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Abstract  We consider the existence of three non-trivial smooth solutions for nonlinear elliptic prob-
lems driven by the p-Laplacian. Using variational arguments, coupled with the method of upper and
lower solutions, critical groups and suitable truncation techniques, we produce three non-trivial smooth
solutions, two of which have constant sign. The hypotheses incorporate both coercive and non-coercive
problems in our framework of analysis.
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1. Introduction

Let Z C RY be a bounded domain with a C?-boundary 0Z. We study here the existence
of multiple non-trivial smooth solutions for the following nonlinear Dirichlet problem:

—Apz(z) = m(2)|z(2)]""2x(2) + f(2,2(2)) a.e.on Z,
Z‘|aZ =0.

(1.1)

Here 1 < 7 < p < oo and Apz = div(||Dz||P~2Dx), the p-Laplacian differential oper-
ator. Our goal is to prove a ‘three-solutions theorem’ for problem (1.1). Recently, such
theorems were proved by Dancer and Perera [3], Liu [8], Liu and Liu [9], Papageorgiou
and Papageorgiou [10] and Zhang and co-workers [12,13]. In all these works the Euler
functional of the problem is coercive. In addition, in [3,12,13], the asymptotic limits

atr = lim 1z 2)
7 50k [z]p 2

play an important role. Additional multiplicity results (two solutions) for coercive prob-
lems, using critical groups, can be found in [4]. Here the Euler functional need not be
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coercive. In fact, the hypotheses incorporate both coercive and non-coercive problems
in our framework of analysis, since the conditions that we impose on the nonlinearity
f concerning its behaviour near infinity are minimal. More precisely, we require only
that x — f(z,2) has subcritical growth. Also, here we do not assume that the limits
a+ = limg o+ f(z,2)/(|z|P~22) exist.

2. Preliminaries and hypotheses
In our analysis of problem (1.1), we shall use the Sobolev space W (Z) and the subspace
Co(Z)={x € CYZ): z]pz =0}.
Both VVO1 P(Z) and C}(Z) are ordered Banach spaces, with order cones given, respectively,
by
W, ={xeWyP(Z):z(z) >0 ae. on Z}
and
Cy ={xeCy(Z):x(z) 20 forall z€ Z}.

In fact, C; has non-empty interior, given by
IntCy = {x €Cy:x(z)>0forall z € Z, g—x(z) <0 forall z € aZ}.
n

Here we denote by n(z) the outward unit normal at z € 9Z. In an ordered Banach
space X with order cone K, we write u < v if and only if v —u € K, and v < v if and
only if u < v and u # v. Also, if u < v, then we define

[u,v] = {y € Wy P(Z) : u(z) < y(z) < v(z) ae. on Z}.

Henceforth, by A : Wy (Z) — W4 (Z), where 1/p + 1/p/ = 1, we denote the non-
linear operator corresponding to —A, and defined by

(A(z),y) = / |Da|P~2(Da, Dy)gx dz  for all 2,y € W(Z).
Z

Here, (-, -) denotes the duality brackets for the pair (W, (Z), W=1¢'(Z)).

Let A; > 0 denote the principal eigenvalue of (—A,, VVO1 P(Z)) and let u; denote the
LP-normalized principal eigenfunction. It is known that u; does not change its sign, and
so we may assume that u; > 0. Nonlinear regularity theory implies that u; € C and
the nonlinear strong maximum principle of Vazquez [11] yields that u; € Int Cy..

Let X be a Banach space and ¢ € C'(X). The critical groups of ¢ at an isolated
critical point x with ¢(z) = ¢ are defined by

Cr(p,z) = Hi(¢% ¢\ {z}) forall k>0,

where Hj, is the kth singular relative homology group with coefficients in Z and ¢° =
{r e X :px) <}
The hypotheses on the nonlinearity f are the following.
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Hypothesis 2.1. f:Z x R — R is a function such that f(z,0) =0 a.e. on Z and
(i) for all x € R, z — f(z,x) is measurable;
(ii) for almost every z € Z,  — f(z,x) is continuous;

(iii) for almost all z € Z and all € R we have

/(2 2)] < a(z) + T,

where a € L>*(Z)4, ¢ > 0 and

N
[ tp<en,
p<qg<p'=¢N-p
00 if p> N;

(iv) there exists 7 € (p,p*) such that

Z,T .
lim sup 1 2) < oo uniformly for almost every z € Z;
r—0 |17|7—7 X

(v) f(z,z)x > 0 for almost every z € Z and all x # 0 (strict sign condition).
Hypothesis 2.2. m € L>®(Z), m > 0 and m # 0.

