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Abstract

Let PQ{(M) denote the class of normalised harmonic mappings f = i + g in the unit disk D satisfying
Re (zh"(z)) > =M + |zg" (2)|, where W/(0) =1 =0 = g’(0) and M > 0. Let BQ{(M) denote the class of
sense-preserving harmonic mappings f = h + g in the unit disk D satisfying |zh” (z)| < M — |zg” (2)|, where
M > 0. We discuss the coefficient bound problem, the growth theorem for functions in the class Pg((M)
and a two-point distortion property for functions in the class B?H (M).
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1. Introduction and definitions

Harmonic mapping techniques are very useful in the study of fluid flow problems
(see [1]). In particular, univalent harmonic mappings having special geometric
properties such as convexity, starlikeness and close-to-convexity arise naturally in
planar fluid dynamical problems. Properties of univalent harmonic maps were used
in [1] to give explicit solutions to the incompressible two-dimensional Euler equations
and in [5] to give a complete classification of all two-dimensional fluid flows. The
harmonic maps derived from such problems can be very complicated. In this
connection, it is interesting to consider the problem of approximating harmonic maps
by harmonic polynomials, which motivates us to consider partial sums of the series
representing univalent harmonic mappings.

Let H be the class of complex-valued harmonic functions f defined in the unit disk
D ={z€C: |z < 1}, normalised by f(0) =0 = f,(0) — 1. It is well known that every
function f € H has the canonical representation f = i + g, where

h@)=z+ Y ad and g@)= Y b (1.1)
n=2 n=1

Both 4 and g are analytic in D and are called the analytic and co-analytic parts of
f, respectively. When g(z) = 0, H reduces to the class A of analytic functions in D
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with f(0) =0 and f"(0) = 1. If f = h + g, then the Jacobian J¢(z) of f is defined by
J¢(z) = (@) — g’ (z)I* and we say that f is sense preserving if J#(z) > 0 in D. Let Sy
be the subclass of H consisting of univalent and sense-preserving harmonic mappings.
If g(z) = 0 in D, then the class S¢ reduces to the class S of univalent and analytic
functions in D with f(0) =0 and f’(0) = 1. Furthermore, if f =h + g € Sy, then
lg’(0)] = |by| < 1 (since J;(0) = 1 —|g’(0)]* = 1 — |by|* > 0). The function F, given by

f@ - b7 Q)
F@) ==

belongs to S¢. Since F is an affine map of f, it is clear that F is univalent in D. A
simple observation shows that Fz(0) = 0. Thus, we may restrict our attention to the
following subclass: L

SY, ={f €8y : by = f(0) =0}

For any function f = h +g € SY , its analytic and co-analytic parts can be represented
by

h(z) =z + Z a,7' and g(z) = Z b,7". (1.2)
n=2 n=2

The family S;)L{ is known to be compact and normal, whereas Sy is normal, but not
compact.

In 1984, Clunie and Sheil-Small [4] investigated the class S¢; and its geometric
subclasses, which have subsequently been extensively studied (see, for example,
[3, 7, 15]). A domain Q is called starlike with respect to a point zg € Q if the line
segment joining 7o to any point in Q lies in Q. In particular, if zg = 0, then Q is simply
called starlike. A complex-valued harmonic mapping f € H is said to be starlike if
f(D) is starlike. We denote the class of harmonic starlike functions in D by S7,.
Starlikeness is a hereditary property in that if an analytic function maps the unit disk
D univalently onto a starlike domain, then it also maps each concentric circle onto a
starlike domain. On the other hand, in general, starlike harmonic mappings do not have
this property. The failure of this hereditary property of starlike harmonic mappings led
to the introduction of fully starlike harmonic mappings.

TueOREM 1.1 [9]. A sense-preserving harmonic function f = h + g is fully starlike in D
if the analytic function h + €g is starlike in D for each € with |e| = 1.

For f=h+ge 82{ with the series representation given by (1.2), the sections or
partial sums s,,,,(f) are defined by

Sn,m(f)(z) = sn(h)(z) + Sm(g)(Z),

where n > 1 and m > 2, s,(h) = X1 _, a2 and s,,(g) = Y}, bkz*. From the definition, it
is clear that a partial sum of f can be thought of as an approximation of f by complex-
valued harmonic polynomials. For recent results on the partial sums of univalent
harmonic maps, we refer to [10, 11, 13]. We recall a result from [10] which is the
motivation for the problem that we are considering in this paper.
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TueorEM 1.2 [10]. Let f=h+ g€ SE},[ with the series representation (1.2). Suppose
that f belongs to Cf}l, the class of close-to-convex harmonic mappings. Then the
sections Sp,(f) are univalent in the disk |z| < r,,,. Here r,,, is the unique positive
root of the equation u(n,m, r) = 0, where

