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Abstract. Let M be a closed, oriented, and connected Riemannian n-manifold, for
n > 2, which is not a rational homology sphere. We show that, for a non-constant and
non-injective uniformly quasiregular self-map f: M — M, the topological entropy i (f)
is log deg f. This proves Shub’s entropy conjecture in this case.
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1. Introduction

A well-studied problem in topological dynamics of continuous self-maps f : M — M on
an n-manifold M is to relate the fopological entropy h(f) of f to the spectrum of its
induced linear map f; : H.(M; R) — H.(M; R) in homology, see for example the survey
of Katok [18] for definitions and history of this problem. Shub conjectured [34, §V] that
the topological entropy h(f) is bounded from below by log s(fi), where s(fx) is the
spectral radius of the action of f to the homology of M. The conjecture was proved for
holomorphic maps f: CP™ — CP™ by Gromoyv in a preprint [8] from 1977 and for C*°-
smooth maps by Yomdin [38] in 1987.

One direction in Gromov’s argument [8] is based on a general result of Misiurewicz
and Przytycki [26] that, for a C!-smooth self-map f: M — M of a closed and oriented
Riemannian manifold M, the logarithm of the degree log |deg f| is a lower bound for the
topological entropy. The continuity of the derivative D f of the map f plays a crucial role in
the proof of Misiurewicz and Przytycki, which is based on the use of a continuous cochain
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x > J¢(x) given by the Jacobian J of the map f. The continuity of the derivative plays
the same crucial role in the method of Yomdin [38], which is based on real-algebraic sets.

It is known that the smoothness assumptions on the map may be relaxed by additional
topological assumptions on the space M. For example, Misiurewicz and Przytycki proved
in [26] the entropy conjecture for all continuous maps f : T" — T".

In this paper we consider the entropy conjecture in the quasiconformal category. The
mappings we consider are not C!-smooth but merely Sobolev regular. The distortion
assumption given by quasiconformality conditions together with methods from geometric
measure theory allow us to deal with the complications caused by the lack of pointwise
differentiability. Before stating the main theorem, we introduce the class of uniformly
quasiregular maps.

A continuous map f: M — N between oriented Riemannian n-manifolds M and N,
n > 2, is K-quasiregular for K > 1 if f belongs to the Sobolev space WIL’C"(M , N) and
satisfies the distortion inequality

IDf(x)|I" < KJg(x) forLebesgue a.e. x € M; (1.1)

here | Df|| is the operator norm of the differential Df of f and J; is the
Jacobian determinant Jy =det Df, that is, Jy voly = f *volps. In this terminology,
quasiconformal maps are quasiregular homeomorphisms, and 1-quasiregular maps
between Riemann surfaces are holomorphic; see e.g. Rickman [31, §1.2] and references
therein. As a technical point, we mention that by a theorem of Reshetnyak, a quasiregular
map is either a discrete and open map or constant. Note also that the degree of a non-
constant quasiregular map between closed and oriented Riemannian manifolds is positive.

A quasiregular self-map f: M — M is uniformly K -quasiregular if all of its iterates
f¥=f%=fo...0ffork> 1are K-quasiregular. Uniformly quasiregular maps admit
rich dynamics akin to dynamics of holomorphic maps of one complex variable. We refer
to a survey of Martin [23] for a detailed account on uniformly quasiregular maps, and
merely mention here that a uniformly quasiregular map f: M — M induces a measurable
conformal structure on M in which the mapping f could be considered as a rational map
of M.

Our main theorem reads as follows: recall that an n-manifold M is a rational
cohomology sphere if H*(M; R) is isomorphic to H*(S"; R).

THEOREM 1.1. Let f: M — M be a uniformly quasiregular self-map of degree at least 2
on a closed, connected, and oriented Riemannian n-manifold M, which is not a rational
cohomology sphere. Then

h(f) =logdeg f.

It follows from [17] that s(f,) = deg f for non-constant uniformly quasiregular self-
maps f: M — M. Theorem 1.1 therefore yields the equality

h(f) =logs(f:)

answering to Shub’s entropy conjecture to the positive in this case. Note that, for expanding
uniformly quasiregular mappings, Shub’s entropy conjecture follows from results of
Haissinsky and Pilgrim [9, Theorems 3.5.6 and 4.4.4].
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In the proof of Theorem 1.1 we obtain estimates h(f) >logdeg f and h(f) <
log deg f for the entropy by different methods. The lower bound employs Lyubich’s
variational method [19] and the properties [16, 27] of the equilibrium measure s
associated f. The upper bound is related to [8, (5.0)] in Gromov’s article and it follows
from isoperimetric arguments for Federer—Fleming currents [6]. As we will discuss shortly,
the cohomological assumption on M has no role in the proof of the upper bound. It remains
an open question whether the lower bound % (f) > log deg f holds also for uniformly
quasiregular mappings on rational cohomology spheres.

In order to obtain the lower bound A (f) > log deg f, the main obstacle is the lack of
continuity of the derivative Df. For this, we use the f-balanced measure s from [27]
and the integer valued cochain x — i(x, f) given by the local index of the map f in place
of cochain x > J¢(x), which is only measurable in this setting.

By [16, Theorem 1.2], the cohomological assumption on the manifold M yields that the
measure (4 is absolutely continuous with respect to the Lebesgue measure of M. Using
this fact, we show that the measure u y satisfies h, () =log deg f, where h, ,(f) is the
measure theoretic entropy of f with respect to the measure u ¢. The variational principle
of the entropy now yields the required lower bound A(f) > hy ,(f) =logdeg(f). We
thank Peter Haissinsky for pointing out a simplified version of the original proof based on
measure theoretic Jacobians.

We also note that, as a consequence of the method of proof, we also obtain the following
observation.

COROLLARY 1.2. Let f: M — M be a uniformly quasiregular self-map of degree at least
2 on a closed, connected, and oriented Riemannian n-manifold M, which is not a rational
cohomology sphere. Then the measure [y from [27] is a measure of maximal entropy.

Moreover, we note that the absolute continuity of 1  is only used in the proof to obtain
that the branch set of f has zero measure in 1 y. Hence, the proof in fact also gives us the
following, more general version of Theorem 1.1.

THEOREM 1.3. Let f: M — M be a uniformly quasiregular self-map of degree at least
2 on a closed, connected, and oriented Riemannian n-manifold M. Then, for every f-
balanced Borel probability measure i on M, the measure-theoretic entropy of | satisfies

hu(f) = logdeg f — fM logi(x, f) du(x), (1.2)

where i(-, f) denotes the local index of f. In particular, for any such measure [, if the
branch set By of f satisfies n(By) =0, then

h(f)=logdeg f,
and [ is a measure of maximal entropy for f.

For an estimate similar to (1.2) in the setting of non-Archimedean dynamics, see Favre
and Rivera-Letelier [5, §4].
The upper bound 2 (f) < log deg f follows from the inequality

h(f) <logdeg f + nlog K (1.3)
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for K-quasiregular self-maps f: M — M; see [8, (5.0)] and the ensuing isopetrimeric
argument on how to prove it. Since it seems to have gone unnoticed in the literature that
the isoperimetric argument in [8] yields a more general result, we discuss the proof of (1.3)
in detail using the language of the Federer—Fleming theory of currents. In the heart of the
proof of (1.3) is the following uniform Ahlfors regularity result for graphs of maps, whose
components are quasiregular.

THEOREM 1.4. Let M and N be closed, connected, and oriented Riemannian n-manifolds
forn=2 K=>1,andlet g=(fi,..., fi): M — N* be a map from M to N*, k e N,
where f1, ..., fr are non-constant K-quasiregular maps M — N. Then the image I' =
[y := g(M) is Ahlfors n-regular. More precisely, there exists a constant C > 0 depending
onlyonn, M, N, and f| with the property that, for y € I" and r € (0, diam I'], we have

1 _H'Br(y, 1)
Ckn*/2Kn=V(min; deg f;)" ~ rn

< CK'*K max deg f;,
J

where Br(y, r) =T N By« (y, r) with distance in N* induced by the product Riemannian
metric.

Using this theorem we prove inequality (1.3) in §8; see Theorem 8.1. This completes
the proof of Theorem 1.1.

The proof of Theorem 1.4 consists of two parts. The upper estimate for the Hausdorff
measure reduces to the area formula for Sobolev mappings. The lower estimate is more
delicate. Since the mapping g is merely Sobolev regular, we consider an n-current
associated to I'y. The key step in the proof is to apply slicing and an isoperimetric
inequality to this n-current to obtain a local lower bound for the volume of I',. It seems
to us that this is also the idea in the proof of [8, (5.0)], although it does not use currents
explicitly.

We finish this introduction with a discussion on the relation of our results to
open questions on uniformly quasiregular dynamics. In the case of Riemann surfaces,
holomorphic dynamics has a clear trichotomy into different cases: the sphere S? carries a
rich theory with various examples, on the torus T2 the mappings are so-called Lattes maps,
and on higher-dimensional surfaces the theory collapses to dynamics of homeomorphisms.

