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Recently, Sychev showed that conditions both necessary and sufficient for lower
semicontinuity of integral functionals with p-coercive extended-valued integrands are
the W1 P-quasi-convexity and the validity of a so-called matching condition (M).
Condition (M) is so general that we conjecture whether it always holds in the case of
continuous integrands. In this paper we develop the relaxation theory under the
validity of condition (M). It turns out that a better relaxation theory is available in
this case. This motivates our research since it is an important old open problem to
develop the relaxation theory in the case of extended-value integrands. Then we
discuss applications of the general relaxation theory to some concrete cases, in
particular to the theory of strong materials.
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1. Preliminaries

Let m, N > 1 be two integers and let M be the space of all real m x N matrices. In
what follows, we denote the Lebesgue measure of a Borel subset A of RY by |A|.
Let p > 1 be a real number and let E: W1P(2;R™) — [0, 00| be defined by

E(u) ::/QL(Vu(x))dx,

where {2 is a bounded open set such that [0£2| = 0 and L: M — [0, oc] is Borel
measurable and p-coercive, i.e. L(:) > c|-|P for some ¢ > 0. Let £: WHP(£2;R™) —
[0, 0] be the lower semi-continuous envelope of F with respect to the strong con-
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vergence of LP(§2;R™), i.e.

E(u) == inf{ lim E(un): up — uin LP(Q;R"’)}.
n—oo

Due to the p-coercivity of L, strong convergence in LP could be replaced by weak
convergence in WP, as this frequently happens in the literature. However, in this
paper we shall use strong convergence in LP. It is well known that F is lower
semi-continuous with respect to the strong convergence in LP (weak convergence in
Wwhp),

Recently, Sychev suggested conditions both necessary and sufficient for lower
semicontinuity of the functional E with respect to the strong convergence in LP
(see condition (M) and theorem 1.1).

(M) For every £ € M and every {un}, € WHP(Y;R™) such that u, — l¢ in
LP(Y;R™) and lim, oo I(u,) < 0o, there exist a subsequence {u,}, (not
relabelled) and a sequence {¢,,} C l¢ + W, P(Y;R™) such that

lim {I(un,) — I(¢n)} =0, where I(u) := / L(Vu(y)) dy.

n—00 Y

Hereafter, [ will denote the linear function with gradient equal to & € M and

Y ::}—%,%[N.

THEOREM 1.1 (Sychev [23]). Assume that L: M — [0, 00| is continuous. Then, the
functional E is LP-lower semi-continuous if and only if L is W1P-quasi-convex and
the matching condition (M) holds.

Recall that L is called W'P-quasi-convex at ¢ if
/ L(Vg(x))dx > [2|L(€) for all ¢ € l¢ + Wy P (2;R™).
0

The definition of W1 P-quasi-convexity does not depend on (2 (see [7]), and it was
shown in [7] that this condition is necessary for lower semicontinuity with respect
to the weak convergence in W1P,

Theorem 1.1 also holds for Borel measurable integrands L, as this follows from
theorem 2.1. Note that condition (M) is rather general and it is unknown whether
it always holds in the case of continuous integrands (in the case of Borel measurable
integrands the condition may fail; see §2).

In the general case considered in this paper, the theory of integral representations
of relaxed functionals E is not well developed, since it requires dealing with W1P-
quasi-convexifications Q,L, where

Q,L(&) :=inf { /Y L(Vo(y))dy: ¢ €l + Wol’p(Y;Rm)},

and there is not much information about the behaviour of such integrands (see, for
example, [13-16]). A better theory is available when Q,L = QL and L is a finite-
valued function [1,11,21,22] (see [15] for a list of appropriate references). The study
of extended-valued integrands L: M — [0, oo] is dictated by the theory of elasticity
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as suggested by Ball (see, for example, [4-6]) in order to account for the physical
behaviour of materials when their volume is compressed to zero, i.e. the determinant
of the deformation gradient tends to (or is equal to) 0. This is a major problem in
elasticity and a challenge in the calculus of variations, as standard cut-offs cannot
preserve the determinant constraint. The aim of this paper is to contribute to the
development of the relaxation theory in the case of extended-valued integrands (see,
for example, [2,10,20-22] for related works).

We shall use the following two standard lemmas about W!P-quasi-convexifica-
tions.

