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Maximal subgroups of nontorsion
Grigorchuk—Gupta—-Sidki groups

Dominik Francoeur and Anitha Thillaisundaram

Abstract. A Grigorchuk-Gupta-Sidki (GGS)-group is a subgroup of the automorphism group of the
p-regular rooted tree for an odd prime p, generated by one rooted automorphism and one directed
automorphism. Pervova proved that all torsion GGS-groups do not have maximal subgroups of
infinite index. Here, we extend the result to nontorsion GGS-groups, which include the weakly regular
branch, but not branch, GGS-group.

1 Introduction

The automorphism group of an infinite spherically homogeneous rooted tree is well
established as a source of interesting finitely generated infinite groups, such as finitely
generated groups of intermediate word growth, finitely generated infinite torsion
groups, finitely generated amenable but not elementary amenable groups, and finitely
generated just infinite groups. Early constructions were produced by Grigorchuk [10]
and Gupta and Sidki [13] in the 1980s, which then led to a generalized family of so-
called GGS-groups.

An important type of subgroup of the automorphism group of an infinite spheri-
cally homogeneous rooted tree is one having subnormal subgroup structure similar
to the corresponding structure in the full group of automorphisms of the tree. These
subgroups are termed branch groups (see Section 2 for the definition).

The study of maximal subgroups of finitely generated branch groups began with
the work of Pervova [14, 15], who proved that the torsion Grigorchuk groups and the
torsion GGS-groups do not contain maximal subgroups of infinite index. Bondarenko
[3] gave the first example of a finitely generated branch group that does have maximal
subgroups of infinite index. His method does not apply to groups acting on the binary
and ternary rooted trees. However, recently Francoeur and Garrido [8] provided the
first examples of finitely generated branch groups, acting on the binary rooted tree,
with maximal subgroups of infinite index. Their examples are the nontorsion Suni¢
groups. For an extensive introduction to the subject of maximal subgroups of finitely
generated branch groups, we refer the reader to [8].
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Francoeur and Garrido (see [6]) have further shown that certain nontorsion
GGS-groups, namely the generalized Fabrykowski-Gupta groups, one for each odd
prime p, do not have maximal subgroups of infinite index. In this paper, we extend
this result to all nontorsion GGS-groups. We recall that a GGS-group acts on the
p-regular rooted tree (also called the p-adic tree) for p an odd prime, with generators
a and b, where a cyclically permutes the p maximal subtrees rooted at the first-level
vertices, whereas b fixes the first-level vertices pointwise and is recursively defined
by the tuple (a“, ..., a°', b) which corresponds to the action of b on the maximal
subtrees, for some exponents ey, ..., e, € IFp.

Theorem 1.1  Let G be a GGS-group acting on the p-regular rooted tree, for p an odd
prime. Then, every maximal subgroup of G is of finite index. Furthermore, if G is branch,
then every maximal subgroup is normal and of index p in G.

There is only one GGS-group that is weakly branch but not branch; this is the GGS-
group G where the automorphism b is defined by (a,...,a,b). For the group G, it
turns out that there are maximal subgroups that are not normal, nor of index p in G.
Furthermore, there are infinitely many maximal subgroups (see Proposition 5.11).

We recall that two groups are commensurable if they have isomorphic subgroups
of finite index. The following result is a consequence of the work of Grigorchuk and
Wilson [12], and the proof follows exactly as in [1, Corollary 1.3].

Corollary 1.2 Let G be a branch GGS-group acting on the p-regular rooted tree, for p
an odd prime. If H is a group commensurable with G, then every maximal subgroup of
H has finite index in H.

1.1 Organization

Section 2 contains preliminary material on groups acting on the p-regular rooted
tree. In Section 3, we formally define the GGS-groups and state some of their basic
properties. In Section 4, we set up the scene to prove Theorem 1.1, whose proof we
complete in Section 5.

1.2 Notation

Throughout, we use the convention [x, y] = x™'y"'xy and x” = y'xy. For a group
acting on a rooted tree, we always use the right action.

2 Preliminaries

In the present section, we recall the notion of branch groups and establish prerequi-
sites for the rest of the paper. For more information, see [2, 11].

2.1 The p-regular rooted tree and its automorphisms

Let T be the p-regular rooted tree, for an odd prime p. Let X = {1,2,..., p} be an
alphabet on p letters. The set of vertices of T can be identified with the free monoid

https://doi.org/10.4153/50008439521000898 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439521000898

Maximal subgroups of nontorsion Grigorchuk—Gupta-Sidki groups 827

X*, and we will freely use this identification without special mention. The root of T
corresponds to the empty word &, and for each word v € X* and letter x, an edge
connects v to vx. There is a natural length function on X*, and the words w of length
|w| = n, representing vertices that are at distance #n from the root, form the nth layer
of the tree. The boundary 0T consisting of all infinite simple rooted paths is in one-
to-one correspondence with the p-adic integers.

For u a vertex, we write T,, for the full rooted subtree of T that has its root at u and
includes all vertices v with u a prefix of v. For any two vertices u and v, the subtrees
T, and T, are isomorphic under the map that deletes the prefix u and replaces it by
the prefix v. We refer to this identification as the natural identification of subtrees and
write T, to denote the subtree rooted at a generic vertex of level .

We observe that every automorphism of T fixes the root and that the orbits of Aut T
on the vertices of the tree T are precisely its layers. Let f € Aut T be an automorphism
of T. The image of a vertex u under f is denoted by u/. For a vertex u, considered as
a word over X, and a letter x € X, we have (ux)/ = u/x" where x’ € X is uniquely
determined by u and f. This gives a permutation f(u) of X, so that

(ux) = u/ x5,

The permutation f(u) is called the label of f at u. The automorphism f is called rooted
if f(u) =1for u #+ @. The automorphism f is called directed, with directed path ¢ for
some ¢ € 9T, if the support {u | f(u) # 1} of its labelling is infinite and contains only
vertices at distance 1 from .