On higher-dimensional Riemannian manifolds, a similar trichotomy seems to arise in
uniformly quasiregular dynamics. The sphere S” and other spherical space forms admit a
rich theory, see e.g. Iwaniec and Martin [13], Peltonen [28], and Martin and Peltonen [22].
The torus T" and its branched quotients admit uniformly quasiregular maps of Lattes
type, see e.g. Mayer [25] and Martin, Mayer and Peltonen [21]. Finally, the existence
of a uniformly quasiregular map M — M on a closed manifold yields that the manifold
M is so-called quasiregularly elliptic, that is, there exists a non-constant quasiregular
map R" — M; see Kangaslampi [15] or Iwaniec and Martin [14, Theorem 19.9.3].
Thus, hyperbolic Riemannian manifolds and manifolds with large fundamental group
or cohomology do not carry uniformly quasiregular maps by results of Varopoulos [37,
Theorem X.11] and Bonk and Heinonen [3]. More precisely, the dimension of the
cohomology ring H*(M; R) of M is at most 2" by the main theorem of [16]; see also
Prywes [29].
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To complete this picture, it becomes a question whether a general quasiregularly elliptic
manifold carries a uniformly quasiregular mapping of higher degree, and whether these
mappings are actually Lattés maps if the manifold in question is not a rational cohomology
sphere. Encouraged by results and conjectures of Martin and Mayer in [24] on uniformly
quasiregular self-maps of spheres, we expect the second question to have a positive answer.
The following conjecture is from [16]: Let M be a closed, oriented, and connected
Riemannian n-manifold for n > 2, which is not a rational cohomology sphere. Then every
uniformly quasiregular self-map f of M comes from the Lattes construction.

We find the question interesting since, as pointed out in Martin and Mayer [24], it is
similar to the invariant line field conjecture of Mané, Sad, and Sullivan [20].

1.1. Organization of the article. The article consists of two parts; §2 discussing the
preliminaries on quasiregular maps is common to both of these. In the first part (§§3—4),
we prove the lower bound /(f) > log deg f for the topological entropy using Lyubich’s
method based on measure theoretic entropy.

In the second part (§§5-8) we recall first some results in the Federer—Fleming theory of
currents in §5. In §§6 and 7, we then discuss the proof of Theorem 1.4 based on Gromov’s
original argument. Finally, in §8, we show how the upper bound 2 ( f) < log deg f follows
from Theorem 1.4.

2. Preliminaries on quasiregular maps
2.1. Quasiregular maps. Let n>2, and let M and N be oriented Riemannian n-
manifolds. By a theorem of Reshetnyak, a non-constant quasiregular map f: M — N is
open and discrete, that is, f(W) C N is open for any open set W C M and f~!{y} C M is
discrete for every y € N. Moreover, f satisfies the Lusin (N)-condition, thatis, f(E) C N
is Lebesgue null if £ C M is a null set. The branch set By of f is the set of points at
which f fails to be a local homeomorphism. The branch set B ¢ has topological dimension
at most n — 2 by the Cernavskii—Vdisild theorem (see [36]) and Lebesgue measure zero.
For E C M and y € N, the multiplicity N(f, y, E) of f at y with respect to E is
#(f Yy} N A). Wesetalso N(f, y) := N(f, y, M), N(f, E) := sup,ey N(f. y, E), and

N(f):= Sug N(f,y)=N(f, N).
ye

As a preliminary step for the definition of the local index of f at x, we denote by
Bn(y, r) the metric ball of radius » > 0 centered at y € N in N. Since f is discrete
and open, there exists, for each x € M, a radius ry > 0 for which the x-component
U (x, f, ry) of the preimage f_1 Bn(f(x), ry) is a normal neighborhood of x, that is, we
have fU(x, f,ry) = By(f(x), ), OfU(x, f.ry) = 0By (f(x), ry), and £~ (f(x)) N
U(x, f, rr) = {x}. In particular, f restricts to a proper map

Flue fros U, firy) = By(f(x), ry)

and induces a homomorphism
(flue, fr)* s HX(BN(x, 1); Z) — HX(U(x, f,12); Z)

in compactly supported cohomology.
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The local index i(x, f) € Z of f at x is the unique integer satisfying

(Fluce f.ro) CBy(Fe)r) =X, U, fire)s

where the cohomology classes cyx,fr,) and cgy(f(x),r,) are generators of
H!(By(x,r); Z) and H!(U(x, f, ry); Z), respectively, induced by orientations of
M and N. The local index is independent on r, and hence well defined. Note that, if f is
non-constant, we have i(x, f) > 1 for each x € M and we have the characterization that
x € By if and only if i (x, f) > 1.

More globally, for a quasiregular map f: M — N between closed, oriented, and
connected Riemannian n-manifolds M and N, the degree deg f € Z of f is the integer
satisfying f*(cy) = (deg f)cp for generators ¢y and cy of H*(M; Z) and H"(N; Z),
respectively. Again, if f is non-constant, then deg f > 1 and

Z i(x, f)y=deg f foreveryye N.
xef~'{y)
In particular, we have N(y, f) = N(f) =deg f forevery y € N\ f(By).
We refer to the monograph of Rickman [31, Ch. I] for a more detailed discussion on
these properties of quasiregular mappings.

2.2.  Uniformly quasiregular self-maps. Let f: M — M be a uniformly quasiregular
self-map of a closed, oriented, and connected Riemannian n-manifold M. The Fatou set
F(f) of f is the region of normality of the family { f* : k € N}, that is, the set of all points
x € M for which { f¥|U : k € N} is normal on some open neighborhood U of x. The Julia
set J(f)of fisM\ F(f).

The Julia set J(f) is non-empty if deg f > 1. In this case, there exists by [27] an f-
balanced probability measure ¢ on M, that is,

fruy=(deg fHmy.

Here, the pull-back measure is defined using the push-forward of continuous functions
under quasiregular maps; see Heinonen, Kilpeldinen, and Martio [12, §14]. In particular,
if n € C(M, R) is a continuous function on the closed manifold M, then the formula

(fem@ = > iz, HnG) @.1)
zef~Hx}

for x € M defines a continuous function f.n e C(M, R). Hence, given a finite Borel
measure 1 on M, the Riesz representation theorem provides a unique regular Borel

measure f*u satisfying
/ ndf*u :/ fendp
M M
for every n € C(M, R).
The measure 5 is the weak-+ -limit of the measures (deg f k )~ f B )* volys, where we
identify the volume form voly, with the Lebesgue measure on M and tacitly assume that

voly (M) = 1, and the support of 1 ¢ is the Julia set J(f) of f. From now on, we use the
notation 4 ¢ to denote this particular measure.
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By [16, Theorem 1.2], the measure s is absolutely continuous with respect to the
Lebesgue measure if the manifold M is not a rational cohomology sphere. Thus, similarly
as in the holomorphic dynamics of one complex variable, we have that the branch set has
1 -measure zero. We record this fact as a lemma for further use.

LEMMA 2.1. Let M be a closed, oriented, and connected Riemannian n-manifold for
which H"(M; Q) 2 H*(S"; Q), and let f: M — M be a uniformly quasiregular self-
map of degree at least 2. Then

wr(f (B = s (f(Bp) =psp(By) =0.

Proof. By Rickman [31, Proposition 1.4.14] and an application of bilipschitz charts, the
sets 1 f(By), f(By), and By are Lebesgue null. Since p ¢ is absolutely continuous with
respect to Lebesgue measure by [16, Theorem 1.2] under the assumption H*(M; Q)
H*(S"; Q), the claim follows. O

Finally, we point out an explicit formula for the measures of Borel sets under a pulled-
back measure f*u. We first note that we may in fact define f,n even for non-continuous
n using (2.1).

LEMMA 2.2. Let M be a closed, oriented, and connected Riemannian n-manifold, let
f: M — M be a non-constant quasiregular self-map, and let u be a finite Borel measure
on M. Then for every Borel set E C M, the function f,XF is Borel, and moreover we have

ru = [
M
where Xg denotes the characteristic function of E.

Proof. The most involved part of the proof is showing that f,Xr is Borel; after that, the
rest is a standard measure theory argument. Indeed, suppose that f, X’z is Borel for every
Borel set E. Then we may define a Borel measure v on M by

W(E) = / £ dp.
M

It is easily seen that v is a finite Borel measure. Hence, it is also regular. Moreover, v
satisfies by definition the formula

/ndV=/ Sendp (2.2)
M M

for simple Borel functions n. Since the operator f, is bounded in the sup-norm, we
obtain (2.2) for continuous n by approximating with simple functions. Hence, v = f*u
by the uniqueness of the measure given by the Riesz representation theorem, and the
remainder of the claim holds.

It remains therefore to show that f,Xr is Borel whenever E is Borel. We partition

M into sets Ay, ..., Adeg , Where i(x, f) = j whenever x € A;. The sets A; are Borel,
since the map i(-, f) is upper semicontinuous; see e.g. [31, Proposition 1.4.10] for the
argument.
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We begin by showing a special case. Suppose E C M is Borel, f|g is injective, and
E C Ajforsome j € {1, ..., deg f}. Thenitis reasonably easily seen from the definition
of the push-forward that f,Xr = jXyg). Since f is a continuous finite-to-one map, it
maps Borel sets to Borel sets: see e.g. [35, Theorem 4.12.4]. Therefore, in this case f.Xg

is Borel.
Next, we find a partition of M into countably many Borel sets B; C M, such that f|p, is
injective and B; C A for some j. Indeed, fora given j € {1, ..., deg f}ifx € Aj and U

is a normal neighborhood of x with respect to f, then f is injective on A; N U. Since A
is a subset of a second-countable metric space M, we may cover it with countably many
such sets A; N U. Hence, we obtain the desired Borel partition B;.

