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Abstract We study the temporal decay estimate of the Oseen semigroup in a two-dimensional exterior
domain. We establish the local energy decay estimate with a suitable dependence on the small translation
speed, which is a significant improvement of Hishida’s result in 2016. As an application, we prove the
L9-L" estimates of the Oseen semigroup uniformly in the small translation speed.
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1. Introduction
In this paper, we study the Oseen equation in a two-dimensional exterior domain:

ou —Au+adiu+Vp, =0, fpudxzo, t>0, x e,
Q4

divu =0, 20, xeQ, (1.1)
ulpo =0, t >0,
uli=0 =Pqof, xeQ.

Here, the fluid domain € is assumed to be an unbounded domain in R? with a smooth
and compact boundary, u = u(t, x) = (u1(t, x), ua(t, x)) and p, = p,(t, x), x = (x1, x2),
are respectively the unknown velocity field and the pressure field of the fluid, f =
(fi(x), fo(x)) is a given vector field, and Pg is the Helmholtz—Leray projection to
the space of solenoidal vector fields, which is defined precisely later. The complement
of the domain € represents the obstacle and is normalized in the following sense:
diam (R>\ Q) =1 and the origin of the coordinates is located interior to R?\ .
The set 4 is defined as Q4 = QN {jx| < 4}. The number « is a positive constant,
which represents a background constant flow in x| direction. Physically, it also represents
a translation speed of the obstacle. We use the standard notation for derivatives: 9, = %,

i) 2 2 . 2
9 = ok A= ijl Z)j, and divu = ijl djuj.
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System (1.1) is a fundamental linearized problem when one considers the flow around
a rigid body translating with a constant speed. In this paper, we are interested in a
global-in-time estimate for solutions to (1.1) when « is small.

To state the results, let us first introduce the basic function spaces used in this paper.
We denote by L7(R2), 1 < g < oo, the usual Lebesgue space of all measurable functions

whose LY norm, | f|rs = (fQ | f14 dx)% for g < 0o and | fllpe = ess.sup, ol f(x)| for
g = o0, is finite. The class of smooth and compactly supported functions in 2 is denoted
by Cg°(£2) and the class of test functions for solenoidal vector fields in 2 is defined by
C(‘i"a R ={f¢€ CgO(Q)2 | div f = 0 in }. The space of all L? solenoidal vector fields in

Q is denoted by LZ (), which is characterized for 1 < ¢ < 0o as L& () = W”ﬂlm =

{(feLi()?|divf=0in, f-n=0on9d}. Here, n = n(x) is the exterior unit normal
vector at x € Q2. The L7 Sobolev space of order k in € is denoted by W54(Q), and
we also introduce the space Wol’q(Q) = CgO(Q)”f“Wl'q. As is well known, for ¢ € (1, 00),
the space L1(2)? is written as the direct sum L7(2) = LL(Q) ® G4(2), where G1(Q) =
{VpeLi(Q)?|pelLl ()} Then the Helmholtz projection Pg : LI(Q)* — LI(Q) is
well defined, which is an orthogonal projection when g = 2; see [17] or [18] for details. For
simplicity, the Helmholtz projection in R? is denoted by P instead of Pg2. For g € (1, 00),
the second order elliptic operators Ay q in L9(K2) is defined by

Dra(Aqg) = W@ NW, (), Awaf = —Af +adif. f € Dra(Ang).
Then the Oseen operators Ay q in LI(Q) is defined by
Dra(Ag.0) = W22 N Wy 9 (@2 NLL(Q),
Agof =PoAsaf.

To simplify the notations, the counterparts of these operators in L (R?)? or LI (R?) are
written as Ay or Ay instead of A, g2 or A, pa.