The section of f at a vertex u is the unique automorphism f,, of T' = Tj,| given by
the condition (uv)f = u/v/u for v e X*.

2.2 Subgroups of Aut T

Let G < Aut T. The vertex stabilizer stg(u) is the subgroup consisting of elements in
G that fix the vertex u. For n € N, the nth level stabilizer Stg(n) = Nj,-,ste(v) is the
subgroup of automorphisms that fix all vertices at level n. We emphasize the difference
in the notation of vertex stabilizers and level stabilizers, which aims to avoid confusion
from the fact that the first-level vertices of T are often identified with the elements of
X. Note that elements in Stg (n) fix all vertices up to level n and that St (n) has finite
index in G.
The full automorphism group Aut T is a profinite group:

Aut T = lim Aut T,
<«

n—oo

where Tj,; denotes the subtree of T on the finitely many vertices up to level n.
The topology of Aut T is defined by the open subgroups Stau(n), for n € N. For
G < Aut T, we say that the subgroup G has the congruence subgroup property if for
every subgroup H of finite index in G, there exists some n € N such that Stg(n) < H.

For n € N, every g € Stay 7(n) can be identified with a collection gi, ..., gyn of
elements of Aut T, where p” is the number of vertices at level n. Denoting the vertices
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of T atlevel n by uy, ..., u,n, there is a natural isomorphism

Stawt T(n) 2 Hil Aut T,, = Aut T, x P x Aut T,.

Recall that Aut T, is isomorphic to Aut T via the natural identification of subtrees.
Therefore, the decomposition (gi, ..., gy ) of g defines an embedding

Y Stawe 7(n) — Hil Aut T, = Aut T x Pl Aut T.

For convenience, we will write y = y;.
For w € X*, we further define

Qo Stane (W) > Aut T, 2 Aut T

to be the natural restriction of f € stay r(w) to its section f,,.

We write G, = ¢, (stg(u)) for the restriction of the vertex stabilizer st (u) to the
subtree rooted at a vertex u. We say that G is self-similar if G, is contained in G for
every vertex u, and we say that G is fractal if G,, equals G for every vertex u, after the
natural identification of subtrees.

The subgroup ristg (1), consisting of all automorphisms in G that fix all vertices v
of T not having u as a prefix, is called the rigid vertex stabilizer of u in G. The rigid nth
level stabilizer is the product

Ristg(n) = Hle ristg(u;) 9 G,

of the rigid vertex stabilizers of the vertices 1, ..., u pn atlevel n.

Let G be a subgroup of Aut T acting spherically transitively, i.e., transitively on
every layer of T. Then, G is a weakly branch group if Ristg(n) is nontrivial for every
n €N, and G is a branch group if Ristg(n) has finite index in G for every n € N. If, in
addition, the group G is self-similar and 1 # K < G with K x --- x K € (K n Stg (1))
and |G : K| < oo, then G s said to be regular branch over K. If the condition |G : K| < oo
in the previous definition is omitted, then G is said to be weakly regular branch
over K.

3 The GGS-groups

By a, we denote the rooted automorphism, corresponding to the p-cycle (12---p) €
Sym(p), that cyclically permutes the vertices u;,...,u, at the first level. Given
a nonzero vector e = (1, €s,...,e,-1) € (F,)?7!, we recursively define a directed
automorphism b € Stpy (1) via

y(b) = (a”,a”,...,a°™",b).

We call the subgroup G = Ge = (a,b) of Aut T the GGS-group associated with the
defining vector e. We observe that (a) = (b) = C,, are cyclic groups of order p. Hence,
whenever we refer to an exponent of a or of b, it goes without saying that it is an
element of I .

A GGS-group G acts spherically transitively on the tree T, and every section of
every element of G is contained in G. Moreover, a GGS-group G is fractal.
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If Ge = (a, b) is a GGS-group corresponding to the defining vector e, then G is an
infinite p-group if and only if Zfz_ll ej=0inTF, (cf. [11, 16]).
We also call G = (a, b) a generalized Fabrykowski-Gupta group if

w(b) = (a1,...,1,b)

(see [6]). By [5, Theorem 2.16], it follows that a GGS-group whose defining vector con-
tains only one nontrivial element is conjugate in Aut T to a generalized Fabrykowski-

Gupta group.
We write § = (a, b) with y(b) = (a, ..., a,b), for the GGS-group arising from the
constant defining vector (1,...,1). It is known that G is weakly regular branch [5,

Lemma 4.2] but not branch [4, Theorem 3.7].

For all other GGS-groups G # G, we have from [5] that G is regular branch over
y3(G). Furthermore, from [4],a GGS-group G has the congruence subgroup property
and is just infinite if and only if G # G; we recall that an infinite group G is just infinite
if all its proper quotients are finite.

The following result is useful.

Lemma 3.1 For G a GGS-group, let g € G' and write y(g) = (g1,...,8p)- Then,
a8 ...g€G.

Proof It suffices to show the statement for g = [a, b]. As [a,b] = (b™')“b, we have
that y([a, b]) = (b™'a®,a%"4,...,a%"%2,q %-1p), and the result follows. [

As evident in the proof of the above result, all actions of group elements on the tree
T will be taken on the right.

3.1 Length function

Here, we recall the following items from [15]: the abelianization G/G’ of a GGS-group
G and a natural length function on elements of G.
Let G = (a, b) be a GGS-group acting on the p-regular rooted tree T. We consider

H={a,b|a?=b"=1),

A A

the free product (@) * (b) of cyclic groups (@) = C, and (b) = C,,. There is a unique
epimorphism 71: H - G such that @ ~ a and b ~ b, which induces an isomorphism
from H/H' = (&) x (b) = C; to G/G' (see [15]).

Let h € H. Recall that / can be uniquely represented in the form

Al 2 Al 2 A O 2 Al
h:al.b’gl.az.bﬁz...a .bﬁm.am‘“,

where meNu {0}, ai,...,ama€F, with a;#0 for ie{2,...,m}, and
ﬁl,...,ﬁmEF;.