LEMMA 1.2. For every £ € M and every bounded open set U C RN with |0U| = 0,
we have

0,L(€) = inf { fLvstn o ic+ W&va;m}. (L1)

Proof of lemma 1.2. Let ¢ € M. Let U C RY be a bounded open set with [0U| = 0,
and denote the right-hand side of (1.1) by Q,L(£,U). By Vitali’s covering the-
orem there exists a finite or countable family {a; + a;U};er of disjoint subsets
of Y, where a; € RY and 0 < a; < 1, such that |Y \ U;c;(a; + &sU)| =0 (and
S0 |U|Zlela =|Y|=1). Fix any ¢ € l¢ + W,P(Y;R™). For each i € I, let
bi € le + Wy P (U; R™) be defined by

() = le(x) + aii(fﬁ(ai + aiz) — le(a; + a;z)).
Then

| 1Vé@)do = wIQ L V)
for all ¢ € I. But,

/ (Voly dy—Z/ (v)) dy

i€l it U

—Za / (Vo(a; + o)) da

i€l
= [ L) da

i€l

Hence, recalling that Y., a¥ = 1/|U], it follows that
[ Vo) ay = Y aX (wig,Lie v)
Y el

Thus, Q,L(§) > Q,L(§,U). By the same reasoning we prove the converse inequality,
and the proof is complete. O

LEMMA 1.3. Given £ € M and a bounded open set U C RN with |0U| = 0, there
exists a sequence {¢ntn C le + Wy P (U; R™) such that ¢, — l¢ in LP(U;R™) and

lim L(V¢y(z))de = Q,L(&).

n—o0 U
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Proof of lemma 1.3. Given ¢ € M, there exists {¢n}n C le + Wy (Y;R™) such
that

lim | L(Véa(y)) dy = QpL(E). (1.2)

n—oo Y

Fix any n > 1 and k£ > 1. By Vitali’s covering theorem there exists a finite
or countable family {a; + ;Y }ier of disjoint subsets of U, where a; € RN and
0<a; <1/k, such that |U \ U,c;(ai + a;Y)| =0 (and so Z = |U|). Define
¢nk€l§+w (URm)by

Oni(T) = le(z) + oy {qi)n(x — ai) - lg(x — ai)} ifx € a; +a;Y.

Q; 6%

zEI

Clearly,

U]

||¢n,k léHLp(URm ﬁ”‘lﬁn l&HLpYRm)

Hence, limy o0 [|¢n,k — l¢l| r;rm) = O for all k > 1, and consequently

lim hm |énk — lellLerm) = 0. (1.3)

n—o00 k—
On the other hand, we have
| 1o @)de =3 a¥ [ 1Tonw)dy =101 [ L(Tont)dy
el

for allm > 1 and all k > 1. Using (1.2) we deduce that

lim lim 4 L(Vn(x))de = Q,L(E), (1.4)

n—oo k—oo U
and the result follows from (1.3) and (1.4) by diagonalization. O
In this paper we study the relaxation theory when condition (M) holds, i.e. when

Qp,L =T,L, where

%L(f) = inf{ lim / L(V(bn(y))dy: Wl,p(Y;Rm) 3 Qj)n N lg in Lp(y;Rm)}.
Y

n—oo

REMARK 1.4. From lemma 1.3 we see that

Q,L(¢) :inf{ lim ][L(V¢n(x))dx
n—oo JU
le + Wol’p(U;]Rm) S ¢ =l in LP(Y;R"’)}
for all bounded open sets U C RY with |0U| = 0. In particular, we always have
TpL < QpL. So, condition (M) holds if and only if 7,L = Q,L.

It turns out that a better relaxation theory is available in this case.

First, W!P-quasi-convexifications Q,L of the original integrands are lower semi-
continuous functions, and therefore the integral functionals with Q,L integrands
are well defined. This follows from a simple lemma.
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LEMMA 1.5. The function T,L is lower semi-continuous.

Proof of lemma 1.5. Let I: WYP(Y;R™) — [0, 00] be defined by
10) = [ D(o()dy.

Then T,L(§) = I(l¢) for all £ € M, where I denotes the lower semi-continuous
envelope of I with respect to the strong convergence in LP(Y;R™). As [ is LP-lower
semi-continuous, we have, in particular, lim,, ,__ I(l¢,) = I(l¢) for all £ € M and all
{&.}n C M such that lg, — l¢ in LP(Y;R™). Hence, lim,, , . T,L(&,) = T,L(§) for
all € € M and all {&,}, € M such that &, — £ in M. O

Moreover, for 7,L we have the following.

LEMMA 1.6. For every £ € M and every bounded open set U C RN with |0U| = 0,
we have

TL(E) = inf{ lim ]éL(Vqﬁn(x))dx: 60 — I in L”(U;Rm)}. (1.5)

n—oo

Proof of lemma 1.6. Let ¢ € M. Let U C RY be a bounded open set with [0U| = 0
and denote the right-hand side of (1.5) by 7,L({,U). By Vitali’s covering theo-
rem there exists a finite or countable family {a; + ;U};cr of disjoint subsets of
Y, where a; € RY and 0 < o; < 1, such that [V \ J,;c;(a; + a;U)| =0 (and so
U ier oY = Y| = 1). Fix any sequence {¢,, }, C WHP(Y; R™) such that ¢, — l¢
in LP(Y;R™) and fix any n > 1. For each i € I, let ¢, ; € WLP(U;R™) be defined
by

