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A left brace is a set A with two binary operations + and - satisfying the following
conditions: A is an abelian group by addition, A is a group by multiplication, and
a(b+ ¢) = ab+ ac — a for every a,b,c € A.

In order to help study involutive set-theoretic solutions of the Yang-Baxter equation,
Rump [5, 6] introduced braces as a generalization of Jacobson radical rings. The main rea-
son for introducing this algebraic object is it allowing another possible strategy to attack
the problem of classifying such solutions. Subsequent papers [7—10] found connections
of braces with other algebraic structures. Currently, the theory of braces is developing
very intensely. An important part of this theory is the study of the internal structure of
braces. One of the immediately arising questions here is the study of braces generated
by one element (i.e. one-generator braces). In general, this task is very difficult, so the
study of a one-generator brace should be started under some additional conditions:

Let A be a left brace. A subset S of A is called subbrace (more precisely left subbrace)
if § is closed by the addition and multiplication and is the left braces by its restriction
on S (i.e., S by the restriction of addition is a subgroup of an additive group of A and
by the restriction of multiplication, is a subgroup of a multiplicative group of A).

Let A be a left brace. For every element a € A, we define the function A, : A — A
by the rule A,(z) = ax — a for all elements = € A.

Let A be a left brace. Put a b = ab —a — b. We can see that a x b = A\, (b) — b. This
new operation plays a very important role in left braces.
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A left brace A is called trivial or abelian if a xb =0 or a + b = ab for all elements
a,b e A.

The subbrace L of a brace A is called an tdeal if a x z,z*a € L for all elements a € A
and z € L.

If K, L are subbraces of A, then denote by K * L the subgroup of the additive group
of A generated by the elements x * y, where x € K,y € L.

Let A be the left brace. Put A = A and, recursively, A@tD) = A@) « A for all of
ordinal o and AW = ﬂu<)\A(“) for limit ordinal X\. We note that A(® is an ideal of A
for every ordinal «.

A subbrace L of a left brace A is called a left ideal of A if axb € L for every element
a € A and every element b € L.

Put A! = A and, recursively, A%T! = A % A(® for all of ordinal o and A* = Np<r A¥
for limit ordinals A\. We note that A® is a left ideal of A for every ordinal a.

Let A be a left brace and let S be a family of subbraces of A. Then, the intersection S
of all subbraces of the family S is a subbrace of A. If M is the subset of A, then let M
be the family of all subbraces of A including M. Then the intersection of all subbraces of
family M is the least subbrace of A including M. This subbrace is called the subbrace
of A generated by a subset M and will be denoted by br(M).

A subbrace S of a brace A is called finitely generated if there exists a finite subset
M such that A = br(M). If M = {a}, then A is called a one-generator brace.

If M = {a}, one-generator subbrace of A.

One of the first basic steps pertaining to the study of left braces is the study of the
one-generator braces. In general, it is a complicated problem. Every case of such study
is important. In this paper, we will study one-generator braces A such that A3 = (0).

Like in other algebraic structures, there is the concept of nilpotency in braces. In the
theory of braces, there are different approaches to this concept (see, for example, papers
[1-4], [11]). In the case of a one generator brace such that 4% = (0), we come to the
following notion of nilpotency:

We say that A is a series that is called nilpotent in the sense of Smoktunowicz
if there are positive integers n, k such that A = (0) = A*. These braces have been
introduced in a paper of A. Smoktunowicz [11]. Denote by Ng(n, k) the class of left braces
satisfying A(™) = (0) = A* where n, k are the least integers that contain this property.

The main results of the current paper are the following:

Theorem A. Let A be a left brace such that A3 = (0). Suppose that A is generated
by the element a, and put a1 = a,a2 = a*xa = a1 * a,a3 = az *x a. Then every element
of A has a form kiay + koas + ksas, where ki, ko, ks are integers. Moreover, if x =
kiay + koas + ksasz,y = t1a1 +toas +tzas are elements of A, ky, ko, k3, t1,t2,t3 € Z, then

xxy=tikias + (2ke + k1 — k?)t1a3 and
vy = (k1 +t1)ar + 5 (ks +ta + tik1)as + (ks +t3 + 2 (2ka + k1 — k)t1)as.