We denote by |h| = m the length of h, with respect to the factor (b). Clearly, for
hy, hy € H, we have

(3.1 [hiha| < [y + |hal.
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Then, for G = (a, b) a GGS-group, the length of g € G is
gl =min{[h| [ h e ™' (g)}.
Based on (3.1), we deduce that for g;, g € G,
(3.2) |8182] < lg1] + |gal-
We end this section with the following result from [1], specialized to the setting of

GGS-groups:

Lemma 3.2 [1, Lemma 4.4] Let G be a GGS-group, and g € Stg(1) with y(g) =

(81>--->8p). Then, Zf;l lgil < |gl, and |g;j| < L"‘T)rlforeachje {1,...,p}.
In particular, if |g| > 1, then |g;| < |g| for every je {1,..., p}.

3.2 The GGS-group defined by the constant vector

Due to the group G not being branch, some further properties of § need to be
established for the next section.
By [5, Lemma 4.2], the group § is weakly regular branch over K’, where K =

((ba™)* |ie{0,...,p—1})5.

Lemma 3.3 Let G and K be as above. Then, K' is a subdirect product of K x RANY
and y(K') > y3(K) x Loy y3(K).

Proof This is similar to [9, Proof of Proposition 17]. We first show that K’ is a

subdirect product of K x - x K. Indeed, writing y; = (ba’l)“i for0<i<p-1,we
have, for 0 < i < j < p -1, that

y(oyiD) = ()" (7)Y b b7 )
{(1, £3La7ba,b7a, 1700 LaT bt a7 b L) i > i

(1,i3,1,a%ba, b2a?, a7 'b,1,...,1) ifj=i+1,
(L3, 2, 7L L7702, 3 1, 1,00 0) ifj>i+1,
L34y, (') % L. .00 0) ifj=i+1,

hence the result.

Thus, for every kj € K, there is some g € K’ with y(g1) = (ki, *,...,*). As G is
weakly regular branch over K, for every k, € K', there is some g, € K’ with y(g;) =
(k2,1,...,1). Therefore, ¥([g1, g2]) = ([k1, k2], 1,...,1), and the second part of the
lemma follows. [ ]

Proposition 3.4  Let G be the GGS-group defined by the constant vector. Then, every
proper quotient of G is virtually nilpotent and has maximal subgroups only of finite
index.
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Proof  For the first statement, using [7, Theorem 4.10], it suffices to show that §/K"’
is virtually nilpotent. As §' /K" is of finite indexin §/K", it suffices to show that §'/ K"’

is nilpotent. Because y(3') < K x P xK by [5, Lemma 4.2(iii)], the result follows
from the second part of the previous lemma.

The second statement is immediate, because every virtually nilpotent group has
maximal subgroups only of finite index: indeed, a nilpotent group G has ®(G)
containing G’ (see [17]). Then, every maximal subgroup of a nilpotent group G is
normal and hence of finite index. As the property of having only maximal subgroups
of finite index passes to finite extensions [6, Corollary 5.1.3], we have that virtually
nilpotent groups have maximal subgroups only of finite index. ]

4 Prodense subgroups

In the present section, we lay out the strategy for proving Theorem 1.1, where it suffices
to restrict to nontorsion GGS-groups in light of [15].

We recall that a subgroup H of G is prodense it G = N H for every nontrivial normal
subgroup N of G. Let G be a finitely generated group such that every proper quotient
of G has maximal subgroups only of finite index. Then, by 7, Proposition 2.21], every
maximal subgroup of infinite index in G is prodense, and every proper prodense
subgroup is contained in a maximal subgroup of infinite index.

We now recall a key result concerning prodense subgroups of weakly branch
groups.

Proposition 4.1 (7, Lemma 3.1 and Theorem 3.3]  Let T be a spherically homogeneous
rooted tree and G a weakly branch group acting on T. Suppose that every proper quotient
of G has maximal subgroups only of finite index. If H is a prodense subgroup of G, then
H, is a prodense subgroup of G, for every vertex u of T. Furthermore, if M < G is
a proper subgroup, then M, < G, is a proper subgroup, and if M < G is a maximal
subgroup of G of infinite index, then M,, is a maximal subgroup of G, for every vertex
uofT.

Note that every proper quotient of a branch GGS-group has maximal subgroups
only of finite index, because proper quotients of branch groups are virtually abelian
(cf. [7, Proposition 2.22]). This, and Proposition 3.4, allows us to use the above
proposition to show that nontorsion GGS-groups G do not possess proper prodense
subgroups: for a prodense subgroup M of G, we will show that there exists a vertex u
of T such that M,, = G. This then shows that M is not proper.

For G a nontorsion GGS-group and M a prodense subgroup of G, it remains to
show that there exists a vertex u of T such that M, = G. The following result was
proved in a more general setting in [1], but it was stated for dense instead of prodense
subgroups M. However, the proof, and hence the result, still holds for prodense
subgroups.

Proposition 4.2 [1, Proposition 5.4] Let G = {(a,b) be a GGS-group that is not

conjugate to a generalized Fabrykowski-Gupta group, and let M be a prodense subgroup
of G. If b € M, then there exists a vertex u of T such that M, = G.
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It follows from the above result that it suffices to show that b € M,, for M a prodense
subgroup of G and u a vertex of T. This will be done in the next section.

5 Obtaining b

For G = (a, b) a nontorsion GGS-group with defining vector e = (e, ..., ep_1), we

write A := Zf;ll e; # 0. Furthermore, we write g =g- h when gh™' € G’, for elements
g heG.

Lemma 5.1 Let G = (a,b) be a nontorsion GGS-group, and let g € G be such that
g =¢ b forsomet 0. Foru € X, write 9,,(g) =g+ a™b™ for some n,, m, € F,. Then,
exactly one of the following cases is true.

(1) There exists u € X such that m,, + 0 but n,, = 0.

(2) Forallue X, ifm, # 0, then n, # 0. Furthermore, there exist at least two vertices
uy, uy € X such that n,, + Amy, for k € {1,2}, and there exist at least two vertices
v1, v2 € X such that m,,, m,, # 0.