3. Two constant-sign solutions

We consider the truncated functions, fi : Z x R — R, defined by

f+(z,9c) = f(z7x+) and f,(z,x) = f(zv —.%'_)

We consider the following auxiliary nonlinear Dirichlet problem:

x‘az =0.

—Apz(z) =m(2)at(2) 7" + fr(z,2(2)) a.e. on Z’} (3.1)

By an upper solution for problem (3.1), we mean a function Z € WP(Z) such that
Z|loz > 0 and, for all y € W,

[ 1Dsl 2Dz, Dy dz > [ mG@yydz+ [ fiiames

We say that Z is a strict upper solution for (3.1), if it is not a solution of (3.1).
Next we derive a strict upper solution for problem (3.1).

Proposition 3.1. If Hypotheses 2.1 and 2.2 hold, then there exists some A > 0 such
that problem (3.1) has a strict upper solution & € Int C, provided that 0 < [[m||s < A%.
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Proof. By virtue of Hypothesis 2.1 (iii)—(v), we have, for almost every z € Z and all
x>0,
0 <m(2)a" "t + f(za) < er(|lmllS +a ), (3.2)
where ¢; > 0,1 < s and p < 9 < p*.
Let e € Int C be the unique solution of the Dirichlet problem:

—Ape(z) =lae onZ and elgz =0.

Claim 3.2. There exists A, > 0 such that for eachm € L>(Z)4 with0 < ||m|lcc < A%
we can find some . = n1(m) > 0 satisfying

crllm3e + er(mllefloo)’ ™t < mf ™" (3.3)
We argue by contradiction. So, we suppose that the claim is false. Then, we can find
{mn} C L*>°(Z)4 such that ||m,|ec — 0 and, for all n > 0,

P~ < etfmalloo + er(nlef|oo)”

Hence, we obtain 1 < ¢1n?7P||e||% ! for all n > 0.
Since ¥ > p, by letting 1 | 0 we have a contradiction. This proves the claim. Now, set
T =me € Int C. We have

—D,2(2) =~ Ape(z)
=y

> erl[mll3e + ex(mllelloe)” ™ (see (3.3))

>m(2)z(2)" 4 fo(2,2(2)) ae.on Z  (see (3.2)).

This implies that z € Int C. is a strict upper solution for problem (3.1). ]

We also consider the following auxiliary nonlinear Dirichlet problem:

(3.4)

~Apu(z) = —m(2)v(2)" ' + f_(2,v(2)) a.e. on Z,
’U|az =0.

We say that v € WP(Z) is a lower solution for problem (3.4) if v|gz < 0 and

/IIDQII’”_Q(DuDy)RN dZ</ —m(u)’"_lyd2+/f—(z7u)ydz
Z zZ zZ

for all y € W,.. We say that v is a strict lower solution for (3.4) if it is a lower solution
but not a solution of (3.4).
Arguing as in the proof of Proposition 3.1, we obtain the following.

Proposition 3.3. If Hypotheses 2.1 and 2.2 hold, then there exists \* > 0 such that
problem (3.4) has a strict lower solution v € Int Cy, provided that ||m||s < A*.
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Next we introduce an additional truncation. So, let

0 if x <0,
f+(z,2) =S m(2)a™ L + fi(z,2) if 0 < z < Z(2),
m(2)Z(2)" "+ fi(z,2(2)) if 2(2) < z.

Clearly, f + is a Carathéodory function. We further set

FAamzzfﬁ@ﬁmS

for all x € R.
Also, we introduce the functional ¢, : Wy "*(Z) — R, defined by

5 —1 z||P — P (2. x(z z
w#@—ﬁWHp(éﬂlv(»d

Clearly, we have ¢, € CY(W,*(Z)).

Proposition 3.4. If Hypotheses 2.1 and 2.2 hold and 0 < ||m||- < A%, then prob-
lem (1.1) has a solution zo € Int C..

Proof. Clearly, ¢ is coercive and sequentially w-lower semicontinuous. So, by the
Weierstrass theorem we can find zo € W, *(Z) such that

¢ (z0) = 1y = inf[py () 1 x € WyP(2));
hence, ¢/, (z9) = 0 and consequently
Afo) = N (20), (3.5)

where Ny (z)(-) = f(-,2()) for all z € W, "P(Z). Since & € IntC, is a strict upper
solution for problem (3.1), we have

A(Z) >m(@H) "'+ Ny(z) in Wb (2), (3.6)

where Ny (z)(-) = fy(-,z(-)) for all z € W, ?(Z). From (3.5) and (3.6), it follows that
in W1 (Z) we have

A(Z) — A(xo) > mz" 1+ Ny (&) — Ny (20). (3.7)