In particular, if ag = 0, then every element of A has a form kia1+koaso, k1, ko are integers.
Moreover, if © = kia1 + koas,y = t1a1 + toas are elements of A, ki, ks, t1,t2 € Z, then

Trxy = t1k1a2 and Ty = (kl + tl)al + (kQ + tz + tlkl)az.
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Furthermore, A is nilpotent in the sense of Smoktunowicz. More precisely, A € Ns(3,3)
whenever ag =0, and A € Ns(4,3) whenever ag # 0.

Theorem B1. There exists a one-generator left brace D = Z x 7 where the addition
and multiplication are defined by the rules:

(k1, ko) + (t1,t2) = (k1 +t1, k2 + t2),
(K1, k2)(t1,ta) = (k1 +t1, kit1 + ko + t2).

If A is an arbitrary one-generator left brace such that A € Ng(3,3), then there exists
an epimorphism f: D — A.

Theorem B2. There exists a one-generator left brace D = Z X 7 X 7Z where the

addition and multiplication are defined by the rules:

(k1, k2, k3) + (t1,ta, t3) = (k1 4+ t1, ko + t2, k3 + t3),
(K1, ko, ks)(tr, ta, ts) = (k1 +t1, kit + ko + to, ks + t3 + 3(2ka + k1 — k3)t1).

If A is an arbitrary one-generator left brace such that A € Ns(4,3), then there erists an
epimorphism f: D — A.

Thus, we can see that the left brace, constructed in Theorem B1 (respectively, in
Theorem B2), is a free one-generator left brace such that A3 = (0) = A®) (respectively,
A3 =(0) = AW).

1. Some preliminary results

We will also need the following properties of operation * and the mapping A,. One can
find the proofs of these results in papers [1, 4], for example.

Lemma 1.1. Let A be a left brace. Then
ax(b+c)=axb+axc,(ab)xc=ax*(bxc)+bxc+axc,

(a+b)sc=ax(N,—1(b)*c)+ (A ,—1(b)*c)+axc.
Ay(bxa) = yby=t s Ay(a),yby™h = Ay No(y™h) —y™! +0) = Ay by~ + 1),

for all elements a,b,c,y € A.

The following result, the proof of which is possible to find in paper [1], will also be
used by us.

Proposition 1.2. Let A be a left brace and L be a left ideal of A. Then L x A and
A x L are left ideals of A. Moreover, if L is an ideal of A, then Lx A is an ideal of A.

Using Proposition 1.2, we obtain:

Proposition 1.3. Let A be a left brace. Then A% is a left ideal for each ordinal o,
and A is an ideal for each ordinal c.
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Proposition 1.4. Let A be a left brace and suppose that A3 = (0). Then

A? is abelian. Moreover, x xy = 0(or xy = x +y) for every element x € A,y € A2,
(xz)xy =ax xy+ 2z xy for every element z,y,z € A,
g™ * z =n(g * z) for every integer n and every element g,z € A.

Proof. The equality A3 = (0) implies that x * y = 0 for every element x € A, y € A?.
It follows that zy = x + y. In particular, it follows that A2 = A(® is abelian.
By Lemma 1.1, for every element xz,y, z of A, we have:

(z2)xy=x*x(2xy)+x*y+2xy=T*xy+2*y.
Furthermore,
0=0xz=1xz= (g "g)xz=gxztg "%z
Hence, g * z + g~ ' * 2 = 0. It follows that ¢g~' * 2 = —¢g * 2. Furthermore,
GPrz=(gg)xz=gxz+grz=2g%*2)

Using ordinary induction, we obtain that ¢" * z = n(g * z) for every positive integer n.
Now, let n be a negative integer. Then, n = —k, k > 0. We have g" = (¢~ 1)*. By what
is proven above,

gz = (g7 e 2) = k(g™ % 2) = k(g * 2) = nlg * 2).

Proposition 1.5. Let A be a left brace and suppose that A3 = (0). Then

1
a™ = ma + §(m2 —m)(ax*a),

for every element a of A and every integer m.