Proof Asg=¢ b', it follows that
jrya't (pinya L (pinya™
g=")" (b7?)* ()",

forsomeneN,h,..., 1, e Fpwith Iy # Iy forl<k<n-1andji,...,j, € Fywith
ZZ:I jk = til’l ]FP‘
Now, for u € X, we have ¢, (g) = gou(b”’l1 )jlgou(b“l2 )jz~~~(pu(b“1" )/, and because

i a1t ifl+u
u b)) = ’
pu(6?) {b if1=u,

we have ¢, (g) =g a"*b™ with

mu = Z jka
where the sum is taken over all k such that [ = u, and
p-1 p-1
(5.1) n, = Z ey_im; = Z ejmy_j.
i=0 j=1
1+U
It is clear that Cases 1 and 2 are mutually exclusive. Thus, it suffices to show that if

Case 1 does not hold, then Case 2 does. So we assume now that Case 1 does not hold.
Suppose that n, = Am,, for all u € X. Then,

p-1
Z ejm,_j—Am, =0 forallueX.
=1
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This is equivalent to

mp mp_l
Mp_1 Mp_>
(61,...,61,_1,—/\)' :(61,...,613_1,—/1)' = e
my mi
my mp
m
mp
"':(61,...,€p,1,—A)' =0.
ms
my
In other words,
mp mp,l my
Mp_1 Mp_y mp
(5.2) : , : e :
my my ms
my mp my
are all in the subspace orthogonal to (e, ..., €p-1> —1). However, the vectors in (5.2)

form the rows of a circulant matrix. The rank of this circulant matrix is less than p if
and only if Zle m; = 0 (cf. [5, Lemma 2.7(i)]). However, Zle mi=Yp jk=t+0.
Thus, there is at least one vertex u; € X such that n,, # Am,,.

Suppose that there is only one such u;. Then, n, = Am,, for all u # u;. Notice that
we have

p-1 p-1 p-1
DM = ) D e M= D ) €= )¢ Y, mu = A ) my.

ueX ueX j=1 j=l ueX j=1  ueX ueX

Hence, we have

My + A Zmu:/\me

u+u, ueX

which yields n,, = Am,,, a contradiction.

For the final statement, clearly m, # 0 for at least one u € X, because Y ,.x m, =
t # 0. Because we are not in Case 1, it follows that n, # 0. From (5.1), the result
follows. [

Lemma 5.2 For G a nontorsion GGS-group, let x € G be such that x =g/ b* for some
t #0, and write y(x) = (x1,%2,...,%,). If x is in Case 2 of Lemma 5.1 and if |x| = 2u

for some p € N, then there exists u € X such that x,, # 1 and |x,| < p = ‘izl

Proof  Suppose for the sake of contradiction that this is not the case. By Lemma 3.2
and using the fact that x is in Case 2 of Lemma 5.1, there exist two vertices v;, v, € X

=l andx, =1forallu e X\{v1,v,}. This means that

such that |x,, | = |x,,| = 5

Y1

x=(B7)"(67)" - (0%)" ()"
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for some iy, ...,y ji,. .., ju € F,. Because the result is true for x if and only if it is
true for x* ', we can suppose without loss of generality that

x = b (B7)" bt (b3)"
for some v € X. Let us set i = Z£=1 irand j= Z£=1 jk- Notice that i + j = t. Further-
more, because x is in Case 2 of Lemma 5.1, there must exist two vertices with nonzero
powers of b, and our assumptions then imply that i and j are both nonzero.

For all u € X\{p, v}, the elements ¢, (b) and ¢, (b* ) are both powers of a, and
thus commute. Therefore, for u € X\{p,v}, we have

5 = 9u(x) = gu(b (b)) = alestiee,
Because x,, = 1forallu € X\{p,v}, we have ie, + je,_, = 0forallu € X\{p,v}.In

other words, forall2 < k < p — 1, wehaveiey, + je(x_1), = 0. By induction, we see that

foralll < k < p—1,wehaveey, = r*le,, wherer = —%, which is well defined, because
i # 0. Notice that r # 0, because j # 0, and r # 1, because i + j = t # 0. Therefore, we

have
p-1 p-1 p-1 - p-2 . |
A:Zek:Zekv:Zr eV:eVZr =e, I =0,
k=1 k=1 k=1 k=0 r=
a contradiction. The conclusion follows. [ ]

Lemma 5.3 Let G = (a,b) be a nontorsion GGS-group with A = 1" e;. Let g€ G
be such that g =g/ a'b’ withi # 0 and j € ¥, and write g = a’ -y ((g1, 82, --» §p))-
Then, for all u € X, we have ¢,(g?) =g/ a*7b/, with |9, (g7)| < X _, gkl < |gl-

Proof  This follows as in [6, Lemma 7.2.2]. [

We will now establish the following in several steps.

Proposition 5.4 Let G = {a, b) be a nontorsion GGS-group, and let H be a prodense
subgroup. Then, there exists vo € X* such that b € H,,.

First, let us consider the set

U= {ge || H, | g=¢ a*'b’ for some i iO}.
vex*

Because H is a prodense subgroup of G and G’ is a nontrivial normal subgroup in G,

the set U is nonempty. Let y € U be an element of minimal length in U. Let v € X* be

such that y € H,. By Proposition 4.1, the subgroup H, is prodense in G, = G. Hence, if

we prove the above proposition for H,, we will also have proved it for H. Thus, without

loss of generality, we may assume that v is the root of the tree X*. Furthermore, in light

of Lemma 5.3, we have “y;” that is, an element of U of minimal length, everywhere.
Now, let us consider the set

V:{ge L] HV|gEGrbiforsomei¢0},

veX*
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and let x € V be an element of minimal length in V. Likewise, such an element exists
as V is nonempty by the prodensity of H. Let w € X* be such that x € H,,. As before,
we may assume that w is the root of the tree. Hence, using the fact that we get y
everywhere, we have y and x at the root.

