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BASES FOR FUNCTIONS BEYOND THE FIRST BAIRE CLASS

RAPHAEL CARROY AND BENJAMIN D. MILLER

Abstract. 'We provide a finite basis for the class of Borel functions that are not in the first Baire class,
as well as the class of Borel functions that are not g-continuous with closed witnesses.

Introduction. A topological space is analytic if it is a continuous image of a closed
subset of NI, A subset of a topological space is Borel if it is in the g-algebra generated
by open sets, F, if it is a union of countably-many closed sets, and G; if it is an
intersection of countably-many open sets.

Suppose that X and Y are topological spaces. Given a family I" of subsets of X,
a function ¢: X — Y is ['-measurable if ' (V) € T for every open set V C Y.
A function is Borel if it is Borel-measurable, Baire class one if it is F,-measurable,
and o-continuous with closed witnesses if its domain is the union of countably-many
closed sets on which it is continuous. A result of Jayne-Rogers (see [2, Theorem 1])
ensures that a function from an analytic metric space to a separable metric space
has this property if and only if it is G5-measurable.

A quasi-order on a set Z is a reflexive transitive binary relation < on Z. A set
BC Zisabasisunder < for ZifVze Zidbe Bb < z.

A closed continuous embedding of ¢: X — Y into ¢': X' — Y’ consists of a pair
of closed continuous embeddings 7y: X — X’ and ny: ¢(X) — ¢’(X’) such that
¢’ oy = my o ¢. Note that the existence of such a pair depends not only on the
graphs of the functions ¢ and ¢’, but on Y as well, since different choices of ¥ D ¢(X)
can lead to different values of ¢(X). Here we establish the following results.

THEOREM 1. There is a 24-element basis under closed continuous embeddability
for the class of non-Baire-class-one Borel functions between analytic metric spaces.

THEOREM 2.  There is a 27-element basis under closed continuous embeddability for
the class of non-o-continuous-with-closed-witnesses Borel functions between analytic
metric spaces.

In Section 1, we discuss the compactification N=N of N<SN underlying our
arguments, as well as the corresponding compactification NY of NV, In Section 2,
we discuss the endomorphisms of N<N underlying our arguments. In Section 3, we
provide a three-element basis for the class of Baire measurable functions from NY to
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separable metric spaces. In Section 4, we provide a three-element basis for the class
of non-g-continuous-with-closed-witnesses Baire-class-one functions from analytic
metric spaces to separable metric spaces. In Section 5, we provide an eight-element
basis for the class of all functions from NI\ N¥ to analytic metric spaces. And in
Section 6, we establish Theorems 1 and 2.

§1. A compactification of NSN, We use s ~ 7 to denote the concatenation of
sequences s and ¢, and we say that s is an initial segment of ¢, or s C ¢, if there exists
s’ for which 7 = s ~ 5. Endow the set N5 = NSNU {7 ~ (00) | 1 € NN} with the
smallest topology with respect to which the sets of the form {7} and N, = {¢ € N=" |
t C ¢}, where ¢ € N<N_ are clopen.

PROPOSITION 1.1.  The family B of sets of the form {t} and N, \ ({t} UU, ;N5
where i € N and t € N<V, is a clopen basis for NN,

ProoF. Let 7 be the topology generated by B. As every set in 3 is clearly clopen,
it is sufficient to show that the sets {¢t} and A are t-clopen for all # € N<N, As
these sets are clearly 7-open. we need only show that they are 7-closed. As ;) is
7-closed in \; for all i € N and ¢ € N<N_ a straightforward induction shows that
is 7-closed for all € N<N, As {¢} is t-closed in A, for all # € N<V it follows that {7}
is 7-closed for all r € N<N, .

PrOPOSITION 1.2.  The space N=N g compact.

ProOF. Suppose, towards a contradiction, that there is an open cover I of NN
with no finite subcover.

LemMma 1.3, Suppose that t € N<N and no finite set V C U covers N;. Then there
exists j € N such that no finite set V CU covers N, . =

Proor. Fix U € U containing ¢ ~ (c0). Proposition 1.1 then yields i € N with
N A\ {3 Ui Vi) € U, in which case no finite set V C U covers | /\/}A and
it follows that there exists j < i for which no finite set V C U/ covers /\/

By recursively applying Lemma 1.3, we obtain b € NV such that for no i € N is
there a finite set VV C U covering Nj);. But Proposition 1.1 implies that every open
neighborhood of b contains some Ny);.

Given a countable set / and a topological space X, we say that a sequence
(xi);er € X' converges to a point x € X, or x; — x, if for every open neighborhood
U of x there are only finitely many i €  with x; ¢ U. We endow N< with the partial
order C, and when I and X are equipped with partial orders <; and <y, we say that
(xi);cs is decreasing if i <;j = x; <y x;foralli,jeI.

PROPOSITION 1.4.  The space N=N has a compatible ultrametric.

Proor. Fix a decreasing sequence (a,)leNm of positive real numbers con-
verging to zero. Set d(a.a) =0 for all a € NSV, as well as d(a.b) = max{e, |
t € {a | min(|a|.i(a.b)).b | min(|b|.i(a.h))} NN<N} for all distinct a.» € N, where
i(a,b) = min{i €N lali#b]i}.
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To see that d is an ultrametric, suppose that a.b,c € N §N are pairwise distinct.
Observe that if i(a,c) < max{i(a.b).i(b,c)}. then d(a.c) € {d(b,c).d(a,b)}, so
d(a,c) < max{d(a,b).d(b,c)}. And if i(a,c) = max{i(a.b).i(b.c)}. then setting
i=i(a.b) =i(a.c) =i(b,c), it follows that

d(a.c) =max{e |t€{alic|i}NNN}
<max{e |tc{alibic|iynN}
=max{d(a.b).d(b.c)}.

