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BLOWING UP THE POWER OF A SINGULAR CARDINAL OF
UNCOUNTABLE COFINALITY

MOTI GITIK

Abstract. A new method for blowing up the power of a singular cardinal is presented. It allows to
blow up the power of a singular in the core model cardinal of uncountable cofinality. The method makes
use of overlapping extenders.

§1. Introduction. The purpose of this article is to present a method for blowing
up the power of a singular cardinal which differs from those used in [1] and in [2] to
deal with cofinality w. The advantage of the present technique is that it generalizes
to singular cardinals of uncountable cofinality, which was open.

The main result can be stated as follows:

THEOREM 1.1. Assume GCH. Let n be a regular cardinal. Suppose that there is an
increasing sequence (Ko | @ < 1) of strong cardinals with ko > n. Let 4 > |
be a regular cardinal.

Then there is a cardinal preserving extension in which |

and 2Va<y 5e) — ;.

If 7 > Yo and 2 > (U, %a)". then, by [3], 0¥ should exists.
A slightly weaker assumption than 7—many strongs is actually used.
We assume that there is a sequence (E () | @ < 1) of extenders such that for every
a <7

a<ny Ka

<y Ko 18 a strong limit cardinal

1. E(a)is a (kq. ) —extender,
1.€., jE(a) V= ME(a) ~ Ul'[(V,E(Oz)) CVil(jE<a>) = H'Oqu(a) (Ka) >/,
Mg 2 Hy." Mg(q) © MEg(q):
2. forevery f < o, E(f) < E(av).
Note that this condition is equivalent to (E(f) | f < o) € Mg(,).
since " Mg (o) € Mg(q)-

Our conjecture is that this assumption is optimal for blowing up the power of
singular in the core model cardinal of uncountable cofinality.

We will start with countable cofinality. Then a general case will be considered and
finally some generalizations will be stated.
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§2. Blowing up the power of a singular cardinal of cofinality . Let (k, | n < ®)
be an increasing sequence of cardinals, k, = |J, _, &k, and (E, | n < w) be a
sequence such that for every n < @

n<w

1. E(n)is a (k,., A)—extender,
ie., JEMm) V— ME(n) ~ Ult(V. E(n)). cril(jE<,,)) = K/n:].E(n)("in) > A,
Mp) 2 Hp. " M) © M)

2. E(n) < E(n+1).

Denote by P(n) the one element extender based Prikry forcing with E(n). We
would like to combine the P(n)’s together. It would be a kind of Magidor product,
but will involve restrictions and reflections. Namely, if for some n < @ a nondirect
extension is made in P(n), then be will restrict each E (m), m < n to the correspond-
ing member of the Prikry sequence for k, and reflect the information the condition
contains about coordinates m < n below k.

Let us start with a simpler situation where instead of @ extenders we have only
two.

2.1. A single extender. Let us describe a variation of the one element extender
based Prikry forcing that will be used here. It will be very close to those of C.
Merimovich [5]. A difference will be that sequences inside conditions will be either
empty or of length one only.

Let E be a (., ) —extender. We will define the sets Pr and Pé} which will lead us
to the definition of the forcing notion Pg.

Let d C 4\ & of cardinality at most . Define a k—ultrafilter E£(d) on [d x x]<"
as follows:

X e€eEd) & {{(jela),a) |aed} € jg(X).

Actually, E(d) concentrates on a smaller set called OB(d) in [5].
The advantage of using E(d ) is that once A is a typical set of E(d)—measure one
and a € A. then a is of the form ((ae. fz) | £ < p). where

1. p <k,

2. dom(a) ={as | < p} Cd.

3. fe < k. forevery & < p.
So. a measure one set provides an explicit connection between elements of Prikry
sequences and the measures to which they belong.
We assume further that always (a: | & < p) and (f: | £ < p) are strictly increasing
sequences of ordinals.

DEerINITION 2.1, Let P be the set of all functions /" such that

1. dom(f) C A\ & is of cardinality at most &,

2. k € dom(f).

3. forevery a € dom( f). f () is either empty or a one element sequence which
consists of an element of k.

DrerFINITION 2.2, Let f.g € Py. Set f >* giff f D g.

DEFINITION 2.3. Let f € Py and v € [dom(f) x ]<*. Define g = f 5 € Py as
follows:
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1. dom(g) = dom(f).
2. forevery a € dom(g).
(V(@)), ifa € dom(¥)and f(a) is empty sequence;

—

gla) =< (Ma)). ifaedom(V), f(«)is notempty and V(a) > f(a);
f(a). otherwise.
The difference from the original definition by Merimovich in [5], is that we do
not keep f () if "(a) > f (). but rather replace f (o) by v(a).
Define now the pure part Pé} of the main forcing Pg.

DEFINITION 2.4. A pure condition p € Pé} is of the form (f, 4), where
1. feP;.

2. f(k) is the empty sequence,

3. A€ E(dom(f)).

Define the order on Pé} as follows:

DEFINITION 2.5. Let p = (f. A).q = (g.B) € Pé}. Set p >* ¢ iff
1. /' >*gin P},
2. A [ dom(g) C B.

The forcing P will be the union of Pé} with
{f ePr|flx)# 0}

The direct order extension will be just the union of <* orders of both parts. Let us
define the forcing order < on P. We do this by defining one element extensions of

members of Pé}.

DEerFINITION 2.6. Let p = (f, A) be in Pé} and V" € A. Define p~v € Py to
be f(y)

DEFINITION 2.7. Let p = (/. A) be in P and g be in P}. Set p < g iff there is
v € A such that fm <*g.

The next lemma follows from the definitions:

LemMA 2.8. The forcing (Pg.< ) is equivalent to the Cohen forcing for adding
A—many Cohen subsets to k™.

However, more can be deduced:

LemMA 2.9. (P.<,<*) is a Prikry type forcing notion.

Proor. Let us sketch the basic argument following Merimovich presentation [5].
Let p = (f”, A?) € PY and ¢ be a statement of the forcing language.

We would like to find a direct extension of p which decides o. Suppose that there is
no such extension.

Proceed asin 3.12 of [4]. Construct by induction an increasing chain of elementary
submodels (N;: | & < k) of H,, for y large enough, and a sequence (f: | £ < k) of
members of Pj., such that

1. p,Pe,o € Ny,

2. No Dk,
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3. forevery & < k,
(a) |Ne| =k,
(b) "> N C Ne.
(c) (fe|l{<&)eN:.
(d) fe:€N{D’ € N¢ | D’ is a dense open subset of P} above 7},
(e) /7 <* fo.
(f) fe>* fe. forevery { < €.
Set N = U, Ne and f* = U{f | £ < ).
Let A C [dom(f™* ) X k]<* be such that
A [ dom(f7)C 4P,
e A ¢ E(dom(f*)).
Note that 4 C N, since dom(f*) C N, and so, [dom(f*) x x]<* C N.
Let v e 4.
Define Dy to be the set of all f* € Pj., f > f7 such that

fvllo

Then Dy is a dense open subset of P;. above /7.
It is definable with parameters in V, hence Dy € N.
Then, /* € Dy.