Proof. Put b = a * a. From a * a = a2

Further,

—a —a = a® — 2a, we obtain that a® = 2a + b.

a*=ad’=ala+a+b)=a’>+a’>+ab—2a=2a+b+2a+b+ab—2a=

= 2a + 2b + ab.
By what is noted above, ab = a + b, so that a® = 2a +2b+ a + b = 3a + 3b. Again, we
have:
a* =ad® =ala+a+a+b+b+b)=3a®+3ab—5a =
= 3(2a + b) + 3a + 3b — 5a = 4a + 6b,
a® = aa* = a(4a + 6b) = 4a® + 6ab — 9a = 4(2a + b) + 6a + 6b — 9a =
— 5a + 10b,
a® = aa® = a(5a + 10b) = 5a” + 10ab — 14a = 5(2a + b) + 10a + 10b — 14a =

6a + 150b.
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Applying ordinary induction, we obtain that ™ = ma+%(m2

positive integer m.

Now, suppose that m <0. Let y = a~!. Then a™ = 3¢, where t = —m > 0. By what
is proven above, we have a™ = y' = ty + £(t? — t)z1, where z; = y*y = (a™!) * (a™}).
Using what is stated above, we obtain (a=!) * (a7!) = —(a) * (a™!). Now, we have:

—m)b for every arbitrary

-1 1 1

—a—at=1l-a—-a'=0-a—-a't=-a—a",
1 T _g—q

ax(a™')=aa

(a)*xa=ata—a—a"

sothat ax (a™!) = (a7 ') *a = —axa= —b. Hence, (a™ ') * (a™') =a*a =b and
mo_ .t Lo 1y, Lo

As we have seen above, (a~1)*a = —a—a~!. On the other hand, (¢~ !)*a = —(a*a) =
—b, so that —a —a~! = —band a=! = b — a. Thus, t(a~!) = t(b— a) and:

A
i)
+
N|—
—
~
[V
+
o
Il
3@
+ o=
N[
E)
[ )
\
2
f—n

Proposition 1.6. Let A be a left brace and suppose that A3 = (0). Then
1
(na) x (ka) = kn(ax a) + 5 (n —n*)k((a * a) x a),

for every element a of A and every integer n, k.

Proof. Put b=ax*xa,c=bx*a = (a*a)*a. We have:
1 1
a+a " =na+ 5(112 —n)b+ (—n)a + 5(712 +n)b = n2b.

It follows that a” 4+ a~" — n%b = 0, and therefore —a™ = a™™ — n2b.
Now, we will find the element (na) * (ka). Using Lemma 1.1, we obtain that: (na) *
(ka) = k((na) x a). Equality a" = na + 1(n? — n)b implies that:

1 1
na =a" — §(n2 —n)b=a" + i(n —n?)b.

Using Proposition 1.5, we obtain that:

n 1 2 o nl 2
a —|—§(n—n Yb=a (§(n—n )b).

An application of Lemma 1.1 and Proposition 1.5 gives:

(na) xa = (a"(3(n —n?)b))xa=a"*a+ (5(n—n?)b)xa=
=n(a*a)+ i(n—n?)(bxa).

https://doi.org/10.1017/50013091524000154 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000154

On the structure of some One-generator braces 571

Thus,

(na) % (ka) = knb+ %(n —n?)ke.

2. The structure of a one-generator brace A such that A% = (0)

Proposition 2.1. Let A be a left brace such that A = (0). Let a be an element of A
and put a1 = a,a2 =a*a =a1 *a,a3 = az ¥ a,aj4+1 = a; *a,j € N. Then the subbrace
of A generated by element a is the subset of the elements having the following form:
Yienkjaj, kj € Z and kj # 0 only for finitely many indices j € N.

Proof. We note that the additive subgroup of A generated by the subset {a; | j € N}
consists of the elements ¥ jenkja; where k; # 0 only for finitely many indices j. O

Let x = Xjenkja;,y = Xjentja;. Using Lemma 1.1 and Proposition 1.4, we obtain

zxy =z (Sjentja;) = Ejen(r * (tja;)) = Zjent;((z * aj) = ta(z * ay).

