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1. Introduction

Given a random variable X, its concentration function is defined by

QX;A) = sup Plx <X <x-+A}, A>0. (1.1)

Of a large interest is also the particular value

M(X) = Q(X;0) = sup P{X =ux}. (1.2)

These quantities are related to other important characteristics of probability distributions such
as the Shannon and Rényi entropies. Our original goal was to find effective two-sided bounds
on Q(X, A) in the class of discrete log-concave distributions, and thus to explore a number of
similarities with the well studied continuous setting.

Let us recall that an integer-valued random variable X (also called discrete) is said to have
a (discrete) log-concave distribution, if its probability function f(k) =P{X =k} has an integer
supporting interval supp(f) = {k € Z: f (k) > 0}, and

f(): > f(k—1)f(k+1) forall keZ. (1.3)

Many classical discrete distributions belong to this class: discrete uniform, Bernoulli, binomial and
convolutions of Bernoulli distributions with arbitrary parameters, Poisson, geometric, negative
binomial, etc., (cf. [7] and references therein). It is, therefore, interesting to know how basic char-
acteristics of such distributions are connected with each other: variance, moments, concentration
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function, entropies, in analogy with usual log-concave distributions in the continuous setting (for
which the densities with respect to the linear Lebesgue measure are log-concave). While a number
of challenging questions about this class are still open, in this paper, we develop several tech-
niques (reduction to the continuous setting, rearrangement) and describe some of the results in
this direction. In particular, we prove:

Theorem 1.1. If the random variable X has a discrete log-concave distribution, then
1 2
< MX) Y/
1+ 12 Var(X) 1+ 4 Var(X)

Moreover, if the distribution of X is symmetric about a point, then the above upper bound may be
sharpened to

(1.4)

M(X) < !

V12 VarX)

The inequality (1.5) becomes an equality for two-sided geometric distributions, that is, for
densities f(k) = ¢p p'¥, k € Z, with an arbitrary value p € (0, 1), where cp= % is a normalising
constant. As for the lower bound in (1.4), it does not need any log-concavity assumption; here,
the factor 12 in front of the variance of X is optimal, as can be seen on the example of discrete
uniform distributions.

Relations similar to (1.4)-(1.5) with involved parameter A may also be stated for the corre-
sponding concentration functions (see Section 8). Let us, however, turn to information-theoretic
applications of Theorem 1.1 such as entropy power inequalities (EPIs).

If the random variable X has an absolutely continuous distribution with density f(x) with
respect to the Lebesgue measure (the continuous setting), the differential Rényi entropy power

of a given order o > 0, « # 1, is defined by

(1.5)

No(X) = ( / ~ fe dx) - (L6)

while the limit case N(X) = limy—, 1 Ny (X) represents the Shannon differential entropy power. As
is well known, this functional is subadditive on convolutions, that is, it satisfies a fundamental EPI

N(Sn) = N(X1) + -+ - + N(Xp), (1.7)

where S, =X; +---+ X, is the sum of independent continuous random variables. A more
general relation such as

No(Sp) = co (No(X1) 4+ - - + No(X3)) (1.8)

with ¢, =« ﬁ, a > 1, is also true for Rényi entropy powers. We refer an interested reader to [3],
cf. also [15], [25], [5], [13], [18] and [14] for other variants and extensions of (1.7).

If X takes only integer values with density f(k) with respect to the counting measure, the Rényi
entropy power is defined similarly to (1.6) as

2
a—1

Ng(X) = 2HeX) = (Z f(k)“)_ : (1.9)
keZ
Here
1
Ha(X) = ——— log } _f(b)",

keZ
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is the classical Rényi entropy, with the limit case

H(X)=H(X)=—Y_ f(k) logf(k).

keZ

Both in the discrete and continuous settings, these entropies are monotone in the sense that
they may only increase when adding an independent summand to a given random variable.
However, while the EPI (1.7) quantifies this property in the continuous setting, not much is known
so far about the discrete random variables. The inequality (1.7) has been verified to be true in [10]
for the family of the (symmetric) binomial distributions (cf. also [8], [17]). In the general discrete
case, it was shown in [9] that

1 1
H(X; +X3) = 3 H(X1) + 3 H(X3) + ¢ (H(X1), H(X2)) »

for some positive doubly increasing function g on R2 such that g(x;, x,) — % as x1, Xy — 00.

Anyhow, as far as we know, the inequality (1.7) is no longer true in the general discrete
case. It seems the nature of the discrete entropy power is different, since for example necessarily
Ny (X) > 1. The functionals

Aoz(X) :Na(X) -1,

reflecting the size of the variance more accurately (in analogy with the ‘continuous’ entropy
power), seem to be more appropriate and therefore more suitable from the point of view of EPIs.
This can be seen from the following assertion.