Shrink now 4 to 4* € E(dom( f*)). if necessary. such that for every v, inside
A* we will have

filFaiff [ IFa

Suppose that for every e 4", fZ IF o.

Now, we claim that already (f*, 4*) IF o.
Supose otherwise. Then there is g > (f™*. A4*) which forces —o. Then for some
Ve A%, g > [ by Definition 2.7. But f* € Dy, hence already f* I- =g, which is
impossible by the choice of A*.
Contradiction. -

2.2. Two extenders. We deal now with two extenders E(0) and E(1).
We will define the forcing notion Pgg) g(1). The definition uses the sets constructed
in previous subsection, i.e., 7?2<l.>,7?§<'i>,735<,»>, i < 2. In addition we will define the

D {} {0} , {1}
following: P ) £(1): Pro).£(1) Pe).£0) A9 Pr) g1y

DEerINITION 2.10. The set of pure conditions PéE}(O), E(
0), p(1)) such that

p(0) = (f°.4% e P
p()= (1.4 ePl)

dom(f%)\ K C dom( )
forevery a € dom(f°)\ k1.
ve A", a € dom(v) and ¥

) consists of all pairs

—~

(p

el s

if '1(a) is not the empty sequence, then for every
a) >

fHa).

ICarmi Merimovich pointed out that there is no need here in elementary chain of models and it is
possible to define N directly. This observation applies also to our further constructions.
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The intuition behind this condition is that the current value /(o) may inter-
fere with values of one element Prikry sequences over ko. Namely, with the
a—th Prikry sequence over xg. Now, if () > f!(a), then fL(a) = V(a). by
Definition 2.3, and so. the value f!(a) just disappears.

5. Forevery y € dom(f%) N k.7 € A" and a € dom(¥). a) > 7.
Note that [dom(f?)| < ko. so it is easy to arrange this.

6. Forevery v € A', the measures E(0)(dom(f°)) and
E(0)((dom(f%) Nnky)U{ia) | @ € dom(f°)\ k}) are basically the same in
the following sense:
X € E(0)(dom(/°)) iff X/ € E(0)((dom(f°) N k1) U {7(a) | @ € dom(f°)\ 1 }).
where

X ={(a.p) e X |a<rm}u{(a).p)|(af) € X.a>r}

Note that this property is true in the ultrapower by E(1), so it holds on a set
of measure one, as well.

Turn now to nonpure extensions.
First consider the situation with nonpure part over xy.

DEerINITION 2.11. The set of conditions P({EEOL E(1) consists of all pairs (1, p(1))
such that

L £ € Py

2. p(1) = (1. 4") € Prq).

3. dom(/f°)\ k1 C dom(f1).

4. forevery a € dom(f°)\ k1.if f!() is not the empty sequence, then for every

e A'. o € dom(¥V) and V() > f(a).
5. forevery y € dom(f°) Nk;.7 € A" and a € dom(¥), V() > 7.

Now we define conditions with a pure part over k( and a nonpure over .
Assume for simplicity that there is 4, : k1 — &y such that jg ) (h) (k1) = 4.

DEerINITION 2.12. The set of conditions P(%(}o) consists of all pairs (p(0), f1)

such that
L f1e Py
2. f(ky) is nonempty.,
3. p(0) € Proyy f1(sy))- The meaning is that if the value of the Prikry sequence
for the normal measure of E(1) is decided, then we cut E(0) to the reflection
of 2 below k1. i.e.. to h;(f(k1)).

E(1)

Define now a completely nonpure part of the forcing.

DEerINITION 2.13. The set of conditions P?E(o), E(1) consists of all pairs (£, /1)
such that

L f1e Py

2. f(ky) is nonempty.,

3. 0 € Phy)
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4. f%(ko) is nonempty,
5. dom(f°) C hy(f'(k1)).

The meaning is that if the value of the Prikry sequence for the normal measure
of E(1) is decided. then we add only /;( /! (x)) Cohen subsets to & .

Now let us put everything together.

_pi} {0} {1} *
DErFINITION 2.14. P £(0) £(1)) —P<E<O)_’E(]>>UP<E<O)_’E(]>>UP<E<0>,E(]>>UP<E(O) E(1))

Define the orders <, <* over Pg() £(1))-
<* is just the union of the orders at each of the components.
Let us give now the main definition.

DErINITION 2.15. Let p.q € Pg(o).£(1)- If p. g are in the same component. then

set p > ¢ iff p >* ¢. Suppose that they are in different components.
Split into cases.

{}
1. Suppose that g € 77<E<0)

i.e.. in the pure part of PEe©).E

E(1))
0 . . .
Png'O)‘ £y 1€ only the part of p over k; is a pure condition.

Let then ¢ = <<g°,B°>» (. BY)).p=(f(f'.4").
Set p > ¢ iff £ > (g° B") in Pr(g) and (/. 4") >* (g". B') in Py
2. Suppose that g € 77{ E(0).E(1)
is not pure, p € 77 ©0).E(1)’ i.e.. p is a completely nonpure condition.
Let then g = ((g° BO) g'hand p= (f° f1).
Sethqifffo_ (g". B") in Pr(g) and ' > g'in Pg)
3. (Principal Case 1.)
Suppose that g € Pé{ggoy E()) i.e., in the part over k; is pure and those over kg
is not pure, p € P{Em), E(1)) i.e., p is a completely nonpure condition.
Let then ¢ = (g, (g!. Bl>> and p = (10, f1).

i.e., in the part over kg is pure and those over k;

Set p > qiff f1 > (g'.B') in Pgq) and /0> (g% in PZ(O) a1 () where
(g%) the reflection of g below & is defined as follows:

(a) dom((g")) = (dom(g°) Nk1) U {f!(a) | @ € dom(g?) \ fﬂ}

(b) for every a € dom(g?) Nk, = dom(g®) N dom((g®)¥). (¢°)¥(a

=g"a).
(c) forevery a € dom(g?) \ 1. (°)(f () = g% ().
It is crucial here that f!' | (dom(g®) \ x1) is one to one and the values
there are above rng(g°) N k.
This follows by Conditions (4) and (5) of Definitions 2.10 and 2.11.
4. (Principal Case 2.)
Suppose that ¢ € P(%(O),E(l))’ i.e., both parts are pure, p € P&(}o),Eu))’ ie.,
only the part over &y is pure.
Let then g = ((g”. B). {¢'. B')) and p = ((f°. 4°). /).
Set p > q iff f1 > (¢'.B') in Py and (f°.4° > ((g°% B%)? in
Pr) 1 (11(x)))- Where ((g°, BY))" the reflection of (g°. B”) below & is defined
as follows:
(a) dom((g")") = (dom(g") N r1) U{f (@) | @ € dom(g®) \ ).
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(b) for every o € dom(g?) Nk = dom(g®) N dom((g®)?). (¢°)¥ () =
g'(a).