On (3.7) we act with the test function (zo—x) € Wy (Z). Notice that fy (z,z0(z)) =
m(2)Z(2)" ! + fi(z,Z(2)) for almost every z € {x¢(z) > Z(2)}. Therefore, we obtain

0 < (A(@) — A(wo), (o — 7))

= / (|DZ||P~2Dz — || Dxo||P %Dz, Dxg — DZ)px~ dz.
{zo>z}
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Hence, |{zo > Z}|y = 0, i.e. 79 < 7. Here | - |y denotes the Lebesgue measure on RY.
Also, if on (3.5) we act with the test function —z5 € Wy (Z), then

[ Dzq [|5 =0, ie. 0 < xo.

It follows that N (z) = mal ' 4+ N, (x0), which implies that (3.5) becomes A(zq) =
ma "+ Ny (x) and, consequently,

—Apz0(2) = mxo(2)" ™t + fr(2,20(2)) ae.on Z and  xglpz = 0. (3.8)

Next we show that xg # 0. To this end, for ¢ > 0 small we have

. tP t"
Gy (tuy) = EHDulﬂg - ?/ muy dz —/ F(z,tuy)dz
E z
tP t"
< —XM —— | mufdz.
p rJz

Since r < p, if we make ¢ € (0,1) small enough, then we infer that ¢ (tu;) < 0, and
hence

¢+(CEO) = m+ <0= ¢+(0)7 i.e. o 7é 0.

From (3.8) and the nonlinear regularity theory (see, for example, [6, pp. 737-738]),
we have o € Cy \ {0}. Invoking the nonlinear strong maximum principle of [11], we
conclude that x¢ € Int Cy. Moreover,

—Apzo(2) = m(2)zo(2)" " + f(z,20(2)) a.e. on Z;
hence, z¢ € Int C is a solution of problem (1.1). O

Now we execute an analogous process on the negative semi-axis, for which we define

m(2)v(z) "+ f-(z,0(2) i@ <u(z),
f-(z,x) =< ma" L+ f_(2,2) ifv(z) <z <0,
0 if0<a.

Set N
F_(z,x) :/ f,(z,s) ds.
0
Also, we consider the C'-functional ¢_ : WO1 P(Z) — R, defined by

5 *} x||P — P (2. 2(2 z
6-(z) = > IDalf /ZF‘(’ (2)) d=.

Arguing as in the proof of Proposition 3.4, we obtain the following.

Proposition 3.5. If Hypotheses 2.1 and 2.2 hold and 0 < ||m|| < A*, then prob-
lem (1.1) has a solution vy € —Int C..
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4. The three-solutions theorem

In this section we prove the three-solutions theorem for problem (1.1). For this purpose,
we introduce the following truncations of the identity map, of the nonlinearity f and of

"L+ f(z,7)

f(z,v0(2)) if & < wo(2),
f(z,z) if vo(2) < z < xo(2),
f(z,z0(2)) if xo(2) < z,
0 if z <0,

{m(z)xr L+ f(z,2) if 0 <o < xo(2),
m(2)zo(2)" " + f(z,20(2)) if xo(z) <z,
m(2)vo(2)" "t + f(z,v0(2)) if & < vo(2),
m(z)a" 1 + f(z, ) if vo(z) <z <0,
0 if 0 <z,

and
m(z)vo(2)" "1 + f(z,v0(2))  if 2 < v(2),
fi(z,2) m(z)x" 1 + f(z, ) if vo(2) < z < zo(2),

m(2)zo(2)" " + f(z,20(2)) if 2o(2) < .

Also, we define
Fly(z,7) = / fr(z,5)ds and Fj(z,7)= / fo(z,5)ds
0 0
Finally, we introduce the C'-functionals @, @ : WO1 P(Z) — R, defined by

D —1 z||P — Fo(z,x(2)) dz

P(a) = ~|\Dal /Zm, (2))d
and

D —1 z||P — F¥(z, z(2)) dz

#o(2) = > |Dall /ZF0<, (2)) d.

In the next proposition we will locate the critical points of these three functionals.

Proposition 4.1. If Hypotheses 2.1 and 2.2 hold and 0 < [|m||osc < A§ = min{\},A* },
then the critical points of g are in [0, zg], the critical points of ¢_ are in [vg,0] and the
critical points of ¢g are in [vg, xo]. Furthermore, vy and xy are local minimizers of @g.