Theorem 1.2. If the independent random variables Xj, (1 <k < n) have symmetric discrete log-
concave distributions, then

1 n n
— D AalXi) = Aa(S) = o ) AulXe), (1.10)
¢ k=1 k=1

forany a > 1 with ¢y, = % Moreover, in the case 1 < o < 2, the symmetry assumption may be

dropped, while the constant may be improved to the value c, = 32=1

a—1"

In this connection, let us mention a recent paper [21] dealing with similar problems. In partic-
ular, it is shown there that for (not necessarily symmetric) Bernoulli summands Xj and all ¢ > 2,
the left inequality in (1.10) remains to hold with ¢, = @ < 6. It was also observed that such a
lower bound is no longer true for & = 1 with any fixed positive constant in place of ¢y. It would
be interesting to explore whether or not it is possible to remove the symmetry assumption in
Theorem 1.2 for the whole range of o'’s.

One may complement these relations with similar ones for the entropy powers in analogy with
(1.8). To this aim, we involve an additional condition on the variances of the summands.

Theorem 1.3. If the random variables X} have discrete log-concave distributions, and Var(Xj) >
o> 0 for all k < n, then for any o > 1,

1 n
Ny (Sy) = o ;Na(xkx (1.11)

where ¢; =2me(1+ #). In fact, without any condition on the variances, this lower bound may
be reversed to the form

Nu(S:) = =7 (Gn—1)+2me ) No(X0). (1.12)
k=1
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The paper is organised as follows. We start with general upper bounds for the Rényi entropy
powers in terms of variance and recall known results in the continuous setting (including an
important theorem due to Moriguti). Such results are used in Section 3 to derive similar upper
bounds for discrete random variables. In Section 4, we turn to the notion of discrete log-concavity
and first recall its relationship with purely algebraic problems. Sections 5 and 6 connect dis-
crete log-concave distributions with usual (continuous) log-concave measures on the real line.
In this way, one may derive a number of interesting relations in the discrete setting, although not
always with sharp constants. As a sharpening approach, in Section 7, we develop rearrangement
arguments, which allow to complete the proof of Theorem 1.1. A more general form of this the-
orem is considered in Section 8 in terms of concentration functions. Proof of Theorems 1.2-1.3
is postponed to Section 9, and in the last Section 10, we conclude the exposition with remarks on
Bernoulli sums.

2. Maximum to Rényi entropy subject to variance constraint

In the discrete case, the M-functional (1.2) may be viewed as a member in the hierarchy of Rényi
entropies. More precisely, letting & — oo, the definition (1.9) leads to the identity

Noo(X) = M(X) 2. (2.13)

Convention. In the continuous case, if a random variable X has density f(x), put
M(X) = esssup, f(x).

Thus, we use the same notation for two formally different objects, in analogy with N. As a con-
sequence, the formula (2.1) remains true both in the continuous and discrete setting, as follows
from the definition (1.6).

First, let us state one elementary general relation connecting the M-functional to variance.

Proposition 2.1. Given a continuous random variable X with a fixed variance, the M-functional is
minimised for the uniform distribution on a finite interval. Equivalently,
1
M?(X) Var(X) = —. (2.14)
The equality here is attained if and only if X has a uniform distribution on a finite interval.

This relation is well known, and here we recall a simple argument. One may assume that X hasa
finite second moment with M(X) =1 (by homogeneity). Then, the non-negative function u(x) =
P{|X — EX| > «} is Lipschitz (therefore absolutely continuous) and satisfies (0) = 1, #//(x) > —2
a.e., so that u(x) > 1 — 2x for all x > 0. This gives

00 1/2 1/2 1
Var(X) = 2/ xu(x) dx > 2/ xu(x) dx > 2[ x(1 —2x)dx = —.
0 0 0 12
Now, let us restate (2.14) as a homogeneous inequality (with respect to X)
Ny (X) < 12 Var(X). (2.15)

Importantly, this relation may be extended to Rényi entropies of all orders & > 1. The problem of
maximisation of N (X) when the variance is fixed was considered and solved by Moriguti in 1952
(cf. also [12] and [6] for a multidimensional extension).

Proposition 2.2. ([22]). Let 1 < @ < 0o. Given a continuous random variable X with a fixed vari-
ance, the Rényi entropy power Ny (X) is maximised for the distribution whose density fy is supported

on the interval (—1, 1) and is proportional there to (1 — xz)ﬁ. Equivalently,
Ny (X) < Ay Var(X), (2.16)
where the constant Ay corresponds to fy.
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The inequality (2.16) is affine invariant, so it is equivalent to the formally weaker relation
Ny (X) < Ay EX?, which was actually considered in [22].

Thus, the extremal density has the form f, (x) = ¢, (1 — xz)ﬁ, |x] < 1, in which the normalis-
ing constant is given by
3a—1
1 r (2(3—1))

Cy = —= —. (2.17)
B2, D) T 1))
In this case, as was already noted in [22],
a—1
Var(X) = . (2.18)
3¢ — 1
Let us compute the constant A,. Putting § = 20‘(;1 , we have
00 1 o 1 B st
/ fu(0)® dx = cg/ (1—x*)a-Tdx = cgg/ (1—x%)FT dx = 2,
-0 -1 -1 cB

Hence, according to the definition (1.6) of the Rényi entropy power,

2

N1 R e W
Aa = Var(X)  Var(X) (/_Oofa(x) dx) T oa—1 (C"‘) ' (2.19)

o

For example, A; = % ~13.888... Although the expression in (2.19) is rather complicated, one
can show that Ay, — 2we~ 17.079 as « — 1 (by Stirling’s formula), while A, — 12 as & — 00, so
that Proposition 2.2 includes (2.14). This can also be seen by noting that the extremal distribution
approaches the uniform distribution on the interval (—1, 1) for large values of «, while after a
linear transformation it approaches the standard normal distribution for « approaching 1. In the
latter case, we arrive at another well-known relation

N(X) <2me Var(X), (2.20)

where an equality is attained for all non-degenerate normal laws. Since the function o — N (X)
is non-increasing, we also conclude that A, is a decreasing function in «. In particular, (2.8) yields
a slightly weaker variant of (2.16) with a universal constant, namely

N, (X) <2me Var(X). (2.21)

It holds for all @ > 1, and an equality is attained for « = 1 and all normal laws.