(c) forevery a € dom(g°) \ k1. (¢°)9(f'(a)) = g°(e).
Again, it is crucial here that 1! | (dom(g°) \ 1) is one to one and the
values there are above dom(g°) N &, and this follows by Conditions (4)
and (5) of Definitions 2.10 and 2.11.
One more crucial observation here is that the measure (E£(0))(dom(g?)).
to which B? belongs, reflects to basically the same measure,
It follows by (6) of Definition 2.10.

(d) 4° | dom((g°)¥) C (B°)?, where (B°)Y = {i"/ | v € B°} and if
V= ((ag. fe) | £ < p). then
7 = ((ae. fe) | € < poag < w1) " ((fNae). Be) | € < p.a 2 &)

Denote further in this subsection P g () £(1)y by just P.
The next lemma follows from the definitions:

LEMMA 2.16. The forcing (P. <) is equivalent to Cohen(k.n) x Cohen(k{ . 1),
for some n < K1 which depends on the choice of a nonpure condition for Pg,).

However, as usual, more can be deduced:

LemmA 2.17. (P, <,<*)isa Prikry type forcing notion.

Proor. The proof is similar to those of Lemma 2.9 (and in turn to those of
Merimovich [5]).

Suppose otherwise.
Let p € P be a pure condition and ¢ a statement of the forcing language which is
undecided by pure extensions of p. Then p is of the form ((f 70, 470), (fP!, 4P1)).

Proceed asin 3.12 of [4]. Construct by induction an increasing chain of elementary

submodels (Ng1 | £ < k1) of H,, for y large enough, and a sequence (fél | &€ < K1)
of members of Pg“), such that

1. p.P.g € NJ.
2. Nol O Ki.,
3. forevery & < K.

(F11C< &) e Ny,

D’ is a dense open subset of P above f Py
< 1
(f) fL>*fl forevery (< ¢.

Set N' = Ue,,, Nl and f1* = U{f! | & < &} Let 4 C [dom(f"*) x 1]<" be
such that

o A [dom(fr")C AP

o A c (E(1))(dom(f")).
Note that 4 C N, since dom(f!*) C N!, and so. [dom(f*) x x]<® C N!.

Let 7" € A. Consider 4] := h;(¥(k1)), i.e., the cardinal below &; that now corre-

sponds to 4. Suppose for simplicity that dom(f?°) C A7, otherwise just reflect the
part above x| below as in Definition 2.15.
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Consider Ppg);;r- Clearly. it is contained and belongs to N L

Let (z: | ¢ < 4]) be an enumeration of this forcing notion in N'!.

Let /' € P;m,f >* frl

Pgoceed by induction on ¢ < 4] and define an <* —ingreasing sequence (f¢ | £ <
A}y of direct extensions of f such that, for every & < Ay, either

(1) (te.(f&)e) |l o

or
(2) forevery g >* (fe) (te. g) S o

Letf_ = Ué</«\l‘fé
Then. for every 1 € Py ,r either

(D) (.17 | o

or
(2) forevery g >* fy. (t.g) K o.
Consider now the following statement of the forcing language of Pr (),

e=3eGfy) o).

¥ (Lemma 2.9 ), there is t* >*

A

By the Prikry condition of the forcing P
(fP°, 47%) which decides ¢.

Cram 2.18. t* IF ¢.

PrOOF. Suppose otherwise. Then 7* I —p. This means that whenever ¢ € Py »
andt > t*. (1. fy) J 0. )
Pick now some (. g) € Pg(o) £q). (t.&) > (t*. fv) which decides .
Then, for some ¢ < A}, 1 = tg and then, (. (f¢);) || a. So. (. f3) | o.
Contradiction. ctaim

Now use again the Prikry condition of the forcing Py ), to decide the following
statement B

w=3re Q((lfﬁ IF o).

Let #(V. f) >* t* be a condition which decides y. If #(V. f) IF . then

(. f). fr) ko

Ifr(v ,f) - —. then (¢(V. f). f) IF —a.
Define Dy to be the set of all f € 73;(1), f >* fP!such that

@ f). fo) | o
The next claim follows now:
Cram 2.19. Dy is a dense open subset ofPZ(l) above [P,

Dy is definable with parameters in N, hence Dy € N.
Then. f* € Dy, forevery v € A.
So, (t(v. f1*). f 1) || o, for every ¥ € A. Shrink A, if necessary, to a set
A" € (E(1))(dom(f*)). such that for any two v, # € A'* the decision is the same,
say ¢ is forced.

Consider now (f'*, A'*). It is a pure condition in Pe(1)- Use the function v+
t(V. f1*) in order to get a pure condition in PE(0)- just use the one which this
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function represents in the ultrapower by (E(1))(dom(f'*)).
Let us explain how do we naturally combine the result into a condition in Pgg) g(1).
Let t(, f1*) = (£, 4%}, for every ¥ € A'*. Consider f°. It is a set of at most
ko many pairs (a, B), where @ < A < k1 and f is either the empty sequence or an
ordinal <ky.
Shrinking A'* if necessary. we can assume that there are x and k; < g such that
for every 7, 7" € A'* the following hold:

1. dom(f) N¥(k) = x.

2. dom(f) \ (k1) = {yY | r < k{} is an increasing enumeration,

3. forevery a € x, f%(a) = /7 (a).

4. forevery t < k%, fO(y7) = £ (y7).

Consider, for every 7 < x; a function s, on A'* defined by setting s, (V) = !
Let

ve = e () (e (@), @) [ a € dom(f1))).

Extend now f!* to f1** by adding all y,,7 < s to its domain and setting
f1**(y,) to be the empty sequence whenever y, ¢ dom(f!*).
Define 4'** € E(1)(dom( f**) as follows.
Set v € A iff
1. v dom(f!) € 4,
2. dom(V) 2 {y; | T < K¢}
3. ifp, € dom(f!*) and f'*(y.) is not the empty sequence. then 7'(y;) > £ 1*(y,).
4. ‘?(Vr) = Sr(‘? f dom(fl*))
For every 7 € A'**_set (g", B") = (f07ldom(/") 407idom(s*)y,
Consider the function v+ (g7, B"), " € A", Let (1%, 4%*) be represented by it
in the ultrapower with E(1).
It follows that (%, 4%), (f1**, A'**)) is a pure condition in P ) z(;) which
extends p.
The next claim completes the argument:

CLAIM 2.20. ({0, A%) (1% A |k g

PrROOF. Suppose otherwise. Then there is (f.g) > ((f%, 4%), (f1**, 41**))
a nonpure in both coordinates which forces ~¢. There is " € 4"* | dom(f!*)
such that g >* f1*. But then f/ > (v, f!*). and so, (/. f}*) IF o. Contra-
diction. | Claim

2.3. w—many extenders. We deal now with a sequence (E(n) | n < w). where
each E(n)is a (k. A)—extender and (k, | n < ) is an increasing sequence.