= (1)1 (152 ) - -
r)=—— - — Ry — oy
KL = T\ T+ 7 T+r

\ N 12k + 1
Ri= Y Al Tu=- Y A, A= DD

with

k=n+1 k=m+1
In particular, every section s, ,(f)(2) is univalent in the disk |z| < ry,,, where

3 Tlogn — 4log(log n)

[ _
Fon 2 Fyy = 1

for | = min{n, m} > 15.
n

We now define the subclasses PO(H(M ) and B (M) of harmonic univalent maps.
For M > 0,

P (M) :={f =h+geH:Re(zh"(2)) > —M +|zg" (z)| and g'(0) = 0}
and, following [6],
Bu'(M) :={(f=h+3geHy:|zh" ()| <M —|zg" (z)| for z € D}.

The organisation of the paper is as follows. In Section 2, we will show that functions
in the class P%(M) are univalent harmonic maps. We then obtain sharp coefficient

bounds for functions in P?H(M). Growth results for functions in P%(M) will also be
discussed in Section 2. In Section 3, we prove a two-point distortion theorem for
functions in the class By (M).

2. Main results

THEOREM 2.1. The harmonic map f = h + g belongs to Pg_[(M) if and only if the
function F. = h + €g belongs to P(M) for |e| = 1, where P(M) is defined by

P(M) :={p € A:Re(z2¢"(2)) > —M for M > 0}.
Proor. Suppose that f =h+g € 5"2_[(M). For |e| = 1,
Re (zF(2)) = Re (z(h"(2) + €g”(2))
>Re (z2h"(2) — |zg" (@)l > —M  forz € D.
Hence, F. = h + eg € P(M) for each |e| = 1. Conversely, if F. € P(M), then
Re (zh”(2)) + Re(ezg” (z)) = Re (z(W'(2) + €g”(2))) > —M forz € D,
Since € (Je] = 1) is arbitrary, for an appropriate choice of €,
Re(zh"(2)) — 1zg”" ()| > -M forzeD
andso f € Pg{(M). O
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Note that for 0 < M < 1/log4, each function in the class (M) is univalent and
starlike. Thus, by Theorem 1.1, Pg{(M) - S;,O for 0 < M < 1/log4. In particular,
when 0 < M < 1/log4, functions in P?H(M) are fully starlike.

THEOREM 2.2. Let f=h+g € Pg[for M > 0 be of the form (1.2). Then, for n > 2,

2M
nn-1)

|bnl <

The result is sharp for the function f given by f(z) = z — Mz"/n(n — 1).
Proor. Let f € Pf}{(M). Then
Re (zh"(2)) — 28" () > -M forz €D

and so
lzg"(2)l < M + Re (zh"(z)) forzeD. 2.1)

Using the series representation of g(z) in (2.1),

1 27r .
P n(n - Db, < — f lg” (re)| do
271' 0
1 > 0717 0
< — M +Re(re”h’(re'))do = M.
27T 0

Letting » — 1~ gives the desired bound. It is easy to see that f(z) = z — Mz"/n(n — 1)

belongs to P?H(M) and |b,(f)| =2M/n(n — 1). O
THEOREM 2.3. Let f=h+g € P%(M)for M > 0 be of the form (1.2). Then, for n > 2.
2M
i n bn < —;
D lanl + ol < -
M

ii nl = bn < —;
(1) lanl = 1Dl n—1)
2M

< .
(i) el <

The result is sharp for the function f given by f'(z) =1 —2M In(1 - 2).

Proor. Let f € P,OH(M) for M > 0. Then, by Theorem 2.1, F = h + €g belongs to P(M)
for each |e| = 1. Thus, for each |e| = 1,

Re (zF((z)) = z(h"(2) + €g"(2)) > —-M.

This implies that there exists an analytic function p of the form p(z) =1 + 37| p,Z"
with Re p(z) > 0 in D such that

FU()+ M

I = p(2). (2.2)
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Comparing coeflicients on both sides of (2.2),
n(n + 1)(ay+1 + €b,y1) = Mp, forn>1. 2.3)
Since |p,| <2 forn > 1 and € (Je| = 1) is arbitrary, it follows from (2.3) that
n(n + D(lapa| + 1bpe1]) < 2M,
n(n + Dllapsi] = byl < 2M,
which implies that

forn > 2.