When o = 0, the operator Ag = A q is called the Stokes operator, and it is well known
that, for 1 < g < 00, —Aq generates a bounded Co-analytic semigroup in L& (R2); cf. [5].
The reader is also referred to [2], [3], and [1] for a recent progress in the L% theory of
the Stokes semigroup in an exterior domain. The global L9-L" estimate of the Stokes
semigroup {e_tAﬂ},>o has been a fundamental tool in this research field, and it is known
that

C
le™ fllLoe) < 27N f @ >0, f € L) 2

tr o4
holds for 1 <r < g <00 or 1 <r < g = o0. Indeed, the case 1 <r < g < oo is proved
by P. Maremonti and V. Solonnikov [16] and W. Dan and Y. Shibata [6], while the case
l <r < g =00 is proved by W. Dan and Y. Shibata [7].

When o # 0, the difficulty arises in obtaining the global estimate due to the parabolic
distribution of the spectrum o(—Aq o) C {A € C | II)12 < —a?R (1)} and also due to a
two-dimensionality. Since the term aPqd; f is of lower order, it is not difficult to show
that the perturbed operator —A, q also generates a Co-analytic semigroup in L& (£2). So
the difficulty lies in the estimate for large time. In fact, it is very recent that the following
Li-L" estimates are established for e "2 in a pioneering work by T. Hishida [12].
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Theorem 1.1 [12]. Let 1 <r < g < 00. Fiz M > 0 and let o € [0, M]. Then we have for
any f € L (),

— C ’
le™ 2 0@y < —2< 1 flr@. >0 (1.3)
oftr 4
Here the constant C depends only on M, g, r, and 2, while k > 1 depends only on g
and r.

Our interest here is the singularity O(¢™*) in (1.3) for small @ > 0. This singularity
does not appear for a higher-dimensional case. Indeed, for n-dimensional exterior problem
with n > 3, it is known that

e f i@ < 5 B @, 1207 € (@) (1.4)
t2r o4

holds for 1 < r < g < oo. Estimate (1.4) is proved by T. Kobayashi and Y. Shibata [14]
when n =3 and by Y. Enomoto and Y. Shibata [8, 9] when n > 4. The key difference
between the cases n =2 and n > 3 is that when n =2 the Oseen term «d; leads to
a drastic change of the decay structure for the kernel of the resolvent operator. For
example, this is directly seen for the kernel of A} I'and A™'; the kernel of A~! contains
a logarithmic growth term log|x|, while the kernel of A} ! decays at spatial infinity in
the slow variable ax that is a key in [10, 11] for the existence of physically reasonable
solutions in a two-dimensional exterior domain. This drastic difference of the structure in
small resolvent parameters A shows that the analysis of (1.1) for # 3> 1 exhibits a nature
of the singular perturbation when o — 0. Note that the limit A — 0 is also considered as
a singular limit from the resolvent to the endpoint of the continuous spectrum and, thus,
the real difficulty lies in the joint limit o, A — O (in particular, A = iu with u € R — 0,
as explained below). As a summary, the difficulties in analyzing (1.1) for large time are
listed as follows.

(0) (Exterior domain) the presence of the nontrivial compact boundary,

(i) (Two-dimensionality) the possible logarithmic singularity of the resolvent near the
origin, which is also related to the estimate ||eftA"f||LOO(Rz) <cr! Il /12y that is not
integrable over (1, 00),

(if) (Time dependence with large time) the parabolic distribution of the spectrum
o(—Agg) C (e ClISMI? < =R},

(iii) (Singular perturbation) the nature of the singular perturbation in the joint limit
a — 0 and A =iu — 0 for the resolvent problem.

As for (0), we note that, in the whole space case, it is straightforward from the

explicit formula that ||e_’A”f||L,,(Rz) < Ct7%+é||f||Lr(R2) holds for t >0, f € LQ(RQ)7
and 1 <r < ¢ < o0o. The difficulties (0) and (i) are common with the analysis of the
Stokes semigroup (@ = 0), while (ii) and (iii) are specific to the case a # 0. It should be
emphasized that, as stated in (ii), the difficulty is related to the time dependence and the
problem is more delicate than the steady case. Indeed, what is needed for the unsteady
case is the analysis of the behavior of (i + Ag.q)~' when u € R — 0, rather than the
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analysis of the fixed operator A;lg (or the limit of (/L—i—Aa,Q)_] as u € Ry — 0) as in

the steady problem. Note that we should distinguish the behaviors of (1 + Ay 0)~! and
(i/L+Aa,Q)71 when u € Ry — 0; for the former one, the distance from the continuous
spectrum is u, while for the latter one, the distance from the continuous spectrum is
O(u?) when « # 0 due to the parabolic distribution. Therefore, one is potentially faced
with a stronger singularity in the analysis of the unsteady problem for o # 0. Roughly
speaking, the difficulties (0), (i), and (ii) are overcome in [12], and the contribution of
this paper is to resolve (iii).