Define the forcing notion P g () |n<q)- The definition will use several components.
Let P ;)- Prg)-i < @ be as defined before. In addition we will define the following

sets: Pé;‘n)‘:z% where k < wand m; < -+ < my.

DEerINITION 2.21. The set of pure conditions P<{E}(H)‘n <o) consists of all sequences

(p(n) | n < w) such that for every n < w, the following hold:

L p(n) = (/" 4") € Py,
2. dom(f") \ Kye1 C dom(f" 1),
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3. for every m < n, for every a € dom(f™) \ k1. if £ () is not the empty
sequence, then for every ' € 4"+ a € dom(¥) and W(a) > "+ («).
The idea behind this is as in the case of two extenders.

4. Forevery v € A" and m < n. the measures E (m)(dom(f")) and
E(m)((dom(f™) N kpe1) U {i(@) | @ € dom(f™) \ k,11}) are basically the
same in the following sense:

X € E(m)(dom(f™)) iff

X € E(m)((dom(f™) N kys1) U{7(a) | o0 € dom(f™) \ Kus1}).
where

XY ={(a.p)eX|a<k}U{ia).p)]|(ap)ecX.a> K}

Note that this property is true in the ultrapower by E (n + 1), so it holds on
a set of measure one, as well.

Turn now to nonpure extensions. As usual, in Magidor type iterations, nonpure
extensions are allowed only at finitely many coordinates.

Start with a nonpure extension at a single coordinate and then proceed by
induction.

We assume that for each m < w there is a function #}" : x,, — K, such that

jE(m) (hin)(ﬂm) = /.
DErINITION 2.22. Let m < . Define the set P{m} Jin<e) of conditions with

'" consists of all sequences

only nonpure part over the coordinate m. 7? n)ln<e)

{p(n) | n < w) such that for every n < w, the followmg hold:

1. (p(n) | n < w.n # m) is a pure condition in P ()| <.ntm)-

2. p(m) = f" e Prim)

3. dom(f™)\ K, € dom(f"), foreveryn.m < n < w,

4. foreveryn.m < n < w, forevery a € dom(f™)\ k., if /() is not the empty
sequence, then for every v € 4", o € dom(V) and V() > f"(«).

5. forevery n,m < n < w, forevery y € dom(f™)Nk,.v € A" and o« € dom(V),
Va) > .

6. If m > 0, then the sequence (p(n) | n < m) is a condition in the pure part of
PE ) thy(f7 (ko)) |n<m)- The meaning is that if the value of the Prikry sequence for
the normal measure of E(m) is decided. then we cut all extenders E(n),n < m
to the reflection of 4 below &y, i.e.. to A} (f" (kp)).

Let m; < --- < m; < .1 < k < w and suppose that P{m‘ """ mk} the set of

n)|n<w
conditions with nonpure extensions over coordinates (m. .. .. ) only/ is defined.
Letm <w,m¢ {my,..., my }.
Define nonpure extensions at the set of coordinates {m.....m;} U {m}.

DErRINITION 2.23. Let m < w. Define the set P{m“"":zjf {m} of conditions with

only nonpure part over the coordinate my, ..., ., my. and m. P{m“”";ﬁ’jf "} consists
of all sequences (p(n) | n < @) such that for every n < w, the following hold:
1. (p(n) | n < w,n # m) is a condition in P{m"“l';iﬁn#m

https://doi.org/10.1017/js1.2019.66 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.66

1732 MOTI GITIK

2. p(m) = f" e Py )
3. If m > max{my,.. mk}, then following hold:
(@) dom(f™)\ kn g dom(f"), foreveryn.m < n < w.
(b) foreveryn,m < n < w, forevery a € dom(f™) \ k,. if /"(c) is not the
empty sequence, then for every v € 4", a € dom(V) and o) > f"(a).
(c) for every n.m < n < w, for every y € dom(f™) N k,.V € A" and
a € dom(V). v(a) > y.
(d) If m > 0, then the sequence (p(n) | n < m) is a condition
in P{m' """ i} .
(E(n) h,(f”’(m,, )|n<m)
The meaning is that if the value of the Prikry sequence for the normal
measure of E(m) is decided, then we cut all extenders E(n),n < m to the
reflection of 4 below k. i.e.. to A" (" (km)).
. Ifm <max{m,...,my},then let i* be the least such that 7 < m;. We require
the following:

{m ..... M« _p.m}
(@) (p(n) |1 <mi) € g e (. )incme)

Finally set

n)|n<o) U{P{ml """ M) e < womy <o < my < o)

)|n<w)

Define the direct extension order <* over P g, y to be the union of such

)|n<w
orders over every P{"l""lﬁ"} foreveryk < w.m; < --- < my < w.

Turn now to the definition of the forcing order < over P g (,)jn<w)-

Letm < w,m & {my,.... ,my. }. Define a one element extens10n at coordinate m

{ml
of a condition in P ) n<)”

DEFINITION 2.24. Let p € 73{"”’"",‘1'235 "} and ¢ € P{m"""";’;"} Set p > ¢ iff the
following hold:

1. Suppose that m = 0.
Then p(0) = £ € P, and ¢(0) = (¢°. B) is a pure condition in P ).
Set p > q1fff0 (g B0> in Pgoy and (p(n) | 0 <n < w) >* (¢(n) | 0 <
n< w} mn P n)|0<n<w)-

2. Suppose thdt m > 0.
Then p(m) = f™ € Py )
Set p > ¢ iff
(a) f™ > (g".B™)in Py, and (p(n) |m <n < w)>* (q(n) |m<n<w)

in P(E(n)\m<n<w)'

) and q(m) = (g”. B™) is a pure condition in Pg,,

(b) <p(n) | n < m> >" <Q(n) | n < m>r€f in P(E(n)\n<m>v where <Q(n) | n <
m)™ - the reflection of (¢(n) | n < m) below k,, is defined as follows,
where g(n) = (g". B"),ifn & {my,....,my } and ¢(n) = (g") otherwise.

i. Suppose first thatn € {my, ..., my}.

Then
A. dom((g")¥) = (dom(g") N k) U {f"(a) | @ € dom(g") \ &m}.
B. for every a € dom(g") N k, = dom(g") N dom((g")¥).

(g") () = g"(a).
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C. forevery a € dom(g") \ k. (g")Y (/" (a)) = g"(c).
It is crucial here that /" | (dom(g") \ k) is one to one and the
values there are above rng(g") N K.
This follows by Conditions (4) and (5) of Definitions 2.10 and 2.11.

ii. Suppose now thatn & {m;,...,my}.
Then
A. dom((g")¥) = (dom(g") N kw) U{f™(a) | @ € dom(g") \ Km}.
B. for every @ € dom(g") N k, = dom(g”) N dom((g")¥).