3. Discrete case: Bounds on Rényi entropy via variance

In order to derive similar relations in the discrete case, one may apply (2.16) to the random vari-
able X =X + U, where U is independent of X and has a uniform distribution on the interval
(-1, %). In terms of the probability function f(k) = P{X = k}, X has density

2
fx) =" flk) Lo jr @), xR,
keZ
It follows that

(%) = —— log f oof(x)“ dx

a—1

1
= ———log D fl)* = Hy(X),

- keZ
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and therefore N, (X) = N, (X). Since Var(X) = % + Var(X), from (2.16) we therefore obtain:

Proposition 3.1. Let 1 <« < co. For any integer-valued random variable X having finite variance,
Ny(X) <Ay (é + Var(X)) , (3.22)
where the constant Ay is described in (2.5) and (2.7). In particular,
N, (X) <2me <$ + Var(X)) .

For o = 00, we have A, = 12, and (3.22) yields:
Corollary 3.2. For any integer-valued random variable X having finite variance,
1 < Noo(X) <1+ 12 Var(X). (3.23)

In view of (2.13), the above upper bound is exactly the lower bound (1.4) in Theorem 1.1. Note
that it may also be obtained with a similar argument on the basis of Proposition 2.1, thus without
referring to Moriguti’s theorem (cf. Proposition 8.2 below).

Since in general Ny (X) > 1, while the variance may take any prescribed value, the constant %

may not be removed from (3.22). Nevertheless, one may ask the following question: Is it possible

to replace 1—12 in (3.22) with 1/A, at the expense of an additional factor in front of the variance

in analogy with (2.16)? The answer is affirmative in some sense for @ > 1, if we allow the factor
depend on «.

Indeed, generalising the previous argument, let us apply (2.16) to random variables of the form
X =X + U, assuming that U is independent of X and has density g(x) supported on the unit
interval. Then, X has density

f(x) :f(k)g(x—k—i—%), k—%<x<k+%, ke

If ¢ > 1, it follows that

[ e = Yo [ g a

keZ
and therefore

Nop(X) = Ng(X) Np(U).

Since Var(X) = Var(X) + Var(U), an application of (2.16) yields
Ne(X) No(U) <Ay (Var(X) + Var(U)),
that is,
Ay Var(U) Aq
Ny(X) < + Var(X).
N (U) N (U)

Here, according to Proposition 2.2, the first term on the right-hand side is minimised and is equal
to 1 when U = % Z where Z has density fy. In that case, for the second term we have
Aq 1 4 4Ba—1)
N (U)  Var(U) Var(Z)  a-—1

where we recalled the identity (2.18). Thus, we arrive at the following relation, which contains
(3.23) for a = oc.
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Proposition 3.3. Let 1 <« < oo. For any integer-valued random variable X having finite variance,
we have

1 < N,X) <1+ % Var(X). (3.24)

4. Log-concave sequences

We now turn to lower bounds for the Rényi entropies. This cannot be performed in terms of
variances in the entire class of discrete probability distributions, so some extra hypotheses are
needed. As it turns out, the class of discrete log-concave distributions perfectly fits our aims. First,
let us recall that a sequence {ay}icz of non-negative numbers is called log-concave, if

aj > aj_y ajp, (4.25)

for all k € Z. Similarly, a finite sequence {a};_,, of non-negative numbers is log-concave, if this
inequality is fulfilled whenever m 4+ 1 <k < n — 1. Defining a; = 0 for k < m and k > n, we then
obtain an infinite log-concave sequence.

Log-concave sequences appear in a purely algebraic framework. The following classical result
goes back to Newton.

Proposition 4.1. Suppose that a polynomial P(z) =Y 1_, (}) axz" has only real zeros over the field
C of complex numbers. Then (4.25) holds true forall 1 <k <n— 1.

Following [26], one may give a proof based on the following observation of independent inter-
est due to Gauss-Lucas: For any polynomial P over C of degree deg(P)> 1, the zeros of its
derivative P’ belong to the convex hull of the zeros of P.

The sequences that produce polynomials with real roots give an interesting subset of the class
of sequences satisfying a log-concavity inequality. One should note that such sequences need not
have contiguous support. For example, z2 — 1 has roots 4-1 and corresponds to the sequence
(1,0, —1}.

Let us now mention the following important theorem due to Hoggar [11].

Proposition 4.2. If the coefficients of two polynomials are positive and form log-concave sequences,
then so does their product.