0| < 2M
"Tamn-1
It is easy to see that the function f defined by f'(z) = 1 —2M In(1 — z)) belongs to the
class P(OH(M ) and that all three inequalities are sharp. O

TueorEM 2.4, Let f =h+3 € PO #(M) for M > 0 be of the form (1.2). Then
|zI" |zI"
el - Z <If@I <l + 2MZ
n(n—1) n(n—1)
The right-hand inequality is sharp for the function f given by f'(z) =1 —2M In(1 — z).

Proor. Let f = h + g be in the class P 2((M). Then Fe = h + eg belongs to P(M) and,
for each € with |e] = 1,

Re (zF)(2)) =z(W'(2) + €g”(2)) > -M forz e D.
Thus, there exists an analytic function w(z) with w(0) = 0 and |w(z)| < 1 in D such that
F/@D+M 1+ w(z)

i T o0 (2.4)
Simplification of (2.4) gives
v 2Mw(z)
Fl(z) = A —0@) (2.5)

Let

map the unit disk D onto a convex domain. By subordination, |w,| <1 for n > 1.
Therefore, from (2.5),

oA T w@) ' ‘ f el ‘
|F6(z)l—'1+2M  H—o® 1+2M Z‘W"f dé
=1 M ‘ ntn—l i(n—1)0 i6 dt'
I + LZW e e
lz] & |Z|n
<l+2M W dr=1+2M )y
" f ;M =1+ Z !
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Thus,

[Fl@)|=1"(@)+eg’@I<1+ ZMZ |Z_| (2.6)
n=1 n
Since € (|e] = 1) is arbitrary, it follows from (2.6) that

Wl @i +2m Y L

n=1

Let I be the radial segment from O to z. Then

of

@l =| [ G de+ a & < [ ari+igenag
|zl X gn
< fo (1 +2M; %)dt: el +2m Y n(IIfI .
From (2.5),
IFl(z) - 1] = ‘ZM f a lai(i) &4 ‘ZM f Z W1 Zl % .7)
From (2.7),
P~ 1< P - < 2m Y B
=
and so
L= Q) + e/l 2 1 - ZMZ e 8)
Since € (le] = 1) is arbitrary, it follows from (2.8) that
Wl- @iz 1 -2m Y L 2.9)
&
In view of (2.9),
@l= [ |G e+ ZLag> [aren-ig@nias

Izl |n & |Z|n
> [ (1-2m )dt — o -2M .
j(; ( Z o ; nn—1)
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3. Two-point distortion theorem

In this section, we concentrate on a two-point distortion theorem for functions in
the class Bf,’{(M). The basic analytic and geometrical properties of functions in the
class B%(M ) were explored in [6].

The following result due to Bazilevich [2] gives a necessary and sufficient condition
for a normalised analytic function to be univalent in D.

Tueorem 3.1 [2]. Let ¢(2) = 2+ X2, axZ" be analytic on D. Then ¢ is univalent on D
if and only if for each z € D and for each t € [0, /2],
P(rey — p(re)y < sinkt ,_,
—_— = —_ 0,
re’t —re Z % net 7
where t = ({ —)/2, z = re"“™/2 gnd (sin kt/ sin £)|,—o = k.

Starkov [14] generalised Theorem 3.1 to normalised sense-preserving harmonic
maps on D.

TuEOREM 3.2 [14]. A sense-preserving harmonic mapping f = h + g defined on D
determined by (1.1) is univalent if and only if for each z € D\ {0} and for each
te(0,7/2],

M = i gty Sinkt £0, (3.1)

k
. , — b
rei — reit £ (@ = biz") sint
where t = ({ —)/2 and 7 = re'é*")/2,
The following two-point distortion theorem plays a vital role in the proof of
Theorem 3.4.

TaeoreM 3.3 [8]. If¢p € S, re€(0,1) and t,y € R, then
‘¢(V€i’) — p(re')

reit — el

1-7r2 ‘ :
> —— L lp(re")lg(re™).
I

We now give our result on functions in B%(M ).
THEOREM 3.4. Let f =h+g € Bg{(M), 0<M<1. Then
flre®) = f(re?) 22
reit — retV )

Proor. Let f =h+ gbein B%(M) for M > 0. Consider F = h + €g € B(M) with |e| = 1,
where the class B(M) (see [12]) is defined by

B(M) = {¢p € A: |z¢"(2)] < M for z € D}.