(") (a) = g"(a),

C. forevery a € dom(g”") \ km. (") (f"(a)) = g"(a).
Again, it is crucial here that /™ | (dom(g”) \ k) is one to one
and the values there are above dom(g”) N k,,. and this follows by
Conditions (3). (4) of Definition 2.21 and (4). (5) of Definition
2.22.
One more crucial observation here is that the measure
(E(n))(dom(g"). to which B" belongs, reflects to basically the
same measure,
It follows by (4) of Definition 2.21.

D. 4" | dom((g")’) € {(a.f) | () € B".a < kn} U
{(f™(@).B) | (. ) € B".c > i}

Denote further in this subsection P g (,)|n<w) by just P.
The next lemma follows from the definitions:

LeMMA 2.25. For every m < w. the forcing (P g(n)n<m). < ) i equivalent to the
product of Cohen forcings Cohen(k,; . n,)’s, for some n, < kni1’s which depend on the
choice of a nonpure condition for P, ).

LEMMA 2.26. For every m < w, the forcing <P<E(n)‘m§n<w>, <* ) is ky—closed.

LEMMA 2.27. The forcing (P. <) satisfies kT —c.c.

Proor. Use the standard A—system argument. —

LemMA 2.28. (P, <,<* ) isa Prikry type forcing notion.

ProOF. The proofis similar to those of Lemmas 2.9 and 2.17 (and in turn to those
of Merimovich [5]).

Assume that for every m < @. (Pig(n)jnemy. <. <* ) is a Prikry type forcing
notion.

Suppose that (P, <, <* ) does not have the Prikry property.

Let p € P be a pure condition and o a statement of the forcing language which is
undecided by pure extensions of p. Then p is of the form (( 7", A?") | n < w).

Proceed by induction on m < @ and define an <* —increasing sequence (p,, |
m < w) of direct extensions of p.

Let p_; be p. Assume that for every n < m, p, is defined. Define p,,.
At stage m we deal with the coordinate m of the condition.

Construct by induction an increasing chain of elementary submodels (N 4 | &<

km) of H,, for y large enough, and a sequence (f¢ | & < k,,) of members of Prim):

such that
L. p.pm—1.P.o € NJ'.
2. Ni" 2 K.
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3. forevery & < K.

(a) |Nm| = Km>

(b) n,,,>Nm C Nm
(@) ((Frm) |C < &) e N,
(d) (f2.r2) € ({D" € NI | D" is a dense open subset of Py, x

<,P(E(n)|m<n<a))v < > above <fp,,,,1m7 <pm—l(n) | m<n< w>>=
(e) frm=rm <t f3 (pm-r(n) [ m <n<w) < ry.
(f) SU > <Frp forevery { < €.

Set N = Ue_,,, Nq’” and /™ = J{/¥" | ¢ < Km}. Pick p7iL to be <* —stronger

than every ré”, &< K. Let A C [dom(f™*) X K,;,]<"" be such that
rdom(fpm) g Apm7

o A e (E(m))(dom(f™)).
Note that 4 € N™, since dom( f*) C N™, and so. [dom(/™*) X K,,]<®" C N,

Let v € A. Consider 4}, := h?'(V(ky)). ie.. the cardinal below &, that now
corresponds to 4. Suppose for simplicity that dom(f?") C i . for every n < m.
otherwise just reflect the part above k,, below as in Definition 2.24.
Consider P, E(n) 1 In<m)- Clearly, it is contained and belongs to N'.
Let (t: | & < 4},) be an enumeration of this forcing notion in N".
Let f € Pr, ./ =" /7. ) )
Proceed by induction on ¢ < 4;,. Define an <* —increasing sequence (f¢ | < 4;,)
of direct extensions of /" and an <* —increasing sequence (pz" | £ < ) of direct

extensions of {p,,—1(n) | m < n < w) such that, for every ¢ < Al either

(1) (te. (fe)w. pZ™) |l 0.

or

(2) forevery ¢ = ((fe)s. pZ™). (te-q) f 0.

Let [ = Uz<ss f¢ and 57" be a direct extension of (pz" | & < A7).
Then. for every 1 € P g, either

() (t.fr.p°™) |l o

or
(2) forevery ¢ >* (f5. 5>™). (t.q) }f 0.
Consider now the following statement of the forcing language of Pz (,)

p=HeGtfr.p7") |l0)

By the Prikry condition of the forcing Pz (u) 15 [n<m)- there is 1% >* (py— 1(n) |
n < m) which decides ¢.

If t* IF . then set ¢(V, /) = t*.
If * I ¢, then use again the Prikry condition of the forcing Pz () 1 [n<m) to decide
the following statement

m>

12{ In<m)

7 ln<m)

Am

y=3teGUt.fr.p7") ko).
Let ¢(vV, /) >* t* be a condition which decides v .
Cramm 229. Let t > t(V.f) in Py n<my- (&4q) =% (frp”") in
P(E(n)|m§n<w)-
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(or (t.g.q) IF =), _
P ) ko (or (t(V. f7. ™) IF —a).
n VAT [n<m) (8- 4) = (f5. P>™) 10 Pg () m<near-

Suppose that (t,g.q) I+
then already (t(V. f).

S
PRrROOF. Let t > ¢(v, f)
Suppose that (7. g.¢) I+ o )
Then, for some ¢ < 4], 1 = tg and then, (t,(fe)v pz") | a.So. (t. fv. p7") || 0.
Then ¢* I+ . Hence. (t(¥. f). f. p>™) IF o. Ataim

Define Dy to be the set of all (/. p7™) € Py, % Pir(m)men<wy- J =" f 7",
p7" =" p,". such that either

() (@ f). fep7") o

or
(2) for every t > t(V. f) in Pig(u)pis jnemy- for every (g.q) >* (fr p7™) in
Plem)im<n<o):
(t.g.q)ffo
The next claim follows now from the previous one:

a
V'

Cram 2.30. Dy is a dense open subset of P\ ¥ (PE(m)men<ey- <" ) above

(frm=1 {pm-1(n) | m < n < ).
Dy is definable with parameters in N, hence Dy € N™.
Then, <f’"*,p “my € Dy, for every v € A.
So, for every v € 4 we have either
(3) (7. 7). f po) | o
or
( ) for every t > t(‘?: fm*) in ,P(E(n)[/l,":,\n<m>7 for every <gq> =" <f:n* p;zq*> i
P(E )| m<n<w)-: <Z‘7 g q> H/ g.

Shrink A, if necessary, to a set A™* € (E(m))(dom(f™*)). such that for any two
v,V € A™* the decision is the same.

Consider now (f""*, A™*) it is a pure condition in Pg,,). Use the function V" —
t(¥, f™*) in order to get a pure condition in P (E(n)|n<m)- Just use the one this func-
tion represents in the ultrapower by (E(m))(dom(f™*)). Denote it by ({f"*, A"*)
| n < m).