Note that for P(z) = Y j_, axz" and Q(z) = Y[, biz* of degrees n and m respectively,

n+m
R@z) = P@QR) = > o o= Y agbs,.
k=0 ki+ko=k

Here, the coefficients {c;} k+(’)" appear as the convolution of the sequences {ay}} k=0 and {b;}" o
Thus, Proposition 4.2 tells us that the class of finite positive log-concave sequences is closed under
the convolution operation.

The assumption about the positivity may not be removed in this conclusion. For a counterex-
ample, one may take the polynomials

PZ)=142z Q) =1+2, R@)=1+z+2+7%

which correspond to the sequences {1, 1}, {1, 0,0, 1}, {1, 1, 0, 1}. Here, the first two sequences are
log-concave, while the third one is not. With this in mind, the notion of a log-concave discrete
distribution on Z should be introduced as in Introduction.

Recalling the definition (1.3), as an immediate consequence from Proposition 4.2, we obtain:

Corollary 4.3. The class of (discrete) log-concave probability distributions on Z is closed under the
convolution operation.
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5. From discrete to continuous log-concave measures

Let us turn to basic properties of discrete log-concave distributions. Some of them can be obtained
by employing known results from the theory of ‘continuous’ log-concave functions. To this aim,
we describe a simple construction, which allows one to associate with a discrete log-concave
distribution defined by a probability function a certain log-concave function on the real line.

Given a random variable X with a discrete log-concave distributions defined by a probabil-
ity function f(k), denote by A the smallest closed interval containing supp(f). Let us extend the
function

V(k) = —log f(k),
linearly on every segment [k, k+ 1] C A, and put V = oo outside A (if A is not the whole real
line). Then V is finite and convex on A. To see this, assume that |A| > 2, and for [k — 1,k + 1] C
A, rewrite (4.25) as
V(k) = V(k—1) < V(k+1) — V(k).

But V(k) — V(k — 1) = V'(x) on (k — 1, k), which means that V has a non-decreasing (Radon-
Nikodym) derivative. As a result, we obtain a log-concave function

flx)= eV xeR,
which coincides with f(k) on all integers k. Let us call it a log-piecewise linear extension of the

sequence f (k).
In general, f(x) does not need be a probability density on the line. Nevertheless, since

k+1

f(x) dx <max{f(k), f(k+ 1)} <f(k) +f(k+1),

after summation over all k € R, we conclude that f is integrable. Let us emphasise this fact
once more.

Proposition 5.1. The restrictions of densities of finite (continuous) log-concave measures from R to
Z describe the whole class of probability functions of discrete log-concave measures.

Returning to the log-piecewise linear extension of the sequence f(k) and using an additional
property f(k) <1, an immediate consequence of the integrability of f is that, with some constant
¢ > 0 depending on the distribution of X,

f(k)y<2e M forall keZ.

In particular, there is a point of maximum for this sequence, which is called a mode (using a
probabilistic language). It is also a mode for the function f(x). So, it is a mode of X.
Let m € Z be a mode of X. Then necessarily f(k) is non-increasing in k> m and is non-
decreasing in k < m. Hence
k+1 k

flx)dx > f(k+1) for k> m, flx)dx > f(k—1) fork <m.
k k—1

Performing summation over all k, we get

/Oof(x) dx>1—f(m).

Also, since V is linear on each interval [k, k + 1] C A, f(x) is convex, and therefore its graph lies
below the segment connecting the points (k, f(k)) and (k + 1, f(k + 1)). Hence

k+1
+ f(x)dxif(k)+£(k+1)-

Performing summation over all k, we arrive at:
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Proposition 5.2. If m is mode of X and |A| > 2, then

1—f(m)§/oof(x)dx§1.

Similar bounds hold true for the second moment. In particular, one may easily derive:

Proposition 5.3. Let X be a discrete random variable with a log-concave density f with mode at m.
Iff(m) < %, then the log-piecewise extension of the density satisfies

%E(X—m)ZS/OO (x —m)? f(x) dx <3 E (X — m)*.

—0o0

, o 1
Moreover, the left inequality is also true when f(m) > 3.

6. Second moment and maximum of density

Propositions 5.2 and 5.3 may be used to extend a number of results about continuous log-concave
distributions to the discrete setting. Let us remind basic relations for the class of log-concave
densities on the line in the usual continuous setting. One important feature in this case is that the
general lower bound as in Proposition 2.2 may be reversed.

Keeping X to denote a discrete random variable, let Z be a (continuous) random variable with a
log-concave density g. It is supported on some closed interval A C R, finite or not, which contains
a point of maximum m of g, that is the mode of Z (which may be one of the endpoints of A when
this interval is bounded from the left or from the right). Hence M(Z) = g(m). Together with (2.14),
it is known that

% <M?*(Z) Var(Z) < 1, (6.26)

where an inequality on the right-hand side is achieved for the one-sided exponential distribution
with density g(x) = e™ 1(g,00)(x) (cf. Proposition 2.2 in [4]). In fact, if g is symmetric about m, the
upper bound can be improved to

1
M?(Z) Var(Z) < > (6.27)
which is attained for the two-sided exponential distribution with density g(x) = % e M,
There is a similar assertion about the second moment when Z is centred at the mode.

