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1. Introduction. Let [ denote an algebraically closed field and Tilt = Tilt(SLz (K))
the additive K-linear category of (left-)tilting modules for the algebraic group SL; (IK).

In this note, we compute the (categorical) center Z(Tilt) of Tilt, using the explicit
description of the Ringel dual of SL; () from [5]. In characteristic zero, we have Z(Tilt) =
[ [ K since Tilt is semisimple with simple objects indexed by N. Hence, our main concern
is the case of prime characteristic. Thus, for the duration, K is of characteristic p > 2.

THEOREM A. We have isomorphisms of K-algebras:
Z(Tilt) = KX, | ve N]/(X,,XW v, we N).

We will provide an explicit isomorphism in Theorem 4.6 and the discussion following
it. For a possible interpretation of the central elements X, via Donkin’s tensor product
theorem, see Section 4.3.

Finally, in Section 5, we compute the centers of the categories of tilting modules in
the quantum group case, see Theorem 5.2, and of projective Gy7-modules for g =1, 2, see
Theorem 5.3, both for SL,.

2. Preliminaries. Throughout, we fix a prime p > 2. The main figure to keep in
mind is Figure 1 which illustrates the underlying graph of the quiver algebra Z in the cases
p=3,p=5andp=7.

We also warn the reader that we will always have a p-shift of 1 and the crucial number
will usually be “the highest weight plus 1,” which we will denote by v, w, etc.

In the following, we review basic notation related to Z. For more details, we refer to [5].
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Figure 1. The full subquivers containing the first 53 vertices of the quiver underlying Z, for
p € {3, 5, 7}, showing from top to bottom the numbers v of the vertices, the generation of v, and
the p-adic expansion of v.

2.1. Some combinatorics of p-adic expansions.

DEFINITION 2.1. For any v e N, we write [}, ..., aglp := Zé:o a;p' = v for the p-adic
expansion with digits a; € {0, ..., p — 1} and a; # 0. We sometimes also write a;, for 4 > j,
and then a;, = 0, by convention. Finally, the generation of v is the number of non-zero digits
of v minus 1.

REMARK 2.2. Conversely, we will sometimes specify numbers by p-adic expansions
with negative digits such as [3, —1, —6, =5, 0, 5, —6]; = 320, 048.

The generation of v is a complexity measure for the indecomposable tilting module
of highest weight v — 1. For example, the indecomposables of generation zero are exactly
the simple tilting modules. Moreover, to each non-simple indecomposable tilting module,
one associates another tilting module of generation one lower, called its mother, whose
highest weight (plus 1) is obtained by setting the lowest non-zero digit to zero. Tracing the
matrilinear ancestry of an indecomposable tilting module through decreasing generation
numbers, one arrives at a simple tilting module, called an eve.

DEerFINITION 2.3. If v=[aj, ..., aplp € N is of generation zero, then v is called an eve.
The set of eves is denoted by Eve.

Note that Eve = Eve<P U Eve=P, with Eve=P and Eve=P having the evident meaning.

EXAMPLE 2.4. For p=7, we have Eve~P = {1, 2, 3,4, 5, 6} and

EveZp = {[17 0]77 [27 0]77 ooy [6’ 0]79 [17 09 0]79 [27 01 0]71 ey [67 01 0]71 [17 07 O? 0]77 }
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DEFINITION 2.5. For two finite subsets S, T C N the distance between them is defined
asd(S, T) =min {|s —t| | s € S, € T}, and we write T > S to indicate the requirement that
every element in 7 is strictly greater than every element in S.

DEFINITION 2.6. For S C N a finite set, we consider partitions S=] |, S; of S into
subsets S; of consecutive integers, which we call stretches. We fix the coarsest such
partition.

The set S is called down-admissible for v =[aj, ..., aolp if:

(i) @mincs,) # 0 for every i, and
(i) ifseSanday 1 =0,thens+ 1 €S.

If § € Ny is down-admissible for v =[aj, ..., aglp, then we define its downward reflection
along S as:

1 ifkés,

vIS]:=la;, €,_1a,—1, ..., €g aglp, €r=
s AL e 0 T0 ~1 ifkes.

Conversely, S is up-admissible for v={aj, ..., aglp if the following conditions are

satisfied:
(1) amincs;) # 0 for every i, and
(i1) if s € S and a,.; = p — 1, then we also have s + 1 € S.

If SNy is up-admissible for v=|aj, ..., aolp, then we define its upward reflection
along S as:

ax ifk¢S, k—1¢S8,
v(S) :==ldays), - dplo, @y =qar+2 ifk¢S k—1€S,
—ay ifkes,
where we extend the digits of v by a, =0 for /& > if necessary, and (S) is the biggest
integer such that a; # 0.
ExampLE 2.7. Note that S = {7, 6} is up-admissible for v=1[3, 1,6, 5, 0, 5, 6];. To
compute v(S) we let v=1[0, 3, 1, 6, 5, 0, 5, 6]7 and then we get

v($)=10,3,1,6,5,0,5,6];=[2,-3,1,6,5,0,5,6],=[1,4,1,6,5,0,5, 6]7.

The wave indicates the digits on which we apply S.

We tend to omit set brackets, for example, for singleton sets {i} we also write v[i] and
v(i) instead of v[{i}] and v({i}).

DEFINITION 2.8. If S is up-admissible, then we denote by S C N the down-admissible
hull of S, the smallest down-admissible set containing S, if it exists.
ExampLE29. Letp=7andv=[3,1,6,5,0,5, 6];.
(a) The singleton sets {2}, {1} and {i} for i € N.5 are not down-admissible for v. Of
these, only {1} has a down-admissible hull and it is {1} = {2, 1}.
(b) Hence, the singleton sets {5}, {4}, {3}, and {0} are minimal down-admissible for v,
and we have
v[5]=[3,-1,6,5,0,5,6];, v[4]=[3,1,-6,5,0,5, 6],
v[31=1[3,1,6,-5,0,5,6];, v[0]=][3,1,6,5,0,5, —6];.