Let us explain how do we naturally combine the result into a condition in P g () jn<)-
Let t(v, ™) = ((f"", A"") | n < m), forevery v € A™*. Consider f"",n < m.Itis
a set of at most x,, many pairs (a. ). where & < A7 < K, and f is either the empty
sequence or an ordinal <k,,.

Shrinking A™* if necessary, we can assume that there are (x, | n < m) and
K, < Kk, .n < m such that for every v, € A™*, for every n < m, the following
hold:

1. dom(f™) N ¥ (k) = Xy,

2. dom(f")\ W(kp) = {y) | T < /-c*} is an increasing enumeration,

3. forevery o € x,,. f"(a) = f"7 ( )

4. forevery T < k. f"(y],) = /"7 (v],).

Consider, for every n < m and v < &, a function s;, on A”* defined by setting
Stn (V) = y-fn

Let

Y = jE(m)(Sm)«(jE(m)(O‘)»O‘) | S dom(fm*)>)
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Extend now f™* to f** by adding all y,,.7 < k,;.n < m to its domain and
setting /"**(y,,) to be the empty sequence whenever y,, ¢ dom(f"*).
Define A™** ¢ E(m)(dom(f™**) as follows.
Set v e A™** iff

1. v | dom(f™*) € A™*,

2. dom(V) D {ywm | T < K}.n < m},

3. if p;, € dom(f™*) and f"*(y.,) is not the empty sequence, then V() >

S ™ (yen), for every n < m,

4. 7(yen) = 500(V | dom(f*)), for every n < m.

For every v € A™** . n < m, set (g"7, B"7) = (f71dom(f"")  gnvidom(f"")y,
Consider the function v+ ((g"", B"") | n < m), V€ A™*. Let ((f™, A"™) | n <
m) be represented by it in the ultrapower with E (m).

It follows that (((f"*.A4"™) | n < m).(f"™*, A™*)) is a pure condition in
P(E(n)lnﬁm) which extends p,—| ['P(E<,,)|ngm>.

Extend purely p7/. in the obvious fashion to a condition p77l. in Px(s)m<n<e) SUCh
that (((f"*. 4™) [ n <m). (f™*. A™*). p7ii.) is a pure condition in P g ) n<e) -
Then it extends p,,—1.

Set py to be (((f"*.A"™) [ n < m). (f™. A™). p7it.).

This completes the recursive construction of (p,, | m < w). Let p. > py,. for
every m < o.

The next claim completes the argument:

CramMm 2.31. p. |l a.

ProOF. Suppose otherwise. Pick then ¢ > p. to be a condition which decides
and such that its last coordinate at which a nondirect extension was made is as small
as possible.
Let ¢ I o and this coordinate is some m < @.
Then there is ¥ € A”*(m) such that g(m) >* f?+(m)y in Pl In addition.
q”>" =" pZ™ i P g (n)m<n<aw)- DY the choice of m.

But, then Condition (4) above cannot hold. Hence (3) is true, which means, that

<l(17, f.m*)7f-gz*7p;z1*> IF .
Then the same holds for every v € A7« (m). So, already p. I o.
Contradiction. ctaim
_|

It follows now that the forcing (P, < ) preserves all the cardinals except maybe
k.. Using the arguments of the previous lemma it is possible to show (and we will
show this later) that s is preserved as well.

Let G be a generic subset of (P, < ).

LEMMA 2.32. K, remains a strong limit cardinal in V[G].

PrOOF. Given p € P and m < w. Suppose that p(m) is nonpure. Then
p(m)(k,,) is defined. and hence also the reflection 27 (p(m)(k,)) of A below
km. By the definition of the forcing, then the part P g ()<, above p will act
as PE(n) 12 (p(m) () [n<my- 10 particular, 2 < A7 (p(m)(km)) < Km. The upper
part of the forcing, i.e.. Pg(n)|m<n<ew). does not add new bounded subsets to £y,
So we are done. -
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Lemma 2.33. (k)" remains a cardinal in V[G].
Let us state first the following:
LeEMMA 2.34. Let p € P and { be a (P, < )—name of an ordinal or just

p \Fip.<y ¢ is an ordinal.
Then there are p* >* p andny < --- < ny, for some k < w, such that

1. foreveryil <i <k, p*(n;) = <f,f;,A,’;:>,

2. forevery vi € A}, ,....V € Ah, .

PV TV decides (.

The proof of this lemma repeats the proof of the Prikry condition of the forcing.

Proor oF 2.33. Suppose otherwise. Then there is 4 < &, such that, in V[G],
cof ((k3)") = p.
Backin V. let ({; | T < u) be a name of a witnessing sequence.
Pick 7 < o with k; > u. Let p € P be such that p(ii) € PEW ie., its
ii—th coordinate is nonpure. Then above p the part Pg(,),<; reflects down to
P E () 11 (p(#) () |n<ity - a0 50 has cardinality below rj.

Construct a sequence (p; | 7 < u) of <* —extensions of p such that, for every
T< M,

|n<n

1. p, satisfies the conclusion of Lemma 2.34 for (..
2. (p(n) |1 <n<w) <* {p(n) | i < n < w)in the forcing P g, i<n<e)- fOr
every T < v’ < u.
Let s >* (p.(n) | i < n < ) in the forcing P g () ji<n<ew). fOr every v < u. Set
r = p | i7s. Then, for every T < u, there is &; < ., such that

r “_(P,S) £1 < <o

since by the choice of p.. the number of possibilities for { ; has cardinality < k.
Set & =, & < K-

rl-ep <y (¢ | T < u)is bounded by &.

Contradiction. O
Given p € P. Denote by np(p) the set of all coordinates n of p such that
p(n) € Pg(n)’ i.e., a nonpure extension was made at the coordinate .
For each f8 € [k,,. 4) we define in V'[G] a function #5 : @ — K, as follows.
For every n < w, find p € G such that n enp(p) and if n; < --- < ny is the
increasing enumeration of np(p) \ n (i.e.. n = n;), then the following hold:

1. pcdom(p(n)).
Set S = .
2. Foreveryil <i <k —1,p; € dom(p(n;)).
where fi = p(nis1)(Bir1).
Set t5(n) = p(n)(p1).
LeMMA 2.35. In VG, if B.7 € [kw. A) and B < vy, then there is n* < w such that
Jorevery n.n* <n < w. tg(n) < t,(n).
ProOF. Work in V. Let p € P be any condition and 8.y € [ky.4). B < 7.
Let n* be a coordinate above np(p). Then p(n) = (f}. A}). foreveryn,n* < n < w.
Extend p to p* by adding S,y to all dom( /) with n* < n < w.
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Now, by the definition of the order on P, for every n.n* < n < w and every ¢ > p*
such that ¢ defines 74(n) and ¢,(n), we will have 75(n) < t,(n).
So,

prIE(Wn)(n* <n<w— tgn) < t,(n)). -

~

It is possible to say a bit more. Namely, let in V' [G]. for every n < w, 4, be the
reflection of 1 below k. i.e.. for some p € G with p(n) = fF. A, = hi(f7(kn)).
Then the following holds:

LEMMA 2.36.  The sequence (tg | f € [Ko.A)) is a scale in (], An. <jsa ).