And if i(a.c) > max{i(a.b),i(h.c)}, then setting ¢ = d(a.b) = d(b.c) and ¢ =
alila,b) = cli(b,c), it follows that d(a.c) < ¢ < &, and therefore d(a.c) <
max {d(a.b).d(b,c)}.

As {1} = B(t.e,) and N, \ {t} = BN, \{t}.¢&) for all r € N<N, and N\ ({r} U
Ui<iNinp) = BNV {3 UU < Ningy)-min({e, ) |/ < i})) forall i € Nand r €
N<N, Proposition 1.1 ensures that every open subset of N=" is d-open.

Given b € NY and ¢ > 0, fix i € N with &,; < ¢. set = b | i, and note that N; C
B(b.¢). Givent € NN and ¢ > 0. fix i € Nwith &~() <e¢ forallj >i. and observe that

NN\ {3 U Uj<i./\/,m(,-)) C B(1 ~ (00).¢). Thus every d-open subset of N=" is open.

It follows that N*SN is Polish. As the space NI}J = N*SN \N<N is a perfect subset
of N*SN, a result of Brouwer’s ensures that it is homeomorphic to 2N (see, e.g.. [3,
Theorem 7.4]).

§2. Meet embeddings. The meet of sequences s. t € N<V is the sequence r = s A t of
maximal length for which r C s and r C t. A A-embedding is an injection 7: N<N
N<N'such that n(s A t) = n(s) An(¢) for all 5.t € N<N,

PROPOSITION 2.1.  Suppose that m: N<N — N<N. Then n is a N-embedding if and
only if the following conditions hold.:

(1) Vie NVt e NN z(8) © n(t ~ (i)).
(2) VijeNVte NN (i£j = 7t~ () (|n(0)]) £ n(t ~ () (|z(1)])).

PROOF. Suppose first that 7 is a A-embedding. To see that condition (1) holds,
observe that if i € N and t € N<N, then n(t) = n(t) An(t ~ (i)). so n(t) C n(t ~ (i)).
thus 7(z) C n(z ~ (i)). And to see that condition (2) holds, observe that if i,j € N are
distinct and # € N<N, then 7(¢) = (¢ ~ (i)) Az (t ~ (), so n(t ~ (1)) (|=(2)|) # = (t ~
M) (= (@)]).

Suppose now that 7 satisfies conditions (1) and (2). To see that 7 is a A-embedding,
suppose that s, € N<N are distinct, and define r = s A . By reversing the roles of s
and ¢ if necessary, we can assume that |s| > |r|, so 7(r) C =(s), thus either r = ¢ or
(|| > |r| and =(s)(|n(r)|) # =(2)(|x(r)|)). In both cases, it follows that z(s) # ()
and n(r) = n(s) An(2). 4

REMARK 2.2. In particular, it follows that if 7: N<N — N<N has the property
that z(¢) ~ (i) C z(t ~ (i)) for all i € N and ¢ € N<N, then 7 is a A-embedding.

The composition of a finite sequence (7;);, of functions is given by o<, 7; =
T O -+ O Ty
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PROPOSITION 2.3.  Suppose that () ,cn<n is a sequence of A-embeddings with the
property that 1,(N<N) C N, for all t € N<N. Then the function n: NN — N<N giyen
by 7(t) = (on<|q in)(2) is also a A-embedding.

Proor. Note that if i € N and r € N, then 1 ~ (i) C 7,.;(t ~ (i)). so
Proposition 2.1 ensures that (o,<) 7.)(t ~ (i) T n(t ~ (i)). thus z(zr) C
(on<y| )t ~ (i) C wlt ~ (i)). It also implies that if i # j, then (o,<|y
) (t ~ D))(|7(D)]) # (euzyy mn) (£ ~ (N(|7(@)]). so w(t ~ (D)(|=(2)]) # =t ~
(7))(|=(2)]). One last application of Proposition 2.1 therefore ensures that 7 is a
A-embedding. =

We next consider the connection between A-embeddings and closed continuous
embeddings.

PROPOSITION 2.4.  Every A-embedding n: N<N — N<N has a unique extension to a
(necessarily injective) continuous map 7@: N=" — N=N | given by 7(b) = Usenm(® 1)
and 7(t ~ (00)) = n(t) ~ (00) for all b € NN and t € N<N,

PrOOF. Suppose that 7: NN — N& is a continuous extension of 7. If b € NV,
then b | i — b, and since (n(b | i));ey is strictly increasing by Proposition 2.1, it
follows that 7(b) = (J;en7(b I 4). If £ € N<N, then ¢ ~ (i) — ¢ ~ (00). and since
n(t) = n(t) ~ (i) An(t) ~ (j) for all distinct i,j € N, it follows that 7(f) ~ (c0) =
n(t) ~ (0).

To see that these constraints actually define a continuous function, note that if
t € NN then either 7 '(N;) = 0 or there exists s € N<N of minimal length with
¢ C z(s), in which case T ' (\;) = \.

To see that 7 is injective, it is enough to check that its restriction to NV is injective.
Towards this end. suppose that a.b € NY are distinct, fix i € N least for which a(i) #
b(i),sett=a | i=>b i, and observe that n(z ~ (a(i)))(|n(¢)|) # (¢t ~ (b(i)))(|=(2)|)
by Proposition 2.1, thus (a) and 7(b) are distinct. =

REmMARK 2.5. It follows that the extension associated with the composition of
two A-embeddings is the composition of their extensions.

Given a function ¢: X — Y and sets X’ C X and Y’ D ¢(X'), let ¢ | X' — YV’
denote the function w: X’ — Y’ given by ¢(x) = w(x) for all x € X’. Compactness
ensures that if 7 is a A-embedding, then 7 and 7 [le are closed continuous
embeddings. The following observations show that so too are 7 [ NN — NN and
7 [ NI\ NN — NI\ NN,

PROPOSITION 2.6.  Suppose that m: N<N — N<N js a A-embedding. Then7 | NN —
NN is closed.