Proof. We prove the case for @y (the proof for @ is similar). So, let € W, (Z) be
a critical point of @y. Then we have @((x) = 0; hence,

Al) = N (=), (4.1)
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where ﬁg(x)() = fi(,x(-) for all z € Wy (Z). Thus,

(A(z), (z —20)") = /meg_l(a: — )T dz + /Z flz,20)(x —20)" dz
— (A

(zo), (z — w0)™), (4.2)

where the last equality is due to the fact that zo € Int C; is a solution of (1.1).
By virtue of the strict monotonicity of the map A, from (4.2) we infer that

(r —x9)" =0,
i.e. £ < xg. In a similar fashion we also can show that
vy < T.

So, indeed the critical points of @y are in the ordered interval [vg, xo].

Without loss of generality, we may assume that xo € Int Cy is the only non-trivial
critical point of ¢, and vy is the only non-trivial critical point of ¢_. Otherwise, we
already have a third non-trivial solution of (1.1), distinct from z and v, which is in fact
of constant sign.

As in the proof of Proposition 3.4, we can show that for ¢ > 0 small we have @ (tu1) <
0; hence,

my = inflgy(z) 12 € WyP(2)] <0 = .(0).

Note that @, is coercive and sequentially w-lower semicontinuous. Therefore, we can
find some &y € Wy?(Z) such that

+(Zo) =my <0 =94(0),

i.e. Tg # 0. It follows that o = x¢. Because zg € Int Cy, we can find small » > 0 such
that

85+|Bcf}<2) = 800|303<Z) )

(z0) (z0)

where LS
iy i
B (2) = {x € CH(Z) : ||z — wollcy(z) < 7

Hence, 1z is a local C} (Z)-minimizer of @o. From [5], it follows that ¢ is a local W, ?(Z)-
minimizer of @g. The argument for vy € —Int C'y is similar. (|

Now we are ready for the multiplicity result.

Theorem 4.2. If Hypotheses 2.1 and 2.2 hold and 0 < ||m|ec < A§j = min{\%,\* },
then problem (1.1) has at least three non-trivial distinct solutions g, vg and yo such
that

o € Int Cy, v € —Int C, Yo 60&(2)

and vo(2) < yo(2) < wo(2) for all z € Z.
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Proof. From Propositions 3.4 and 3.5, we already have two solutions of constant sign:
xp € Int C4 and vy € —Int C'y. By Proposition 4.1, we know that both xy and vy are
local minimizers of @g. So, as in [1, Proposition 29|, we can find r > 0 small enough such
that

Po(wo) < inf[po(w) : [z — xol| = 7]
and
@o(vo) < inf[@o(v) : [lv —vol = 7].

Without loss of generality, we may assume that oo(vo) < @o(zo). Then, the sets
Eo = {’Uo,:l?o}, E = [Uo,xo] and

D = 0B, (x0) = {x € Wy"(Z) : | — wol| =1}

are linking in I/VO1 P(Z) (see, for example, [6, p. 642]). Also, @y being coercive, we can
easily verify that it satisfies the Palais—Smale condition. So, we can apply the linking
theorem (see, for example, [6, p. 644]) and obtain some yo € Wy (Z), a critical point of
o of mountain-pass type, yo # o, Yo # vo. Hence [2],

C1(®0, y0) # 0. (4.3)

On the other hand, by Hypothesis 2.1 (iv), we can find some 3 > 0 and J > 0 such
that

0< fz,2)z < Blaf”

for all z € Z and all |z| < 6. Now, let |z| < 6. If z € [vg(2), 2o(2)], then fo(z,z) = f(2,z),
and so

0 < fo(z, )z < Blz|™. (4.4)
If @ > x0(z) (respectively, < vp(z)), then
fo(z,2) = f(z,20(2))

(respectively, fo(z,7) = f(z,v0(2))).
If 4 € (r,p), then for almost every z € Z and all |z| < 0, € [v9(2),20(2)], we have

(& = 1)lel + uFa.) ~ otz ade > (& = 1)lal” = plal (45)

since Fp > 0, and due to (4.4).
Since r < 7 and |z| < § < 1, from (4.5) it follows that

(&= 1)lol + uFofe.) = folera)o >0 (46)

for almost all z € Z and all |z| < 6, x € [vo(2), zo(2)].
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If £ > zo(z), then

(’: - 1) 20(2)" — f(z,20(2))x0(2) > (’: - 1) zo(2)" — Bxo(2)” = 0.

A similar result is obtained if < vg(2).
Invoking [7, Proposition 2.1}, by (4.6) we have

Cr(©0,0) =0 forall k > 0. (4.7

If we compare (4.3) and (4.7), it is clear that yo # 0. Finally, the nonlinear regularity
theory implies that yo € C3(Z). Since yo € [vo, 7], we conclude that yo is a non-trivial

smooth solution of problem (1.1), distinct from ¢ and vy. O
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