83. Arbitrary cofinality. Let # be any ordinal. We generalize the construction of
the previous section to sequences of extenders of the length 7. Generalization is
straightforward. Let us repeat just the main points.

So, we deal now with a sequence (E(a) | @ < #), where each E(a) is a
(K. 4)—extender and (k, | @ < 77) is an increasing sequence with 7 < k.

Let Pr - Peqy-i <7 be as defined before.

{ﬂl ..... ﬁk}

Define components P( E(a)|a<y

>,k < o p1 < -+ < fr < n of the main forcing
PiE(@)]a<n)-

DEerINITION 3.1. The set of pure conditions P&{E}( ) consists of all sequences

a)la<n)
(p(a) | @ < ) such that for every a < 7, the following hold:

1. pla) = (f* A%) € Pg).

2. forevery f < a. dom(f#)\ ko C dom(f®),

3. for every f < a. for every & € dom(f#) \ k. if £*(¢) is not the empty
sequence, then for every v € 4%, & € dom(V) and (&) > f2(&).
The idea behind is as in the case of two extenders.

4. Forevery f < o and V" € A%, the measures E(f)(dom(f*#)) and
E(B)((dom(f#) Nke) U {W(&) | ¢ € dom(f?)\ kq}) are basically the same
in the following sense:

X € E(B)(dom(f7)) iff
X e E(B)(dom(f#) Nka) U{¥(E) | & € dom(f#)\ Ka}).

where

X ={(&p) € X | &< ra} U{(F(E). B) | (€. B) € X.& = ka}.

Note that this property is true in the ultrapower by E(a). so it holds on a
set of measure one, as well.

Turn now to nonpure extensions. As usual, in Magidor type of iterations, nonpure
extensions are allowed only at finitely many coordinates.

Start with a nonpure extension at a single coordinate and then proceed by
induction.

We assume that for each a < # there is a function 4§ : k, — ko such that
JE(@) (h)(Ka) = 2.
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DEerINITION 3.2. Let f < 7. Define the set 73 of conditions with only

a)la<in)

nonpure part over the coordinate S. 73 con51sts of all sequences (p(a) |

a)|a<y)
a < ) such that for every a < 7, the followmg hold:

1. (p(a) | @ <n.a # f)is a pure condition in P g (a)acy.arp)-

2. p(ﬁ) = fﬂ € P;(ﬁ)

3. dom(f#)\ ko C dom(f®), forevery a. f < o < 7.

4. forevery a. f < a < 5. forevery & € dom(f#)\ k. if £%(&) is not the empty
sequence, then for every v € 4%, & € dom(¥) and V(&) > f*(&).

5. forevery a. f < a < 5. forevery y € dom(f#) N ky.v" € A% and & € dom(7),
(&) > .

6. If B > 0, then the sequence (p(a) | @ < ) will be a condition in the pure
part of P ) TP (1P () la<p)” The meaning is that if the value of the Prikry
sequence for the normal measure of E(f) is decided, then we cut all extenders
E(a).a < B to the reflection of 4 below k. i.c.. to hf(f/f(/cﬁ)).

Let fi < -+ < fr < 1.1 <k < w and suppose that P{ﬁ' """ A the set of

a)la<n)
conditions with nonpure extensions over coordinates (fi, . ... [)’k) only, is defined.
Let f<n.p &{p..... Bk}
Define nonpure extensions at the set of coordinates {f..... i} U{f}.
DerINITION 3.3. Let f < 7. Define the set P{ﬁ“'“ﬁ f};{ﬁ } of conditions with only
nonpure part over the coordinate f, ..., . Pr and B. P{ﬁ l|§<};;;{ﬁ } consists of all

sequences {p(a) | a < n) such that for every a < 7, the followmg hold:

1. {p(a) | a <y a+#p)isacondition in P{ﬁ' """ fid

a)|a<n.a#p)’
2. p(ﬁ) = fﬂ € PEW
3. If f > max{f,..., fr}, then following hold:
(a) dom(f?)\ ko C dom(f®). forevery a. f < a < 7.
(b) forevery a. f < a < 7, for every ¢ € dom(f#) \ kq. if £2(&) is not the
empty sequence, then for every v € A%, ¢ € dom(V) and V(&) > £(&),
(c) for every a. f < a <y, for every y € dom(f#) N ky.V € A% and & €
dom(¥), V(&) > y.
(d) If B > 0, then the sequence (p(a) | a < B) is a condition
in p{ﬂl ~~~~~ ﬂA}

)] (9 (kp)) |a<p) | )
The meamng is that if the value of the Prikry sequence for the normal

measure of £(f) is decided. then we cut all extenders E(a), o < f to the
reflection of / below k. i.e., to hf (fP(rp)).
4. If f < max{pi,..., fr}. then let i* be minimal such that f < f;~. Then the
following hold:
) e Pt
(@) (pla) Lo < Bir) € Pipaiint o ey, Daspio)

Finally set

aa<n) = PRI Tk <o pr < < B <n}.

https://doi.org/10.1017/js1.2019.66 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.66