Together with {2, 1}, these are all minimal down-admissible sets for v.
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(c) The singleton sets which are up-admissible for v are {6}, {5}, {4}, {1}, and {0}.
(d) The set S={5, 4, 3]0} is down- and up-admissible for v, and v(S) and v[S] can be
illustrated via

V[S, 47 3|0] = [37 19 67 57 01 57 §]7 = [39 _ls _65 _51 Oa 59 _6]77
V(55 47 3|0) = [37 l,avé’vé5 07 55 §]7 = [57 _19 _69 _55 07 77 _6]7'

‘We have marked the digits where we reflect in the set S, either down or up.

2.2. The Ringel dual. Let IK=1[ denote a field of characteristic p with prime

field [p.
DEFINITION 2.10. We define two functions £, g: Fp — Fp via
(=2 ifl<a<p-2, —(¢y ifl<a<p-1,
f(a) = ‘ ° gla) = ‘ °
ifa=0ora=p—1, -2 ifa=0.

Note that f(p— 1) =g(p—1)=0and g(a) =g(p—a—1)"' fora#0,p— 1.

Let Tilt denote the category of (left) tilting modules of SL,(KK), see for example [6,
Section 1] for a concise summary of the main definitions and properties regarding Tilt.
Let T(v — 1) denote (a choice of representative of) the indecomposable tilting module of
highest weight v — 1.

DEFINITION 2.11. Define a [K-algebra:
Z:=@,,,eyHompye (T(v — 1), T(w — 1)).
Let e,_; be the idempotent in Z corresponding to T(v — 1).

DEFINITION 2.12. For each finite S C Ny, we define scaling operators £, gs, hg € Z on
v=|aj, ..., ao]p as:

fsev_1 =f(@max)+1)8—1,  Es€v—1 = g(@max$)+1)€v—1, hse,_| =g(@maxs)+1 — De,_1.
ExampLE 2.13. Letagainp=7,v=1[3,1,6,5,0,5, 6]7 and S = {5, 4, 3|0}. Then,
fse,1=1(3)e,_1=4e,_1, gse,_1=gB)e,_1=¢e,_1, hse, 1 =g2)e,_1=2e,1.

The following identifies Z explicitly and can be taken as an abstract definition of a
quiver algebra isomorphic to Z, see also Remark 2.15.

THEOREM 2.14 (See [5, Theorem 3.2]). The algebra Z is generated by e, for v e N,
and elements Dge,_; and Uge,_1, where S and S’ denote minimal down- and up-admissible
stretches for v, respectively. These generators are subject to the following complete set of
relations.

(1) ldempotents.
ey_1ey—1 =06, wev—1, eysi—1Dse,—1 =Dge,_1, eys)—1Use,—1 =Uge,_;.
(2) Containment. If'S" C S, then we have
DyDse, ; =0, UsUge, | =0.
(3) Far-commutativity. Ifd(S, §') > 1, then
DsDge,—1 =DgDge,—1, DsUge,_1 =UgDse,_1, UsUse,_1 =UsUse,_;.
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(4) Adjacency relations. Ifd(S, S) =1 and S’ > S, then
DgUse,—1 =Dsuser—1, DsUge,—1 =Ugsuse,—1,
DgDge,_1 = UsDghge,_|, UsUge,_| =hgUgDge,_;.
(5) Overlap relations. If S' > S with S' NS = {s} and S’ ¢ S, then we have
DgDgse,—1 = Ui)DsDg\(gev—1,  UsUse,—1 = Ugy (53 UsDise,-1.

(6) Zigzag.
DgsUse,_1 = UgDggse,—1 + UrUsDsDrfgse,_;.

Here, if the down-_admissible hull S, or the smallest minimal down-admissible
stretch T with T > S does not exist, then the involved symbols are zero by definition.

The elements of the form:
ewflUS’([ s USZIO DSiO cee Dsl.k ey_1, (Basis)

with S; > - >, and S;, < --- < S, form a basis for e,,_1Ze,_.
Finally, any word e,,_Fe,_| in the generators of Z expands in (Basis) via (1)-(6). O

REMARK 2.15. In fact, as already mentioned above, we could alternatively define Z as
the quiver algebra with underlying graphs as in Figure 1, using highest weights to index
the vertices, and two arrows directed in opposite directions for each edge in this graph.
The elements e,_; are the vertex idempotents of this quiver algebra, and the elements D _,
called down arrows, U_, called up arrows, are the arrows in this quiver, pointing left and
right, respectively.

REMARK 2.16. Note that all appearing scalars in the presentation of Z in Theorem 2.14

are from [, rather than K.

REMARK 2.17. In Theorem 2.14.(4) and (6), the right-hand sides of the shown relations
feature morphisms indexed by admissible subsets that are not necessarily minimal. These
morphisms are defined to be

Dse,1:=Ds, ---Ds e,-1, Use,1:=Ug ---Ug ey, (2-1)

where the products are taken over the minimal down- and up-admissible stretches
S;, and Slf/,, respectively, such that S = |_|_]. S;, and §' = |_|_/. S,f/, with S <---<S;, and
S{I >--~>S§l.

ExampLE 2.18. To be completely explicit with respect to Remark 2.15: if p = 3, then

the quiver of the idempotent truncation of Z supported on the vertices 0, 4, 6, 10, 12, and
16 would be

Ui

Doy
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(The colors, here and below, are only to ease readability.) Here, the labeling is coming
from, for example,

17= [17 21 2]31 17[0] = [1’ 27 2]3 = [17 21 _2]3 = 137 17[1] = [17 2’ 2]3 = [15 _2’ 2]3 = 53

which give the two downward arrows from 16, namely Dygei6 = e12Dyo; and Dyjyei6 =
e4D{1}. We also have D{l’o]el(, = D{()}D{]}elé.