Proposition 1.4 implies that Xjenkja; = (kia;)(Xj>1kja;), and the fact that A? is
abelian implies that:

k; k;
s = ) ; . ca: — 1 as — T J
kja; = a; for j > 1,Y;51kja; = Ujsqkja; = Isia,”,
and we obtain,

Tr*xayp = (EjeNkjaj) *a; = (klal)(2j>1kjaj) *a; = (klal) *ay + (Ej>1kj(lj) *xap =

k. k.
(k1a1) * a1 + (Hj>1aj]) *ap = (k1a1> *ap + Zj>1(aj] * al) =

(kra1) x a1 + Bjs1kj(a; x ar) = (krar) x a1 + Bjs1kjaj41.
By Proposition 1.6, (k1a1) x a1 = k1as + %(kl — k?)as, so that:

r*a; = kias + %(kj — k‘%)ag + koas + ksag + Ej>3kjaj+1 =
kias + %(2]@‘2 + k1 — k%)ag, + ksaq + 2j>3kjaj+1.

And, we have:
1 2
THrY = tl(x * al) =t1kias + 5(2]{32 + k1 — kl)tlag + kstiaq + 2j>3kjt1aj+1.
Since = * y = xy — x — y, we obtain:
zy = (Zjenkja;)(Ejentja;) =
tikias + %(2]{?2 + k1 — k%)tlag + katiag + Xjsskitia 41+
+E]~€Nkjaj + Zjethaj =

(kl + tl)al —+ (kg + t2 —+ tlkl)CLQ —+ (kg + tg —+ %(2]{32 —+ kl — k%)tl)ag—f—
TEj>alky 15 +tikj1)a;.
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It is possible to check that:

Iil = 7]431&1 + (k% — kz)ag + (%(2]{32 + ]Cl — k12)]€1 — k3)a3 + t3+
—I—%(ng + k1 — /{J%)tl)ag + 2j24(/€1k’j_1 — kj)aj.
Thus, we can see that the set of elements having a form ¥ ;enkja;, k; € Z for all indices
j € Nis a subbrace. On the other hand, every subbrace containing an element a contains
the elements ¥;enkjay, k; € Z for all indices j € N. Hence, we obtain that the subbrace

generated by element a coincides with the set of elements having the form ¥;enkja;, k; €
Z for all indices j € N.

Proof of Theorem A. By Proposition 2.1, every element z of A has a form x =
Yjenkjaj, k; € Z for all indexes j € N. From the proof of Proposition 2.1, we also
obtain that:

(Xjenkja;)(Ejentjaz) =
tikias + 5 (2ks + k1 — ki)t1as + kstiag + Sjs3kjtiaj 1+
+Zj€Nkjaj + Ejethaj =
(kl + tl)al + (kg -+ t2 + tlkl)(lz —+ (k‘g + t3 —+ %(2]{}2 —+ kl — k%)tl)ang
F8jza(ks +15 + tikj1)a;.
Multiplication in A must be associative. Let
Tr = ZjeNkjaj, Yy = Ejethaj, z = EjeNSj(lj,l'y = EjeNrjaj,
(xy)z = Ejenmja;, yz = jent;a;, £(yz) = Xjenv;a;.

‘We have

mi1 =711+ s = k1 +t1 + s1,

v1 = k1 +uy = k1 +t1 + sq,

Mg =19 + 8o+ 5171 = kg +to + 11k + 5o+ s1(ky 1) =
= ko + 1o +t1k1 + s2 + s1k1 + s1t1,

vy = ko + ug + urky = ko +to + so + s1t1 + (t1 + s1)k1 =
= ko +to+ 52+ s1t1 + t1ky + s1k,

1 , 1 1,
ms =rs+ s3 + 5(27‘2 +7r1—1ry)s1 =713+ 83 +1ras1 + JT1sL T ST =
1
ks +ts + 5(2]?2 + k1 — kD)ty + 53+ (ko +t2 + t1ky)s1
1
+ §(k1 +t1)s1—
1,5 1 Lo
— 5(161 + t12 + 2]€1t1)81 = kg + tg + kztl + ikltl — §k1t1
+ s3 + kosi1+

1 1 1 1
+ tosy +t1kisy + §k151 + 575181 - §k581 - 57?%81 —kit151 =
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1 1,
= ks +13+ kats + Skits — Shita + s34