If[x| = 1,thenx = a/b'a’ withi # 0Oand j € {1,..., p}. Thus, we have that ¢ (x) =
b'. As iis invertible modulo p, we obtain b € H;.

We will now show that |x| must be equal to 1. The case |x| = 0 is not possible, so
we assume that |x| > 1. In this case, there cannot exist u € X such that ¢, (x) =g/ b/
with j # 0. Indeed, because |¢,(x)| < |x|, this would contradict the minimality of
x (cf. Lemma 3.2). Therefore, according to Lemma 5.1, there exists u € X such that
¢u(x) =g+ a™b/* with i, # 0 and i, # 1j,. For this u € X, we write x,, = ¢, (x).

Furthermore, also by Lemma 5.1, there exist two vertices u;, u; € X such that
Jurs jus # 0 with i, i, # 0. Now, by Lemma 5.3, we see that ¢, (x}) € U for i € {1,2}
and v € X, and thus

] < e (xf))] < e -

Hence, using Y ,cx |%u| < |x], it follows that

(5.3) 20y < |xl.

Remark 5.5 We observe that if there is a v € X* with a” € H, for some n # 0, then
writing y =/ a*/b’ for some j # 0, the product of y with a=*/ yields

el <yl

which contradicts (5.3), and so we are done in this case. Hence, in what follows, we
will assume freely without special mention that a ¢ H, for all v € X*.

Lemma 5.6  In the set-up above, in particular, assuming that |x| > 1, let v € X* be any
vertex, and let z € H,. If z # 1, then |z| > |y/.

Proof = Without loss of generality, we may assume that z ¢ St (1). Indeed, other-
wise, because z is nontrivial, there must exist some w € X* such that z € stg(w) and
¢w(z) ¢ Stg(1). As we have |z| > |¢,,(2)], it is sufficient to show that |¢,, (z)| > |y|.
Thus, we may assume that z ¢ Stg (1). Hence, we have z =g/ a’=b’: for some iy, j, € F,
with i, # 0.

Notice that for all u € X, we have ¢, (z”) =g a*/+b/z by Lemma 5.3. In particular,
if j, # 0, by the minimality of |y|, we must have |¢, (z?)| > |y|. Because Lemma 5.3
also says that |z| > |¢, (z?)], the conclusion follows in this case.

Thus, it only remains to treat the case where j, = 0. Let us assume, for the sake of
contradiction, that we have || < [y, and let j, # 0 be such that y =g/ a*/»b/». Because
j. = 0, there exists k € {1,2,..., p— 1} such that z¥y =, b/». By Lemmas 3.2 and 5.3

together with (3.2), for all u € X, we have |, (z"y)| < |2| + MH

< 2|y|. If there were
some u € X with ¢, (z¥y) =¢ b’ for some I # 0, by the m1n1mahty of |x|, we would
have that |x| < |9, (z*y)| < 2|y|, a contradiction to (5.3). Thus, by Lemma 5.1, there
must exist two vertices uy, 4, € X such that ¢, (z*y) =g/ a™ b/ with iy, j,, # 0, for

le{1,2}.
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Letuswrite y =a” -y ((y1,...,yp)) andz=a" - y"'((z1,...,2,)). Forany u €
X, we have, remembering that we act on the tree T on the right,

9u(z"y)
-1 aiz a2z a—kiz
Zun(l// (2152 22p)" (212.222p)" o (215.22p) (yl,...,yp)))
= Zu+iZu+2i," " Zu+ki, Yu-
We also have
9u(z7y)
- (pu(y/’l((zfl,...,z;l)(zfl,...,z;l)“”...(zl’l,,..,zfl)“

_ 1_-1 -1
=Zy Zu—iz..'zu+(k+1)izyu'

(p—k-1)iz

Greon)

As ¢, (zP) =¢ 1, we have

0u(2"y) =6 9u(2")pu (2" Py) =6 9u(2*y).

In particular, this means that for u € {uy, u, }, we have
9u(27y) =61 pu(2'y) =g a™ b7,

with iy, j, # 0. We have seen above that this implies that |¢, (zX?y)|, |9, (25 y)| > |y].
Because Y.7_ |y,| < |y, there must exist some u € {u;, u,} such that |y,| < | | For
this u, we have

k
|(Pu(zky)| < |yu| + Z |Zu+niz|>
n=1

and

p—k-1
|fPu(Zk_p)’)| < ‘)’u‘ + Z |Zu—niz|‘

n=0
Because Y771 |Zu—ni.| < 2|, we must have that one of $X_, 2,4 ni.| or X2 k- |Zu—ni.|

is at most % Consequently, we either have

z
LT

pu D) <l + 2 < 22

or |9, (z¥"?y)| < |y|. In either case, we get a contradiction, as required. |

The following result is essential. First, let us write y = a” -y ((y1,...,¥,)) =¢’
a*Jrbiy, for some j, # 0 and i, = 1j,. By abuse of notation, we will still write y for
¢, (y?) for any u € X (cf. Lemma 5.3). In addition, for notational convenience, we
sometimes write z, or (z1,...,2,), for ¢,(2), where z =y ((z1,...,2,)) € stg(v)
andv € X*\{g}.