DEFINITION 2.19. For any down-admissible set .S for v, we define the loop:

Lf—l = UsDSeV_l.
LEmMa 2.20 (See [5, Lemma 3.23]). Let ve N with minimal down-admissible
stretches Sj, ..., So. Then, we have the K-algebra isomorphism:

Endmae (T(v — 1)) = K[LY |, ., Lf"_J/((L‘j’_l)z, LB,

and if S is down-admissible for v, then LiI = ]_[k‘ SiCS LS O

v—1*

ExAMPLE 2.21. Again, let us consider p=7 and v=1[3, 1, 6, 5, 0, 5, 6]7. Recall that

we have calculated the minimal down-admissible stretches of v in Example 2.9.(b). Hence,
Endriy (T(v — 1)) has generators L‘{f_}l, L‘{}4_}1, L® . and L{VTl as well as Liz_’}}. The maximal

v—1>
{5141312,110} __ 1 {5} {4} 7 {3} 1 (2,1} {0}
IOOp Lv—l _Lv—lLv—lLv—lLv—l Lv—l

T(v—1).

can be thought of as a head-to-socle map on

For later use, we also recall

LEMMA 2.22 (See [5, Lemma 3.23]). We have
DsUsDse,—1 =0, e, 1UsDsUs=0, (2-2)

whenever S is down-admissible for v.

2.3. Closures of the algebra. Using Theorem 2.14, we get a sequence:

2w 2223w« limZ = Z,
“«—

where Z' is the quotient of Z obtained by the ideal generated by {e,_, | v > i}. (Note that
the category of [K-algebras is complete, that is, has all limits, so Z is indeed a [K-algebra.

REMARK 2.23. Note that elements in Z are finite IK-linear combinations of elements
from Theorem 2.14.(Basis), while elements in Z can be (countably) infinite K-linear
combinations of these. In particular, the unit of Z is

1= ZVEN e,_1 € Z (2-3)

while Z is only locally unital.

Below Z’ will denote either Z or Z.
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3. The center of the quiver algebra. We will now compute the center of Z'.

3.1. Reduction to connected components. Note that Theorem 2.14 implies that the
[<-algebra Z decomposes as:

Z= @L’GEVG Zeo1s  Ze-1'= @v,wE(E)p ey—12€y—1,

Z= HeeEve Zeoty  Ze-1i= Hv,we(e)p ew—12ey 1.
Here, (e)p denotes the set of natural numbers v such that the vertex v — 1 is in the connected
component of the graph underlying Z which contains e — 1.

ExampLE 3.1. As can be seen in Figure 1, (1); ={1,5,7, 11, 13, 17, ...}, see also
Example 2.18.

Letting Z(_) denote the center of an algebra, the following is thus immediate.

LEMMA 3.2. We have Z(Z) = P Z(Zo—y) and Z(Z) =[] Z(Zo1)

ecEve ecEve

The presentation of Z’ also immediately gives

LemMA 3.3 (See [5, Proposition 5.3]). There are isomorphisms of algebras 7, | =
Z,_, for all e, ¢ € Eve with equal non-zero digits.

REMARK 3.4. In fact, Z,_, =7Z/,_, for all e, ¢ € Eve, regardless of the digits. But the

e —1
isomorphism is, in contrast to the one from Lemma 3.3, not immediate from Theorem A,

the reason being the scalars fg, gg, and hg appearing therein.

Thus, it suffices to compute Z(Z,_,) for e € Eve=P C Eve.

3.2. The central elements.
DEFINITION 3.5. Let v=aj, ..., aglp € N. For i #; and a; # 0, we define elements
in Z' by
Die,—1:=Dgev-1, e1Ui:=e,1Ug, Le1:=(-D%aUD;e,_;.
Furthermore, we define

D) :={ieNy|i<j,a; #0}.

In words, D(v) is the set of non-zero, non-leading digits of v=[aj, ..., aglp. For S C D(v),
we consider

Leev—1 :=[];cs Liev-1. (3-1)

Note that the factors in (3-1) commute by Lemma 2.20.

ExampLE 3.6. Forp=7and v=13,1,6, 5,0, 5, 6];, we have D(v) ={0, 1, 3, 4, 5}.
Thus, for S =D(v), we have Lge,_; =Ls;L,L;L,Lye,_;.

DEerFINITION 3.7. Let S € Ny be finite. We define an equivalence relation ~g on N as
follows. First, we let v ~g v for all v € N. Further, for v, w e N with v # w, we declare
v~gwif SCDW)ND(w) and v=wl[k] or w=v[k] for some k ¢ S, Finally, we take the
transitive closure.
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In words, we have v ~g w if and only if either v=w, or v — 1 and w — 1 are connected
by a chain of arrows D; or Uy for k ¢ S such that all vertices that are involved have S
among their non-maximal and non-zero digits. We call such a chain an S-path.

DEFINITION 3.8. For ve (e)p, we introduce notation for the ~pg) equivalence
class of v:

(V);? ={we(e)p|v~pw w}
ExAaMPLE 3.9. Take again p=7, v=[3,1,6,5,0,56]; and S=D()=
{0, 1, 3, 4, 5}. Then:

(a) Wehavew=v(5,4,3)=1[4,5,0,2,0,5,6]; ¢ (v)g, since 4 € D(v), but 4 ¢ D(w).

(b) Recall that the only up-admissible singleton set not in D(v) is {6}, see
Example 2.9.(c). Thus, the only direct neighbor of v in (v)éD is vi =v(6) =
[1,4,1,6,5,0,5, 6];.

(c) The set (v)gD is an infinite set since vi =v(6) =[1,4, 1,6, 5,0, 5, 6]; (V)F?, and
recursively vy = v (5 + k) € (v)g. Note that the first six digits of the v agree with
those of v.

LEMMA 3.10. Let v=[aj, ..., aglp €N and w={by, ..., bolo eN. If we (v),?, then
bi=a;forl1 <i<j.

Proof- We prove by induction on the length £ of a D(v)-path that the first j digits of
all elements w € (v)g) agree with those of v. For £ =0, there is nothing to prove. Now
suppose w is at the end of a D(v)-path of length £ > 1, whose last step is a morphism Uy
or Dy from w' to w, with k ¢ D(v). Since w' is reached from v by a D(v)-path of length
£ — 1, the induction hypothesis implies that the first j digits of w’ agree with those of v. In
particular, each of the first j digits is either in D(v) or zero, and so k > j. Then, w = w'[k]
and w = w' (k) have the same first j digits as w’ and also as v, respectively. O

Lemma 3.10 implies that (v)f)D for v=/aj, ..., aolp € N is a shifted copy of the block
(aj)p, see [5, Proposition 5.2]. As a consequence, we get the following.