Proposition 6.1. If a (continuous) random variable Z has a log-concave density g with mode at the
point m, then

M*(Z)E(Z - m)?* <2.
Combining this relation with the lower bound in (6.26), we also get
E (Z — m)* < 24 Var(Z).

Let us now describe an immediate application of Proposition 6.1 to the discrete setting. Suppose
that we are given an integer-valued random variable X with discrete log-concave distribution,
and denote by f(x) the log-piecewise linear extension of the probability function f (k) = P{X = k},
keZ. Let Z be a random variable whose density g is proportional to f, that is, g(x) = % f(x),
B= ffooo f(x) dx. Recall that, by Proposition 5.2, B < 1. Hence, by Propositions 6.1 applied to g,
we get that

f(m)? / ” (x — m)? f(x) dx < 2B°.

—0o0
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On the other hand, according to Proposition 5.3, the above integral dominates %E (X —m)2.
Combining the two inequalities, we arrive at:

Proposition 6.2. If X is a discrete random variable with a log-concave density f with mode
at m, then

M*(X)E (X —m)* <6.
In particular,
M?*(X) Var(X) < 6. (6.28)
Proof of Proposition 6.1. We may assume that 1 =0 and g(0) = 1. Moreover, let a =P{Z < 0}
and b = P{Z > 0} be positive.
By the log-concavity, g(x) =exp{—V(x)} for some convex function V: R — [0, 0c0] with

V(0) = 0. Putting g(x) = exp{—V(x)} with V(x) =x/b for x>0 and V(x) = —x/a for x <0, we
obtain another log-concave probability density such that

0 0 00 o]
/ gx)dx= f gx)dx=a, / gx)dx= / gx)dx=b.
0 0

—oQ —0o0

Since V is linear on [0, 00) and V(0) =0, necessarily V(x) < V(x) on the interval 0 < x < x( and
V(x) > V(x) on the half-axis x > x, for some xq > 0. Equivalently, g(x) > g(x) for 0 <x < xp and
g(x) < g(x) for x > x¢. Introduce the distribution functions

X X

g dy and G(x)= / () dy.

—0o0

Gx)=P{Z <«x} =/

—00

It follows that the function ¥ (x) = G(x) — G(x) is vanishing at the origin and at infinity, and its
derivative is non-negative on [0, xg) and non-positive on (xp, 00). Hence (x) > 0 for all x> 0.
This implies that

/oong(x)dx—/Oong(x)dx=—Z/OOxW(x)deO.
0 0 0

By the same argument, a similar inequality holds when integrating over the negative half-axis.
Hence

o0 o0
E22=/ ng(x)de/ ) dx = 2@ +b%) <2(a+b)P =2
[o.¢]

o _
O
Remark. In terms of the Rényi entropy powers, the inequalities (6.26) and (6.27) take the form
1 1
o Noo(Z) < Var(Z) < Nyo(2), Var(Z) < 2 Noo(2). (6.29)

Here, the first inequality is general and corresponds to (2.16) in the limit case o = 0o, while the
upper bounds on the variance hold for log-concave probability measures (symmetric in the second
case). Similarly to (2.16), these upper bounds may be extended to the whole range of « at the
expense of certain «-dependent factors. Although the extremal log-concave distributions are not
known so far, one particular case may easily be settled. Given a random variable Z with a log-
concave distribution, let us apply the second upper bound in (6.29) to Z=27—7,where Z isan
independent copy of Z. Since NOO(Z) = N,(Z), we then obtain that

Var(Z) < iNz(Z).
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Here, we have an equality for the exponential distribution, and thus the conclusion that amongst
continuous log-concave variables on the real line, the exponential distribution has minimal
2-Rényi entropy, often referred to as collision entropy.

7. Sharpenings via rearrangement arguments

The inequality (6.28) may be sharpened and generalised by involving more delicate arguments
based on the so-called rearrangement of densities. Similarly to the continuous setting, these
arguments allow one to explore an extremal role of a discrete counterpart of the exponential
distributions. More precisely, when a probability mass function f: Z — [0, 00) can be written
as f(k) = CplMl for some 0 < p < 1, we will call it a symmetric two-sided geometric distribution.
Here, the symmetry property refers to the identity f(—k) = f(k).

Let us start with basic definitions.

Definition (Decreasing rearrangement). For a probability function f: Z — [0, 00), denote by f+
its decreasing rearrangement. Explicitly, f+ is defined on N and satisfies f¥ (k) > f¥(k + 1) for all
k > 0 and there exists a bijection 7: N — Z such thatf¢ (k) = f(z(k)).

Definition (Majorisation). Given probability functions f and g on Z, we say that f majorises g
and write f > g, when Y }_o f¥(k) > Y}_, g* (k) for all n > 0.

We extend this notion to random variables by writing X > Y when f > g holds for their
respective probability functions.

Definition (Schur-Concavity). A functional ® defined on a given family of probability functions
on N is called Schur-convex, when f > g implies ®(f) > ®(g). A functional ® is Schur-concave
when —® is Schur-convex.

We extend Schur-convexity/concavity to random variables by asking that Schur-convexity/
concavity hold for the respective probability mass functions.