Lemma5.7  Inthe set-up above, in particular assuming that |x| > 1, there is an element
w € H,, for somev € X*, withw =g/ a"b™ for n + Am, n + 0 and |w| = |y|.
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Proof Let

W:{ge L] Hy | g=¢ a"b™ for some m,n with n #0,n # Am

veX*

837

I

and let w € W be an element of minimal length. We need to show that |w| = |y|. Let

us first remark that |w| < \L2| Indeed, because |x| > 1, it follows from Lemma 5.1 that
there exist uy, 4, € X such that x,,,x,, € W. Because |x,,| + |x,,| < |x|, we conclude

that |w| < min{|x,, |, |x.,|} < &L

Let us write w = a” - y~'((wy,...,wp)). There exists k € {1,2,...

k —

,p—1} with

vk =6/ y¥°P =6/ a"b*ir. Using y, or more precisely the projection of some power of y

to the vertex where w lives, to cancel a” in w yields

i (k-D)iy

7wl = (O -y Oy ) O )
= et ey, W

<ty |+ ]
k-1
(54) < Z |yv—diy‘ + |Wv|)
d=0

and

(P W)l = amtoryiy = pomiy o0y 90 ey, il

< |yv—(p—1)iy"'yv—kiy| + |wy
p-1
(5.5) <Y | Yvmdiy |+ Iy,
d=k

forv e X.
Because 25;(1) lyv-ai| < |y| for v € X, we have

x| 1 3x|+2
< —

i * =k <M+ <M+M+l<
min {167 w17 < 2 < 2B T
and
_ _ x
ma {1y 4oL 1OFSwul} <ol bl < 2 BT
making use of (5.3).

"’WP))V|

>

As we will see, this implies that there exists a w; € {(y‘kw)v, (P~ *w), | ve X}

such that w; € W and |wy| < M

Indeed, if y~*w is in Case 1 of Lemma 5.1, then there exists v € X such that
(y*w), =¢ b" for some t' # 0. By the minimality of |x| and the above inequalities,

we must have |x| < |(y™*w),| < W

. This is only possible if |x| < 2, and because we

assume that |x| > 1, this implies |x| = 2, and so |y| =1 by (5.3). Notice that because

|x]+1
2

|x| = 2, we cannot have |x| <|(y*w),| <
|x|+1
2

we must have |(y?*w),| <
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|(yP~*w),| <1< Lzlwl, where the last inequality follows from Lemma 5.6 applied
to w # 1. Notice that (y?*w), = (), (y *w), =¢ a*irbi»** with Ajy # 0. Thus, in
this case, w; = (y*~¥w), has the required properties.

By symmetry, if y*~%w is in Case 1 of Lemma 5.1, then we can also find some w) of
the required form. Thus, it only remains to check the case when both y~*w and y?~*w
are in Case 2 of Lemma 5.1. In this case, there exist at least two vertices v;, v, € X such
that (y~*w),, and (y~*w),, have nonzero total a-exponent differing from A times
their total b-exponent, and it follows from Lemma 5.3 that (y*~*w),, and (y?~*w),,
satisfy the same property. Because |w,, | + |w,,| < |w|, we can assume without loss of
generality that |w, | < % Then, we have

o ] .
min (|G )b 7w} < 2o < P,

and we set w; as the smallest of these two elements.

We have thus found some w; € W with |w| < LZM By the minimality of |w|, we
have |w| < |wy|, and so |w| < |y|. As we have |y| < |w| from Lemma 5.6, we conclude
that |w| = [y/|. [

Finally, to prove Proposition 5.4, we return to our assumption that |x| > 1. We will
now obtain a contradiction using the above results. Hence, |x| = 1, as required.

We will use w from Lemma 5.7 to show that there exists a g € | |,cx+ H, with 0 <
|g| < [y], which will contradict Lemma 5.6.

As before, we write y = a” -y~ ((y1,...,y,)) =¢- a’7b/» for some j, # 0 and
so iy = Aj,. From Lemma 5.7, we have w € H, for some v € X* with w = a"b™
for n# Am, n#0 and |w| = |y|. Let k € {1,2,..., p — 1} be such that y* =5, a"b*/.
There must exist at least two vertices vy, v, € X such that (y*w),, and (y~*w),, have
nonzero total a-exponent differing from A times their total b-exponent. Indeed, as we
saw in the proof of the previous lemma, both y~*w and y?~*¥w must be in Case 2 of
Lemma 5.1, unless possibly when |x| = 2 and |y| = 1. As we will now see, this last case is
impossible. Certainly, if|x| = 2, |y| = 1and one of y*w or y?~%w is in Case 1 of Lemma
5.1, then there exists u € X such that (y*w), =g/ b' or (y*"*w), =g b*" for some
t' # 0. For concreteness, let us assume that (y*w), = b"’; the other case is similar.
Because |y| = |w| = 1, there exist i}, iy, i3, is € {0,1,..., p— 1} such that y = a'bira™
and w = a®b™a'™ (in particular, notice that we have i; + i, = iyand i3 + iy = n, where
these equations are taken modulo p). A direct computation then yields that

)/_kW _ a—iz(b—jy)(b—jy)ail'.“(b—jy)a(k_l)i}’aiz—kiyais bmai4

— (b_jy)lliz (b_jy)aiz+iy ”'(b_jy)uiz-*-(k—l)i}, (bm)a”“'3 .
Therefore, we have

O W) = (07 )umia (077 Yumiamiy (07 iy )iy (6" Vi
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Using the fact that for v € X, we have

b - a® ifve#p,
b ifv=p,

and that u — iy, u — iy — iy,...,u — iy — (k — 1), are all different vertices, we see that
there are only four different possible forms for (y*"),: a*, a*b~7a*, a*b™, or
a*b™77a*b™, where the stars represent unimportant (possibly zero) powers of a.
Because we assumed that (y*w), =g/ b', we must have 2 = |x| < |(y *w),], and
thus only the last form is possible, because the other forms yield elements of length
at most one. In particular, notice that we have t' = m — j,. Let us now consider
the element (y?~*w!'=?), = (y*),(y*w),(w™P),. Because (y?), =¢ a*/»b/» and
wP =g a ™Mb, we have (y?Fw'"P), =g, arUr=mpt+iv=m = 4= Considera-
tions of length allow us to conclude that in fact, we must have (y?*w'"?), = a™*'"
Indeed, in exactly the same way as above, we find that

p—k
OGP )= [T umiras, [T (07"
d=1

veX\{u-n+iz}

As the sets {u—iy+iy,u—iy+2iy,...,u—ir+(p—k)i,} and X\{u-n+is}
are disjoint from {u—iyu—iy—iy,...,u—-i—(k-1)i,} and {u-n+is},
respectively, and that the latter two sets both contain p by previous considerations,
we conclude that all the elements in the above product are powers of a, and thus
that (y?~*w'P), = a™**. As t' + 0, this element is nontrivial, but it is of length 0,
a contradiction with Lemma 5.6. A similar argument yields a contradiction if we
assume that y?~¥w is in Case 1 of Lemma 5.1. We conclude that both y~%w and y?~*w
must be in Case 2 of Lemma 5.1. |

w

Let u € {v},v2}. We may assume that |w,| = 5, else we are done. Indeed, other-
wise, one of |w,, | or |w,,| must be strictly smaller than bl

2
of generality that |w,,| < lzﬂ Then, either |(y™*w),,| < ‘lzl + % = [yl or |(yP*w),,| <

. Let us suppose without loss

% + % = |y|. As this contradicts Lemma 5.6, we have that
w
55 ol = o = 2,

and hence |y| = |w| = 2y for some p € N.