Finally, suppose that E C M is Borel. Then we may write Xt as a countable sum of
functions Xgn Bj- By the special case we covered, f,Xgn B, is Borel for every j. Hence,
we may write f, Xg as a countable sum of non-negative Borel functions. Since pointwise
limits of Borel functions are Borel, we obtain that f,Xr Borel, which concludes the
proof. O

3. Preliminaries on entropy
3.1. Topological entropy. Let (X, d) be a metric space. For each k € N, we denote

by di oo the sup-metric, induced by d, on X%+l That is, for any x = (xg, ..., xx) and
X =(xp, ..., x) € XK+
dyco(x, x'):= sup d(xj, x}).
j€{0,....k}

Foranye >0and Y C X k+1 we also define the counting function

x,x'€E ,x#x

N.(Y) := max{#E ECY, inf djco(x, x> 8}

for the discrete volume of Y at scale .
A graph over X is by definition a subset of X2. For any I' C X2, the k-chain of T is
defined by

Chaing(I") :={(x0, ..., x) € Xk (xj—1,x;) el forany j e{l,..., k}},

and for each € > 0, we set

he(T) := lim sup % log(N, (Chaing (I"))).

k— 00

The entropy h(I") of T is
h(T):= liII(l) he(D);
E—>

note that the limit on the right-hand side always exists.
The Bowen—-Dinaburg definition of the topological entropy h(f) of a continuous self-
map f on X is

h(f) :=hTqay, £))s

where gy, ) 1= (idx, f)(X) C X2 is the graph of f. The topological entropy is a
topological invariant whenever (X, d) is compact [4].
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3.1.1. Entropy, volume, and density. Let M be a closed Riemannian n-manifold. For
each k e N, we let H" be the Hausdorff n-measure on the (nk)-dimensional product
Riemannian manifold M*.

For each ¢ > 0, the e-density Dens.(Y) of a H"-measurable set Y C M k+1 is defined
by

Dens.(Y) = in£ H*(Y N Dy oo(x, €)),
X€E

where Dy oo (x, €) 1= {y € M*T!: di oo(x, y) < €).
For any I' € M?, the logarithmic volume lov(I') of T is defined by
1
lov(I") = lim sup - log(H" (Chaing (T"))),
k— 00 k
and the logarithmic density lodn(I") of T" by
lodn(T") = lim sup lodn, ("),
e—0

where, for each € > 0,
1
lodng (I') := lim inf — log(Dens, (Chaing (I"))).
k—oo k

For completeness, we include a proof of the following key estimate.

THEOREM 3.1. [8, (1.1)] Let M be a closed Riemannian n-manifold and let T' C M? be a

graph. Then
h(I') <lov(I") — lodn(T"). (3.1)

Proof. Letk>2, e >0, and § > 0, and let d be the induced Riemannian distance in M
and di ~ be the sup-metric on M k+1 induced by d.
‘We show first that

H" (Chaing (T")) > N» (Chaing (I")) - Dens, (Chaing (T")). (3.2)
Let NeN and suppose that a set {yi,y2, ..., yn} C Chaing(I') satisfies
inf; ¢ di, 0o (yi, y¢) = 2¢. Since the sets Dy oo(yi, €), for i =1,..., N, are mutually

disjoint, we have
N

" (Chaing (")) = H" ((Chaink(F)) N Droo (i 8))
i=1

N
> H"(Chaing (1) N Di.oo (1. €)
i=1

> Dens. (Chaing (I")) = N - Dens, (Chaing (I")).

~.

I
—_

1

Thus (3.2) follows.
Having (3.2) at our disposal, we observe that, for each ¢ > 0,

lov(I") = lim sup % log(H" (Chaing (T")))

k—o00
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> lim sup %(log(Nze (Chaing (T"))) + log(Dens, (Chaing (I"))))

k— 00
> liliisogp % log(Na¢ (Chaing (T))) + l}crgggf% log(Dens, (Chaing (I")))
= ha:(I") + lodn, (I").
Thus, (3.1) holds. O

Remark 3.2. The use of the product Riemannian distance in the definition of the Hausdorff
n-measure stems from Theorem 1.4. The above considerations hold also for the Hausdorff
measures based on the metrics di,oo-

3.2. Kolmogorov-Sinai entropy. In this section, we recall the necessary prerequisites
of measure-theoretic entropy. We focus on the approach to the subject using measurable
partitions. For a more in-depth discussion of this approach, see e.g. Przytycki and
Urbanski [30, Ch. 2] or Rokhlin [33].

Let (X, X, u) be a complete probability Lebesgue space; for a precise definition, see
e.g. [30, §2.6]. Note that, for a complete separable metric space X and a Borel o-algebra
Bx in X, the completion (X, B%, «*) of a probability space (X, Bx, w) is a Lebesgue
space; see e.g. [32, §2, No. 7]. As usual, we denote (X, X, u) by X for simplicity.

Let Px be the set of all partitions of X. For each & € Py, and x € X, we denote by &(x)
the unique element of & containing x. We say that a partition n € Py refines the partition
& € Py if n(x) C &(x) for every x € X. The refinement of partitions induces a partial order
< to the set Py of all partitions by § < n if n refines &.

Given a partition £ € Px, we say that a subset A C X is a &-subset if A is a finite
union of elements of & € Py. A partition & € Py is measurable if there exists an at most
countable collection (By )y of measurable £-subsets in X having the following property.

For any distinct C, C’ € &, there exists « € I for which either

e CCByandC'N B, =0;o0r
C' C By and C N By, = 0.

Rokhlin’s disintegration theorem states that, if X is a Lebesgue probability space and
& € Py is measurable, there exists a collection ((C, X|c, uc))ces of probability spaces
satisfying the following conditions:
(@) (§(x), Zlgw)» He(x)) is a Lebesgue space for p-a.e. x € X; and
(b) for any non-negative X-measurable function f: X — [0, co], the restriction f|g(y)
is (X|g(x))-measurable for u-a.e. x € X, the function x — fé(x) Fleeo ditgx is 2-
measurable, and

/ fdMZ/( fleo dugm) dp(x).
X X \J&(x)

For details, see e.g. [30, Theorem 6.2.7, Remark 6.2.10] and the surrounding discussion,
or [32, §3]. The collection ((C, X|c, pc))ces, or in short (1c)ces, is called a canonical
system of probability measures associated to the space X and partition &. The system
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(1c)cee 1s essentially unique, in the sense that if (vc)ceg is another canonical system of
probability measures associates to X and &, then jigx) = vg(y) for p-a.e. x € X.

Let &, ne Py be measurable partitions. The conditional information function
I, (&ln): X — [0, oo] of & with respect to n is defined by

1y (x) = —log(py () (§(x) N 1(x)))

for pu-a.e. x € X, where (ic)cey is a canonical system of probability measures associated
to X and 5. The function I,,(£|n) is X-measurable, and defines the conditional entropy
H, (&|n) of & with respect to 1 by

H () = /X Lol . (3.3)

For details, see e.g. [30, Definition 2.8.3 and (2.8.3)].

For a sequence of measurable partitions &; € Py, let \/j‘;1 &; denote the least common
refinement of the partitions &;, that is, the least partition ¢ € Py satisfying &; < ¢ for every
J € Z.. This partition exists, and is measurable; see e.g. the discussion in [30, pp. 39—40].
Now, the measure-theoretic or Kolmogorov—Sinai entropy h,(f) of a measure-preserving
self-map f on a complete probability Lebesgue space (X, X, w) is defined by

AV s), (3.4)
j=1

hy(f) = sup Hu(é

&€ Px: measurable

where f /& ={f~/C : C € &}. The Kolmogorov-Sinai entropy is already determined by
finite partitions, that is,

hu(f) = sup Hy, (E

oo

\/ f—fg). (3.5)
&€ Py finite and measurable j=1
Recall that a partition £ € Py is finite if it has finitely many elements. For more details,
see e.g. [33, §§7 and 9].

Finally, we briefly comment on entropy in the case that (X, ¥, @) is not a complete
Lebesgue space. In this case, we still obtain a canonical system (uc)ceg of probability
measures if £ is a finite partition of X into X-measurable sets. Hence, the Kolmogorov—
Sinai entropy of a measure-preserving f: X — X can be defined by

k
\ ff's), (3.6)
j=1

hu(f) = sup lim Hu<§

&€ Py finite and measurable k—o00

where the \/];: (-operator is defined similarly as its infinite counterpart. Indeed, the limit
in (3.6) alwéys exists, and the result is equivalent with (3.5) for complete Lebesgue
spaces X; see e.g. [30, §2.4 and Theorem 2.8.6]. Moreover, we note that if (X, X, w)
is a probability space with completion (X, ¥*, u*) and f: X — X is a u-preserving
transformation, then i, (f) = h;+(f).
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4. Proof of the lower bound h, ;(f) > log deg f
In this section, we prove the entropy lower bound. We formulate this goal as a proposition.