N 1
Oni(2) = le(2) + —(onlai + aiz) —le(a; + ;).
7
As a; + ;U C Y we have
H(lgn,i - léHzp(U;Rm) < ai‘v_pll(bn - lE”ip(y;Rmy

and 50 ¢, ; — l¢ in LP(U;R™). Then
lim [ L(Vén:(x))da > [U[T,L(,U)
n—oo JU

for all 7 € I. But,

lim [ L(Vén(y))dy = lim

n—oo JY n—oo

S uve)a)
Zazj‘v/UL(V%(aH—aim))dx)

L(Vs(a)) o)

I
3

I
=
HE
Sz N/~
- m
~
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Hence, recalling that Y, .; oY = 1/|U], it follows that

lim [ L(Vén(y)dy =Y ol (|UIT,L(EU))

nroo JY el
=TpL(&, U).

Thus, T,L(§) > T,L(§,U). By the same reasoning, we prove the converse inequality,
and the proof is complete. O

Second, the values of the lower semi-continuous envelope of the original functional
are given by the values of the integral functional with a Q,L integrand at all
continuous piecewise affine functions (see corollary 3.4).

Third, for all Sobolev functions in WP we have

B(u) > /Q 0, L(Vu(z)) dz.

Finally, by using the approximation property (Ciz)) with H = Q,L, we obtain
a complete integral representation for F (see theorem 3.5).

In § 2, we prove extensions of the lower semicontinuity (theorem 1.1) to the case of
Borel measurable integrands. The theory for relaxation under validity of condition
(M) is presented in §3. In §4 we suggest applications of the general relaxation
theory to the case when W!P-quasi-convexifications have convex growth. We discuss
concrete cases of strong materials when this is so. The results of this paper were
previously announced in the note [17].

2. General lower semicontinuity theorems
The main result of this section is the following.

THEOREM 2.1. The relazed functional E is equal to E if and only if, for every
£ eM, E is LP-lower semi-continuous at l¢, i.e.

lim E(¢n) = E(lg)  for all {¢pn}n C WHP(2;R™) with ¢y, — e in LP(£2;R™).
n—oo
Proof of theorem 2.1. We only need to prove that if E is LP-lower semi-continuous

at l¢ for every £ € M, then E is LP-lower semi-continuous, i.e. for every u €
WP (2;R™) and every {u,}, C WHP(02;R™) with u,, — u in LP(£2; R™), we have

lim E(u,) > E(u). (2.1)

n—oo
STEP 1 (localization and blow-up). We can assume that lim,_,o, F(u,) exists and
is finite. Recalling that L is p-coercive, there is no loss of generality in assuming
that {Vuy, }, generates a Young measure (v )ze and L(Vu,(-))dz = u, where p
is a (positive) Radon measure. The measure u can be represented as = i, + ps,
where i, = f(-)do with f € L'(£2) and p, is a singular measure, i.e. its support is
contained in (J;2, K; C £, where Kj is a compact set with |K}| = 0 for each j > 1.
For almost every (a.e.) xg € {2 we have that zy is a Lebesgue point of the
function f(-), and xg is a Lebesgue point of v(-) in the p-metric, where p is a metric
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responsible for weak-* convergence of probability measures (see [18] for the latter
fact).
For each k > 1 and each n > 1, consider the function u*: Y — R™ given by

k
Up,

(4) = Lm0 + ky).

For a fixed k > 1 we have that {Vul}, generates a Young measure (V(z,+ky))yey/k
and L(VuF (-))dy = f(zo + ky) dy + ¥ in Y as n — oo. We can isolate a sequence
{kn}n, with k,, — 0o as n — oo, in such a way that {Vukn},, generates a homoge-
neous Young measure v,,. We also have that, for a.e. g € £2,

L(Vuy () dy = f(o) dy. (2.2)
Then, the sequence {Vuk~}, is bounded in W1?(Y;R™) and, as a consequence,
Ul = Iy 0 LP(Y3R™). (2.3)

STEP 2 (using LP-lower semicontinuity of E at each l¢). Using lemma 1.6, we see
that the LP-lower semicontinuity of E at each [ is equivalent to 7,L(£) = L(§) at
each £ € M. Hence, taking (2.3) into account, we can assert that

lim [ L(Vubr () dy > L(Vu(xo)). (2.4)

n—oo JY

From (2.2) and (2.4) it follows that
f(zo) = L(Vu(zo)).
Therefore, f(z) > L(Vu(x)) for almost all (a.a.) z € {2, and (2.1) follows. O
Theorem 2.1 can be reformulated as follows.
THEOREM 2.2. E = E if and only if T,L = L.

Proof of theorem 2.2. Theorem 2.1 asserts that £ = E if and only if, for every
£ € M, E'is LP-lower semi-continuous at l¢. But, by lemma 1.6, this is also equivalent
to TpL = L. O

Theorem 2.1 can also be reformulated as follows.
COROLLARY 2.3. E = E if and only if Q,L = L and condition (M) holds.