By symmetry, that is, by considering w* y for some k', it likewise follows that only
two first-level sections of y are of nonzero length and that the sum of their length must
be |y|. Let i1, i, € X be such that

|y
il = |yil = Py =4

If k =1, then |x| < [y~'w| < |y| + |w| = 2|y| and hence |y~'w]| = 2|y| by (5.3). There-

fore, it follows from Lemma 5.2 that there exists u € X such that (y~'w), #1 and
|(y7'w)u| < |y|. As this contradicts Lemma 5.6, we conclude that the case k =1
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is impossible. Likewise, we see that the case k = p —1 is impossible by looking at
ypf(pfl)w = yw.
Let us now assume that 1 < k < p — 1. For v € X, recall that we have
k 1, -1 1 =
|(y W)V| = |yv yv—iy“'yv—(k—l)inV‘ < Z |yV—diy| + |WV|’
d=0

and
p-1
-k - -1 -1
(P~ )| = |(J’v—kiyyv—(k+1)iy"'}’v-(p-1)iy) wy < de Yy—di,| + |wyl.
Because we assume that |w,, | =|w,,| = D1 it follows that unless vE |yvi-di,| =

yh. |yvl,d,~y| = %I for 1 €{1,2}, then one of |(y*w)y,| or [(y*~Fw),,| is strictly
smaller than |y|, which is impossible.

Notice also that if there exists v € X\{vy, v, } such that 0 < | [T525 y;? di, | < |y, then
(y*w), is a nontrivial element of length strictly smaller than |y|, because we must
have |w,| = 0 when v is different from v; or vz As this contradicts Lemma 5.6, for all
ve X\{v,v2}, we musthaveelther|]'[d oyt di, 00r|Hd oVt di, | = |y|. Likewise,

we must also have either | [T5_ kyv di, |=0o0r|TT5 kyv dly| =y

This implies strong restrictions on 'the form of y. Recall from above that there exist
iy, ip € X such that |y; | = |y;,| = % This implies that, up to renaming i, and i, we
must have

(5.7) y=al (b)) (52)" (b )" (b )",

where s, + -+ + 53, = j,. In particular, for all u € X\{i,i,}, we have |y,| = 0. This
implies that if, for some v € X, the set {v — di,, | 0 < d < k — 1} contains exactly one of

either iy or iy, then | TTAZ) vy il = ‘y | . By the above considerations, there can be only
two such sets, namely when v = v or v = v,. As the next lemma shows, this can only
be the case if i, = i) + iy, or i = i — .

Lemma 5.8 Leti,k,iy, i, € F, be four elements of ¥, with i # 0, iy # i, and1 < k <
p-1Forallvel,, let
L ={v-di|0<d<k-1}.
If there exist two elements vy, v, € Fj, such that
I n{i,ix2}|=1 <= wve{v,n}
then either iy = iy + i or iy = i} — i.
Proof Let f:F, - IF,, be the map defined by f(x) = i~'(x — i). Asf is a bijection,
we have |f(I,) n {f(i1), f(i2) }| = |I, n {i1, ir}|, and because we have
f(L)={f(v)-d|0<d<k-1},

for all v € I, it suffices to prove the result for i =1and i, = 0
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Suppose for the sake of contradiction that i, #1,-1, and let v; e {k,k+
L,...,p —1} be the smallest element, with respect to the standard order on {k, k +
L,..., p -1}, such that i, € I,,. Note that v; exists, because Uf;,lc I,={12,...,p-1}L
Note also that because v; € {k,k +1,...,p —1}, we know that 0 ¢ I,,. We claim that
iy € I,41 and that 0 ¢ I, 4;. Indeed, we have I, ,1\I,, = {v; +1}. Thus, if we had
0 € I,,,4+1, this would imply that v; = p —1. Because k < p —1, by the minimality of
v, this would then imply that i, ¢ I;,_,, and therefore i, = p -1, a contradiction.
Similarly, because I, \I,,41 = {vi — k + 1}, if we had i, ¢ I, ;, this would imply that
i =v; — k + L. Because k > 1, we have i, < v, and so i, € I,,,_;. By the minimality of
vy, this implies that v; = k. However, this then means that i, = 1, a contradiction.

We conclude that i, € I, I, 1 and that O ¢ I,,, I, 1. Likewise, we can also find v, €
{ia+k,iz+k+1,...,ip+ p—1} such that 0€1,,,1,,+1 and i, ¢ I,,,I,,,. Clearly,
vi,v1 +1,v,, v, + 1 are four different elements, and we have |I, n {0,i,}| =1 for all
v € {v1,v1 +1,v,, v, + 1}, which contradicts our assumptions. The result follows. m

Coming back to our considerations on the form of y, we have
y=a"(b" )“i1 (b% )“i2 (b )“i1 (b )ﬂiz ,

where i = i + i, or i, = i) — i), by the previous lemma. If we had i, = i - i,, then we
would have

¢iz—iy(yp) = Vi YirYir+2iy " Vip+(p-1)iy-

From the form of y above, we see that y;, ends with b*>* and y; begins with b*,
which implies that |y;, y;,| <[yi,| + |yi,| - 1. Consequently, we have |¢;, i, (y?)] <y,
a contradiction to the minimality of y by Lemma 5.3. We conclude that we must have
i=i+ iy

To finish the proof, it suffices to show that if y is of the above form, then one of
(y?),, or (y?),, is not. Indeed, we can then repeat the whole argument above with
y' = (y?), and w' = (y~*w), for the corresponding v € {v;,v,} and we will reach a
contradiction.