PROPOSITION 4.1. Let f: M — M be a uniformly quasiregular map of degree at least
2 on a closed, oriented, and connected Riemannian n-manifold M satisfying H*(M) %
H*(S"). Then

huy (f) 2 log deg f.

Recall that, by the variational principle, we have that

h(f) = sup h,(f)
w

for the topological entropy A (f) of f, where the supremum is over f-invariant Borel
probability measures p. Thus, Proposition 4.1 yields the desired lower bound in
Theorem 1.1.

Moreover, recall that a function Jy,;, : M — R is a (strong) measure theoretic Jacobian
of f with respect to a (Borel or completed Borel) measure © on M if, for every w-
measurable set A C M for which f|,4 is injective, the set f(A) is pu-measurable and the
integral transformation formula

//; Jppdp = u(f(A))

holds. For further information on measure theoretic Jacobians, see [30, §2.9].
We prove the entropy estimate h,; (f) > log deg f using the following lemma.

LEMMA 4.2. Let f: M — M be a uniformly quasiregular map of degree at least 2 on a
closed, oriented, and connected Riemannian n-manifold M. Let u be an f-balanced Borel
probability measure on M. Then the function

deg f
i(x, f)

is a measure-theoretic Jacobian of f with respect to [L.

Jru(x) =

Proof. Suppose that A C M is Borel and that f|4 is injective. We decompose A into sets
Ay, ..., Ageg y, Wherei(x, f) = jforevery x € A;. These sets are again Borel due to the
upper semicontinuity of i (-, f); see e.g. [31, Proposition 1.4.10]. Similarly, the sets f(A;)
are Borel since f is continuous and finite-to-one; see e.g. [35, Theorem 4.12.4]. Finally,
since f|4 is injective, the sets f (A ;) are disjoint.

Now, let j € {1, ..., deg f} and let x € M. Note that, since f is injective on A; and
i(-, f)=jonAj, wehave fiXa; = jXf(a;), where X4, again denotes the characteristic
function of aset E C M. By using the f-balanced property of ¢ and Lemma 2.2, it follows
that

(deg f)M(Aj)Z/M(deg ) Xa; dMZ/M Jeda; dp=ju(f(A))).

Finally, we conclude that

deg f deg f
deg f (deg fHu(A;)
d = _— = A)) = A)),
| 2 dnw > = D W4 =4
and the claim therefore follows. O
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Having Lemma 4.2 at our disposal, we may conclude the proof of Proposition 4.1 as
follows.

Proof of Proposition 4.1. For simplicity, we implicitly complete the measure uy
throughout this proof, as the completed measure has the same entropy as the original.
Let

ey ={{x}:xeM}e Py

be the partition of M into points. The partition £y, and the partitions f /ey are f-
measurable for j € N. Moreover, we note that f /ey < f~ ey for every j € N, and

therefore
o

\/ fem=f"en. (4.1)
j=l1
By Lemma 4.2, we obtain a measure theoretic Jacobian of f with respect to uy,
given by Jy,,. (x) = (deg f)/i(x, f) for x € M. We note that since uys is f-balanced,
J maps u ¢-null Borel sets to u ¢-null Borel sets by Lemma 2.2. Therefore, J¢,, , remains
a measure-theoretic Jacobian for the completed measure.
By [30, Theorem 2.9.6], we hence obtain

Hy (e | £ enr) = /M log J ., diy = /M(logmeg £ —logi(x, ) duy(x).

Moreover, we have i(x, f) =1 for every x ¢ By. As previously discussed, due to [16,
Theorem 1.2], our assumption that M is not a rational cohomology sphere implies that
ur(Byr)=0; see Lemma 2.1. Hence, we obtain that

| toztaer )~ tog e, )iy = [ togde f dpy = log dee £

Thus, by (3.5) and (4.1), we have

\/ fleM) =Hy, (¢ ffle):logdeg f. O

huf’(f) > Hptf <8M
j=1

Moreover, we note that the only properties of 1  we used in the above proof are that p ¢
is an f-balanced Borel probability measure and u s(By) =0, and the latter assumption
was only used to conclude that logi(-, f) vanishes u y-almost everywhere. Hence, the
above proof also yields the lower bound part of Theorem 1.3.

5. Preliminaries on currents

We move now to the discussion of Gromov’s argument on the upper bound Ai(f) <
log deg f of the topological entropy. As a technical tool in the proof, we use Federer—
Fleming currents and we recall some basic results in this section. We refer to Federer [6,
Ch. 4] for details.

5.1. Currents. Let U C R" be open, and foreachm € {0, 1, ..., n}, let C(‘)X’(/\’” U) be
the space of all differential m-forms on U having coefficients in Cg°(U). An m-current
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on U is an R-linear functional 7 on CS"(/\’”U ), which is continuous in the sense of
distributions. The space of all m-currents on U is denoted by D,,(U). We give D,,(U)
the topology of pointwise convergence.

The support of a current T € Dy, (U) is

spt T :=U \ U{V C U : open, and T (w) = 0 for any w € C5°(A"V)},

and the boundary dyT € Dy,—1(U) of an m-current T € D,,(U) is the (m — 1)-current
defined by
oyT(w)=T(dw) foreachw e Cgo(/\m_ly)_

Thus dydy T =0 for any T € D,,(U). For each ¢ € R, the multiplication ¢T is defined in
the obvious manner. Furthermore, for each [-form 7 € C®(A'U) for [ € {0, ..., m}, the
interior multiplication Tt € Dy,—_;(U) is the current defined by (TLt)(w) =T (T A w)
for each w € C(‘)’o(/\m_lU).

5.2. The mass of currents, normal currents, and integral representations. Let W be
an n-dimensional R-vector space having an inner product (-, -). Foreachm € {1, ..., n},
the mth exterior product space (the m-vector space) AW of W is equipped with the
Grassmann inner product

(VIA AUy, WA Awy) =det((v;, wj));,j forv;, wje W.

We denote the induced norm on A™ W by | - |. The m-covector space A" W* of W also has
a Grassmannian inner product and a norm induced by the duality isomorphism W — W*
given by v — (w > (v, w)) forv, w e W.

The comass ||& ||m of an m-covector & € A W* is defined by

1€ llnt == sup{|§ (w)| : w € A" W is simple, |w| < 1},

where we say an m-vector w € AW is simple if it can be written as w = wj A - - - A Wy,.
Similarly, the mass ||w||p of an m-vector w € A" W is defined by

lwllm := sup{[§(w)| : § € A" W™, I§[lm =< 1}.

These are norms on A" W* and A" W satisfying |£| > ||& ||y for any £ € A" W* and |w| <
lw|lm for any w € A™ W, respectively. For more details, see [6, §1.8].

Let U be an open set in R” and m € {0, 1, ..., n}. For each open subset V C U, the
mass of an m-current T € D,,(U) over V is defined by

My (T) := sup{|T<w>| tw e CP(A™V), suploxllm < 1},
xeV

where C§°(A™V) is embedded in C3°(A™U) by means of zero extension on U \ V. An
m-current T € D,, (U) is said to be normal if

spt7T € U and My(T)+My@@yT) < oo;

here, and in what follows, we denote A € B if A is a subset compactly contained in B.
An m-current T € D,,(U) is locally normal if My (T) + My (dy T) < oo for any open
subset V € U. Let N, (U) (resp. NL‘;C(U )) be the space of all normal (resp. locally normal)
m-currents on U.
Currents of finite mass admit an integral representation.
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LEMMA 5.1. For every T € D,,(U) satisfying My (T) < oo, there exist a measurable
tangent m-vector field T on U and a Radon measure ur on U such that for every
w € CFP(A"U),

r@ = [ (. ) dur. (5.1)
U
Moreover, ur (V) = My (T) for any open subset V C U.

Let T € D,,(U) be a current of finite mass on an open set U C R" and let ur be a
Radon measure and T an m-vector field representing T as in (5.1). Thus, for an open set
V C U, we may define the m-current 7.V = T xy € D, (U) by

(TUV) (@) = /

(@. T) dur = / xv - (o, Ty dur (5.2)
1% U

for each w € Cgo (A™U), where xy is the characteristic function of V on U. Moreover,

My (T) = pur (V) = (ur|V)(V) = (ur|VI(U) =My (T V). (5.3)
For further details, we refer to [6, §84.1.5 and 4.1.7]

5.3. Push-forward of currents. LetU C R"™ and V C R™ beopen, T € D,,(U), and let
h: U — V be a smooth map such that the restriction /| spt 7 : spt T — V is proper; note
that, if spt T € U, then h|sp 1 is proper. The push-forward h,T of T under the map h is the
m-current h, T € D,, (V) defined as follows. For every w € Cj° (A" V), let ¢y € C3°(U) be
a function satisfying ¥ = 1 on some open neighborhood of (spt T') N (A~ ! spt w), and set

(hT) (@) =T (Y - h*w).