> (1 —r2)(1 ~Mr+

We note that the functions in B(M) are univalent for M > 0. For every pair of points
re'" and re¥, we can find an € with |e| = 1 such that

(h(re") = h(re'")) + (g(re®) = g(re)) = (h(re") = h(re")) + e(g(re") = g(re").
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Therefore,

|f (re") = f(re")

reit — re¥

B F(re'") — F(re")
B reit — reit ’

From Theorem 3.3, (3.2) implies that
‘f(rei’) - f(rei‘”)‘ 3 ‘F(re”) — F(re

reit — ret¥ reit — re¥

In order to complete the proof, we need to find a lower bound for |F(z)|
Since F € B(M), it follows from the definition that

|2F"(2)| < M.

Thus, there exists a Schwarz function w : D — D with w(0) = 0 such that

Z2F"(2) = Mw(z).

From (3.4),
(= MO
d
and so , M)
|F (z)—llz‘f df‘.
o £

Since w is a Schwarz function, |w(z)| < |z] for z € D. Hence, from (3.5),
IF'(z) = 1] < M|

and therefore
IF" ()| = 1] < Mlzl,

which implies that
IF'(2)| > 1 = Mlzl.

Let I be the radial segment from 0 to z = re’?. Then
FoI= [IF@da> |- melas
r r
r V2
=f(1—Mt)dt=r—M— —l-M
0 2

Substituting (3.6) into (3.3) gives
‘f(rei’) - f(rei‘/’)‘ _ 'F(rei’) - F(rei‘/’)‘

reit — ret reit — ret¥

2 2

(r - M%)2 —(1- rz)(l ~Mr+

1-r
>

2
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TueorREM 3.5. Let f = h+ 3 € BY(M) be of the form (1.2). Then Snm(f) is univalent
in |zl < rom, where Tnm 1S the unique positive root of the equation v(n,m,r, M) =0 in
(0,1) and

v(n,m, r, M) = A(r, M) — Z k—l Z k& k! 3.7)

k=n+1 k=m+

with

2.2
A M) = (1 — r2)(1 ~ Mr+ M4r )

Proor. Suppose that f = h + g € B°(M) with series representation given by (1.2). Set

h(rz) N Eg(rz)
r

Fr,E:
for 0 <r<1and|el = 1. Then

oo (o]
Fre=z+ Z akrkflzk + E(Z bkrkflzk).
k=2 k=2

To prove that s,,,(f) is univalent in |z| < 1y, it is sufficient to show that s, ,,,(F}.¢)
is univalent in D for all € with |e| = 1. Using Theorem 3.1, we see that s, ,(F¢) is
univalent if and only if the associated section P, ,, .y has the property that

ki
Pomrtt = Z(a' k- ‘+b,gzk—‘)sslf +0 forallzeD\ {0} and e [0,7/2],

where M = max{n, m}, | = min{n, m} and a}, = aqxr*', b}, = ebyr* ! for k <1,

. |ar*t forallk > 1if M = n,
a, =
) forall k> lif M >n

and

b - ebr*! forall k > [if M =m,
o for all k > [ if M > m.

By letting t = (£ — ¥)/2, z = re“*¥)/2 in (3.1) and, using the univalence of F,. for
O<r<l1,

B sin kt
kl+€bkzk])kl

re’ — re¥

Fr,s(reig) - Fr,s(rei.//)‘ _
- sint

2.2
> (1 - r2)(1 _Mr+ M4r ) (3.8)

In order to find the lower bound for |P,, , , u|, we need to find an upper bound for

- sin kt - smkt
k=1 k-1 SIAE k-1 _k—1SIN KL
n,m,r,M - agr
|Qnmrm (@) = E —_— + E ebr* z

<
k=n+1 sin? k=m+1 sin t
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It follows from [6, Theorem 2.2] that

sin kt

smkt
e Iy Sl = Z ull A
k=n+1

—l M k—1
Z k(k—l) ke _;Hk(k—l)’"

k=n+1
N M e M
_k;:ﬂk_l’]( ;1k_1rk
=R,(M)+T,(M). 3.9

From (3.8) and (3.9),
2,2

Pomrt] > (1 — r2)(1 ~Mr+ ) — Ru(M) = To(M) = v(n,m, 1, M),

Therefore, P, ,a # 0 for all z € D \ {0} provided v(n, m, r, M) > 0, where v(n,m, r, M)
is defined by (3.7). This shows that v(n,m,r, M) > 0 for all r € (0, r,,,), where
ram 18 the positive root of the equation v(n, m, r, M) = O which lies in (0, 1). Thus,
Sn.m(Fe(r,2)) is univalent in the disk |z| < 7, for all € with |e| = 1, which implies that
Sp.m(f) 1s univalent in |z] < 7y, . O
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