1 1 1 1
+ k251 + t281 + 5]{3181 + *tlsl — 5]{3%81 — *t%b‘l,

2 2
1 1
vy = k3 +usg + §(Qk‘g + k1 — kf)ul = ks 4+ usg + kouy + 5]{:111,1
1
— 5]@%'&1 =

1 1 1

ks +1t3+ s3+ 5(2152 +1t — t12)81 + kot1 + kos1 + ikltl + §k181_

1 1 1 1
— ik%tl — 5]43%51 = kg + tg + 83 + t2$1 + §t181 — it%sl + kztl + k2$1+

1 1 1 1
+ §k1t1 + 5]41181 — §k%t1 — 5](3%81,

1
My =714+ S84+ 8173 = kg +1t4 +t1ks + 84 + 81(k3 +t3 + 5(2/62 + k1 — k‘%)tl)) =

1 1
kg +ts+tiks + 54+ s1k3 + si1t3 + kasity + §k181t1 - §/€581f1,

Vg = kg + s+ urks = kg +ta+ sa + s1tz + (t1 + s1)ks =
:k4+t4+$4+$1t3+t1k3+$1k‘3.

And in general,

M1 =Tip1 + S 515 = ki i+ sj bk skt 4 hk) =
ki1 +tj41 + sj1 +tik; + sikj + sty + sitikj—1,

Vjp1 = kjp1 T ujp1 +wk; = kjp1 +tjp1 4+ 541+ sit + (G +s1)ky =

=kjt1 + i+ sj41 + sty + ik + sik;.

Note that if a; = 0, then a;41 = a; xa = 0, and hence a;; = 0 for all positive integer k.
Suppose that 2a; # 0. Then we have:

asa1 = 3ay + 2as — as, ((2(11)(11)@1 = (3(11 + 2a9 — (13)(11 = 4a; + Sag — 2a3 — ay,
aray; = 2aq + as, (2&1)(&10,1) = (2&1)(2&1 + CLQ) = 4a1 + bag — 2as3.

Thus, (2a1)(ar1a1) — (2a1)(a1a1) = a4. Hence, if a4 # 0, then the multiplication is not
associative. It follows that, in this case, ay = 0. Then, also, a5 = a4 * a = 0, and,
furthermore, a; = 0 for all j > 5. We can see that, in this case, A4 is nilpotent in the sense
of Smoktunowicz, and, more precisely, A € Ng(4, 3).

If we suppose that ma; = 0 for some positive integer v, then

mag = m(ay * a1) = a1 x a(may) = 0, mazg = m(ag * ay) = ag * a(may) =0,
and may, = 0 for all of positive integer .

Now, consider the case when 2a; = 0. Then 2a; = 0 and 2a; = 0 for all of positive
integer k. Thus, in this case, the additive group of A is an elementary abelian 2—group.
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We have:

azay = a1 + az + as, (a2a1)a; = (a; + az + az)a; = 2a1 + 2a2 + a3 + a4 = az + ag,
aiay = 2(11 + ag = ag, (ag)(alal) = Q202 = 2(12 = 0

Equality (aga;1)a; = (az)(ai1ar) implies that az + a4 = 0 or a3 = a4. Then

as = a4 = a3z * a1 = aza; —az — a; = as.

It follows that

asa1 = a3z + a1 + az = 2a3 + a1 = a;.

The fact that by multiplication A is a group implies that a3 = 1 = 0. Then, also,
a; = 0 for all j >3. By Proposition 2.1, every element of A has a form kia; + kaao,
where k1, ko are integers. Moreover, if x = kya1 + koas,y = t1a1 + toas are elements of
A kq,ko,t1,ty € Z, then

TxY = t1k1as and Ty = (kl + tl)al + (kg +to + tlkl)GQ.