The values of 7, T are independent on the choice of .
Since h*dw = dh*w for any w € C®°(A™V), we have

hedyT = 0yh,T foreach T € D,,(U).
If in addition A |sp 7 is L-Lipschitz for L > 1, then for any T € Dy, (U),
My (h,T) < L™ My(T).
For more details, we refer to e.g. [6, sections 4.1.7 and 4.1.14].
5.4. Slicing of currents. Let U CR" be an open set, T € D,,(U) an m-current

satisfying My (T) + My (dyT) < oo, and let h: U — R be an L-Lipschitz function for
L > 1.Foreacht € R, we set

Uh,t = h_l(_ooa t) C Ua
which is open, and the slice of T by h at t is
(T, h,t—):=0y(T Up,s) — QuT)LUp,s € Dp—1(U).

The following lemma gathers the key properties of the slices of currents used in the
forthcoming discussion. The argument in the proof is similar to that in [6, §4.2.1] and we
omit the details.
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PROPOSITION 5.2. Let U C R" be open, let h be an L-Lipschitz functionon U, L > 1, and
let (a,b) CR. Ifd#Up,; €U foreveryt € (a, b), then for every T € D,,(U) satisfying
My (T) + My @y T) < oo,

i) AT, h,t—)eNyu_1(U) for Lebesgue a.e. t € (a, b), and

(i1) the functiont — My (T, h, t—)) on (a, b) is lower semicontinuous, and

t
My, (T) = L / My (T, h,s—=))ds fort e (a,b).
’ mL J,

6. The Ahlfors regularity of images in Euclidean spaces

As mentioned in the introduction, the upper bound for the entropy 4 (f) follows from
an application of the uniform Ahlfors regularity estimate in Theorem 1.4 to the images
of maps (id, f, ..., fX): M — M*+!. We begin by proving a Euclidean counterpart of
Theorem 1.4. For the statement, given I C (]R”)k, we denote

Ty,=B"(,nnr
for y e R and r > 0.

PROPOSITION 6.1. Let QCR" be an open subset for n>2, keN, and let
fls ooy fi: 2= R" be non-constant K -quasiregular maps for some K >1 such
that maxje(1,.. k) N(fj) <oo. Let g:=(fi, ..., fr): @— R =RM gnd ' =T, :=
g(Q) C R¥". Then there exists a constant C = C(n) > 0, depending only on n, having the
property that, for each y € T and any r > 0 satisfying g~ T'y,r) € Q, we have

1 < Hn(ry,r)
Ckno=D2Kn=l(min; N(f;j))* = r"

< Ck"?K max N(fj). (6.1)
J

We prove Proposition 6.1 following Gromov’s argument in [8]. For the rest of this
section, let g: & — R¥" be a map as in Proposition 6.1. The map g: Q — R"¥ is

continuous and in Wll)’cn (Q, R"™). As previously, we set

N(g, y, A)i=#g 'y} N A)
foreach y e " andeach A C 2, N(g, y) := N(g, y, 2) foreach y € I", and

N(g):=supN(g,y) < min N(f;)<o0.
yer jell,... .k}

Foreach j € {1, ..., k},letpr;: (R™)* — R" be the jth projection (z1, . . . , zx) —> Zj.
Then pr; o g = fj.
We define a measurable function |J,| on €2 by

|Jg|(x) = [(Dg(x)el) A~ A (Dg(x)e)| for Lebesgue a.e. x € 2,

where (e}c, ..., eY) is the standard basis of 7, 2. Note that, for k > 1, the map g: Q@ —
R™ does not have a well-defined Jacobian determinant Jg. We call the function |J,| the
n-Jacobian of g.
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6.1. The upper Ahlfors bound. The upper bound for H"(I'y,) follows from the
measures H" (pr | (I"y,)) of the projections pr | (I'y,r) and the multiplicity of the restrictions
pr; [T’y -, which in turn can be estimated in terms of the multiplicity of the maps f;. We
formulate this as a lemma.

LEMMA 6.2. Let Q C R" be an open subset, fi, ..., fxr: Q— R" be K-quasiregular
mappings, g = (f1,..., fi): = R™, and T =g(Q) CR" . Then for every open
subset U C T satisfying g~ 'U € Q, we have
H'(U) <n"?k"*K r{Illaxk}N(fj)H"(prj(U)). (6.2)
Jell,...,

The upper bound in Proposition 6.1 follows now immediately. Indeed, since Iy , is
open in I', we have, by (6.2), that

H'(Ty,,) <n"K"PK jmax N CH (prj(Ty.r)

<n"?K"2K  max  N(fjH"(B"(pr;(y). 7))
jell,...k}

§C(n)k”/2K( max N(fj))r”,
jell, ...k}

k

where C(n) > 0 depends only on n. Thus it suffices to prove Lemma 6.2.
We begin by showing that the map g has the Lusin property.

LEMMA 6.3. Let Q CR" be an open subset, fi, ..., fr: @ — R" be K-quasiregular
mappings, § = (fi, ..., fr): Q= R™ and T = g(Q) C R™*. If E C Q is an H"-null
subset, then g(E) C R is also an H"-null subset.

Proof. For each je({l,...,k}, the jth component f; of g=(f1,..., fx) is
quasiregular, and we may therefore fix an exponent p; > n of local higher integrability for
Df;. Then the proof of Bojarski and Iwaniec in [2, §8.1] shows that there is C(n, p;) > 0
depending only on n, p; such that if Q; C €2 are disjoint cubes, then

l—n/pj n/pj
Z(diamf,-(Q,-»"sC(n,p,-m"(UQ,-) ([U VIijI”f'> .

Pick a common exponent p > n of higher integrability for all Df;, j € {1, ..., k}. Then
by Holder’s inequality and standard estimates, there exists C(n, k, p) > 0 depending only
on n, k, p such that if Q; C Q2 are cubes with disjoint interiors, then

l—n/p , k n/p
> (diam g(Q:)" < C(n, k, pyH" (U Qi) (Z/ 0 IDf.;'I”) :
i i j=1 i Yi

Now the proof of the Lusin condition follows by intersecting the set of zero measure E
with a compact subset A C €2, covering E N A with a collection of cubes with disjoint
interiors and arbitrarily small total measure, and using the above estimate to show that
g(E N A) has arbitrarily small " measure. O

Since the maps f;: 2 — R" are K -quasiregular, we have the following estimate for the
n-Jacobian of g = (fi, ..., fr): 2 — R"K,

https://doi.org/10.1017/etds.2020.51 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.51

2414 1. Kangasniemi et al

LEMMA 6.4. Let Q CR”" be an open subset, f1, ..., fi: Q@ — R" be K-quasiregular
mappings, g = (f1, ..., fi): @ — R™ and T = g(Q) C R™. Then, for Lebesgue almost
every x € 2, we have

k
[Jgl(x) < n"2K k2! Z Jg; (x).
j=1

Proof. Since

() = /det(Dg (x)T Dg(x)),

we have, by the distortion bound (1.1) for f; and Holder’s inequality, that

k k n
1
[Jgl(x) = |det Y (Dfj(x)T Dfj(x) < (; tr _X}(ij ()T Df; (x))
]:

j=1

n/2

k n/2 k
1 1
=7 (Z te(Df;j(x))T Dfj (x))) < W(Z(nIIij(x)H)z)
J=1 j=1

k (2/n)-(n/2)
S nn/zK . <Z(ij (x)Z/n)n/Z)

J=1

k
=n"2KE"PNN " T ()
j=1

K (1=2/mn/2

for Lebesgue a.e. x € 2. O

The last ingredient is the proof of Lemma 6.2 is an area formula for g. For more details,
see Hajtasz [10, Theorem 11].

LEMMA 6.5. Let Q CR" be an open subset, fi, ..., fxr: @ — R" be K-quasiregular
mappings, 8= (fi. ..., fi): 2— R and T = g(Q) C R"X. Then, for every open
subset A C €,
[aw =[Ny . (63)
A g(A)

Proof. The map gisin Wli)’cn (22, R¥"), and by Lemma 6.4, we have | J,| € Ll (). Hence,

loc
the Sobolev area formula [10, Theorem 11] implies that (6.3) holds for some g in the

Sobolev equivalence class of g. Moreover, since g is Lusin (N) by Lemma 6.3, we have
g = g by the discussion in [10, p. 239]. O

We are now ready for the proof of Lemma 6.2.

Proof of Lemma 6.2. Let U C T be an open set satisfying g~!U & Q. Then, for each y €
U, we have N(g, y, U) > 1. Thus, by Lemmas 6.5 and 6.4, we have

Hn(U)Sf Ny, U)d’H"(y):/ |Jo| dH"
U g u
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k
<n"?K k> Z / Jr; (x) dH" (x).
i—1 g_lU ’
J

Since fj = pr; og, the change of variables for quasiregular mappings yields

k

k
z;/g—lU Jy; dH" ZZ
j=

i=1

/ N vje g~ U dH ()
pr; U

k
< S NGDH pry @) <k max  NCH oy (U)),
= jell, ...,
which completes the proof. O

6.2. The lower Ahlfors bound. In this section, we prove the lower estimate in
Proposition 6.1. The lower bound is obtained by considering a current [I"y ] associated
to I'y , and two estimates, which we combine in the following proposition. We define the
current [I'y ] after the statement and devote the rest of this section for the proofs of the
estimates.