1740 MOTI GITIK

Define the direct extension order <* over 7D

to be the union of such

a)|a<n)
order over every P{ﬁ'“"iﬁ’;w foreveryk < w.pr <--- < i <.
Turn now to the definition of the forcing order < over P g (q)|a<y)-
Letp<n.p ¢ { Pio.... pr }. Define a one element extension at coordinate f of a
~~~~~ P

condition in
P biaiinen

DEFINITION 3.4. Let p € P{ﬂ' """ AIOABY and q € P{ﬂ‘ """ A Set p > q iff the

a)la<n) a)la<n)”

following hold:
1. Suppose that f = 0.

Then p(0) = f° € Py and ¢(0) = (g% B°) is a pure condition in

PEo)

Setp>q1ﬂ“f0 (g°. B%) in P and (p(a) |0 < a <n) >* (g(a) | 0 <

a<n)in P a)|0<a<n)-
2. Suppose that ﬂ > 0.

Then p(f) = f7 € Py, and ¢(B) = (¢”. BF) is a pure condition in P4

Set p > ¢ iff

(a) f# > (g#.BP)in Py and (pla) | f<a<n) >* (gla) | f<a<n)

N Pg(a)|pea<n) -
nd

(b) (pla) [a< f) >* (¢(a) | a< f)™ mP ) (£ () a<h)®

(g(@) | @ < B) - the reflection of (g(c ) | a < B) below ky is defined
as follows, where g(a) = (g* B*), ifa & {f1..... B} and g(a) =

otherwise.
i. Suppose first that o € {f1...., fr}
Then

A. dom((g*)®) = (dom(g®) Nry) U{f(&) | & € dom(g”
B. forevery ¢ € dom(g®)Nky = dom(g®)Ndom((g*)"?), (g*)"

g*(&).
C. forevery & € dom(g®) \ kp. (g2)9(fF(&)) = g¥(&).

It is crucial here that /7 | (dom(g®) \ kp) is one to one and the

values there are above rng(g®) N k.

This follows by Conditions (4), (5) of Definitions 2.10 and 2.11.

ii Suppose now that e & {f,.... Pr}.
Then

A. dom((g*)?) = (dom(g®) N rp) U{fP(&) | ¢ € dom(g™
B. forevery ¢ € dom(g®)Nky = dom(g®)Ndom((g*)"?). (g*

g%(9). .
C. forevery & € dom(g®) \ kp. (g2) 9 (fF(&)) = g*(&).

Again, it is crucial here that /# | (dom(g®) \ x4) is one to one
and the values there are above dom(g®) N kg, and this follows by
Conditions (3), (4) of Definition 3.1 and (4), (5) of Definition 3.2.
One more crucial observation here is that the measure
(E(a))(dom(g®). to which B® belongs, reflects to basically the

same measure,
It follows by (4) of Definition 3.1.
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D. 4% | dom((g*)¥) € {(£&.0) | (£.0) € B*.& < rg} U{(f().0) |
(€.0) € B*.¢ > kgl

Denote further in this subsection P (4)|a<y) by just P.
The next lemma follows from the definitions:

LEMMA 3.5. For every B < n and p € P with p(B) € Pip) (i.e., nonpure on the
coordinate f3), the part (P g (o) a<py- < ) of P above p has cardinality hf (p(B))(kp) <
Kp.

LEMMA 3.6. For every < 1. the forcing (P ()| p<a<y)- <" ) is kp—closed.

LeEmMA 3.7. The forcing (P, <) satisfies /-c,j*—c.c.

Lemma 3.8. (P, <,<*)isa Prikry type forcing notion.

Proor. The proof proceeds by induction on the length of the sequence of
extenders, i.e., on 7. The argument repeats those of Lemma 2.28. -

Denote for every limit o, 0 < a < 7, UKa Ky bY Rq.

It follows, by the previous lemmas, that the forcing (P, < ) preserves all the
cardinals, except maybe 5,0 < a < 7 a limit ordinal. Using the arguments of the
previous lemma we will show that all such cardinals are preserved as well.

Let G be a generic subset of (P, < ).

LeMMA 3.9, Forevery limit ordinal 1,0 < u < 5, &, remains a strong limit cardinal
in V[G].

PrOOF. Given p € P and f§ < 5. Suppose that p(f) is nonpure. Then p(f)(kp) is

defined, and hence also the reflection hf (p(B)(kp)) of A below k4. By the definition
of the forcing, then the part Pz (4)ja<p) above p will act as P<E<a> W (p(B) () < )

In particular, 2% < hf(p([)’)(m/f)) < kp. The upper part of the forcing, i.e..
P E(a)|p<a<y)- does not add new bounded subsets to r.
So we are done. -

As in the case # = w, the next lemma is just a variation of the Prikry condition
of the forcing.
Lemma 3.10. Let p € Pand { bea (P.< )—name of an ordinal or just p |- p <y {

is an ordinal.
Then there are p* >* p and oy < --- < o < 1, for some k < w, such that

1. foreveryil <i <k, p*(a;) = (f,’;A,’f:)

2. forevery v € Ag,ﬁ}( € Ag;,

PV . TV decides £

LemMma 3.11. For every limit ordinal u,0 < u < 1, (/%;)V remains a cardinal in
ViG]

The proof of this lemma repeats those of Lemma 2.33.

Given p € P. Denote by np(p) the set of all coordinates o of p such that
pla) € PE (@)’ i.e., a nonpure extension was made at the coordinate a.

Assume that # is a limit ordinal.

For each 7 € [k,. 1) we define in V[G] a function ¢, : n — &, as follows.
For every a < 7. find p € G such that o €np(p) and if o) < --- < oy is the
increasing enumeration of np(p) \ « (i.e., & = o), then the following hold:
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1. 7 € dom(p(ay)).
Set 7, = 7.

2. Foreveryi. 1 <i<k—1, 1 € dom(p(e;)).
where 7; = p(a;;1)(tiq1).

Set . (o) = pla)(zy).

Lemma 3.12. In V[G). if 1.p € [Ry. L) and T < p. then there is a* < 1 such that
Jorevery a.a* < a <. t.(a) <t,(a).

Proor. Work in V. Let p € P be any condition and 7. p € [k,. 1) .T < p.
Let a* be a coordinate above np(p). Then p(a) = (f4.A4L). for every a.
af <a<y.
Extend p to p* by adding 7. p to all dom(f&) with a* < a < 7.
Now, by the definition of the order on P, for every a.. o < o < 7 and every ¢ > p*
such that ¢ defines 7. («) and 7, (), we will have ¢, (o) < ,(c).
So.

PiIFE(Va)(a* <a<n— t(a) < 1,(a)). 4

It is possible to say a bit more. Namely, let in V[G], for every a < 7, 4, be the

reflection of 1 below k. i.e.. for some p € G with p(a) = f£. 2o = h¥(fE(ka)).
Then the following holds:

LemMmA 3.13. The sequence (t, | T € [Ry. 2)) is a scale in (1], Ao, <jo ).

a<y
In particular, we obtain the following:

COROLLARY 3.14. It is possible to blow up the power of a singular in the core model*
cardinal of arbitrary cofinality in a cardinal preserving extension.

84. One generalization. In the previous section we assumed that # < k¢ in order
to blow up the power of a singular cardinal of cofinality #.
Let us now take # to be an inaccessible cardinal.
Let (ko | @ < 77) be now an increasing sequence with limit # and each E(«), for
a < 7, be a (kq.n)—extender.
Assume that 7 is the least inaccessible limit of &, ’s.

We proceed as in the previous section and define (Pg(a)jacyy- <. <* ). It shares
the properties of the forcing of the previous section.
Let G be a generic subset of (P g (a)ja<yy- < )-
Denote [J;_,, ks by a. for every a < 7. Then the following holds:

THEOREM 4.1. V[G] is a cofinality preserving extension of V such that for every
a < 1], Ry is a strong limit singular cardinal with 25 > g7 .
In addition n remains inaccessible.

By passing to V'[G], we obtain the following:
COROLLARY 4.2. [t is possible to blow up the power of a proper class club of singular

cardinals in the core model in a cofinality preserving extension.

2Core model with strong cardinals, but below o—hand grenade. It was defined and studied by Ralf
Schindler in [6].
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