Let us then prove this last claim. Suppose that

(58) )/ _ aiy(bsl)a'l (sz)aiHiy“.(szy_l)a’l (sz”)alﬁi)’ .
For u € {v1,v,}, we have

(yp)u = yu+iyyu+2i},"'yu+piy’

and because we have supposed above that Y521 | Vu-di,| = bl

2
%, we conclude that either u = i} or u — ki, = i,. Thus, up to renaming v; and v,, we

can assume that v = i; + ki, and v, = i,. It follows that

and that |y;,| = [yi+i,| =

(59) (yP)V] = aklyilyi1+iyakz’
where a*t = Yvitiy " Vvi+(p-k-1)iy and a* = Yot (p=k+2)iy" " Yvi+piy> and that

(5.10) (Vv = Yires, @ 1y
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From (5.8) and (5.9), we see that
(yp)v — aklbharlbfzafz__.ahy—lbtz,: akz
1

_ akﬁZi‘gl ra+ks (bt‘ )aZ?LT' Tatky (btz )azz’: ratky __.(btzy,l )a'zw—ﬁkz (btz,‘ )a"z ,

for some ty,...,t, and ry,...,75,-1 in Fp. Suppose that (y?),, is of the same form
as y, namely that there exists i3 € X such that

(7)o = @ (0 (b)) (o)
This implies that 4 = —i, if d is odd and ry4 = i,, if d is even. Therefore, we obtain
Zfi’gl r4 = —i,. Because we know from Lemma 5.3 that k; + k; + Zzgl rq =i, we
conclude that k; + k; = 2i,.

If we now turn our attention to (y?),,, it follows from (5.8) and (5.10) that

(yP)y, = a"1b"1a"u b gF R plin gt b g2,
for some t{,...,#;, and r{,...,r3, in ). Using the same reasoning as above, for
(¥*)y, to be of the same form as y, we would need either k; + k; = i), or k; + k; = —iy,
depending on the parity of p.

We conclude that (y),, and (y?),, cannot both be in the same form as y. Indeed,
this would imply that either i, = 2i, or —i, = 2i,. Because i, # 0, the first equation is
impossible, and the second can only be satisfied if p = 3. However, we assumed that
there existed some 1 < k < p — 1, which is impossible if p = 3.

Therefore, there is some u € {v;, v, } such that y’ = (y?), is not in the form of (5.8).

Setting w’ = (y*w), and repeating the whole argument above with y’ and w’ will
thus necessarily yield a contradiction. We conclude that |x| = 1, and the result follows.

Theorem 5.9  Let G be a GGS-group acting on the p-regular rooted tree, for p an odd
prime. Then, G does not contain any proper prodense subgroups.

Proof By [15], it suffices to consider the nontorsion GGS-groups G. Furthermore,
we may suppose that G is not conjugate to a generalized Fabrykowski-Gupta group,
as otherwise the result follows by [6, Theorem 7.2.7]. Suppose on the contrary that
M is a proper prodense subgroup of G. By Proposition 4.1, for every vertex u € X*,
we have M, is properly contained in G,. However, by Propositions 4.2 and 5.4,
there exists v € X* such that the subgroup M, is all of G. This gives the required
contradiction. |

The first statement of Theorem 1.1 is now proved. We show the second.

Proposition 5.10  Let G be a branch GGS-group acting on the p-regular rooted tree,
for an odd prime p. Then, every maximal subgroup of G is normal and of index p.

Proof Let M be a maximal subgroup of G. From the previous result, it follows that
M has finite index in G. By [4], the group G has the congruence subgroup property, so
there exists an n € N such that Stg(n) < M. As G/Stg(n) is a finite p-group, it follows
that G’ < M <, G. Hence the result. |
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For the constant GGS-group 9, the situation is different.

Proposition 5.11  Let G be the weakly branch, but not branch, GGS-group acting on
the p-regular rooted tree, for an odd prime p. Then, there are infinitely many maximal
subgroups. In particular, the group G has maximal subgroups that are neither normal,
nor of index p.

Proof By [4, Proposition 3.4] and using the notation of Section 3.2, we have §/K’
(Z]pZ) x ZP" where the action of Z/pZ on ZP~" is given by the matrix

01><p—2 -1

A= -1
Ip—2><p—2

-1

We see that for all g € N, the subgroup (gZ)?~" < ZP™! is invariant under the action
of Z/pZ. Therefore, for all g € N different from 0 or 1, we can consider the subgroup
(Z/pZ) = (gZ)P~", which is nontrivial and proper in (Z/pZ) x Z*~'. As (Z/pZ) x
Z*7! is finitely generated, this subgroup is contained in a maximal subgroup M, <
(Z]pZ) x 7P,

We notice that if g;,q, € N are two different prime numbers, then M, # M,,.
Indeed, otherwise, we would have (§1Z)?™", (q,Z)?™" < My,, which would imply
ZP~' < My, because q; and g; are coprime. As we already had (Z/pZ) x (q:Z)P™" <
My,, this means that My, = (Z/pZ) x Z*~', which is absurd.

We have thus shown that we have an infinite number of maximal subgroups of
G/K' which are all pairwise distinct. By the correspondence theorem, the same is true
for G. This immediately implies that G has maximal subgroups that are not of index p,
because there can only be finitely many such subgroups. It also implies that § admits
maximal subgroups that are not normal. Indeed, otherwise, the Frattini subgroup of
G would contain §’, because the quotient of any group by a normal maximal subgroup
must be a cyclic group of prime order, and thus abelian, but §/G’ is a p-group, which
would imply that every maximal subgroup is of index p. [ ]
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