PROPOSITION 6.6. Let QCR" be an open subset for n>2, keN, and let
fis ooy fi: = R" be non-constant K -quasiregular maps for some K > 1 such that
maxje(1,.x N(fj) <oo. Let g = (fi, ..., fi): @ — RM and T = g(Q) C R, Then

there exists a constant C = C(n) > 0 depending only on n having the property that

.....

) . 1 n—1 )
(je?]nn u N(fj))% (Ty.») = Mg ([Ty /1) > <Ck"/2K min; N(fj)) " (6.4)

foreach y e " and r > 0 for which g_l(Fy,,) € Q.

The lower bound in (6.1) follows immediately from this lemma and hence the proof of
this proposition completes the proof of Proposition 6.1.

6.2.1. Current [I'y ,].  Although the notation may suggest otherwise, we do not define
the current [I'y ] as integration over I'y , but a push-forward of the integration over
gil Ty.r).

Let y € I' and r > 0 be such that Q2 , = -1 (T'y,r) € Q. In this case, g|2y ,: 2y, —
B (y, r) is a proper map. Indeed, let S C B"¥(y, r) be compact. Then g~'§ is a closed
subset of Q. Moreover g~'S C g7 !B (y, r) = Q,, C Q,,. Since Q, C 2, we have
that g7'S = g71S N Qy , is a closed subset of Q, , by relative topology. Since Qy , is
compact, g~ is compact.

Since g € /AN (2, R"%), the linear functional [Ty, ]: Cgo(/\"]Rk”) — R,

loc

o o, (6.5)
Q.
where g*w is a measurable n-form in €2, is well defined.
To show that [Ty ;] is a current, denote, for every w € Cgo(/\”Rk”),

Ao i= sup floxllm < 0o
xeRkn
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Then, for Lebesgue a.e. x € L,

(g w)x| = [{(g*@)x, volgn (x))]
= |wgx) A (Dg(x)ed) A+ A (Dg(x)eh))]
< gy Mg ()] < hl Jg (1)1 (6.6)

We are now ready to prove the upper bound in Proposition 6.6.
LEMMA 6.7. Let Q C R" be an open subset forn > 2, k € N, and let
f],...,fk: Q- R"

be non-constant K -quasiregular maps for some K > 1 such that maxje(1,.. xy N(f}) < oo.
Letg=(f1,..., fi): Q= R" and T = g(Q) CR¥. Let y € T and r > 0 be such that
g’l (I'y,r) @ Q. Then the functional [Ty ;] is a current in D, (Rk”) and

Mg ([T, 1) < < ~ min N(fj))H"(Fy,r) < 00. (6.7)
je{l,... .k}

.....

Proof. For every w € C° (A"R¥™), we have, by (6.6) and Lemma 6.5, that

‘/ ) S)»w/
Qy,, Qy,,

< oN(@QH"(Ty,) < )»w< _ min N(fj)>H"(Fy,r)~
je{l,... .k}

[Jgl dH" =kw/ N(g, y)dH" ()
Cy.r

To show that [I"y ;] is a current it suffices now to observe that, for a converging sequence
wj— 0in CgO(A”Rk"), we have

I[Ty.rl(@))] < Ao, < Eglin “ N(fj))H"(Fy,r). (6.8)

jell,...,

Since differential forms are sections of covectors, we have the point-wise estimate
l(wj)xllm < |[(wj)x| for almost every x € 2. Thus Aoj = 0 as j— oco. Since
H"(T'y,,) <00 by (6.2), [I'y ] is continuous and hence a current. Moreover, the mass
estimate (6.7) follows from the estimate (6.8). O

We move now to prove the lower bound in Proposition 6.6. We begin by proving that
the current [Ty ] is locally normal.

LEMMA 6.8. Let 2 C R”" be an open subset forn > 2, k € N, and let
flooo, fi: Q> R?

be non-constant K -quasiregular maps for some K > 1 suchthat maxe(1,.. xy N(f}) < oo.
Letg=(f1,..., f): Q= R" and T = g(Q) CR¥. Let y € T and r > 0 be such that
g NTy,) € Q. Then

8Bk,1(y’r)[[‘y,,] =0.
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Proof. Since Qy, =g '(T',,) € Q, the map g|y , is also in W!*(Q, ,, R*"). Hence,
by e.g. [7, Proposition 4.1], for every w € Cé’"(/\”_1 B*"(y, r)), we have dg*w = g* dw €
LY(A"Qy ) and g¥*w € LY =D (A"=1Q, 1), where dg*w is defined in the weak sense,

that is,
/ wdg*a):—/ dy AN gfw
Q Q

y.r y.r
for every ¥ € C3°(82y,,).
Since g*w is compactly supported in €2, ., there exists, by a standard convolution
argument, a sequence (w;) of (n — 1)-forms in Cgo (/\”_IQW) for which w; — g*w in
LD (A1) ) and dwj — dg*w = g* dwin L' (A"Q,,) as j — oo. Thus

dpgin(y [Ty rl(@) =Ty 1(dw) = / g¥dw= lim dwj =0,

Q;xr J—0 Qy,r

that is, the boundary dpin(, [Ty, -] vanishes. O
Currents [I'y , ] restrict naturally to currents [Ty ;] for ¢z € (0, r).

LEMMA 6.9. Let Q C R" be an open subset forn > 2, k € N, and let
flooo, fi: Q> R?

be non-constant K -quasiregular maps for some K > 1 such that max ey, xy N(f}) < oo.
Letg=(f1,..., fi): Q= R and I’ = g(Q) CR¥". Let y € I" and r > 0 be such that
g_l(Fy,,) € Q. Then, for everyt € (0, r),

[Ty, JB* (y, 1) = [Ty 1.

Proof. Lett € (0, r) and let (A;) be an increasing sequence of compact subsets exhausting
Bk”(y, 1), that is, Bk”(y, t)= U;’O:l A;. Forevery i e N, let ¢; € Cgo(Bk” (v, 1)) be a
function for which 0 < ¥; <1 and V|4, = 1. Then

(ITy LB " (y, )i = [Ty 1 .

Let
[Ty, 1() = f (- T)dur
Q\'.r

be an integral representation of 7 = [T ;] as in (5.1).

For any w € Cgo(/\"]Rk”), by 2y ; € Q and the inner regularity of the Radon measure
ur, we have

[((ITy 1L BX (v, 1)) (@) — ([T 1L B* (v, D) ()]
< o, T)|pr Ry, \ g7 (A) = 0

asi — oo.
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Since Jy; € Ll
Lemma 6.4, that

I([Ty,rlepi) (@) — [Ty J(@)]| =

(©2) and 2, ; € 2, we have for every w € C{)’O(/\”Rk”), by (6.6) and

[
Q}'J\g_l A;

k

< don"?kM* 1k Zf Jg, dH" — 0
i—1 Qy\e 1A '
j=17%
asi — oo.
Having these estimates at our disposal, we conclude that, for each w € C§° (A"R¥™), we
have
(ITy 1B (v, 0)(@) = lim (T 1B (v, )9 (@)
i—
= ,lirgo([Fy,r]Lilfi)(w) =Ty, l(w).
11—
This completes the proof. O

6.2.2. Slicing and isoperimetric estimates for [I'y 1. The first step towards the lower
Abhlfors bound is the following slicing estimate for [I'y . ]—this is one of the key estimates
in the proof of the lower Ahlfors bound.

LEMMA 6.10. Let Q C R" be an open subset forn > 2, k € N, and let
flooos fi: Q> R?

be non-constant K -quasiregular maps for some K > 1 suchthat maxje(1,... xy N(f}) < oo.
Letg=(f1,.-., fr): Q— R gnd T = g(2) CR¥. Let y € T and r > 0 be such that
g_l(Fy,r) € Q2. Then, for every t € (0, r),

1 t
MRkn([Fy’t]) > ; /0 MRkn (aRkn [Fyﬂy]) ds.

Proof. Lett € (0, r). By Lemma 6.9 and (5.3), we have that
Mgk ([Ty,/]) = MBkn(y,;)([ry,r])-
Similarly, by Lemmas 6.8 and 6.7, we have

MBkn(y’r)([ry’r]) + MBkn(y’r)(aBkn(y’r)[ry’r]) = MB’f"(y,r)([Fy,r]) < Q.
Let now hy: R™ — R be the 1-Lipschitz function x — |x — y|. Then h;l (=00, 1) =
B (y, t) and, by Proposition 5.2, we have

1 t
Mginy, 0 (Ty,r D) = " /0 Mge: (([Ty,r 1, By, s—)) ds.
Since
[Tyl By, 5=) = gy py Ty J-B (7., $)) = @ piny ) [Ty DEBX (v, )

= 3Bkn(y,r)[ry,s] - (3Bkn(y,r)[r‘y,r])LBkn(y7 5)= aBkn(y,r)[Fy,s]
and dgin(y, [Ty s]1 = Ogen [Ty 5] forall 0 < s <7 <r, we have

1 t
MRkn([Fy’t]) Z ; / MRkn (8Rkn [Fy’s]) dS
0

as claimed. O
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We finish this section with an isoperimetric estimate for the currents [I'y ,]—this is the
other key estimate in the proof of the lower Ahlfors bound.
LEMMA 6.11. Let Q@ C R”" be an open subset forn > 2, k € N, and let
flooo, fi: Q> R?

be non-constant K -quasiregular maps for some K > 1 such thatmax ey, xy N(f}) < oo.
Letg=(f1,..., fi): Q= R" and T = g(Q) CR¥. Let y € T and r > 0 be such that
g ! (I'y,r) @ Q. Then there is a constant C = C(n) > 0 depending only on n such that, for
Lebesgue almost every t € (0, r), we have

B Mg ([T, 1)
n/(n=1) o
(Mgin (Ogin [Ty 1)) z C(n)k"/?K min; N(fj).