Proor. It is sufficient to show that every sequence (b,),cy of elements of NV for
which (7(b,)),en converges to an element of N is itself convergent to an element
of NN, As (7(b,) | i)nen is eventually constant for all i € N, a simple induction shows
that (b, | i),en is also eventually constant for all i € N, so (b,),cy converges to an
element of NV, .

PROPOSITION 2.7.  Suppose that n: N<N — N<N is a A-embedding. Then 7@ | NI\
NN — NI\ NN s closed.
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Proor. It is sufficient to show that every sequence (s,).en of elements of N<N
such that (7(s,)),en converges to ¢ ~ (co0) for some ¢ € N<N has a subsequence
converging to an element of NI\ NN, By passing to a subsequence, we can assume
that 7(s,,) An(s,) = ¢ for all distinct m,n € N. Let s be the C-minimal element
of N<N for which ¢ C z(s). Then s,, As, = s for all distinct m.n € N, thus s, —
s~ (00). -

A set T C N<Nis C-dense if Vs € N<N3t € T s C . More generally, a set 7 C N<N
is C-dense below r e NN if Vs e NNFre Tr~sC 1.

PROPOSITION 2.8.  Suppose that T C N<N. Then there is a N-embedding n: N<N —
N<Nsuch that t(N<N) C T or n(N<N) C ~T.

PrOOF. Fix S € {T,~T} which is C-dense below some s € N<N, and recursively
construct a function 7: N<N — AN S with the property that (1) ~ (i) C n(t ~ (i)
foralli € Nand t € N<N, —|

PROPOSITION 2.9.  Suppose that C C NN is a nonmeager set with the Baire property.
Then there is a A-embedding n: N<N — N<N with the property that T(NY) C C.

Proor. Fix s € N<V for which C is comeager in A; NNV, as well as
dense open sets U, C N; NN with the property that ﬂneN U, CC. Set T, =
{te NN |N,NNN C U,} for all n € N, and recursively construct a function
n: NN 5 ;N N<N such that 7(N") C T, for all n € N and 7(¢) ~ (i) C n(t ~ (i))
foralli € Nand r € N<N, =

§3. Baire measurable functions on N, Here we provide a basis for the class of
Baire measurable functions from N¥ to separable metric spaces.

ProrosiTION 3.1.  Suppose that X is a second countable topological space and
¢: NN — X is Baire measurable. Then there is a N-embedding w: N<N — N<N for
which ¢ o T is continuous.

Proor. Fix a comeager set C C NN on which ¢ is continuous, and appeal to
Proposition 2.9 to obtain a A-embedding 7: N<N — N<N with the property that
7(NY) C C. .

PROPOSITION 3.2. Suppose that X is a metric space and ¢: NN — X s
continuous. Then there is a N-embedding m: NN — N<N with the property that
diam ¢ (N(,)) — 0.

Proor. Fix a sequence (¢;),cy<n of positive real numbers converging to zero.
note that the continuity of ¢ ensures that for all € N<N the set 7, = {s € NSV |
diam¢(N;) < ¢} is C-dense, and recursively construct a function zz: N<N — N<N
such that n(¢) € T, for all + € N<N and #(t) ~ (i) C (¢ ~ (i)) for all i € N and
te N<N, .

Given a countable set 7 and a topological space X, we say that a sequence (X;)c;
of subsets of X converges to a point x € X, or X; — x, if for every open neighborhood
U of x, all but finitely many i € I have the property that X; C U. We say that (X;);c,
is discrete if for all x € X there is an open neighborhood U of x such that all but
finitely many i € I have the property that UNX; = 0.
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PROPOSITION 3.3.  Suppose that X is a metric space and ¢: NN — X has the
property that diam¢(N,.)) — 0 for all t € N<N. Then there is a N-embedding

n: NN — N such that (¢(No(~(1)) ;o is convergent or discrete for all t € N<N.

ProoF. For each ¢ € N<V, the fact that diam ¢(, ;) — 0 ensures that there is
an injection 7;: N — N for which (¢(NV,~(, ), <y is convergent or discrete. Define
n: N<N — N<N by choosing 7()) € N<N arbitrarily and setting z(t ~ (i)) = n(t) ~
(1(y (i) for all i € Nand r € N<N. .

We say that a function ¢: X — Y is nowhere constant if there is no nonempty
open set U C X on which ¢ is constant.

PROPOSITION 3.4.  Suppose that X is a metric space and ¢ : NN — X is continuous
and nowhere constant. Then there is a N-embedding m: N<N — N<N such that

Vie NVt e N<N ¢(Nn<,,\(,->)) N U/‘GN\{[} ¢(Nn(t,\(i))) =0.

Proor. Clearly each ¢(N;) is infinite.

LemMA 3.5. For all t € N<N, there is a function 1,: N — NN\ {0} such that
(l.,(.l').(O))!-eN is.injective and the closures of ¢(N,~,,») and UjeN\{l.}ng(/\/wt(j)) are
disjoint for all i € N. =

PrOOF. As each ng(/\/tA(,»)) is infinite, there are extensions b; € NN of ¢ ~ (i)
such that ¢(b;) ¢ {¢(b;) | j < i} for all i € N. Fix a subsequence (a;);cy of (5);cn
for which {¢(g;) | i € N} is discrete. For each i € N, fix & > 0 such that ¢(q;) ¢
B(p(a;).&) for all j € N\ {i}, as well as 1,(i) € NN\ {0} with ¢ ~ 1,(i) C @; and
SN i) C B(d(a;).6:/3).