COROLLARY 3.11. For every v e N, the set (V)S’ is infinite, and if w € (v)Q, then w > v.
The loops that we define now are only elements in Z but not in Z.

DEFINITION 3.12. For v € (e)p and v # e, we define elements:
Lv = ZWG(V)S LD(V)e”Fl € 2671' (3_2)

In words, L, consists of the maximal loop at v — 1, together with the sum of all loops
of the same type on w — 1 for all w in the shifted block (v)g.

3.3. The center. By Lemma 3.2, the following computes the center Z(Z'):

THEOREM 3.13. For e € Eve~P, we have algebra isomorphisms:
2z )2 0) ZEe) S KX ve @p\lel] /(XX v we @p\ fe)), L, X,

Proof. We first observe that we have Z(Z,_,) C ]_[ve(e)p e,_1Z'e,_1. Indeed, if z €

Z(Z),_,) and v € (e)p, then we have ze,_; =ze§7 | =ey_1ze,_1. The observation follows
since z is by assumption a finite or infinite sum of terms ze,_; for v € (e)p.
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e Let us first consider Z,_;. Here, Lemma 3.17.(b) (proven below) shows that the
infinite sums L, defined above are in the center Z(Z.—1), while Lemma 3.19
(also proven below) shows that they, together with the identity, give a basis of
Z(Ze—1). Thus,

Z(Ze-) ZK(L L, | veE (e)p \ {e}).

The second isomorphism then follows because we already know the relations
among the L , ¢f Lemma 3.15.

e For the first isomorphism, note that we have an inclusion Z(Z,_1) < Z(Z._1) of
non-unital lK-algebras. However, Lemma 3.17 implies that all non-trivial elements
of Z(Z._1) are supported on infinitely many idempotents, s0 Z(Ze_1) = Z(Ze—1) N
Ze—1 =1{0}. O

3.4. Some lemmas for the proof of Theorem 3.13. Next, we identify the relations
among the L .

LEMMA 3.14. For e € Eve=P and v € (e)p with v # e, we have 0 € D(v).

Proof. Any v € (e), can be reached from e through a finite sequence of D, and U;. It is
straightforward to check that under each such an arrow, the zeroth digit stays unchanged or
is reflected to its negative. The zeroth digit of any v is, thus, either e or p — e. Unless v =,
this implies 0 € D(v). O

LEMMA 3.15. For e € Eve=P and v, w € (e)p \ {e}, we have L L, = 0.

Proof. By Lemma 3.14, we have 0 e D(v) for any v e (e)p with v#e. If (v)‘gD N
(w)g ={J, then we have L L =0 trivially. Otherwise, the product L L is supported on

vVw

certainz € (v)g) N (w)S, but there it is a multiple of L2e,,—; =0, see Lemma 2.20. O
Next will be that the L,, are central, which needs

LEMMA 3.16. Letv e (e)p and i, k € D(v) with i # k and i € D(v[k]). Then, we have

e,—1L;Urey—1 = evm1UrL ey 1—1 # 0, (3-3)
e, 1L Uieyi-1 = e, ULy 1 = 0. (3-4)
In particular, a loop of type L; can be transported along Uy, and thus, also along Dy, due
to symmetry.
Proof. We rewrite both sides of the desired equations and introduce notation as
follows. Here, we allow the case k& = i, for which we have to prove that both sides are zero:
L Urey—1 = (—1)*a;UsDs Ug, e,f41-1
UiLsevs—1 = (—1)”b;Us, Uz Dr.eypi—1,
where S; = {i} and S = {k} are the down-admissible hulls for v, 7;:={i} is the down-

admissible hull for v[k], and b; denotes the ith digit of v[k]. In checking (3-3) and (3-4),
there are four cases to consider.

e If §; and S; are distant, then 7;=S; and a; =b;, and (3-3) follows from
far-commutativity Theorem 2.14.(3).
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e If S; > §; are adjacent, then we have a; = b; and S; is down-admissible for v[k],
which implies S; = 7;. Now, we distinguish two cases. Suppose a; # 1, then we
compute

Us,Ds, Ug, eyjk—1 = Us,Us, Ug,ey1—1

=g(a; — 1)Us,Dg,Ug e,(11-1
=g(a; — 1 Us, (g(p —ap)UsDs, + £(p — ap)Us, US,DSiDSk>ev[k]—1
= Ug, U, Dg,eyx1-1 = Us, Ur,Dr.ey41-1,

as the £ term gets killed by containment Theorem 2.14.(2) and we have g(a; — 1)
g(p — a;x) =1, because a; # 1.
Now suppose a; = 1. Then, we compute

Us,Ds, Us, eyk1—1 = Us, Us,upp—1yUs\ (=1} @vik1-1
= Ug, Us, Dyr—1yUs\ fk—13@v1k1-1
= Ug, Us,Dg,eyu)-1,

where we have used the overlap relation Theorem 2.14.(5). In either case, we
deduce (3-3) since a; = b;.

e Suppose that S; > S are adjacent. Then, we have a; — 1 = b;. By the admissibility
assumption, we have b; # 0, which implies 7; = S;, and we compute

Us, Ur,Dreyi—1 = Us, Us,Dg,eypi-1
=g(a; — )Ug,Ds, Ds,ey1-1
=g(a; — 1)UgDg,Ug, e\x)-1-

Here, we observe g(a; — 1) = — ai"_"l = %, which verifies (3-3).