Lemma 7.1 ([20]). Any symmetric log-concave probability function f majorises the symmetric two-
sided geometric distribution g with the same maximum as f.

A more general result was actually first proven in [19]. We include a proof of Lemma 7.1 for
completeness.

Proof. Let g € [0, 1]. Define, for k € Z, g, (k) = q‘k|f(0) with the convention that 0° = 1. Note that
Y k) =f0)<) fl=1,
keZ keZ

and ) ;.7 g1(n) = 0. Since the function g = ) ;.7 g4(k) is continuous and strictly increasing on
[0, 1], we deduce by the intermediate value theorem that there exists a unique g* € [0, 1) such that

> grb=) fl=1.

keZ keZ

By construction, gy« is the probability function of a two-sided geometric distribution. Denote by
the same letters f and g, the corresponding log-piecewise linear extensions. In particular,

max gg- (x) =g4+(0) =f(0) = glea]l]gf(x)-
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Thus, the function L = — log g,+ is affine on [0, c0), while V = — log f is convex, with L(0) = V(0).
Hence, there must exist / > 0 such that V.< Lon [0, ] and V > L on [/, 00), that s, f > g4« on [0, ]]

and f < gg+ on [],00). Hence, forall n> 0, Y} f¥(k) > >}, gqi (k). O

Lemma 7.2 (Schur-concavity of moments on symmetric log-concaves). If the function
u: [0, 00) = [0, 00) is non-decreasing, then the functional ®(f) = E u(|X|) is Schur-concave on the
set of symmetric discrete log-concave probability functions.

Proof. By linearity of ® with respect to u, one may assume that u(x) = 1) (x) for some integer
A > 0. Suppose that X and Y are symmetric log-concave variables such that fx > fy. By symmetry,
unimodality and the assumed majorisation, we have

A
Eu(IX)=P{X| > 2} = 1-P{X| <2} = 1— ) fx(k)
k=—2x
21 2A
=1-) fik) < 1= fi(k) = P{|Y|> 2} = Eu(Y]),
k=0 k=0
and the result follows. O

We are prepared to settle the upper bound of Theorem 1.1 in the symmetric case (and in
somewhat more general form).

Proposition 7.3. Let W: [0,00) — [0,00) be a non-decreasing function. For any symmetric
discrete log-concave random variable X,

1—p 2p
M(X) ¥ (Var(X)) < 021;51 [1 s v <(1 —p)2> }

In particular,

M*(X) (142 Var(X)) < 1. (7.30)
The latter inequality becomes an equality for all two-sided geometric distributions.
Proof. Given X a symmetric log-concave random variable, let Y be the two-sided geometric dis-

tribution with same maximum (necessarily attained at 0). Then by Lemma 7.1, we have X > Y, so
that by Lemma 7.2, Var(X) < Var(Y). Thus

M(X) ¥(Var(X)) < M(Y) ¥ (Var(Y)).

Note that for a two-sided geometric distribution with probability mass function g(k) = Cp'l, 0 <
p <1, one has

_ 1+ 1—-p
P 1-p 1+p
vz 2P
Var(Y)=EY* = a=pp
Hence
M(Y) W(Var(Y)) < sup [I_Pw< 2 )}
" pefony L1+p (1—p)?
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In particular, for W(x) = +/1 + 2x, the function under the above supremum is equal to 1 for
any value of the parameter p, and we obtain (7.30) together with the assertion about the extremal
role of two-sided geometric distributions. O

While (7.30) is a full analog of the inequality (6.27) from the continuous setting under the
symmetry hypothesis, the more general inequality (6.26) also extends to the discrete setting. The
next assertion provides the upper bound of Theorem 1.1 in the non-symmetric case.

Proposition 7.4. For any discrete log-concave random variable X,

M?(X) (1 + 4 Var(X)) < 4. (7.31)
This bound is asymptotically attained for one-sided geometric distributions. In particular,
M?*(X) Var(X) < 1. (7.32)

Proof. We employ another relation,
Ho(X) < Hoo(X) + log <aﬁ) . O0<a<oo (7.33)

which was recently obtained in [20] using the rearrangement arguments. This inequality holds
for any discrete log-concave random variable X and is asymptotically attained for the geometric
distributions with probability functions f (k) = (1 — p) pk, k>0, as p— 1. In particular, for @ =2,
it takes the form H(X) < Hoo(X) + log 2, which is the same as

M(X) <2 ) f(k)? (7.34)
keZ
in terms of the probability function f(k) of X.
Note that, if Y is an independent copy of X, the random variable X — Y will have a symmetric
discrete log-concave distribution with

MX-Y)=PX-Y=0}=)_f(k? (7.35)
keZ
so that, by (7.34),
M} (X) < AM*(X —Y). (7.36)

On the other hand, by Proposition 7.3, M2(X —Y) (142 Var(X — Y)) <1, that is,
M*(X —Y) (144 Var(X)) < 1.
It remains to apply this inequality in (7.36). O

Note that for the geometric distribution with probability function f(k) = (1 — p) pk, k > 0, we
have M%(X) (1 + 4 Var(X)) = (1 + p)2. Hence, (7.2) is asymptotically attained for p — 1.