Suppose, towards a contradiction, that there exists i € N for which some x € X
is in the closures of ¢ (N, -, () and Uiem (1 ¢(N,,(j))- Then there exist j € N\ {i}
and y € ¢(N,,,(;)) with the property that d(x.y) < ;/3. in which case

d(¢(a;). ¢(a)) < d(¢p(a;).x)+d(x.y)+d(y.¢(a;))
<e&i/3+e/3+¢/3
< max{e;. &}
so ¢(a;) € B(¢(a;).¢;) or ¢p(a;) € B(d(a;).&:). a contradiction. -
Define 7: N<N — N<N by choosing 7(0)) € N<N arbitrarily and setting z(z ~ (i)) =
(1) ~ 1 (Q) forall i € Nand r € N<N,

We now obtain our main result stabilizing the topological behavior of Baire
measurable functions from NN to separable metric spaces.

THEOREM 3.6.  Suppose that X is a separable metric space and ¢ : NN — X is Baire
measurable. Then there is a N-embedding n: NN — N<N such that ¢ o 7 is constant
or extends to a closed continuous embedding on NN or NI

Proor. By Remark 2.5, we are free to replace ¢ by its composition with the
extension of any A-embedding. For example, by Proposition 3.1, we can assume
that ¢ is continuous.
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If there exists s € N<N for which ¢ [ A is constant, then define 7: N<N — N<N
by n(t) =s ~ t for all t € N<N, s0 ¢ o 7 is constant. Otherwise, Propositions 2.8,
3.2, 3.3, and 3.4 yield a A-embedding 7: N<N — N<N such that diam ¢(N,,)) — 0.
(¢ (Nr(~(1)))ien is convergent for all # € N<N or discrete for all # € N<, and

Vi e NVt € N<N ¢(Nn(tr\(i))) N U/’EN\{i} (ﬁ(./\/.n(,,\(j))) = 0.
As T(N;) C Ny, for all 1 € N<N_ it follows that

Vi € NV € N (¢ 0 1) (Wi ) NUpn 1y (6 © D WNig) = 0.

So by replacing ¢ with ¢ o 7, we can assume that diam¢(N;) — 0. (¢(N,~;)))
is convergent for all # € N<N or discrete for all # € N<V, and

Vie NVt e NN ¢<MA(i)) N UjeN\{[} dN, () = 0. (1)

ieN

To see that ¢ is injective, note that if a,b € NN are distinct, then there is a least
i € Nfor which a(i) # b(i). Setting t =a [ i = b [ i. it follows from () that ¢(N,~(,()))
and ¢(N, ;) are disjoint, thus ¢(a) and ¢(b) are distinct.

We next check that if (¢(N’,A<i)))[.6N is discrete for all r € N<N, then ¢ is a
closed continuous embedding. It is sufficient to show that every sequence (b,),,cy of
elements of N for which (¢(b,)),cy converges to some x € X s itself convergent.
But a straightforward recursive argument yields » € NV such that x is in the
closure of ¢(Nj);) for all i € N, so (f) ensures that x is not in the closure of
Ujern o0y @WNsping)) for alli € N, thus (b, [ 1),y is eventually constant with value
b liforallie N, hence b, — b.

It remains to check that if (¢(N,~(;)), is convergent for all € N<N, then the
extension of ¢ to NIY given by ¢(7 ~ (00)) = lim;_,0c ¢(N~(y) for all € NN is a
closed continuous embedding. To see that ¢ is injective, note that if c.d € NY are
distinct, then there is a least i € N with c(i) # d(i). By reversing the roles of ¢ and d
if necessary, we can assume that ¢(i) # oo. Set t =c¢ [ i = d | i. and appeal to (}) to
see that ¢(c) is in the closure of ¢ (N, but ¢(d) is not. so ¢(c) # ¢(d). To see
that ¢ is continuous, suppose that ¢ € NY and U is an open neighborhood of ¢(c).
and fix an open neighborhood ¥ of ¢(c) whose closure is contained in U. If ¢ € NV,
then there exists i € N for which ¢(N.);) C V., thus A;; is an open neighborhood of
¢ whose image under ¢ is contained in U. Otherwise, there exists € N<N for which

c=1t~ (00),aswellasi € N for which q&(j\/',\UKi./\/,A(,)) cV. Then./\/,\UjQ.J\/',A(j)

is an open neighborhood of ¢ whose image under ¢ is contained in U. -

For each topological space X, let cxy denote the unique function from X to the
trivial topological space {oco}. Given topological spaces X C Y, definery y: X — Y
by iy y(x) =xforallx € X.

PROPOSITION 3.7.  Suppose that X is a separable metric space. ¢ : NN — X is Baire
measurable, n: N<N — N<N s a A-embedding, and ¢ o T is constant or extends to
a closed continuous embedding on NN or NY. Then there exist ¢o € {egp} U {1 £ |
Z € (NN, N} and y 2 ¢o(NN) — ¢(NN) with the property that (7 | NN — NN, ) is
a closed continuous embedding of ¢, into ¢.
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ProOF. If ¢ o7 is constant, then set ¢y = cyn and let y be the unique function
from ey (NVY) to (¢ o ) (NY). If ¢ o T extends to a closed continuous embedding y
on Z € {NY, NI}, then set ¢g = 1 . 8

§4. Baire-class-one functions that are not o-continuous with closed witnesses.
Here we strengthen [4, Theorem 3.1] by providing a basis for the class of non-
g-continuous-with-closed-witnesses Baire-class-one functions from analytic metric
spaces to separable metric spaces.

PROPOSITION 4.1.  Suppose that X is a metric space and ¢: NY — X has the
property that ¢ | NN is continuous. Then there is a N-embedding m: N<N — N<N
such that either (¢ oT)(NN)N (¢ o 7)(NN\NN) = () or ¢ o T is continuous at every
point of NN,

PrROOF. We can assume that there is no s € NN with the property that
inf {d(¢(s ~b).¢p(s ~t~(00))) | b NVand t € NN} > 0, since otherwise the
A-embedding 7: N<N — N<N given by () = s ~ ¢ for all t € N<N has the property
that (¢ o ) (NN) N (¢ o 7) (NI \ NN) = 0).