e Finally, if S; = S, then we have Ug,Dg Ug,e,x—1 = 0 by (2-2). For the other side of
the equation, we consider Us Uz, Dz e,x—1. If T; = {i}, then S; D T; and the expres-
sion is zero by the containment relation Theorem 2.14.(2). Otherwise, we necessar-

ily have S; = {i} C T; and we use the overlap relation Theorem 2.14.(5) to get
Us,Ur,Dr.eyiy—1 = Ur5,Us,Ds, D, ey -1 = 0,

where we have again used containment at the end. Hence, (3-4) holds. O

LEmMMA 3.17. We have the following:
(@) If z€ Z(Zo_1) satisfies ze, | = cL,e,_1 for some ve (e)p\{e} and celK then
zey—1 also contains L e,,_1 with coefficient c for any w € (V)S.
(b) Forve (e)p\ {e}, we have L, € Z(Z,_)).
Proof. For the first part, expand L, into a product of basic loops and observe that the
we (v)‘? are precisely the vertices to which L, can be transported using Lemma 3.16. In a

central element, these loops L, therefore, have to appear with the same coefficient at any
we (»?
b
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For the second part, we write v=[a;, ..., aglp and observe that every arrow U or Dy
in the quiver, for which we write Y%, is one of the following:

(1) Y is not adjacent to any w € (v)g’, in which case it trivially commutes
YiL,=0, L)Y =0.

(2) Yy isadjacenttoanw € (v)g, but not a generator for the equivalence relation ~pyy).
In this case, Lemma 3.10 implies £ <j and commutation follows from (3-4).

(3) Y is a generating arrow of the equivalence relation ~py, in which case it
commutes with the loops of type Ly, ) by (3-3). U

The following example shows that the assumption i € D(v[£]) in Lemma 3.16 is
necessary.

EXAMPLE 3.18. Let p =3. Then, there is no element in z € Z(Zy) such that ze|, =
U;D;ey;. Indeed, we can compute

zejgDoerr = Doze; =DoUiDie; =Uj gDier2

However, U; ¢Djejs #zejpDger, for any zejg, as is easily verified since the endomor-
phisms of ey are spanned by ey and UgDgeg.

Neither is there z € Z(Zy) such that ze;s = U;Djes, as such a loop, if central, could
be transported to e;.

Finally, we show that L, together with the unit, form a basis of the center.

LEMMA 3.19. The center Z(Z.—\) has a basis given by the unit (cf. (2-3)) and the L,
Jorve (e)p withv #e.

Proof. To see linear independence, first note that no linear combination of the (nilpo-
tent) L, can be the unit. Moreover, assuming that Z;:I al, =0 for a; e K and v; <v;
for i <j, we can multiply this equation with e,,_; and get ailp,, ev-1=ail, e, 1=
Z;Zl a;L, e, 1 =0.Hence,a, =0, since LD(V,)GVrI is a basis element in the correspond-
ing endomorphism ring. We can repeat this process to show that all a; are zero.

Suppose now we are given z € Z(Z._). Let ve (e)p be minimal with ze,_; #0. If
v=e¢, then ze,_| = c - e,_; for some non-zero scalar ¢ € K. In this case, we proceed with
the central element z — ¢ - 1 in place of z.

Now we assume that v # e and claim that ze,_; = c- L e,_; for some non-zero scalar
¢ € [K since otherwise we could find a smaller v.

To see this, suppose that ze,_; contains a summand d - Lge,_; and suppose there is
anie D)\ S. We write S; := {1} for the admissible hull and split S =S.; U S_; into sub-
sets of indices greater and smaller than i, respectively. Then, zD;e,_; = D;ze,_| contains a
summand:

d-DgLge, 1 =d-DsUs Us Ds_ Ds e
_Jd-Us_usUs_Ds_Ds_,ev—1  1f S.; is adjacent to i,
a- Us, ,Us_Ds_D;Ds e, if S.;is distant to ,

where we have used the adjacency relation Theorem 2.14.(4) in the first case, the far-
commutativity relation Theorem 2.14.(3) in the second case, and also that Dg, commutes
with Us_ Dyg_,, as verified in the proof of Lemma 3.16. In either case, the result is non-zero.

<i?
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A similar argument now shows that this term cannot be canceled by other summands of
D;ze,_;. Thus, we have zD;e,_; # 0, in contradiction to the minimality of v.

Now define 2 =z — cL,. By Lemma 3.17, we have z’ € Z(Z._) and by Corollary 3.11
we know that z’ is supported at vertices w > v. Now proceed by induction. O

4. The center of the tilting category. We now explain how Z(Z) and Z(Tilt) are
related.

4.1. Some general (and well-known) facts. Let K denote any commutative unital
ring. For an additive K-linear category C, we let End(C) denote its category of K-linear
endofunctors (which are thus automatically additive) and natural transformations. Within
this category, we have the KK-algebra of endomorphism of any endofunctor F denoted by
Endgna(c) (F). Recall the following definition.

DErFINITION 4.1. Let C be an additive K-linear category. Then, its center Z(C) is
defined as:

Z,(C) = Endgnacc)(Idc),
that is, the natural transformations of the identity functor Id¢ of C.

LEMMA 4.2. We have the following.

(@) The space Z(C) is a commutative [K-algebra.

(b) If C and D are equivalent additive K-linear categories, then Z(C) = Z(D) as
commutative K-algebras.

(¢) If C=[1,., Ci as additive K-linear categories with trivial hom spaces between C;
and C; unless i = j, then Z(C) = [ [,.,Z(C;) as commutative [K-algebras.

Proof. The first claim is evident. For the second claim we observe that, for any
additive [K-linear full subcategory D C C, restriction defines a K-algebra homomorphism
r: Z(C) — Z(D). If C and D are equivalent, then one can check that » is an isomorphism.
The final claim can be proven mutatis mutandis as the second claim. O

Let us consider the example pMod-A (projective right modules of some K-algebra A).
LEmMA 4.3. Let A be a K-algebra.

(a) We have an inclusion Z(A) — Z(pMod-A) of commutative K-algebras.

(b) If A is unital, then we have an isomorphism Z(A) — Z(pMod-A) of commutative
K-algebras.

Proof. We claim that the map:
Z(A)>cr> xc:={xp: P— P, m+> mc|P € pMod-A}

gives the required inclusion or isomorphism, respectively.