Furthermore, A is nilpotent in the sense of Smoktunowicz. More precisely,

Ae Ns(3, 3). ]
Proof of Theorem B2. Clearly, by addition, D is an abelian group. Furthermore,
let
T = (kla k?a k3)a Yy = (tla t2) t3)7 z = (817 52, 83), Y = (rlv T2, 7“3),
(zy)z = (m1,ma,m3),yz = (u1,uz, us), v(yz) = (v1, va, v3).
We have:

m1 =711+ 81 = k1 + 11 + s1,

vy = k1 +ur = k1 +t1 + 51,

Mo =19 + 8o + 8171 = ko +to +t1ky + 52 +s1(ky + 1) =

= ko +t2 +t1k1 + 52 + s1k1 + s1t1,

Vg = ko 4+ ug +urky = ko +to + 52 + s1t1 + (1 + s1)k1 =

= ko 4+ to + s + s1t1 + t1k1 + s1kq,

ms =13+ S3 + %(27“2 411 —1i)s1 =r3+ S5+ 251 + 37151 — %r%sl =
ks +ts + %(2]@‘2 + k1 — k)ty + s3+ (ko +to + t1k1)s1 + %(lﬁ +t1)s1—
—5(k? + 13 + 2kit1)s1 =

ks + ts + kot + Skity — 3kt + 53+ kasy + tosy + tikisy + $kisi+
+%t181 — %k%sl — %t%sl — kit181 = k3 +t3 + kot + %kltl — %k%tl + 83+
+kosy + tas1 + %klsl + %tlsl — %k%sl — %t%sl,

v3 = k3 +us + %(ng + k1 — kP)uy = k3 + u3 + koug + %klul - %kful =
ks +ts + s34+ 2(2ta +t1 — t3)s1 + koty + kasy + skiti+

+%k151 — %k’%tl — %k%sl =

ks +t3 + s3 + tasy + St1s1 — Sty281 + koty + kasy + Skity + ks —
—3k3ty — Skis.
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Thus, we obtain m; = v1, me = v9, m3 = v3, which proves the equality (zy)z = z(yz).
Thus, we can see that the multiplication is associative.
The identity element is (0, 0, 0). Indeed,
(0,0,0)(k1, k2, k3) = (0+ k1,0 + 0+ ko,0+ ks + 2(0+ 0 — 0)k1) = (k1, ko, ks),
(k1,k2,k3)(0,0,0) = (k1 + 0,0 + k2 + 0, ks + 0+ 0) = (k1, ko, k3).
If x = (kl, kQCL, kg), then Iil = (7]{1, k12 — kg, kle + %(klg — k13) — kg)
Finally,

x(y+ 2) = (k1, ko, k3)((t1,t2,t3) + (s1, 2, 83)) =

x(y+ Z) = (k‘l,k'Q,k‘?,)(tl + 51,t2 + s2,t3 + 83) =

(kjl +t + Sl,kl(tl + 51) + ko + to + 8o, k3 + t3 + s3+

+3(2ks + k1 — k) (t1 + 1)) =

(k1 + 1+ s1,kit1 + kis1 + ko +to + s2, ks + t3 + s3 + %(2]{?2 + k1 — k%)trﬁ‘
+3(2ks + k1 — kd)s1),

xy +xz —x = (k1, ko, k3)(t1,t2,t3) + (k1, ko, k3)(s1, S2,83)—

—(k1, ko, k) = (k1 + ti, katy + ko + to, ks + ts + 2 (2ke + k1 — k)t1)+
(k1 + s1,k181 + ko + 52, ks + 85+ 3 (2ka + k1 — k?)s1) — (k1. ko, k3) =
(k14 t1,kity + ko +ta, kg +t3 + %(2162 + k1 — kP)ty)+

(s1,k151 + 82,83 + 5 (2ko + k1 — k?)s1) — (k1, ka2, k) =

(kl 4+ t1 + 81, k1t1 + k1s1 + ko + to + S92, k3 + t3 + s3+

+5(2ka + by — kD)t + 52k + by — K1),

so that z(y + z) = 2y + zz — .
This shows that D is a left brace.

Let A be an arbitrary left brace such that 4% = (0) = A®W. Put a; = a,a =a*xa =
ay * a,az = ap * a. Since A®) £ (0), then a3 # 0. By Theorem A, every clement of A
has a form kja; + ksas + ksas, where kq, ko, k3 are integers.

Define the mapping f : D — A by the rule f(k1, ke, k3) = k1a1 + koas + ksas. Using
Theorem A again, we can show that f is an epimorphism.

The proof of Theorem B1 is similar. O
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