LemMma 4.2, Suppose that ¢ > 0 and s € N<N. Then there exists t € N<N with

dlgp(s~t~b).¢(s ~t~(x))) <eforallbc NN, —(
Proor. Fix 6 < ¢ and u € N<N with diam¢(N,~.,NNY) < 6. and b € NY and
vENNwithd(¢(s ~u~b).¢p(s ~u~v~(c0)) <e—05.andsett=u~v. =

Fix a sequence (&,),cy of positive real numbers converging to zero, and recursively
construct a function 7: N<N — N<N with the property that d(¢(n(t) ~ b).p(n(t) ~
(00))) < g forall b € N¥ and 1 € NN, and #(1) ~ (i) E 7(s ~ (i) for all i € N and
te N<N,

We say that a metric space is e-discrete if all distinct points have distance at least
¢ from one another.

PROPOSITION 4.3.  Suppose that X is a metric space. ¢: NN \NN = X, &> 0, and
t € NN, Then there is a N-embedding n: NN — N; \N<N with the property that
¢ o 7 is an injection into an e-discrete set or (¢ o T)(NY\ NV) is contained in the e-ball
around a point of ¢(N;).

Proor. If for no finite set F C ¢(NY\ NV) and extension u of ¢ is it the case
that ¢(N,,) C B(F.e). then fix an enumeration (7,),cy of N<N with the property that
tm Ct, => m < nfor all m.n € N, and recursively construct 7: N<N — A, N N<N
such that ¢ (r(t,) ~ (00)) & BU{(x(t) ~ (00)) | m < n}.2) and 2(£,) ~ (n) C n(t,)
for all n > 0, where 7, is the maximal proper initial segment of #,,.

Otherwise, there exists x € ¢(NY\ NV) with the property that the set S = {s €
N<N| ¢(s ~ (0)) € B(x,&)} is C-dense below some extension u of ¢, in which case
we can recursively construct a function 7: NN — A;, N S with the property that
n(v) ~ (i) Cx(v~ (i) foralli € Nand v € N<N, -

PROPOSITION 4.4.  Suppose that X is a metric space and ¢: NY\ NN — X . Then
there is a N-embedding n: N<N — N<N such that ¢ o 7 is an injection into an e-discrete
set for some ¢ > 0 or diam (¢ o 7)(N;) — 0.
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PROOF. Suppose that for no ¢ > 0 is there a A-embedding 7: N<N — N<N such
that ¢ o 7 is an injection into an e-discrete set, fix a sequence (¢;) <y of positive real
numbers converging to zero, and recursively apply Proposition 4.3 to the functions
¢: = ¢ o (0,<|q W) to obtain A-embeddings 7,: NN — A, NN<N such that (¢ o
(on<e| o)) (NS \NY) is contained in an ¢-ball for all r € N<N. Let 7 be the A-
embedding obtained from applying Proposition 2.3 to (7;),c<n. and observe that
diam (¢ o )(N;) — 0. -

Define p: NI\ NN — N<N by setting p(¢ ~ (00)) = ¢ for all t € N<N, Let N2V =
N<NU {00} denote the one-point compactification of N<V,

THEOREM 4.5.  Suppose that X is an analytic metric space, Y is a separable metric
space, and ¢ : X — Y is a Baire-class-one function that is not a-continuous with closed
witnesses. Then there exists ¢y € {cyn } U{yw » | Z € {NN.NWY} for which there is a
closed continuous embedding of ¢poUp into ¢.

PrOOF. By the Jayne-Rogers theorem (see, e.g., [2, Theorem 1]), we can assume
that ¢ is not Gs-measurable. Hurewicz’s dichotomy theorem for F, sets then yields a
closed continuous embedding y : NY — X with (¢ o w)(NN)N (4 o w)(NY\NY) =0

(see, e.g.. [1. Theorem 4.2]). As (v, idm) is a closed continuous embedding of

¢ o w into ¢. by replacing the latter with the former, we can assume that X = NI
and ¢(NN) N ¢(NY\ NY) = 0.

By Proposition 3.1, there is a A-embedding 7: N<N — N<N for which (¢ o 7) | NV
is continuous. By composing 7 with the A-embedding given by Proposition 4.1, we
can assume that (¢ o 7)(NN) N (¢ o 7) (NN \ NN) = () or ¢ o 7 is continuous at every
point of N, As ¢ is Baire class one, the former possibility would imply that the
preimages of (¢ o 7)(NN) and (¢ o 7)(NIY\ NN) under ¢ o 7 are disjoint dense Gj
subsets of N, so the latter holds. By Proposition 4.4, we can assume that either
there exists ¢ > 0 for which (¢ o ) | NI\ NV is an injection into an e-discrete set, or
diam (¢ o 7)(N; N (NY\NY)) — 0. As the former possibility contradicts the facts that
(pom)(NY)N(p o7)(NV\NY) = () and (¢ o 7)(NY) C (¢ o 7)(NV\ NN, it follows
that the latter holds. By applying Proposition 4.3 with any ¢ > 0 and ¢ € N<N_ but
replacing the given metric on X by one with respect to which all pairs of distinct
points have distance at least ¢ from one another, we can assume that (¢ o 7) [ NI'\ N¥
is either constant or injective.

LEMMA 4.6.  Suppose that (s,),cy is an injective sequence of elements of N<N
and (by),cn is a sequence of elements of NN such that s, C b, for all n € N. Then

dx((¢ o) (bn). (¢ o) (s ~ (00))) = 0.

ProOOF.  Simply note that (¢ o 7)(b,) € (¢ o 7)(N;, N (NN \NN)) for all n € Nand
diam (¢ o 7) (N5, N (NY\ NY)) — 0. .