Proof of corollary 2.3. It suffices to remark that condition (M) is equivalent to
T,L = Q,L (see remark 1.4). O

Instead of using two conditions in theorem 1.1, we can use only one condition.

DEFINITION 2.4. A Borel measurable function L: M — [0, 00] is said to be lim-
WhP-quasi-convex if

lim [ L(Ven(y))dy = L(§)

n—oo JY

for all € € M and all {¢y,}, C WEP(Y;R™) with ¢, — l¢ in LP(Y;R™).

https://doi.org/10.1017/50308210518000082 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210518000082

1036 J.-P. Mandallena and M. Sychev

REMARK 2.5. L is lim-W!P-quasi-convex if and only if L = 7,L, which is also
equivalent to Q,L = L and the validity of condition (M). So, if L is lim-WP-
quasi-convex, then L is lower semi-continuous and W P-quasi-convex.

The interest of definition 2.4 comes from the following result, which is yet another
formulation of theorem 2.1.

THEOREM 2.6. The functional E is LP-lower semi-continuous if and only if L is
lim-W 1P -quasi-convex.

An open question is the following.

QUESTION 2.7. Do continuity and W1P-quasi-convexity imply lim-WP-quasi-con-
vexity?

This question is equivalent to clarifying whether continuous and W!P-quasi-
convex integrands always satisfy condition (M).

REMARK 2.8. In the case of Borel measurability and even lower semicontinuity
there exist W1 P-quasi-convex integrands that are not lim-W!P-quasi-convex. Con-
sider for example, in the scalar case, L: R? — [0, 00| given by

1 if€=(0,0),
L(f) =40 if§ € {(_170)a (170)}7

oo otherwise.

The function L is not lim-WP-quasi-convex but L is lower semi-continuous and
WhP_quasi-convex (but not convex) because all nonlinear functions from ¥ C R?
to R with a linear boundary datum give infinite energy, since it is impossible for
the gradient to stay in a line due to Cellina’s result (see [8,9]).

3. General relaxation theorems

Denote the space of all continuous piecewise affine functions from 2 to R™ by

AfF(02; R™).
THEOREM 3.1. The following two inequalities always hold:
E(u) > / ToL(Vu(z))dz  for all u € W P(02;R™); (3.1)
Q
E(u) < / QpL(Vu(z))dx for all u € AfF(£2;R™). (3.2)
Q

Proof of theorem 3.1. We begin by proving (3.1). Consider u € WP(£2;R™) and
{un}n C WEP(02;R™) such that

|un — ullLe(2mm) = 0, (3.3)

and prove that
lim E(uy) 2/ TpL(Vu(z)) de. (3.4)
o)

n—oo
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STEP 1 (localization). Without loss of generality we can assume that
oo > lim F(u,)= lim E(u,), andso sup/ L(Vuy(x))dz < co. (3.5)
n—00 n—oo n Jn

For each n > 1, we define the (positive) Radon measure A, on {2 by
An = L(Vuy, (")) dz.

From (3.5) we see that sup,, A\,({2) < oo, and so there exists a (positive) Radon
measure A on {2 such that (up to a subsequence) A, S e

lim odA, = / od\  for all ¢ € C.(02),
Q Q

n—oo

or, equivalently, the following two equivalent conditions hold:

(a)
lim A\, (U) 2 A(U) for all open sets U C {2,

n—oo

lim A\,(K) < A(K) for all compact sets K C §2;

n— oo

(b) limy 00 An(B) = A(B) for all bounded Borel sets B C 2 with A(0B) = 0.

By Lebesgue’s decomposition theorem, we have A\ = A, + As, where A, and A;
are (positive) Radon measures such that A\, < dx and A\; L dz, and from the
Radon-Nikodym theorem we deduce that there exists f € L'(§2;(0,00[) given by

o Al 4rY) o Mo +rY)
flo) =l =% =l —&F—

for a.a. x € £2, (3.6)

such that
Aa(4) = / fda for all measurable sets A C 2.
A

To prove (3.4) it suffices to show that
f(z) = Tp(Vu(z)) for a.a. z € 2. (3.7)

Indeed, from (a) we see that

lim E(un) = lim )‘n(‘Q> = )‘(‘Q> = )\a(‘Q) + )‘S(Q) = )\a(Q) = f(l') de.

n—00 n—o0 N

But, by (3.7), we have

/Q flz)dx > /Q’YZ,(Vu(ac)) dz,
and (3.4) follows.