Indeed, it is easy to see that . is actually in Z(pMod-A) and that this map is a well-
defined inclusion of K-algebras.

To prove surjectivity under the assumption of unitality of A, given x € Z(pMod-A),
its value on the projective right A-module A is by definition a map of right A-modules
xa: A— A. Let c:=xa(l) € A, which actually belongs to Z(A). Next, for any
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P € pMod-A and any m € P, there is a unique f € Hom,yea.A (A, P) with /(1) = m. Using
this and naturality, we get

xe(m) = xp(f (1)) = (xa(D)) =1 (c) = me,
which proves surjectivity. O
4.2. The tilting center. Let us modify Lemma 4.3, which we need to do since Z is
non-unital:

LEMMA 4.4. We have an isomorphism of commutative K-algebras given by:

Z(Z) 3 Z(pMod-2), Z(Z)>c+> xc:={xp: P— P, m+> mc|P € pMod-Z}.

Proof. Defining ¢ := xz(3_,.y €v—1), the argument is the same as in Lemma 4.3. [

By the well-understood block decomposition:

Tilt =P, g Tilt—1, Tilt._; ={T(v— 1) [ve (e)p},

where hom spaces between Tilt,_; and Tilt,_; are trivial unless e =¢'.

DEFINITION 4.5. For v € (e)p \ {e}, we define the natural transformation:

Xv :={XT:T—>T, XT:LV|TeTilte_1}, 4-1)

where L, was defined in Definition 3.12.

Thus, we can finally prove Theorem A, which is a consequence of:

THEOREM 4.6. For e € Eve=P, we have an K-algebra isomorphism:
Z(Tilt,-1) = KX, | ve @p\ [e)] /XX v, we @p\ fel). x> Ko

Proof. By Theorem 2.14 and Lemma 4.2.(b), we need to compute Z(pMod-Z,_).
This in turn, by Lemma 4.4, reduces to compute the algebra center of Z,_;, which is
Theorem 3.13. O

4.3. The center and Donkin’s tensor product theorem. We expect that the central
elements L, admit an interpretation via Donkin’s tensor product theorem, which, in our
notation, takes the following form.

ProprosiTION 4.7 (See [4, Proposition 2.1]). For v=aj, ..., aglp, we have an isomor-
phism of (left) SL,(IK)-modules:
Tv—1)Z T — 1Y @ (Q_g T(ai +p— 1)),

where the superscripts indicate Frobenius twist.

LemMA 48. Let v=laj,..,a0lp and V =[1,aj_1,..,a0lp. For all w=

[bk, ..., bj, b1, ..., bplp € (v)g, define W = [by, ..., bjlp. We have an isomorphism of
(left) SL, (IK)-modules:

Tw—DETW — 1Y QT —1).

Proof. First, note that Lemma 3.10 gives w=[by, ..., b1, b, aj_1, ..., aplp. Thus,
applying Proposition 4.7 proves the claim. O
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EXAMPLE 4.9. As Dbefore, let p=7, v=[3,1,6,50,56]; with V=
[1,1,6,5,0,5,6];. Then, w=[1,4,1,6,5,0,5,6]; € (v)F? and w' =[1, 4];. Proposition
4.7 and Lemma 4.8 give

TV —DET()’RT2)*QT(11)? @ T(6)> @ T(11)! @ T(12)°,
Tv—DETQR)RTW — 1),
Tw—DETW —D°QTHV — DETO0) @ T(10)° @ T(V — 1).

In the situation of Lemma 4.8 where
Tw—1DETW — 1Y QT — 1)

it seems plausible that L e,,_; = ¢ - idrqv—1y ® L, for some scalar ¢ € K. One approach to
proving this statement involves giving a diagrammatic interpretation of Frobenius twists
in the Temperley—Lieb category. Alternatively, it would also be interesting to have a proof
that such elements are indeed central and span the center, which does not use the explicit
presentation of Tilt, for example, using the abstract basis given in [2].

4.4. Blocks via the center. Let us discuss a classical application of the center of a
category, mimicking the well-understood case of category O. Note that Z(C) acts naturally
on all objects X of C via

xfi=foxyx=yxxof, xe€Z(C),feEndc(X).

In particular, for any character of the center x;: Z(C) — K, we can fiber the category
C by defining full subcategories Cy; C C consisting of all objects where Z(C) acts with
character y;.

By Theorem A, the C; for C =Tilt are exactly the blocks Tilt,_;, which follows
because each K-algebra Z(Tilt,_;), which has only one non-nilpotent basis element, has
exactly one simple.

4.5. The Casimir element. Let C: 4 — K denote the Casimir element of SL, (IK),
which is an element in its distribution algebra, that is, a map from the coordinate ring 4
of SL, (IK) to K. Recall that C acts on every SL, () module M using the coaction Ay of 4
on M:

C:M2 M@K d Z5 e KS M.

Let L(v — 1) denote the simple SL, () module of highest weight v — 1. We choose C =
(h+ 1)? + 4fe and see that C acts on L(v — 1) as v?id. The proof of Lemma 3.14 implies
that C acts on L(v — 1) as multiplication by v’ = a2 = (p — ag)* = &* € Fp for every ve
(e)p. Since all L(v — 1) that appear in composition series of objects of Tilt._; have v € (e)p,
we see that C acts by this scaling on all objects in Tilt,_;. Hence, in the blocks Z(Z,_;) of
the Ringel dual, we have C =¢” - 1.

5. Two other cases.

REMARK 5.1. The two theorems below can be proven, mutatis mutandis, as for Tilt,
but the computations are much simpler. Thus, we decided to keep the proofs short.
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5.1. A variation: the quantum case (generation 1). In the quantum group case,
the same calculations, using the Ringel dual computed in [3], work, but are much simpler,
and so is the result. Let Tilt? denote the quantum analog of Tilt with quantum parameter
q, where we use Lusztig’s divided power quantum group. Throughout this part, [3] serves
as our reference for statements about Tilt?. However, we use the notation from this paper.
In particular, we write [aj, ..., aolx := ZZ:O a;k' = v for the k-adic expansion with digits
0<a; <k

We will work over a field C(q) and distinguish the following cases:

e The quantum parameter ¢ is a formal parameter, or ¢ € C is ¢ = %1 or not a root of
unity. Here, we set k = oo.

e The quantum parameter g € C is a root of unity ¢ # 1. Here, k denotes the order
of ¢°.