Along with the facts that (¢ o 7)(NY) N (¢ o ) (NY \NY) = () and (¢ o 7)(NV) C
(¢ o)(NN\NN), Lemma 4.6 ensures that (¢ o 7) | NI'\ N is not constant, and
is therefore injective. Along with the fact that (¢ o 7)(NN) N (¢ o 7)(NI\ NY) = (),
Lemma 4.6 ensures that (¢ o ) (NI \ NV) is discrete.
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By Theorem 3.6, we can assume that (¢ o 7) | NV is constant or extends to a
closed continuous embedding on N or N,
We will now complete the proof by showing that there exist ¢o € {cpn FU {13 £ |

Z e {NV, NI} and y : ¢po(NY)UN<N — ¢(X) for which (7 | N — NI, ) is a closed
continuous embedding of ¢y Up into ¢.

If (¢ o) | NV is constant with value y € Y. then set ¢y = cxn. and note that the
extension y of ¢ o7 o p!' to NIV given by w(oo) = y is injective. As Lemma 4.6
ensures that (¢ o 7)(s, ~ (00)) — y for every injective sequence (s,),cy of elements
of N<N_ it follows that y is continuous, so the compactness of NSV ensures that v is
a closed continuous embedding.

If (¢ o7) | NV is a closed continuous embedding, then set ¢y = v v, and note
that the extension w of ¢ oo p ! to N=N given by w [NV = (¢po7) [NV is a
continuous injection. To see that it is closed, it is enough to show that every injective
sequence (ay),cy of elements of N=N for which (y(ay,)),cy converges to some point
¥ € Y has a subsequence converging to a point of NN, As N =Nis compact, by passing
to a subsequence, we can assume that (a,),cy converges to a point of NN As every
point of N<V is isolated. it therefore converges to a point of N'. And if there exists
t € N<N for which a, — ¢ ~ (c0), then there are extensions b, € NY of a,, for alln € N,
in which case b, — t ~ (o0) and w(b,) — y by Lemma 4.6. Fix n € N sufficiently large
that (¢ o @)(b,,) # y for all m > n, and observe that {b,, | m > n} is a closed subset
of NN whose image under ¢ o 7 is not closed, contradicting the fact that (¢ o 7) | N¥
is closed.

If (¢ o 7) | NN extends to a closed continuous embedding ' on NY, then set ¢y =
Iy - and note that the extension y of ¢ o7 o p™ to N=N given by y | NN =/ | NV

is injective. To see that it is continuous, suppose that (z,),cn is an injective sequence
of elements of N<N converging to ¢ ~ (cc) for some r € N<V, fix b, € N, "NV for all
n € N, and observe that the continuity of v’ ensures that v (b,) — w (¢ ~ (c0)), thus
Lemma 4.6 implies that y(z,) — w(z ~ (00)). As NSV is compact, it follows that
is a closed continuous embedding.

§5. Functions on N} \ NN, Here we provide a basis for the class of all functions
from NI\ NV to analytic metric spaces.

PROPOSITION 5.1.  Suppose that X is a topological space, ¢: NY\ NV — X
is injective, and x € X. Then there is a N-embedding n: NN — N<N such that

x ¢ (¢om (NJ\NY).

Proof. Fix s € N<N such that x ¢ ¢(N;), and define 7: N<N — N<N by 7(¢) =
s~ tforall t € N<N, =

PROPOSITION 5.2.  Suppose that X is a metric space and ¢: NN\ NN — X . Then
there is a N\-embedding w: N<N — N<Nwith the property that ((¢ o 7)(t ~ (i,00)))ien
is convergent or {(¢ o 7)(t ~ (i,00)) | i € N} is closed and discrete for all t € N<N,

Proor. For each ¢ € N<V, there is an injection 1,: N — N for which (¢(t ~
(1,(i),00)))ien is convergent or {¢(z ~ (1,(i),o0)) | i € N} is closed and discrete.
Define 7: N<N — N<N by choosing 7(()) € N<N arbitrarily and setting z(z ~ (i)) =
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(1) ~ (1, (0)) for alli € Nand r € N<N, and note that (¢ o 7) (1 ~ (i.00)) = ¢ (r( ~
() ~ (00)) = (x(t) ~ (1 (i).00)) for all i € N and 1 € NV 4

PROPOSITION 5.3.  Suppose that X is a metric space, ¢: NN\NN — X, F C X is
finite, and t € N<N. Then there is a N-embedding m: N<N — N;\N<N such that either
(¢ o) (u~ (00))),en<n converges to an element of F or the closure of (¢ o ) (NJ\ NV)
is disjoint from F.

Proor. If the set S, = {s € NN | ¢(s~ (c0)) € B(F.e)} is C-dense below ¢
for all ¢ > 0, then there exist an extension u of ¢ and x € F such that the set
S;x = {s NN | (s~ (c0)) € B(x.e)} is C-dense below u for all ¢ > 0. Fix a
sequence (&,),cy<n Of positive real numbers converging to zero, and recursively
construct a function 7: N<N — A, N N<N such that n(v) € S, for all v € N<N
and n(v) ~ (i) C (v ~ (i)) for all i € N and v € N<V, and observe that (¢ o 7)
(v ~(00)) = x.

Otherwise, fix ¢ > 0 and an extension u of ¢ with the property that A;, NS, = 0,
define 7: NN — A, "N<N by n(v) = u ~ v, and note that the closure of (¢ o
7)(NY\ NV) is disjoint from F. .

For the rest of this section, it will be convenient to fix an enumeration (z,),,cy of
N<Nguch that t,, C ¢, = m <nforall mneN.

PROPOSITION 5.4.  Suppose that X is a metric space and ¢: NY\ NN — X . Then
there is a \-embedding : N<N — N<Nwith the property that ((¢ o T)(t ~ (00))) ,en<n
converges or for no natural numbers m < n is (¢ o 7)(t,, ~ (00)) or a limit point of

{(¢ oT)(tm ~ (i,00)) | i € N} in the closure of (¢ o T)(N,,).