STEP 2 (blow up). Fix zp € 2\ N, where N C {2 is a suitable set such that
|N| =0, and prove that
f(xo) = Ty L(Vu(wo))- (3-8)
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As A(£2) < 0o we have A\(xg +7Y) =0 for all r € ]0,1]\ D, where D is a countable
set. From (b) and (3.6) we deduce that

f(zo) = lim lim M = lim lim L(Vuy(z))dz. (3.9)

r—0n—o0 TN r—0n—o0 To+1rY

Asu € WHP(£2;R™) it follows that u is almost everywhere LP-differentiable (see [25,
theorem 3.4.2, p. 129)), i.e. for a.e. zg € {2,

. 1
71‘1_% m”u(xo + ) —u(zo) — Vu(:ro)yHip(TY;Rm) =0. (3.10)
From (3.3) we see that (up to a subsequence), for a.e. zg € {2,

[tn (x0) — u(zo)|P — 0. (3.11)

Without loss of generality we can assume that zo € 2\ N is such that (3.9)—(3.11)
hold. Fix rg > 0 such that zo + 7Y C {2 for all r € |0, r¢]. For each n > 1 and each
r €10,70], let u?, € WHP(Y;R™) be given by

r

U (9) =+ (o + 1) — un(z0).

Then (3.9) can be rewritten as

f(xo) = lim lim L(Vu;, (z))dz. (3.12)

r—0n—o0 v

On the other hand, we have
s, = 9 uton) B iy ey = /Y 4 (9) = Iuge) ) dy

= ey lun (0 + ) = (20) ~ Lz Py sy
and, consequently,
s, = 1o [ vmy < vy It =l gymem) + 575 1 (0) = (o) ”
+ g llut@o + ) = u(@o) = lwugun Iy )
with ¢ > 0, which depends only on p. Using (3.3), (3.11) and (3.10) we deduce that
lim lim llun, = I ue) | e (virm) = 0. (3.13)

According to (3.12) and (3.13), by diagonalization there exists a mapping n — r,
decreasing to 0 such that

On = Ivu(ao) 10 LP(Y;R™), (3.14)
Flao) = Jm | L(Von(w)dy (3.15)

where ¢, 1= u;~.
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STEP 3 (end of the proof of (3.1)). According to (3.14), by the definition of 7,L
we see that

lim [ L(Vén(y))dy = TpL(Vu(zo))

n—ooJY
and (3.8) follows by using (3.15).

We now prove (3.2). Given u € Aff(£2;R™) there exists a finite family {U; };er of

open disjoint subsets of {2 such that |2\, ; U;| = 0 and, for each i € I, |0U;| =0
and Vu(z) = &; in U; with & € M. Thus,

icl

/Q Q,L(Vu()) dz = 3" |U;| QL (&:). (3.16)

i€l

Using lemma 1.3, for each i € I, we can assert that there exists {¢}}, C l¢, +
WP (U;; R™) such that

lim. 6% — le |l Lo ismmy = 0, (3.17)
lim + L(Ve),(x)) do = Q,L(&)- (3.18)
n—oo U;

Define {uy,}, C WHP(£2;R™) by

Uy () = u(z) + ¢L(z) — g, (z) if z € U,
Using (3.17) it is easy to see that ||u, —ul/Lr(o;rm) — 0, and combining (3.18) with
(3.16) we deduce that

lim L(Vu,(x))dz :/ QpL(Vu(z)) dz,
n—oo 0
and (3.2) follows. O

REMARK 3.2. Analysing the previous proof, it is easily seen that we have in fact
proved the following lemma.

LEMMA 3.3. Let H: M — [0,00] be a Borel measurable function. For every u €
Aff(£2;R™) there exists {u,}n C WHP(£2;R™) such that

[ Y p——
lim | H(Vuy,(z))dx = / QpH (Vu(z)) dx.

As a consequence of theorem 3.1 we have the following.

COROLLARY 3.4. If T,L = Q,L, or, equivalently, condition (M) is satisfied, then
E(u) > / Q,L(Vu(x))dz for allu € W'P(£2;R™);
Q

E(u) < /Q Q,L(Vu(z))dx for all u € AfF(£2;R™).
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In particular, we have
= / QpL(Vu(z)) dx (3.19)
Q
for all uw € Aff(2;R™).

For each Borel measurable function H: M — [0,00] we consider the following
condition:

(Cip) for every u e WHP(2;R™)\ Aff(§2;R™) there exists {ux}p C Aff(2;R™)
such that

Jm lux — ullLr(2rm) = 0,
hm H(Vu;C / H(Vu(zx

THEOREM 3.5. If T,L = Q,L, or, equivalently, condition (M) is satisfied, and if
(Cig, L)) holds, then (3.19) holds for all u € WP (£2;R™).
In particular, Q,L is WP-quasi-convex and condition (M) holds for Q,L.

Proof of theorem 3.5. As T,L = Q,L, by corollary 3.4 we have
B(u) > /Q QpL(Vu(z))dx forallue WhP(2;R™);
u) < /Q QpL(Vu(z))dz for all u € Aff(£2;R™).
Then, it is sufficient to prove that
B (u) < /Q Q,L(Vu(x))dz for all u € WP(£2;R™)\ Aff(£2;R™).