We also let

v ={xr: T>T, xr =LY |TeTilt}), & :={6r:T—>T 6:=6,|TeTilt}, (51)

where L and 8, are the maps that act as non-zero only on summands T(v — 1), on which
they are a head-to-socle map and the identity, respectively.

THEOREM 5.2. We have the following.
(a) For k= oo, there is an isomorphism of C(q)-algebras:

Z(Tilt)) S [ (). 8, 1,.
(b) For the root of unity case, there is an isomorphism of C-algebras:

N C #l = _1 )
CLX, [veN] / XX, | v, weN)  otherwise,
(5-2)

Z(Tilt) S P2 x(),  X() =

where x,, — X,, and 8, — 1, for w, x € N as explained in the proof.

Proof. (a). This claim is clear as Tilt? is semisimple and its simples are indexed by N.
(b). For the root of unity case, we recall that we have equivalences of additive K-linear
categories:

Tilt’ = Tilt!,  Tilt] & ... & Tilt] _,,
Tilt] = ... Z Tilt]_, = pMod-Z7,

where Tilt}, is semisimple with simple objects being the indecomposable quantum tilting
modules whose highest weight v satisfies ap = 0, which is the first case in (5-2).

Moreover, the Ringel dual z7 of Tilt{ is a zigzag algebra with a boundary condition
on the vertex set N, that is,

Uy Uy Uyo) Uyo)
(vo—1) < v =1 < (v =1 <T} (vs—=1) <T’ s
(0} {0} {0} {0}
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where vo = 1 and v, = v;(0) for i > 0, subject to the relations
D{O}D{o}eV,1= 0, U{O}U{o}e‘,,1= 0, D{O}U{o}e,,,1 = U{O}D{o}eV,1 forv 75 1, D{O}U{O}GOZ 0.

(Note the boundary relation Dyg, U9 = 0.) Formally, the algebra Z? is generated by e, _;
for v e N being of the form v = 1(0)...(0), and elements Dypye,—; and Ujgye,—;, modulo the
relations shown above, which are the analogs of the relations in Theorem 2.14.

Observe that we have central elements in Z7 of the form:

Lio} — D{O}U{O}e‘}71 = U{O}D{O}evflv for v 75 1.

These are central since they are annihilated by any element except their idempotent.
Moreover, no other element is central, implying the second case in (5-2), using arguments
as in Section 4.1 and the quantum analog of Lemma 4.4. In particular, L!”) corresponds to
the natural transformation in (5-1) and satisfies the relations of X, in C[.X, | v € N] / (XX |
v, we N). O]

5.2. A variation: the G,T case for g=1,2 (generations 1,2). Recall that
(@), ..., aplp =Y _y a:p’' = v. Using the same methods, in the case of projective G,T-
modules for SL,(K) and g =1, 2, one can also calculate the center of the corresponding
additive [K-linear category G,7-pMod. The corresponding Ringel duals were computed
in [1], which is also our reference for statements about G,7-pMod. Again, the resulting
algebras are much simpler than for Tilt.

Before we can state the theorem, let us define natural transformations L!% and §,
mutatis mutandis as in (5-1). We also need

xS ={x: P> P, x5 =LLIV | P e G, T-pMod},
xy = {XpY3 PP, x, =L"|Pe GzT—pMod},
where both, LI%L{! and L!%, are non-zero only on corresponding indecomposable pro-

jective GpT-modules P(v—1) and P(x—1) for ve Z \ pZ and x € pZ, where they are the
head-to-socle maps. We further need an analog of (4-1), namely

xF = {XPZ: P—P, XPZ:L,-|PEG2T—pM0d},

where L, is only zero on all indecomposable summands P(j—1) for j € (i) (the row of i, ¢f.
(5-5)). On such P(j—1), it is a map that factors through the highest weights of its horizontal
neighbors (on the grid as in (5-5)), which is unique up to scalars.

THEOREM 5.3. We have the following.

(a) For g =1, we have K-algebra isomorphisms:

~ I—[Z < lfl = _1’
Z(G,T-pMod) = P_2, X(i), X(i) =
KX, |ve Z]/(XVXW |v,weZ) otherwise,
(5-3)

where x,, — X,, and 8; + 1, for w, x € Z as explained in the proof.
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(b) For g =2, we have K-algebra isomorphisms:
Z(G,T-pMod) > [1°27 X(i),
| Z(GiT-pMoq) ifi=—1, (5-4)
X0 = KX, Yy, Zi|v,x€Z, i€ Eve<p]/I otherwise,

where

XVXW1Xvas Xij, v, WEZ,

x,yel, >
ZiXy, Z;Yy, Z;Z;, i, j € Eve™P

I=< Y.X,, Y.Xsz Yijv

and LY +— X,, and Lyy — Y, forw,yeZ, and sz > Z; for j € Eve~P as explained
in the proof.

Proof. (a). Very similar as in the quantum case we have a decomposition of additive
[K-linear categories:

G1T-pMod = G, T-pModgs; ® G T-pMod, @ ... ® G T-pMod,_»,
G T-pMod, = ... = G, T-pMod,_» = pMod-z“7,
where G,T-pModg; is semisimple with simple objects being projective G|7-modules

indexed as in the first case in (5-3). The Ringel dual quiver algebra Z'7 of G| T-pMod, in
this case is a zigzag algebra on the vertex set Z, that is,

Upo) U U Ui Ui
e’ (V71 — 1) « (V() — 1) « (V] — 1) « ' (V2 — 1) VR AP

Do) Dy Doy Doy Doy
where vo =1 and v;y; =v;(0) fori e Ng, v_; = —v; +2 forieven,and v_; = —v; + 2p — 2

for i odd. These are the numbers with p-adic expansion [n1, aglp Where ag € {0, ..., p — 1}
and n; € Z, which can be reached from 1 by successive upward or downward reflection in
the zeroth digit. The generators Dyg, and Uy are subject to the relations:

Dyo)Djoyev—1 =0, UggyUjgyev—1 = 0, DioyUgopev—1 = Ujg)Djoje—1.