Proof. Foreveryt € (0, r), by Lemmas 6.7, 6.5, and 6.4, we have

,,,,,

where Q, ; = g_l(Fy,,).
Let ¥, € Cj°(A"R") be a function satisfying 0 <, <1 and «;|Qy,, = H"|Qy,, as
measures, where w; = v, volgrn. Letalso j € {1, ..., k}. Then

J.

Iy, dH" < / Wi (5 ()T, (x) dH (x) = f fron= / ¢ prs o
t Q,VJ Qyj Q

¥t

= [Ty, 1(pr} @) = ((pr;)«[Ty, D (@) < Mg ((pr;)«[Ty, 1)

Y,

Thus

Mg ([T (1) < n" 2Kk < [ min N(fj)) D Mg ((pr))[Ty, D

.....

j=1
Since
Mg (0rn ((pr;)«[Iy 1 1)) = Mg ((pr;)+ 0 [y 1 1) < Mpn (3rn [Ty 11),
it suffices to, for almost every ¢ € (0, r), verify the isoperimetric inequality
Mg ((pr)«[Ty.:1) < C () (Mg (g ((pr )« [Ty 1))/ (6.9)

for each j e{l,...,k}. We show that (prj)*[Fy,,] satisfies the assumptions for the
isoperimetric inequality for n-currents in [6, 4.5.9(31)]. More precisely, we show that
(prj)«[Ty,] is locally normal and satisfies (pr;)«[T'y] =L"_g, where g: R" — Z is
measurable and compactly supported and L£" is the Lebesgue measure in R”.

Let j € {1, ..., k}. Since pr; is 1-Lipschitz, we have

Mg ((pr;)«[Ty,/]) < Mg ([T'y,r]) < 00.

By Lemma 6.10, we also have that Mg ([I"y ;1) < oo for almost every ¢ € (0, r). Thus

Mg (g ((pr;)«[I"y,11)) = Mg ((pr;)«drn [Ty 1 1) < Mpan (9n [Ty 1) < 00.
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Hence (prj)*[Fy,t] is a normal current for almost every ¢ € (0, r).
Let w € C3°(A"R"). Then, by the change of variables,

(Pr [Ty D @) = [Ty 1pr @) = /Q 8P “’Z/Q fie

_ ff N, 2, 2y00()

j(Q)',t)
= A N(fj. z, Qy.0)Xfj@,n@ ().
Thus
(prj)*[ry,t] =L"uy,
where u;: R" — N is the function z+— N(fj, z, Qy,,)xfj(gy_t). Since u#; has compact
support, we conclude that, by the isoperimetric inequality for n-currents [6, 4.5.9(31)],

there exists C = C(n) > 0, depending only on n, for which (6.9) holds. The claim
follows. a

6.2.3. Proof of Proposition 6.6. The final ingredient in obtaining the proof of
Proposition 6.6 is a variant of the Bihari—LaSalle inequality [1], which in turn is a nonlinear
generalization of Gronwall’s inequality.

LEMMA 6.12. Letn > 1 be an integer, a > 0, and C > 0. Let also g € Ll(gc_l)/"([(), al) be

a function for which g > 0 Lebesgue almost everywhere on (0, a) and

t
g >C / gV (s) ds
0

gt) > (£> "
n

Proof. Let G: [0, a] — R be the function

for almost every t € (0, a). Then

for almost every t € (0, a).

'
t|—>C/ gD/ (s) ds.
0

Then G is absolutely continuous, non-decreasing on [0, a], and positive on (0, @). Thus,

G/ Cg(n—l)/n C

1/ny/ _ — —_
(G77) = nG@e=D/n = pG0—=1)/n z n

almost everywhere on [0, a]. Since G (0) = 0, we have for almost every ¢ € (0, a) that

Cc

t t
C
g”"(r)zG”"(r)—G””(O)z/ (G (s) dsz/ —ds=—t.
0 0 n n
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Proof of Proposition 6.6. By Lemmas 6.10, 6.11, and 6.12, there exists a constant C =
C(n) > 0, depending only on n, for which

1 S
M n F | - —4in n'
Rk ([ },r]) - (Ckn/ZK mlIl] N(f])) n r

Since

(je?llin 5 N(f])>Hn (Fy,r) = M]Rkn ([Fy,r])

.....

by Lemma 6.7, we conclude that

Ty 1 n=l 1 .
) —— T
P =\ Ckn/2K min; N(f)) n2" min; N(f;)

1 n
= <C/kn(n1)/2[(n1 (min; N(f;))" >r ’
where C = C(n) > 0 and C’ = C’(n) > 0 depend only on n. The proof is complete. O
7. Proof of Theorem 1.4

In this section, we prove Theorem 1.4 using Proposition 6.1. We use the same notation as
before. Given a Riemannian n-manifold N, k € N, and a subset I’ C N¥, we denote

Iy, =Bn(y,r)NT

for y € N¥ and r > 0.
Our first goal is to prove a small-scale version of Theorem 1.4.

LEMMA 7.1. Let M and N be closed, connected, oriented Riemannian n-manifolds, and

let f1,..., fx: M — N be non-constant K -quasiregular maps M — N. Let also g =
(fi, ..., fo): M — N¥ and T = g(M). Then there exists » > 0 depending only on N
and f1 and having the property that, forall y € I" and r € (0, L/4), we have
n
1 _H' Ty

n/2

(C(m)k"/2K)*~!(min; deg fj)* = 1" < Cook K<mja;1x deg fj>'

Proof. Let M be a finite cover of M by smooth 2-bilipschitz charts (U, ¢) of M. For
each x € M, there exists a radius r, > 0 having the property that, for each r € (0, ry),
U (f1, x, ry) is anormal neighborhood of x with respect to f; satisfying (U (f1, x, 1)) =
By (f (x), r). Thus there exists a finite cover A’ of N by smooth 2-bilipschitz charts (V, )
with the property that, for each (V, ¥) € N, each component of fl_l V is contained in an
element of M.

Let A > 0 be a Lebesgue number of A/, that is, for every y € N, we have B,(y, ) C V
for some (V, ¥) € N. Note that A depends only on the first map f}, and neither on k nor
the remaining maps f;.

Let xeM, y=g(x), and O0<r <X/4. We first consider the cube of balls
0, =Bn(fi(x), A) x ... x By(fi(x),2). Then Bp«(y,r) C Q) and, for every j e
{1,...,k}, we may fix a chart (V;, ¥;) € N for which By(fj(x), 2) C V;. Let also
o=y X...XYr: Q)— Rk be a 2-bilipschitz embedding.
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We note that g~1Q; C ff] V1. Since every component of ff] V) is contained in a
chart of M, there exists a partition {W;};c; of g_1 Q,. into open sets W; C U;, where
(U;, ¢i) € M foreachi € I. Since we may further assume that the images of ¢; : U; — R”
are mutually disjoint, the map ¢: g~' Q; — R”, defined by ¢|W; = ¢;|W; for each open
set W;, is a locally 2-bilipschitz embedding.

We set now @ =¢(g~'Q;) andlet g’ = (f/, ..., f;{): @ — RM be the map g’ =0 o
go@~!. Then fi=vjof o@~! for each j e {1, ..., k). Since ¢~! and each v; is
locally 2-bilipschitz, the maps f ]/ are 2*" K -quasiregular.

We are therefore in position to apply Proposition 6.1 on g’. We denote T'/ =o(n
0N Bk (o (y), t) for t > 0, and obtain a constant C = C(n) > 0 depending only on n
for which

H'(T), ) < Cmk"*K (miax deg ﬁ)t”

and

1 n 1 n—1
n 1“/ > tn
)=z (mini deg f,~) (C(n)k”/zK)

for each ¢ > 0 satisfying (¢) "' B (o (v), t) € Q.
Since o is a 2-bilipschitz embedding, we have

B* (a5 (y), r/2) Ca(Byi(y, 1)) C B (0 (y), 2r).

Therefore,
27T, ) < HM(Ty) < 2H (T ).

It suffices now to show that (¢) ' B¥* (o (v), 2r) is compactly contained in ¢ (U). For
this, note first that o ~'B¥ (o (y), 2r) C ENk (y, 4r). Since g_IENk (y, 4r) is a closed
subset of the closed manifold M, it is compact. Since ENk (y, 4r) C Q;, we have that
g_IENk (y,4r) C g1 0y. Thus (¢) "' B¥ (o (y), 2r) is contained in the compact subset
(g "B yi(y, 4r)) of Q. o

7.1. Large-scale estimates. In order to prove Theorem 1.4, it remains to extend the
estimate of Lemma 7.1 to the radii r satisfying 1/4 <r <diam I".
The following lemma completes the proof of the Ahlfors lower bound in Theorem 1.4.