To obtain the LY-L" estimates of {e"A“vQ}@o, the key step is to establish the local
energy decay estimate of e "A«2Pq £ which is a “local-local” estimate in the sense
that we aim the estimate of e~ "A«.2Pq f near the boundary 92 when f is compactly
supported. The local energy decay estimate is a common tool in the exterior problem; for
the Stokes semigroup, it was established by H. Iwashita [13] for the 3D case and by W.
Dan and Y. Shibata [6] for the 2D case, while for the Oseen semigroup, it was obtained
by T. Kobayashi and Y. Shibata [14] for the 3D case, by Y. Enomoto and Y. Shibata
[8] for the higher-dimensional case, and by T. Hishida [12] for the 2D case (but with a
singularity in small & in the 2D case). The first result of this paper is stated as follows,
which is a significant improvement of [12, Theorem 2.1].

Theorem 1.2 (Local energy decay estimate). Set Q4 = QN {|x| <4} and let 1 < g < oo.
Then there exists a number &4 € (0, %] such that the following statements hold for all
a €(0,8,4]. Assume that f € L9(Q)? and supp f C {|x| <5}. Then for j =0,1,2,

C

I fllze@, 0<t<3,
t2

( C Ca?

Ve Aa2Pg £l 1a () < - 4
tllogt|>  |logt|

>||f||Lq(§z), 2<t<a’? (1.5)

2
Wﬂfﬂmm), trza 7,

and the associated pressure field p[Pq f1(t) = p, (1), f€24 pIPq f1(t) dx = 0, satisfies

lflla), O<t <3,

204D
C Ca?
Ip[Pa f 1O ey < | ( —— + —— , 2<r<a’? 1.6
Q) t|logt|2+|logt| IfllLa (o) o (1.6)

IfllLe, ¢=a2,

t2a2|log o

Here, C depends only on q and Q.

Remark 1.3. (i) The crucial point of Theorem 1.2 is that floo ||Vj€_tA°“QPQf”Lq(Q4) can
be bounded uniformly in small «. This L! integrability in time is essential to obtain
the global L9-L" estimate for the exterior problem through a standard cut-off argument
connecting with the estimate of the Oseen semigroup in the whole space.
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(ii) The order O (a~?) is a natural time scale in this problem. Heuristically, the time before
O(a™?) is regarded as the Stokes scale, i.e., the transport term d; is a perturbation, while
the time after O (a~2) is the Oseen scale, where the transport term plays a dominant role.
By taking the formal limit @ — 0 in (1.5), we obtain the estimate ||V/e "A2Pgq f|| 14 @) <

t|logt|2 | fllLa(e) for t > 2, which is exactly the local energy decay estimate obtained by

W. Dan and Y. Shibata [6] for the Stokes semigroup.

As an important application of Theorem 1.2, we obtain the LY-L" estimate of the Oseen

semigroup e "A«2 with a uniform bound for small « > 0 as follows.