PrOOF. Suppose that for no A-embedding 7: N<N — N<N is the sequence
((¢p om)(t ~ (00))),en<n convergent. By Proposition 5.2, we can assume that
(¢(r ~ (i.00)))cy 18 convergent or {¢(z ~ (i.00)) | i € N} is closed and discrete for
all t e N<N, By recursively applying Lemma 5.3 to the functions ¢, = ¢ o (o, <|t] Tk )
we obtain A-embeddings 7;: N<N — A, NN<N such that there do not exist natural
numbers m < n for which (¢ o (ox<|s,| Timix))(tm ~ (00)) or a limit point of
{(¢ © (k<] T 1%)) (tm ~ (i.00)) | i € N} in the closure of (¢ o (o< |y, Tix))(Ni,)-
Let 7 be the A-embedding obtained from applying Proposition 2.3 to (7;),c<n. and
observe that for no natural numbers m < n is it the case that (¢ o 7)(z,, ~ (0c)) or a
limit point of {(¢ o 7)(z,, ~ (i,00)) | i € N} in the closure of (¢ o 7)(N,,). =

THEOREM 5.5.  Suppose that X is an analytic metric space and ¢: NY\ NN — X
Then there is a N-embedding : N<N — N<N such that ¢ o Tt is constant, ¢ o T extends
to a closed continuous embedding on NY \ NN or NI, or ¢ o 7w o p~! extends to a closed
continuous embedding on N<N, NN, NN \NN, N<N o NSV,

Proor. As before, we will repeatedly precompose ¢ with appropriate A-
embeddings, albeit this time so as to stabilize the behavior of the function y = ¢ op !,
as opposed to that of the function ¢ itself. By applying Proposition 4.3 with any
&> 0and r € N<N, but replacing the given metric on X by one with respect to which
all pairs of distinct points have distance at least ¢ from one another, we can assume
that y is either constant or injective. As ¢ is constant in the former case, we can
assume that we are in the latter.
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By Proposition 4.4, we can ensure that w(N<V) is closed and discrete or
diamy (N;) — 0. As y is a closed continuous embedding in the former case, we
can assume that we are in the latter.

Let 7 be the extension of y to the set D = N<NU{bh € NV|lim;_, o w (b | i) exists}U
{t ~ (00) € NN\ NN|lim,_, o, w (¢ ~ (i)) exists} given by %(b) = lim;_, . (b | i) and
w(t~ (00)) =lim; o w(t ~ (i) for all b€ DNNY and ¢ ~ (c0) € DN (NY\ NV).
Note that D could potentially be any set of the form N<NU 4, where 4 C N is
analytic (simply consider the inclusion map from N<N to N<NuU 4).

By Proposition 5.2, we can assume that {y (¢~ (i)) | i € N} has a limit point
= t~ (00) € dom(w) for all t € N<N,

As each point of N<V is isolated, diamy (Nj;) — 0 for all b € NV, and
diamy (N, ;) — 0 for all r € N<N_ it follows that ¥ is continuous. To see that
v is closed. it is sufficient show that every injective sequence (c,),cy of points in
the domain of ¥ for which (¥(c,)),cy is convergent has a subsequence converging
to a point in the domain of w. By passing to a subsequence, we can assume that
the sequence converges to a point of N=N. As each point of N<N is isolated, the
sequence converges to a point of NI, so the facts that diamy (N;;) — 0 for all
b e NN, diamy (N, .(;)) — Oforall 1 € NN and {y(s ~ (i)) | i € N} has a limit point
— t ~ (00) € dom(y) for all + € N<N ensure that it converges to a point of the
domain of .

By Proposition 2.8, we can assume that one of the following holds:

(1) NN\ NN C dom(%) and V¢ € NN % (1) = w(t ~ (00)).
(2) NY\N" € dom() and Vr € NSV 7 (1) # (1 ~ (00)).
(3) (NJ'\NY)ndom(w) = 0.

As the domain of ¥ is analytic, so too is its intersection with NN, It follows that the
latter intersection has the Baire property, so Proposition 2.9 allows us to assume
that one of the following holds:

(a) The domain of ¥ is disjoint from N,
(b) The domain of ¥ contains NV,

In the special case that condition (b) holds, Theorem 3.6 allows us to assume that
w | NN is either constant or injective.

Proposition 5.4 allows us to assume that (y/(7)),cy<v converges to some x € X or
for no natural numbers m < n is y(z,,) or w(t,, ~ (o)) in the closure of y(N;,). In
the former case, Proposition 5.1 allows us to assume that l//(N<N ) is discrete, so the
extension of y to N sending oo to x is a closed continuous embedding, thus we
can assume that we are in the latter.

LEMMA 5.6.  Suppose that ¢,d € dom(W) are distinct but w(c) = w(d). Then there
exists t € NN such that {c.d} = {t,t ~ (00)}.

Proor. To see that | NI\ NV is injective, observe that if m < n, both #,, ~ (00)
and ¢, ~ (0o) are in the domain of ¥, and moreover ¥(t,, ~ (00)) = (¢, ~ (00)),
then w(z,, ~ (00)) is in the closure of y(N;,). a contradiction.

To see that 7 | NV is injective when N™ is contained in the domain of ¥, note that
otherwise it is constant, and let x be this constant value. Then for each r € N<N,
there is a sequence (1;);cy of elements of N<N such that y(¢ ~ (i) ~ (4;)) — x. so

https://doi.org/10.1017/js1.2020.60 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2020.60

BASES FOR FUNCTIONS BEYOND THE FIRST BAIRE CLASS 1301

the fact that diam w (N, .(;)) — 0 ensures that (7 ~ (c0)) = x. contradicting the fact
that 7 | NI\ NV is injective.

To see that ¥ (NY) Ny (N<N) = (), note that if b € dom(yw) NNV, r € N<N, and
w(b) = w(t). then there exist m < n with t,, = t and ¢, C b. so y(t,,) is in the closure
of w(N,,). a contradiction.