Let u € WHP(£2;R™) \ Aff(£2;R™). By (Cg, 1)) there exists {uz}r C Aff(£2;R™)

such that
llm HUk — UHLP QRWL) = O,
(3.20)
lim / QpL(Vuy(z / QpL(Vu(x
k—o0
From lemma 3.3 we deduce that for every k > 1 there exists {unk}n C WLP(;R™)
such that

hm ||Un7]€ — U,kHLp(_Q;Rm) = 07
n— 00

3.21
lim [ L(Vupp(x)) dz = /Q Q, L(Vuy(x)) dz. (321

n—oo 9]

Combining (3.21) with (3.20), we conclude that

lim lim |June — ull 1o (rm) =0,
k—o0 n—o0

- (3.22)
lim lim L(Vupn i (z /Qp (Vu(z

k—ocon—oo [

and the result follows by diagonalization.
Theorem 1.1 implies that Q,L is W'P-quasi-convex and condition (M) holds
for Q,L. O
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4. Applications

In this section we everywhere assume that {2 is a star-shaped domain, i.e. there
exists xg € §2 such that —zg + 2 C t(—xg + 2) for all ¢ > 1. (This assumption is
needed for applying lemma 4.3.)

We begin with the following theorem.

THEOREM 4.1. If T,L = Q,L, or, equivalently, condition (M) is satisfied, and if
QpL has continuous convex growth, i.e. there exists a continuous convex function
J: M — [0, 0] such that

aJ(-) < QuL(-) < B+ J(-) for some o, >0, (4.1)
then (8.19) holds for all u € WHP(£2; R™).

Proof of theorem 4.1. Since J is continuous, its domain is necessarily open. Hence,
the domain of Q,L is also open because it is equal to that of J by (4.1). Thus,
using lemma 4.2 with H = L, we can assert that Q,L is continuous.

LEMMA 4.2 (Fonseca [13]). Let H: M — [0,00] be a Borel measurable function.
Then, Qp,H is continuous on the interior of its domain.

So, we can apply lemma 4.3 with H = Q,L, and we see that (Cjg, 1]) holds.

LEMMA 4.3 (Anza Hafsa and Mandallena [3, §3.3]). If H: M — [0, 00] is continu-
ous and has convex growth, then for everyu € WP (£; R™) with [, H(Vu(z))dz <
oo there exists {un}n C AE(£2;R™) such that

Up —u  in WHP(2;R™),

lim H(Vuy(x)) = /QH(VU(I)) dz.

n—oo Q
Hence, theorem 4.1 follows from theorem 3.5. 0

Corollaries 4.4, 4.5 and 4.6 are consequences of theorem 4.1. These results, which
are concerned with the case of extended-valued integrands, generalize known relax-
ation theorems for finite integrands, and are motivated by an open question of Ball
in [5,6] to prove that W!P-quasi-convexification gives the relaxation in the case
of extended-valued integrands. These corollaries are contributions in this direction
(see, for example, [2,10,20-22]).

COROLLARY 4.4. Assume that p > N, and L: M — [0, 00 is such that
aG(|-) S L) S BA+G(-]) for some o, >0, (4.2)
where G: [0, 00— [0, 00[ is a non-decreasing function with the following property:
G(t+5) <O(|s|)G(t) +0(|s]) for all t,s € [0,00], (4.3)

where 0,8 0,00 — [0, 00| are non-decreasing functions. If Q,G(| - |) has a convex
growth, then (3.19) holds for all u € WHP(£2; R™).
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Proof of corollary 4.4. The proof follows by applying theorem 4.1.
We first prove that 7,L = Q,L or, equivalently, that condition (M) is satisfied.
For this, consider £ € M and {¢,}, C W1P(Y;R™) such that
[6n — lellLr (v mm) = 0, (4.4)
and prove that there exists {1, }n C le + Wy P(Y;R™) such that
lim [ L(Veu(y)dy > lim | L(Viy(y)) dy. (4.5)
n—oooJy n—o00 Jy
Without loss of generality we can assume that
tiw [ L(V6, () dy = lim [ L(Von(y)dy < o0
n—oooJy n—oo Jy

and so

sup/yL(V(bn(y))dy < 0. (4.6)

n

Consequently, there exists a (positive) Radon measure A on Y such that, up to a
subsequence,

A i= L(Vén(-))dy = X in the sense of measure.

Moreover, as L is p-coercive, from (4.6) we have
sup [|Vén | ey rm) < 00. (4.7)

Asp> N, from (4.4) and (4.7) it follows that, up to a subsequence,

Hqﬁn — l£||L°°(Y;Rm) — 0. (48)

As A\(Y') < oo we have A(O(rY")) = 0 for all r € ]0,1[\D, where D is a countable

set. Fix any r € ]0, 1[\D and any ¢ € ]0,7[. Let ¢ € C2°(Y;[0,1]) such that ¢ =1

on @ :=]3(e—7r),2(r—¢)[NVand ¢ =0on Y \ 7Y with |V¢||p(y) < 2/c. Define
P € le + Wy P(Y;R™) by

Yn =g + P(dn — lé)'

Then
v¢n on Q,
Vi = E(1 — ) + 9V + Vi @ (¢ —le) on S. =1V \ Q,
le onY \rY.