8. Concentration functions
Turning to applications, first let us relate the concentration function to the M-functional.
Lemma 8.1. For any random variable X,

QX;A) = AMX+Uy), A>0, (8.37)

where the random variable U, is independent of X and has a uniform distribution on the interval
(0, 1). Analogously, in the discrete setting, we have

QX;1) = A+ 1)MX+Uy), 2=0,1,2,..., (8.38)
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assuming that the random variable U, is independent of X and has a discrete uniform distribution
on the integer interval {0, 1, ..., A}.

Proof. The first claim follows from the fact that the random variable X; =X + U, has an
absolutely continuous distribution with density

Hx)=-Px—r<X<x} ae
According to the definition (1.1), this formula yields
M(X;) = essesup, fr(x) = % QX; ).
For the second claim, we similarly have that X, takes integer values with probabilities
filk) = ———Mk L<X<k}, keZ

Since the supremum in (1.1) is attained for some integer value x = k, Lemma 8.1 follows. O

One can now apply the lower bound of Proposition 2.2, cf. (2.14), to the random variables X,
in (8.37). This leads to a corresponding lower bound for the concentration function (which is
actually known, cf. [4]).

Proposition 8.2. For any random variable X,

QX; 1) > + A>0. (8.39)

T /A2 2 VarX)

As a consequence, applying (8.39) with A 41 1 in the discrete setting, we arrive at the lower
bound (1.4) in Theorem 1.1. Note that since in general M(X) < 1, while the variance may take
any prescribed value (already within specific families such as Poisson distributions), the constant
1 may not be removed from the square root in (1.4).

More generally, if the random variable X is discrete and A > 0 is integer, we apply (8.39) with
A 1 A+ 1, so that to get in the limit

A+1

QX;1) = ) (8.40)
V(A +1)2 4+ 12 Var(X)

For the upper bound, one may start from the identity (8.38) and apply the upper bounds of
Theorem 1.1 to the random variables X, =X + U, in place of X, assuming that the random
variable U), is independent of X and has a discrete uniform distribution on the integer interval
{0,1,...,A}. Note that X, is symmetric around the point A /2, if X is symmetric about the origin.
Since

A +2)
Var(UA) = T;

together with (8.40) we are led to the following statement.

Proposition 8.3. If the random variable X has a log-concave discrete distribution, then, for any
integer A > 0,

A1 2(241)
X5 A .
1+ A +2)+12Var(X) — = )= \/1 /\(k+2) + 4 Var(X)
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Moreover, if the distribution of X is symmetric about a point, then the upper bound may be
sharpened to

QX ) < At

B \/1+@+2Var()<)

Here, the value A = 0 returns us to the statement of Theorem 1.1.

9. Proof of Theorems 1.2 and 1.3
Let Xy, ..., X, be independent discrete random variables, and S,, = X; + - - - + X,.

Proof of Theorem 1.2. First, consider the symmetric case. By Proposition 3.3, for any integer-
valued random variable X having a finite variance,

4(3a — 1)
a—1
On the other hand, if the distribution of X is symmetric about a point and log-concave, the

inequality (1.5) of Theorem 1.1 yields a lower bound

Ay(X) < Var(X).

Aso(X) > 2 Var(X). (9.41)
Since the function @ — A, (X) is non-increasing, the two inequalities give
430 — 1
2Var(X) < Ag(X) < (“—1) Var(X). (9.42)
a —

Applying this to X s, as well as to X = S, we then get

n n
oa—1
Au(Sy) = 2Var(S,) =2 ) Var(Xy) > 2Ba—T > Au(Xp).
k=1 k=1
In fact, up to an a-dependent constant, this upper bound may be reversed, since, by (9.2), we
also have

Aa(sn) = M Val‘(S,,)
a—1

n

4B — 1) — 2(3a — 1)
= ﬁ ;Var(Xk) = ﬁ 2 Ay (X).

This proves the desired relations in (1.10).

Now, suppose that 1 < o <2 and drop the symmetry assumption. If Y is an independent copy
of X, the random variable X = X — Y will have a symmetric discrete log-concave distribution.
Hence, (9.41) is applicable to X. On the other hand, the identity (7.35) reads as N (X) = No(X),
that is, Aso(X) = Ay(X). Hence, from (9.1) we get that

Ao (X) = Az(X) = 4 Var(X).
Combining this with the upper bound in (9.42), we arrive at its sharpened variant

430 — 1
4Var(X) < Ag(X) < (“—1) Var(X). (9.43)
It remains to apply this to Xj’s, as well as to X = S,, similarly as above, and then we obtain the
lower bound as in (1.10) with an improved constant. The proof of the upper bound is based on
(9.3) and is also similar. O

https://doi.org/10.1017/5096354832100016X Published online by Cambridge University Press


https://doi.org/10.1017/S096354832100016X

Combinatorics, Probability and Computing 69

Remark. In the case @ = 00, (1.10) takes the form

1< -
- D AcoXp) = Aco(Sn) < 6 D Aso(Xp).

k=1 k=1
Here, the lower bound reminds the relation

1 n
Noo(sn) = 5;N00(Xk))

for the continuous setting (without any assumptions on the shape of distributions, cf. [2, 16]).
Since the functions @ — A (X) are non-increasing, it implies that

1 n
AI(Sn) > g Z Aoo(Xk)-
k=1
However, one cannot estimate A, (Xy) in terms of Aj(Xy). This can be seen on the example of the
two-sided geometric distribution with probability function f(k) = Cp/¥!, k € Z, for small 0 < p < 1.
In this case,

4p
Aco(X)=2V: _
(X)=2Var(X) = - )
which corresponds to the equality in (1.5), while
H(X) = 2p1

As p — 0, we have H(p) ~ 2p log (1/p), hence
AX) = N(X) — 1 =2
~2H(X) ~ 4p log (1/p) ~ 2 Var(X) log (1/p).