To see that 7 (NY) Nyw(NY\ NY) = (), note that if b € dom(w) NNV, 7 € N<N,
t ~ (00) € dom(y), and w(b) = w(t ~ (c0)). then there exist m < n with 1,, = ¢ and
ty C b, in which case % (z,, ~ (00)) is in the closure of y(N;,). a contradiction.

Observe finally that if s, € N<N are distinct,  ~ (00) € dom(). and w (s) =y (t ~
(00)), then there exist m # n such that #,, = s and 1, = ¢. Then w(1,,) is in the closure
of w(\N,,) and w(t, ~ (00)) is in w(N,,). a contradiction. -

If (1a) or (1b) holds, then % | NY'\ N¥ or i | N is an extension of ¢ to a closed
continuous embedding. If (2a), (2b), (3a), or (3b) holds, then ¥ is an extension of
w to a closed continuous embedding on NS\ NV, N=N, N<N_or N<N,

PROPOSITION 5.7.  Suppose that X is an analytic metric space, ¢: NN\ NN — X
n: NN = NN is a A-embedding, and ¢ o T is constant. ¢ o T extends to a closed
continuous embedding on NY \ N or NI, or ¢ o 7 o p™! extends to a closed continuous
embedding on N<N, NN, N*SN \ NN, NN or N*SN. Then there exist ¢y € {CNEI\NN} U
(i z|Z € (NI \NFNI}} U {igenz 0 p|Z € {N<U, NSNS\ NV NSH. NSV}
and y : ¢o(NN\ NN) — o (NN\ NN) with the property that (z | NI\ NN — NI\ NN, /)
is a closed continuous embedding of ¢y into ¢.

Proor. If ¢ o wis constant, then set ¢y = NN and let i be the unique function
from cNg\NN(NIf \NY) to (¢ o) (NI \ NY). If ¢ o 7 extends to a closed continuous
embedding y on Z € {NJ'\N",NI'}, then set ¢ = v\ v - Andif ¢ 0T o p! extends
to a closed continuous embedding y on Z € {N<N, NN N="\ NN N<N N=N} then
set g = 1y<n z 0 . -

§6. Borel functions that are not Baire class one. Here we provide bases for the
classes of non-Baire-class-one Borel functions and non- ¢-continuous-with-closed-
witnesses Borel functions between analytic metric spaces.

PROPOSITION 6.1.  Suppose that X is a metric space and ¢: NY — X has the
property that ¢ | NY is continuous and ¢(NV) & ¢(NNV\NN). Then there is a A-
embedding w: N<N — N<N with the property that (¢ o 7)(NN) N (¢ o 77) (NI \ NN) = ().

Proor. Fix b € NV for which ¢(b) is not in the closure of ¢(NY\ NY). Then
there is an open neighborhood U of ¢(b) disjoint from ¢(NY\ NV), as well as an
open neighborhood V of ¢(b) whose closure is contained in U, in which case the
continuity of ¢ | NV yields a proper initial segment s of 5 for which ¢(AV;NNY) C V.
Then the A-embedding 7: N<N — N<N given by n(¢) = s ~ ¢ for all r € N<N is as
desired. -

Given ¢y N — X and ¢y : NI \NY = ¥, let dye || ppry o denote the
corresponding function from NY to the disjoint union X'| | Y.
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THEOREM 6.2.  Suppose that X and Y are analytic metric spaces and ¢: X — Y is
a Borel function that is not Baire class one. Then there exist ¢y € {cyn }U{ngw 2 | Z €

{NY.NJ}} and @ e € {egn e} U {ign vz | Z € (NN AN NS U {iganz 0 p|Z €
{N<N NN NN\ NN NN NSMY for which there is a closed continuous embedding

of ¢ L Sy v into ¢.
Proor. Hurewicz’s dichotomy theorem for F, sets yields a closed continuous
embedding y: N — X with (¢ o y)(NY)N (¢ o ) (NN\NN) = 0. As (y.id——)

(@op)(NY)
is a closed continuous embedding of ¢ o y into ¢, by replacing the latter with the

former, we can assume that X = N and ¢(NY) N ¢ (NN \ NN) = (),

By Proposition 3.1, there is a A-embedding 7: N<N — N<N for which (¢ o 7) | NN
is continuous. By composing 7 with the A-embedding given by Proposition 6.1,
we can assume that (¢ o 7)(NN) N (¢ o 7)(NN\ NN) = ). By composing z with the
A-embedding given by Theorem 3.6, we can assume that (¢ o 77) | NV is constant or
extends to a closed continuous embedding on NY or NI. And by composing 7 with
the A-embedding given by Theorem 5.5, we can assume that (¢ o7) | NI\ NV is
constant, (¢ o %) [ NI\ NN extends to a closed continuous embedding on NI \ NN or
NN, or ¢ o 7 o p! extends to a closed continuous embedding on N<N, N<N, N=M\ NN,
NN, or NN,

By Proposition 3.7, there exist ¢y € {c} U {nw, | Z € {NY.N'}} and
wn s g (NY) — ¢(NN) for which (7 | NN — NY, y) is a closed continuous
embedding of ¢y into ¢ | NV, By Proposition 5.7, there exist P € {CNIE\NN} U
{212 € (NE\NTN U 5 012 € NN NEVNEV\ N NSTUNE))
and g ¢N§\NN(N§\NN) — ¢(NN\NN) for which (7 | NI'\ NN — NI\
N, wyry ) s @ closed continuous embedding of @y into ¢ [ N\ N". Then
(7 I NS — Ny Ly o) 18 @ closed continuous embedding of ¢y || @y e
into ¢. o

Theorems 4.5 and 6.2 together provide the promised twenty-seven element basis
under closed continuous embeddability for the class of non-o-continuous-with-
closed-witnesses Borel functions between analytic metric spaces.
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