Hence, [V (y)] < I€] + [Von(y)| + (2/)|én — lell ey sam) for a.a. y € 5. Using
(4.8) we can assert that there exists n. > 1 such that

Vo (y)l < ]+ 1+ [Vn(y)l

for all n > n. and a.a. y € S.. Recalling that G, 6 and 6 are non-decreasing
functions and using (4.3), we deduce that

G(IVen(y))) < 00+ DE(IVnly)l) +0(1€| + 1),
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and so
L(Vn(y)) < vL(Von(y)) + 6 (4.9)

for all n > n. and a.a. y € S. with v := 80(|¢] + 1)/« and § := B(1 + 6(|¢| + 1)).
Fix any n > n.. It is clear that

[/ L(Viha(y)) dy = /Q L(Vu(y)) dy + / L(Vu(y)) dy + / L(Vin(y)) dy

Se Y\rY

< / L(Von(y)) dy + / L(Via(y)) dy + L)1 — ™).
Y Se
But, using (4.9), we see that
/ L(Vu(y)) dy < 7 / L(Vn(y)) dy + 815.] = 7An(S:) + 815,
S, Se
and hence
/Y L(Vihu(y)) dy < /Y L(V6n(®)) dy +7Aa(S2) + 8182 + LE(1 — V). (4.10)

Moreover, as S. C S. we have A\, (S.) < A\n(S.), and so limy, 00 An(S2) < A(S2).
So, passing to the limsup in (4.10) we obtain

i [ L(Voa(y)dy < lim [ L(Ven(y))dy+vA(S.) +3]Se| + L) (1 — V)

for all r € ]0, 1[\D and all € € ]0,7[, and (4.5) follows by letting ¢ — 0 (on noting
that lim._,o0 A(Sz) = A([. Se) = A(O(rY)) = 0) and then r — 1.
Finally, as L satisfies (4.2) we have

aQpG(|-]) < QL) < B(1+ GG(]-1))-

Moreover, since G(| - |) is finite, Q,G(| - |) is continuous by applying lemma 4.2
with H = G(| - |). Hence, Q,L has continuous convex growth because Q,G(] - |) is
assumed also to have convex growth, and the proof is complete. O

COROLLARY 4.5. Assume that p > N and L: M — [0, 00] is such that

ZFZ(@) < L(§) < C(ZE({Z) + 1> for all € M and some ¢ > 1, (4.11)
i=1 1=1
where, for eachi € {1,...,m}, £ is the ith row of the matriz & and F;: RN — [0, o0]

is a continuous function such that lim,| o Fj(v)/|v[P = co. Then (8.19) holds for
all w € WhHP(02; R™).

Proof of corollary 4.5. As is well known in the scalar case G: RY — [0,00], the
Q,G-quasi-convexification is given by convexification G, where

k
GC(’U) = ll’lf{ZCZG(’l}l) C; > 07 v; € RN, Zci = 1, ZCZ"UZ- = U7k 2 ].}
i=1
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(see, for example, [20]). In particular G¢: RN — [0,00] is a continuous convex
function. Therefore, we have

SR < 0,6 <o YR +1))

So Q,L has convex growth and is continuous. Then (4.1) is valid and, due to
theorem 4.1, the corollary is valid if condition (M) holds.

The remainder of the proof is devoted to establishing validity of condition (M)
for L satisfying (4.11).

Let £ € M and assume u,, — lg in LP(Y;R™), where u, € WHP(Y;R™). We
have to show that for a subsequence u, (not relabelled) there exists {¢n}n C
le + WyP(Y;R™) such that

m [ {L(Vun(y)) = L(Ven(y))} dy = 0. (4.12)

n—oo JY

Without loss of generality we can assume that

lim [ L(Vu,(y))dy=: 1 < o0
n—oo Y
and, as L is p-coercive, that {Vuy, }, generates a Young measure (1),cy. Moreover,
we can assume that L(Vu,) = ju, where u is a (positive) Radon measure.
Given § > 0 we can always isolate 0 < do < &1 < § such that if Y5 = ]f% + 0, % -
SN and Y; = Yj,, Y = Y5, then

1Yo\ Y1) < 6. (4.13)

I>/y/M<L(-);Vy>dy

(see, for example, [18]). Therefore, for a.a. y € Y we have (L(-);v,) < co. Fix such
a y € Y and define v = v,. Note that £ is the centre of mass of the probability
measure v.

‘We have

We also have

m

m
<2Fi;u> = Z(Fi;ui>, (4.14)

i=1 i=1
where 1% is a probability measure with support in R and is the projection of v on
the space of v’ € RY variable, i € {1,...,m}.