Proof of Theorem 1.3. Suppose that Var(Xj) > o2 for all k < n with some o > 0.
By Proposition 3.1, if X is a discrete random variable with Var(X) > o2, we have

1
Ny (X) < 2me ( 2) Var(X),
o
for any & > 1. In addition, according to the upper bound (1.4) of Theorem 1.1,
1
Noo(X) > 1 + Var(X) > Var(X). (9.44)

Since & — N, (X) is a non-increasing function, these bounds imply that

Var(X) < Noo(X) < Nu(X) < 2me ( ! ) Var(X). (9.45)
1202

Being applied first to X = S, and then to each X = X, (9.5) yields

Ny (S,) > Var(S,) ZVar(Xk (1 ZN (Xp).

12(72

This proves the first assertion (1.11) of the theorem.

By a similar argument, the resulting bound may be reversed, even without any condition on
variances, and actually further strengthened. Indeed, applying (9.45) to X = S,, and using the first
inequality in (9.44) in the weaker form N (Xy) > i + Var(Xj), we have
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1
Ny (S,) <2me (E + Var(Sn))

1 - 1 1
=2me <E+;V3r(xk)) < 2me <E+Z <Na(Xk)_ Z))’

and (1.12) immediately follows. O

10. Remarks on Bernoulli sums
Finally, let us illustrate Theorem 1.1 on the example of the Bernoulli sums

Sn=X1+- -+ Xp

where the independent summands X take the values 1 and 0 with probabilities py and gy respec-
tively. By Hoggar’s theorem on preservation of log-concavity under convolutions, the distribution
of S, is discrete log-concave (4.3). This property is not so obvious on the basis of the explicit
expression for the probability function

W(k) =P{S, =k} = Sigimer | pfiglmen k=0,1,...,n,
P q n 9n

where the summation is running over all 0 — 1 sequences €1, . . ., &, such thate; +-- -+, =k.
One of the challenging problems about S,, has been to how effectively estimate from above the
maximum M(S,) = maxy f,(k) in terms of py’s. In this particular model, there exist several differ-
ent approaches to the problem. First, let us describe the standard approach in Probability Theory
that is irrelevant to log-concavity. In general, the concentration function of a random variable X
may be bounded in terms of the characteristic function v(t) = E eltX by virtue of Esseen’s bound

96\> . [/*
QX;a) < (E) x/ ()l dt, x>0, (10.46)

1/x

cf., for example, [23], [24]. For the characteristic function of S, we have v(t) = [;_; (qx + pre).
Since

lq+ pe' 1> = p* 4+ ¢* + 2pq cost =1 — 4pq sin® (t/2) < exp{—4pq sin® (t/2)},
it follows that
[v(t)| < exp { -2 Zpqu sin? (t/2)} = exp { — 2072 sin® (t/2)},
k=1

where 02 = Var(S,) (¢ > 0). Using | sin x| > % |x| for |x| < /2 and choosing A = 1/7 in (10.46),
this bound yields

2 T
QS5 0) < (;) % / exp { — 202 sin® (t/z)} dt

96\* 1 [ 202 , 96\> 1
<(=) = - dt= =) — 7.
= (95) T /OO eXp{ w2 } (95) gﬁﬁ

That is, simplifying the numerical constant, we arrive at

1.28 -
M(Sy) < Var(S,) =Y _ prd-

VVar(S,)’ P
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As we now see, the constant 1.28 in this inequality can be improved by virtue of the upper
bound (1.4), which yields

2 1
M(S,) < < . 10.47
(Sn) < 1+ 4Var(S,) = +/Var(S,) ( )
Moreover, the best universal constant ¢ > 0 in
M(S,) < —— (10.48)
Y=Y Var(S,) '

is actually better than 1. As was shown in [1], the optimal constant is given by

>0

¢ = max [\/zx e 2 Z o ] ~ 0.4688.
k=0 ’

One should however mention that the first inequality in (10.47) is better than (10.48) for small
values of Var(S,), namely when

2

C
Var(S,) < ———— ~ 0.0704.
ar(Sp) < YT

So, it makes sense to consider improvements in the form M(S,) < W (Var(S,)).

Note that the upper bound in (1.4) also provides a similar lower bound which may equivalently
be rewritten as

1
Noo(sn) = Z +Var(5n)'

In [21] this inequality is sharpened and is extended to all ¢-entropy powers with o > 2 as
1
B

1
No(Sp) > 1+28 Var(S,), —+—=1.
07
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