Theorem 1.4. Let 1 <r < g < oo and leta € (0, min{d,, 8,}]. Then it follows that for any
€Ly,

1,1
le 2 fllra@y < Cyrt "9 fllry, t> 0. (1.7)
If 1l <r <q <2, then

1
Ve a2 flqq) < Cypt 277 i lfller, t>0. (1.8)
Here Cy , is a constant depending only on g, r, and Q.

The proof of the local energy estimate in Theorem 1.2 proceeds along the line in [12].
The main object is the resolvent problem

MW —Av+adiv+Vg=f, divi=0, xeqQ,

1.9
vjge =0, (1.9)

where f € L9(2)? with supp f C {|x| < 5} and A € C is a resolvent parameter. The force f
is not needed to be solenoidal. It is known that (1.9) is uniquely solvable in L4 for A € {z €
ClIS@)? > —a’R(z)} (cf. [12]). We set 23771 ={z € C\ {0} | Jarg (2)| < 37”}, and let us
denote by xp the characteristic function of the set B. The solution of (1.9) is constructed
by gluing the solution to the whole space problem and the solution in the bounded
domain. To this end, we also introduce the bounded domain D = QN {|x| < 5}, and let
A, p and Pp, respectively, be the Oseen operator and the Helmholtz projection in the L?
space over the domain D. Note that since D is bounded, Ay, p has a spectral gap uniformly
in small a. Roughly speaking, we will show that there exists §; > 0 such that if A € ¥ i

with [A] <8, and |I(W)> > —a?R (1) and if 0 < @ < 8, then xo,(r+ Ay ) 'Pof has
the expansion of the form

X2, O+ Ag0) 'Po f

= xa.hy pPo (VoS + (Wi1f +d@@ MWi2f)) + Q@ f. (1.10)

1
log(4A + a?)
where Vo, W11, W12 are bounded operators on Lq (Q)2 {(f € L4()? | supp f C {|x] <
5}} and are independent of @ and A, while Qy (%) f 1s a remainder satisfying the estimate

C

< N
1Qa (M) fllLa ey < log (41 + a2)|2 ”f”L?s](Q)’
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and d(a, A) is a complex number defined as

(. 1) /1 o’s
a,)) = —_—
o 4r+as

Moreover, the right-hand side of (1.10) is shown to provide the analytic extension about
A to the sector X 3n near the origin. Expansion (1.10) is a new and key achievement of
this paper and describes the behavior of the localized resolvent when A and « are small. It
should be emphasized that, in the level of “local-local” estimate, expansion (1.10) solves
not only the difficulty (iii) but also the difficulty (ii) through the analytic extension to
the sector. The semigroup estimate in Theorem 1.2 is obtained by using the Dunford
formula XQ4€_[A°"QPQf = % fr e’k)(g4 (A4 Ay @) 'Pq f di with a suitably chosen curve
I' and by applying the Cauchy theorem in the complex analysis.

The argument to show Theorem 1.4 from Theorem 1.2 is rather standard, which is
based on a cut-off argument using the Bogovskii operator to recover the divergence-free
condition. Another important application of Theorem 1.2 is given in the paper [15], where
the asymptotic stability of the physically reasonable solution is proved when « is small
enough. This is the first stability result of the stationary solutions constructed by R.
Finn and D. R. Smith [11] in two dimensions, which has remained open for a long time
since their famous work in the 1960s.

This paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.2 and
is the core of this paper. In §2.1, we study the resolvent kernel for the Oseen operator in
R? and give the expansion for small A and «. In § 2.2, we state the estimate of the Oseen
operator in the bounded domain D, which is more or less standard. In §§2.3 and 2.4, we
establish the expansion (1.10) by using the argument of [12] and [6], and Theorem 1.2 is
proved. Theorem 1.4 is shown in §3. Some estimates used in the proof are collected in
the appendix for the reader’s convenience.

2. Local energy estimate

In this section, we prove Theorem 1.2.

2.1. Expansion of resolvent kernel in R?

We denote by Ef (x) the function given as
o
ES (x) :[0 e MO, x —ate))dt, RO) > 0. (2.1)

Here, ®(z, x) is the kernel of the Stokes semigroup in R?, and it is given in terms of the

Fourier transform:
o, x) =F ! |:e_t|;§|2 (H - %)} (x).

