2 M1 d
a; Q) [1o](y) dy

! L k(k+1)
1 2 3
_1+]A+(k2=:1k)A +(1§1 0 )A
G+ o, 3G+
2! 3!
Continuing these steps, we obtain the desired relation. u

=1+ jA+

Remark 4.2 It follows from the Taylor expansion that

G+ o JGEDGD) o,
2! 3!

(4.2) (1-t)7 =1+ jt+
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Surprisingly, the coefficient aj(.k) corresponds to the first k-th sum of (4.2) with ¢ = A.
Thus,
lim a'®) = (1-A)7 = 2"

k—oo J

Let0<d,d <n,d/n<p<qg<oo,d/q=d[p. LetwbeaweightonR" and Q € D.
We shall compute

(i) = | M* (1]l acay)-
There holds by Lemma 4.1

(M7= [ Ml1o)(x)? dH)

< 2Py (1(Q))
j=0

<e(Q)° S 200-ami al® q][ w dx
@ Z2

— p(0)44lp N y-a(n-d/p)j( ,(K) q][
eQ)™r Y2 (@)1 oy 9

j=0

oo ‘ play a/p
_ {E(Q)d( szq(nfd/p)J(a(k))q][_ w dx) } ,
=0 ! 7 (Q)
where we have used
, . F) ,
H (7! S][ w dxe( = 528]][ w dx.
( (Q)) i (Q) ( (Q)) @ mi(Q)
Since we have had
o0 ‘ play 1/p
(i) < {e(Q)d( ZZ—LI(H—d/P)](aﬁk))q]l“ w dx) } ,
=0 w(Q)

in order to obtain the estimate (b) of Theorem 2.3, we must seek a weight v that satisfies

o r/q
(Zz_q(”_d/P)j(a(.k))q][ w dx) g][ ydx forall Qe D.
J i (Q) Q

=0
We have the following theorem.
Theorem 4.3 Let0<d,8 <n,d/n<p<g<oo,8/q=d[p. Letw beaweight on
R".
(a) If p <1, then there exists a constant C independent of k such that the Fefferman-
Stein type inequality
HMkf”Lq(Hg) <C|flleeas
holds, where

oo r/q
v(x) := sup lQ(x)( Zl_q("_d/‘”)j(a(‘k))qf‘ w dy) .
QeD J i (Q)

j=0
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(b) If p >1, then there exists a constant C independent of k such that the Fefferman-
Stein type inequality

HMkaLq(Hg) < CHfHLP(Hg),
holds, where
o, - rla
v(x) = sup ]Q(x)( Zz_i(ﬂ—d/P)](aE ))q/P][ Wdy) .
QeD j=0 7 (Q)

(c) Ifp 21, then there exists a constant C independent of k such that the Fefferman-
Stein type inequality

HMkaLP(Hg) < Clfllocuay
holds, where

v(x) = suplg(x) S 27 4/Pig® L gy
Qb j=0 T JwiQ)

Proof By the above discussion and Theorem 2.3, we need only verify (b). It follows
from (a) that

1)
(4.3) HMkf”Lq(Hi)gCHfHLl(Hg), g>1, 5:d,

where

oo 1/q
v(x) := sup lQ(x)( ZZ’q(”’d/P)j(a(.k))q][_ w dy) .
QeD pn) A%

In (4.3), letting f = |¢|? and g = pr and using (M* ¢)? < M*[|¢|P], we have
g & q=p g g g

6 d
Hng LT (HY) SCI/pHgHLP(H"f)’ T'ZP,; = ;,
where
S _» . plr
v(x) := sup IQ(x)( 22‘5(”—'1/P)J(a(‘k))r/p][. w dy) .
QeD =0 ! (Q)
This means (b). -

4.2 Fractional Maximal Operator

We treat again the fractional maximal operator M,,0 < a < n.Let0 < d,8 < n,q > p,
d/n < p<dfa, 8/q+a = d/p. Let w be a weight on R” and Q € D. In the same
manner as Example 3.3, we shall compute

(if) := | Mal1o]| Laca)-

https://doi.org/10.4153/5000843951900033X Published online by Cambridge University Press


https://doi.org/10.4153/S000843951900033X

Block Decomposition and Weighted Hausdorff Content 151

Using (3.2), we have that
(ii)7 = [ My[10] dH?
Rn

<e(Q)™ i Z*q(n*a)ijv( ﬂj(Q))

j=0

<e(Q)’rei > 2(6_q(”_“))j]£j(Q) w dx

j=0

= 0(Q) 2—q<n—d/p>j][ w dx
=0 7 (Q)

i (nmd ) rlay alp
={2(Q 27 a\n= PJ][ wdx) } ,
{@r (S

where we have used
H2 (71(Q)) g][ wdx€(nj(Q))6:€(Q)52‘sj][ w dx
7 (Q) Q)

and

S—q(n—(x):q(Z—n-Hx) :—q(n—i).
This implies

oo lay \/
(ii) < {e(Q)d( Zz‘q("‘”’/f’)f][ w dx)P q} P.
j=0 7 (Q)

We have the following theorem.

Theorem 4.4 Let0<d,0<n q>p d/n<p<dfa, 8/q+a=4d[p. Letwbea
weight on R".