By the results of [19] in the scalar case G: Y — [0, o], any probability measure A
with finite action on G is a homogeneous G-gradient Young measure, which means
there exists a sequence of finitely piecewise affine functions w,: Y — R such that
w, € le + Wy >°(Y), where £ is the centre of mass of A, and

lim [ G(Vwn(y))dy = (L; A).

n—oo Y

Here, finitely continuous piecewise affine means that the gradient of w,, takes only
a finite collection of values. Then, by (4.14), for each ¢ € {1,...,m}, we can find a
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function w’ € lgi + Wol’OO(Y), where ¢? is the ith row of ¢ such that w’ is finitely
piecewise affine, i.e. Vw' € {v{,..., v} } and

F(v}) <C <oo forallie{l,...,m}andallje{l,... k}. (4.15)

Given € > 0, consider a piecewise affine function f € l¢ + WOI’OO(YQ;RW) such
that || f —le||wr= <eand f* > g inYs foralli € {1,...,m}. In Y\ Y5 we assume
f=l.

Furthermore, without loss of generality we can assume that, for every n > 1 and
every i € {1,...,m},

uly >le inY.

(Recall that u!, converge uniformly to l¢i as n — oo since p > N.)
Now, given n > 1, define a function v,,: Y — R™ as follows:

Yl =min{u’, '} fori=1,...,m.

Obviously, ¥y, € l¢ + Wol’p(YQ; R™) and ¢, = u,, in §2,,, where 2,, C Y5 is such that
|Y2\ £2,] — 0 as n — oo and for sufficiently large n > 1 we also have Y7 C (2,.

For each n > 1 and each i € {1,...,m} we have ¢!, = u! in 02! C Ya, where
2, C 2. InY \ 2! we have ¢!, = f°.

We assume ¢ = ul, in 02¢. In each piece 2 of Y \ 02!, where ¢ is affine,
ie. Vi = (% we assume ¢! = leo + Wt — l¢i. Here W' 2 > Ris a rescaling of
w': Y — R as suggested in the proof of lemma 1.3. In particular, w* has the
same values of the gradient in 2 asw' inY and @' € g + W™ (£2). Then ¢}, €
lei + Wy ™(£2) and in case of sufficiently small € > 0 we have by (4.15) that

Fi(Véi(y)) < C for ae. ye 2. (4.16)

Therefore, ¢, € le + Wy P(Y;R™) and we have

/Y (L(Vun(y) — L(Véu(y)} dy > - / L(Vn(y)) dy.

Y\V1

But, by (4.13) and (4.16) we have

Tim L(Vén(y)) dy < eu(Ya \ Y1) + (2¢ + emC) [T \ Vi

n— o0 Ya\11
< (e 4+ em(C)d,
lim L(Vén(y))dy < (emC +o)[Y \ Y2
n—00 Jy\y,
< (emC + ¢)é.

Hence,
lim | {L(Vun(y)) — L(Von(y))} dy = —(4c + 2emC)s,
n—ooJY
and (4.12) follows by letting 6 — 0. O
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In corollaries 4.4 and 4.5, we considered the case of so-called strong materials,
i.e. when L is p-coercive with p > N. This is an old conjecture by Sychev: in this
case the relaxation theory has a better shape (see [20-22,24]). In corollaries 4.4
and 4.5, this conjecture results in validity of condition (M). For other conjectures
about strong materials; see [24].

It is also possible to derive a new result in the scalar case.

COROLLARY 4.6. Let L: RN — [0, 00] be continuous and p-coercive. Then
E(u) = / L(Vu(z))dx  for all u € WHP(02),
7

where L€ is the convexification of L.

In the case of L with p-growth, this result is a classical theorem of Ekeland and
Temam (see [12]). Sychev proved this result for p > N in the context of his theory
for strong materials (see [20]). As we shall see, the result remains valid for p-coercive
integrands without additional requirements on p > 1.

The result is a straightforward consequence of theorem 4.1, since W!P-quasi-
convexification of L is just L¢ in the scalar case (see, for example, [20]), and condi-
tion (M) always holds in the scalar case.

LEMMA 4.7. Let L: RN — [0, 00] be continuous and p-coercive. Then condition (M)
holds.

Proof. Without loss of generality we can assume that the gradients of a subsequence
{un}n generate a Young measure {v,},cy. Then,

lim I'(uy,) > / (L; vy) d.
Y

n— oo

There exists an xy € Y such that
(Lyva ) Y] < / (L; vy de.
Y

But v, is a homogeneous L-gradient Young measure, which means there exists a
sequence {¢y, }, C l¢ + Wol’oo(Y) with the property

lim [ L(Vén(z))de = (L;vy,)|Y]

n—0o0 Y

(see [19]). Then the sequence {¢,}, is just the appropriate one for condition (M)
to hold. O
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