LEMMA 7.2. Let M and N be closed, connected, oriented Riemannian n-manifolds,
and let fi,..., fx: M — N be non-constant K -quasiregular maps M — N. Let
also g =(f1,..., fo): M — N¥ and T = g(M). Then there exists a constant C =
C(n, f1, M, N) > 0, depending only on n, fi, M, and N, with the property that, for each
yeTl andallr € (0, diam I'),

) > 1 r".
= (Ckn/ZK)(”—l)(miHj deg fj)n

H'(Ty,,
Proof. Let A > 0 be as in Lemma 7.1. It suffices to consider radii A/4 <r < diamT.

Since diam T < diam N¥ = k/2diam N, we have that r/(kl/2 diam N) <1
and 4r/A>1. Now, by Lemma 7.1, there exist constants C =C(n, 1) >0 and
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C' =C'(n, A, diam N) > 0 for which
'H"(Fy’,) = Hn(ry,)L/S)

-n
> C(n, 1)~ k0= D2 g =01 (mm deg f,-)
1

—n
> C'(n, A, diam N) "1 =D/2 g —(n=1) (mjn deg f,-) .
1

Hence, we have obtained the lower bound of Theorem 1.4. Moreover, since A only depends
on f1 and the Riemannian metrics on M and N, we have that C'(n, A, diam N) only
depends on n, fi, M, and N, and not on k or the other maps f;. O

For the upper bound, a similar observation as in the proof of the lower bound yields
4"
H"(Ty,) =H'(T) =< A—,,H"(F)V"-

Hence, the problem of the upper bound reduces to estimating the Hausdorff measure "
of the entire set I', and hence to a global counterpart of Lemma 6.2 on closed manifolds.
We state this as follows.

LEMMA 7.3. Let M and N be closed, connected, oriented Riemannian n-manifolds,
and let f1,..., fr: M — N be non-constant K-quasiregular maps M — N. Let also
g=f1,.-., fx): M — N¥and T = g(M). Then there exists a constant C = C(n) > 0,
depending only on n, for which

H'(T) < CK"’K (max deg f,-)H”(N). (7.1)
J

The upper bound for the Hausdorff measure in Theorem 1.4 follows now almost
immediately using Lemma 7.3 and the same observation as in the proof of the lower bound.
We record the final piece of the proof of Theorem 1.4.

Proof of Theorem 1.4. By Lemma 7.2, it remains to show that, there exists a constant
C > 0 depending only on n, M, N, and fj for which

H'(T(y, r)) < Ck"’K (max deg fj)r”. (7.2)
J

Let A > 0 be as in Lemma 7.1.

We consider two cases. By Lemma 7.1, there exists a constant C' =C’(n) >0
depending only on n for which (7.2) holds with C’ for r € (0, A/4).

Suppose now that r > A/4. Then by Lemma 7.3 there exists a constant C” = C”(n),
depending only on 7, for which

4)’!
H'(Ty,) <H'(T) < /\—nH”(F) "

4n
< e C” - H"(N) ~k"/2K<max deg f,) "
J

- C”’k”/zK(max deg fj> -,
J
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where the constant C””" depends only on n, A, and N. Since A depends only on f and the
Riemannian metrics on M and N, it suffices to take the maximum of the obtained constants
C’ and C". This completes the proof of Theorem 1.4. O

It remains to prove Lemma 7.3. Since we were unable to locate a suitable version of the
area formula for continuous Sobolev maps between closed manifolds, we give a hands-on
proof based on the area formula for Sobolev functions in charts. For this reason, we begin
by recalling a version of the Vitali covering theorem.

THEOREM 7.4. Let M be a Riemannian n-manifold and, for every x € M, let ry > 0.
Then there exists an at most countable collection of disjoint open balls B={B1, B2, ...}
Sfor which every ball B; = By (x;, r;) in the collection satisfies r; < ry, and the set M \ UB
has H"-measure zero.

Proof. A version for closed balls follows from Federer [6, Theorem 2.8.18 and §2.8.9]
(see also Heinonen [11, Example 1.15(c) and (f)]). An open ball version follows since
every small enough closed ball on M has a boundary of measure zero. O

We are now ready for the proof of Lemma 7.3.
Proof of Lemma 7.3. For each x € M, let

ry =sup{r > 0:g(By(x, r)) C Byk(g(x), A/}

Since g is continuous, we have r, > 0 for every x € M. Let BB be a countable family of
balls as in the Vitali covering theorem 7.4.

Let B € B. By the same construction as in Lemma 7.1, we obtain 2-bilipschitz
embeddings ¢: B— R" and 0 = ¥ x - - - x ¥: g(B) — R¥", where mappings Y are
smooth 2-bilipschitz charts on N. Let also again g’ = (f{, ..., f): ¢(B) — R be the
map with 2% K -quasiregular component functions fj=vjofjo ol forje{l,... k).

Hence, we may use Lemmas 6.5 and 6.4 to obtain a constant C = C(n) > 0, depending
only on n, for which

H' (o (g(B))) < / NG ¥ o(B)) dH"(Y)

o(g(B))
k
<CK*'K Y / - Tp (") dH" (x).
j=1"%

Since o is a 2-bilipschitz embedding, we have
H"(g(B)) =2"H" (0 (g(B))).

Moreover, we may also estimate

/ J g (" dH"(x") = / Jyof (w‘l(x/))Jw—l (") dH" (x")
pB) @(B)
=/;;J¢joff(z) dHn(Z)Z/l;J]//j(fj(Z))ij(Z) dH"(z)

52"/ Jf (@) dH" (2).
B
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Now, by combining these estimates for all B € 5 and absorbing the constants into C(n),
we obtain

k
HgUB) = CoR kY [ gy an
i=1 uB

SC(n)k"/ZK(max/ s, d’H”)
J M

= C(n)k"*K (max deg fj)H”(N).
J

Finally, since g satisfies the Lusin condition, we have that g(UB) has full H"-measure in
I', and the claim follows. O

8. The entropy upper bound: Proof of Theorem 1.1
In this section, we conclude the proof of the entropy equality 4 (f) =log deg f. We give
first the entropy upper bound in the case of quasiregular self-maps and then finish the proof
of Theorem 1.1. The argument is otherwise the same as in [8, Ch. 5].

In the following theorem, we use the notation K (f) for the smallest distortion constant
of the quasiregular map f: M — M.

THEOREM 8.1. Let f: M — M be a K-quasiregular self-map on a closed, oriented, and
Riemannian n-manifold M. Then

h(f) <logdeg f + n - lim sup

k—o00

log K (f*
OgT(f)glogdegf—knlogK.

Proof. Let M be a closed, connected, and oriented Riemannian n-manifold, n > 2,
K >1, and let f: M — M be a non-constant K-quasiregular self-map. Recall that, by
Theorem 3.1,
h(f) = h(C¢dy, ) <lov(Tdqy,, /) — lodn(Tdq,,, £))s
where I'(q,,, /) = (dy, f)(M) C M? is the graph of f. For each ke N, let g :=
Gdwy, £ f2 ... 5 M — MM and
[y, := gr(M) = Chaing (I'gq,,, 1))-

By Theorem 1.4, there exists C = C(n) > 0, depending only on #, such that, for each

y € Chaing (I'Gq,,, 1)) and & € (0, diam M), we have
H" (Chaing (I ia,,, £)) N Di,0o(y, €)) = H" (Chaing (T'a,,, 1)) N Byk+1(y, €))

n

&
= C U DPRE T

Thus

2

1 C - (k ln/zK k\yn—1.—n

—lodn(T'ig,,, f)) < liminf lim sup og(C - (k+ D" “(K(f* )" &™)
E—>

k— 00 k

-1
= lim inf lim sup(n 3 log K(fk)>

>0 oo
log K (f*
— (1 1) lim sup 2EKUD)

k— 00 k

8.1)
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On the other hand, we have either by Theorem 1.4 or by Lemma 7.3, that
H" (Chaing (Tayy, 1)) < C - (k + 1" K (f*)(deg f)* - (diam M)".
Thus

1
1ov(Td,,. 1)) < lim sup . log(C - (k + 1)"K (f*)(deg f)*(diam M)")
k—o00

log K (f*
— log deg f -+ lim sup XU (8.2)
k—00 k
Combining the estimates (8.1) and (8.2), we obtain the upper bound
log(K (f*))
h(f) < IOV(F(idMﬁf)) — lodn(F(idM,f)) <logdeg f + n%
Since K (f*) < K*, the proof is complete. O

Proof of Theorem 1.1. The lower bound h(f) > logdeg f follows from the variational
principle and the lower bound A (f) > logdeg f in Proposition 4.1 for the invariant
measure (i ¢. Thus it remains to prove the upper bound using the variant of Gromov’s
argument we discussed in the previous section. Since K (f k) < K for each k € N, the
upper bound A (f) <logdeg f follows immediately from Theorem 8.1. O
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