(a) If p <1, then the Fefferman-Stein type inequality
|Mefllzaesy S 1S e ey
holds, where

oo rlq
v(x) = sup IQ(x)( 22_‘1(”_‘1/")]'][. w dy) .
QeD j=0 i (Q)
(b) If p > 1, then the Fefferman-Stein type inequality
|Meafllpacmsy S 1o ey
holds, where

oo ' rlq
)= supto() £ gy
QeD j=0 m(Q)

Proof This can be proved by the same arguments in the proof of Theorem 4.3 and
in Example 3.2. ]
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4.3 Fractional Integral Operator

The dyadic fractional integral operator I, 0 < & < n, is defined by
()= 3 1o()f. f dye(Q)",
QeD

This was first introduced by Sawyer and Wheeden [15], and one can prove that (cf.
[6]) a finite number of family of dyadic fractional integral operators control the Riesz
potential (usual fractional integral operator), which is given by

Juf(x) = )

R |x — y|e

dy.

It is easy to see that
M, f(x) <I,f(x)ae xeR"

In general, there is no pointwise inequality in the reverse direction, but the two quan-
tities are comparable in L? sense, that is,

”IOCfHLP(]R”) < Ctx,p”MafHLP(R")> O<acx< n, 0< p < 00.

For Q € D, we shall compute I,[1q](x). It suffices to consider the point x in
E=U%, 7/ (Q). If x € Q, we see that

> fledep- ¥ epy

x€eP PCQ PeD x€P,PcQ: PeD
~ €(Q)*

and that

> I pw ()~ Q)"

=0 [ (Q)]
Thus,
(4.4) I[1g](x) » £(Q)*, x€Q.
If x € Eand x ¢ Q, then, letting j, be the first integer that satisfies x € 77°(Q), we
have that
(4. 5)

[}

Z ](Q ¢(n'(Q))" me(Q)*2 ", xen(Q)\77(Q).

By (3.2), (4.4) and (4.5), we obtain
I [1g](x) » M4[1g](x), xeR™.

We have the following theorem.

Theorem 4.5 Let0<d,0<n,q2p, din<p<dfa,p<l,8/q+a=d/p. Letw be
a weight on R". Then, the Fefferman-Stein type Inequality

W Zaflzamsy S 1 lLo ey
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holds, where

oo rlq
v(x) := sup lQ(x)( > Z’q(”’d/f’)j][_ wdy) .
QeD j=0 i (Q)

Remark  One can not expect the following inequality:
gl S L[lgl), p>1.
5 Appendices
In what follows we give two appendices.
5.1 The Hardy-Littlewood-Sobolev inequality

We shall verify the Hardy-Littlewood—-Sobolev inequality for I,, 0 < & < n, with
Hausdorff content.

Theorem 5.1 Let0<d < n,d/n< p<d/aand q be defined byl/q =1/p - a/d.
Then we have

o fllpacmay S 1fleocray-

Proof Choose a dyadic cube P € D so that x € P and

Lo f(x) < Y e.qep:en fo f dyE(Q)%,
2 N erQ,Q:P:QeD][Qfdye(Q)a'

A calculus of geometric series gives

S f 1 aye(@ s ey mp().

x€Q,QcP:QeD
. . . np
Since d/n < p implies 1 < =7,

d

| fayer se(a)“(]g £ dx)""

=€(Q)"“‘”"( s dx)"p

1/
SE(Q)a—d/p(‘/pr de) p

S Q) " flluoaoys

where we have used the formula, [8, Lemma 3],

" n/d
fgdxsd(fgd/”de) .
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If we assume d/n < p < d/a, a calculus of geometric series again gives

> @J[ £ dye(Q)* 5 6(PY* 2 £ 1o s

x€Q,Q>oP:Qe
Thus,
lof(x) 5 sup min{ M (x), | f Lo (r1a) |
_ep
S FIE oy - M)
If we choose g > p so that % =1- “7, then
., 1/q
e 5 1y (001 )
ap P
s HfHLdp(Hd) ' Hszp(Hd)
N HfHLP(Hd)-
This completes the proof. ]

Remark 5.2 Since M, f(x) < I, f(x) holds for any positive f, we observe that the
corresponding results hold for the fractional maximal operator as well.

5.2 The Riesz Potential

Recall that the Riesz potential (usual fractional integral operator) J,, 0 < a < n, is
defined by

N =

Let T := {0, £1/3}". For 7 € T, we define the 7 translate dyadic cubes by

dy.

D= {2K(m+1+[0,1)"): keZ, meZ"}
and define the dyadic fractional integral operator I,[ D] by
LID)f() = 3 1o()f faye(@)®
QeDr

It was shown in [6] that the inequality

(5.1) Jaf(x) S ZI 1f(x), xeR”

TeT

holds for the nonnegative locally integrable function f.
Letw beaweightonR". If E c R" and 0 < d < n, then the d-dimensional weighted
Hausdorff content H?[D7] of E with respect to D is defined by

drpr = in 3 wdxe(Q;)?
HA[DT)(E) = f;]gj dxe(Q;)*,
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where the infimum is taken over all coverings of E by countable families of dyadic
cubes {Q;} c D*. It was shown in [17, Proposition 3.4.2] that the relation

(5.2) Hy,[D7)(E) ~ Hy [Q)(E)

holds for any E c R”, 7 € T and doubling weight w. Here, Q stands for the family of all
cubes in R” which have their sides parallel to the coordinate axes. The relation (5.2)
entails the norm equivalences

(5.3) I fllzecrappeyy ~ | fllecaarar)

when the weight w is restricted to doubling weight.
Let now assume that two-weight norm inequality

(5.4) [ 1aID 1 flLacus o)y S [ fleo(us (pry),  T€T
holds for appropriate parameters. Then, by (5.1), (5.3) and (5.4) we have that, for any
doubling weight w,

19aflracrsany S 20 Hal DS lpacas (oo
7eT

S, Hf”LP(H'V‘T[DT])
7€T

S I £l e ¢rappryy

7eT
S f e caarayy

v=> v:

€T
and in the last inequality we need the further assumption that v is doubling.

where
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