Here, I is the 2 x 2 identity matrix and £ ® & = (§;£;)1<i,j<2- By [12, equation (4.6)], the
following representation of EY is obtained in terms of the modified Bessel functions: with
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the notation z(s, x) = /s(A 4 (5)%s) x|, we have
> I a\?
Ef(x) =Y E§ (x) = EerIK()( A+ <§> |x|>

j=1
1

I N
- e2" Ko(z(s, x)) ds
47 0

1
ﬂ/ 21575, x) K1 (2(s, X)) ds
4 |x|? Jo
-9 (x®ei+e ®x)
4
( VixPer@e; 15231
K , ds. 2.2
o [ e s (2

Here, Ko(z) and K;(z) are modified Bessel functions of the second kind of orders 0 and

1, respectively (cf. [12, equation (4.7)]), which have series representations as follows. Let
v(k), k=1,2,..., be such that

1
f se%x”KO(z(s, x))ds
0

v () Ly ! Euler's constant
= -y — - s . er S constant.
YTk 1+ yEu

In particular, ¥ (1) = —y. Then,

2\ © Yk +1)
Fol) = _(1°g§>z<k'>2< ) ,;0 @« (2)
z Z\*, z
= —logi -y + 0(<§> log 5) for small |z], (2.3)
T NS ;1 1
KI(Z)=Z+];k'(k+1)'< > <1g§—§1//(k+1)—§1p(k+2)>
= —+0(—1 og > for small |z]. (2.4)

In particular, the right-hand side of (2.2) makes sense for x # 0 and either J(A) # 0
or R(A) =0, and for each fixed x # 0, it is an analytic extension of (2.1) about A to
C\ {M(A) < 0}. We are interested in the case |x| < 10 and |A + %| is small enough, which
is the regime studied in the latter section. For 8 € (/2, ), let Xy be the sector in C
with angle 6 defined as

={z € C\ {0} | |argz| < 6}. (2.5)
Then, by using the expansion e2*1% =
expansion for each EY j’

Yo %(%xls)k if necessary, we have the following

N 1 (1 o? -
Ex,l(x)zg —Elog )L+T —log|x[+log2 —y JI+ E ;(x),
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E} 5(x) = < log(z(s, x)) ds —10g2+y)H+Eff’2(x),
®
|x

Effj(x) ypr) 2 +E Iy 3 3(x),
x®e+e; ®x) -
E; 4(x) = (=3) yy —log(z(s, x)) +log2 — y) ds + E} 4(x),
a)2 1
5) e ®ep s -
E% (x) = (3) / ds + E% <(x).
A5 47 0 A4 aTZS A5

Here, each E;’f j@)isa remainder whose leading part (worst term) is given by the sum of

“a product of 31 — 1 (or ¢2*1¥ — 1) and the leading term of the modified Bessel function
K;” and “a constant multiple of the second leading term of K;”. In particular, they

satisfy when [x| < 10 and % + %] < § with & € Z3,/4,

|ES ) +IVEL ;0] < C(A + )2 [log (44 +a?)|(loglx]] + 1),

3 N c
0, E (0] + VO ES ()] < ———— (llog|x[| + 1), 06
(A +a?)2 (2.6)
5 8 c
07 ES (0| + [VOFES. (x)] < ———— (loglx|| +1).
(A +a2)?
Indeed, (2.6) follows from the bound
1
E(|A|+azs) |42 +a?s| < C(JA|+a’s) for A € Y5 €(0.1], (2.7)

with C independent of «, A, and s. Estimate (2.7) is proved as follows: if %(A) > 0, then
4% + 2| > 4]], while if R() <0 and A € T3, then |47 +a2| > 4|3(A)| > |A|, which
4

implies |41 +a?| > |A| for A € 237[. On the other hand, if [A| > 8 la?s and A € Z‘sTn,

then we have |41 4+ 2| > |A| 8~ 1a2s while if [A] < 8 'aZs, then |4A +a2s| > 27 1a?s,
which gives |41 4+ «?| > 8 'a?s. Combining these, we obtain the lower bound in (2.7),
and the upper bound in (2.7) is trivial from the triangle inequality. We note that the
leading term of EY ,(x) also satisfies the same estimate as (2.6), and, thus, EY ,(x) is also
regarded as a remainder. As for the first term in the leading term of EY ,, we have