Formally, the algebra z'7 is generated by e, | for veZ being of the form v=
:t(l(O)...(O)), and elements Dype,—1 and Ujye,—;. The relations are the ones above
together with the usual idempotent relations. Thus, the situation is analogous to the quan-
tum case. In particular, the same arguments, mutatis mutandis, as for the quantum group
give the second case in (5-3).
(c). We start by recalling that

G,T-pMod = G, T-pMods; © G, T-pMod, @ ... ® G T-pMod,,_»,
G>T-pMods; = G, T-pMod,  G,T-pMod, = ... = G, T-pMod,,_, = pMod-2>,

where G,T-pMods; is no longer semisimple, but rather equivalent to G;7-pMod. This
gives us the first summand in (5-4). The Ringel dual quiver algebra Z7 still has vertex set
Z, but arranged on a grid, for example, if p = 5, then, as explained in [1, Section 6.3]:
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Doy |V Doy |V Pay | |V Doy |V
Uto} Uy Uy Uy
Wg 2 wg 2 wy 2 weg 2 Ws
Doy Doy Doy Doy
Doy | Uy Doy | Uy Doyl Uy Doyl Uy
Utoy Utoy Utoy Utoy
wo w1 wa w3 Wy
Doy Doy Doy Doy
Doy | |V Doy | |V Doy | |V Day | |V
Ugoy Ugoy Ugoy Ugoy
w—_1 2 w—_o 2 w_g 2 wW—_4 —H W_5
Doy Doy Doy Doy
Doy | Uy Doy | [Ugy Doy | [Ugy Doy | [Ugy
Utoy Utoy Utoy Utoy
w-10 T W—9 T wW-g T w7 T W—6
Doy Doy Doy Doy
Dy | [V Dy | [V Dy | |V Dy | |V

(5-5)

The indexing of the positively labeled vertices w; =v; — 1 hereby works as follows.
vo =[1]5(=1), and each horizontal step is (0), for example, vi =[1]5(0) =[2, —1]5 =
[1, 4]5(=9), while each vertical step is (1), for example, vy =[1, 4]5(1) =[2, —1, 4]s(=
49). Moreover, w_; = —wy;, if i > 0 is even, w_; = —w; + 2p — 4, if i > 0 is odd. The v; are
exactly the integers with p-adic expansion [ny, a;, aglp, where ag, a; € {0, ..., p — 1} and
ny € Z, which can be reached from 1 by reflection in the first two digits.

Precisely, the algebra 22T is generated by e, for v € Z being as above, and elements
Djgye,—1 and Ujpye,—; as well as Dyjye,—; and Uyjye,—1. The relations are such that each
column and each row is a zigzag algebra, and all squares commute, that is,

(1) Each row is a zigzag algebra, cf. Theorem 2.14.(2) and (6), that is,
UjUjoyev—1 =0 =DypDyoyev—1,  DoyUgoyev—1 = UjoyDyoyev—1-

(No boundary condition.)
(2) Each column is a zigzag algebra, cf Theorem 2.14.(2) and (6), that is,

UnyUpyev—1 =0=DyDuyev—1,  DyyUgpyer—1 =UDyyer—.
(3) All squares commute, cf Theorem 2.14.(4), that is,

Dy Uioyev—1 =DyogyDyyev—1,  DioyUgnyev—1 = Uy Uggyen—1,
DiDiyev—1 =DioyUgnyev—1,  DyoyDyiyev—1 =Dy Uggyen—1.

https://doi.org/10.1017/5001708952100001X Published online by Cambridge University Press


https://doi.org/10.1017/S001708952100001X

THE CENTER OF SL, TILTING MODULES 183

These hold only for complete squares, that is,

W9
T{J“, ,
Uy
wo wi

as in (5-5), does not satisfy any relation, and is in particular, not zero.

Hence, we get row and column loops:
L;:=Lyey,—1 = DioyUjoyey,—1 = UjyDyoyev,—1,
Li:==Lmey1 =DyUnen—1 =UyDpjen1.

(Here, as in (5-5), only one expression for Lo e,,—; makes sense if p|i. The above is just a
shorthand notation.) The relations imply that

KIL /() if pli,

ev,—lszTev,—l = 2 2 .
KIL;, Lﬁ]/<L,<, (L}))*) otherwise.

(3-6)

Note that these have bases {e,,_, L;} and {e,,—;, L;, L}, L;,L’}, respectively. Also, the loops
L;, for p|i, and L,L}, otherwise, are central since only the idempotent e,,_; does not
annihilate them.

But there are more central elements. To define them, let c(j) denote the set of indexes
of the jth column, read left to right. For example, c(2) ={..., =8, =2, 2, 8, ...} for p=35,
¢f. (5-5). Then, we sum row loops over their column r(j), that is:

=G, T
Lo = Ziec(j) Liez™.

We have L.;) € Z (ZGZT): that L/c(;) commutes with all idempotents is clear. Moreover, each
vertical arrow annihilates L;(/) from both sides and each horizontal arrow transports a loop
L; to its neighbor, illustrated as:

.%.

T J | AVE— | AR
k—><l k——1 k /

Furthermore, a bit more thought (using arguments as in Section 3) proves that the central
elements which we have identified, that is,

L;, forpli, L.}, otherwise, L;(i)’ forje({l,..,p—1},

form a basis of Z (ZGZT), and it remains to calculate the relations among these. We already
know the relations among the elements L; and L;L;, see (5-6). Further, we have

Lc(/)Lc(k) = O, LC(/')LZ' =0= L,‘Lc(j), fOI' p|l, LCQ)L,'L; =0= LiL;LC(/).
This concludes the proof. O
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