1! I I o? 1
— log(z(s, x))ds = — logsds + — log|{ A4+ —s ) ds + — log |x|
4 0 8 0 8 0 4 47

LD ge (e @ 1/1 “2sd+11||
=——+—1o —— | ————ds+—log|x|.
87 ' 8r ° 4) 87 )y dntazs T an 8

By setting
Ef = Ef |+ ES,+ Ef 5+ Sy + E ),

we finally obtain the following expansion of EY:

0 1 a? -
EY(x) = Ej(x) + (—g log (k + I))H +J(a, ) + ES (x), (2.8)
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where

1 X®x
E? =|-——1 I+ ——7,
0(X) ( i 0g|X|> +4n|x|2

1 1 d(a, A d(a, A
J(a, 1) = (10g2— _1_de )>]I+ (@, )e1®e1,
2 2 4

(2.9)

with

d(@, ») / Pt (2.10)
o, \) = —— ds. .
o 4r+azs

Note that in virtue of (2.7), we have for A € 23771 and « > 0,

2
|d(a, V)| < Cmin{l, T;—|}

C
| (o, W)| < ————, (2.11)
A2 (1A +a2)?
C

102d (o, 1)] € ————.
* M (2] +a2)

Here, C is independent of A and «; see Appendix A. The matrix E8 (x) is nothing but
the Stokes fundamental solution, and the remainder E¢ satisfies from (2.6),

ES ()l + VES ()] < C(A+0?)? [log (4. +a?)] (log x| + 1),

. . C
0 EY(x)| + |V E¥(x)] < —(lo +1),

2 pa 2 po c
[0 E5 (x)| 4+ IV0; E; (x)] < —3(log lx[+1),
(1Al +a?)?

if |x] <10 and |4A +o?| < Z with A € X37/4. The expansion (2.8) is an improvement
of [12, equation (4.19)], and the key difference is that we allow a dependence on A in

the leading term, i.e., the term log(A + ”2—2) and d(a, A). The advantage of this additional
dependence is that the key estimates are derived for the wider regime of A than in
[12, Theorem 6.1] and is taken uniformly in small «, by virtue of the estimate for the
remainder E‘f as in (2.12). It is important that d(«, A) is uniformly bounded as stated in
(2.11). The next proposition gives the estimate for (A 4+ Ay)~'Pf when f is compactly
supported.

Proposition 2.1. Let |41 +a?| < § and A € 237‘[. Assume that f € L1(R?)?, 1 < q < o0,
and supp f C {|x| < 5}. Then for |x| <5, we have

O+ AD)TPx) = EY % f(x)

= Eo*f(x)—i—(—gilog()»—i— )—}-J(a k))/ fdx
+ E % f(x) (2.13)

https://doi.org/10.1017/51474748019000355 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000355

868 Y. Maekawa
with J(, 1) defined as (2.9), and
~ 1
I E5 * Fllwreoqri<sp < CUA] +a?)2 [log (44 +0(2)|||f||Lq,

102 ES * f llwiooqej<spy < ——— I fllza,
(i< S o (2.14)
- C
187 E5t % fllwros qreicsy < —————3 1fllza.
(1Al +a?)2
Here, C > 0 depends only on q.
Proof. The expansion (2.13) follows from (2.8), while (2.14) is a consequence of (2.12)
and the Young inequality for convolution. The proof is complete. O

2.2. Resolvent estimate for interior problem

Set D = N Bs5(0), which is a bounded domain in R? with a smooth boundary. In this
section, we consider the interior problem

AMp —Aup+adiup+Vpp=f, x€D,
divup =0, xe€D, (2.15)
up=0, xeodD.

Let us denote by Ay p the operator Ay pu = Pp(—Au + «dju), which is realized in LI(D)
and Pp : LY(D)?> — LL(D), 1 < g < 00, is the Helmholtz projection.

Proposition 2.2. Let 1 < g < 0o. There exists ag > 0 such that the following statement
holds for all 0 < a < ay. The set EzTn belongs to the resolvent set of —Aqy p in LL(D),

and

19/ A+ Aa.0) "Pp fllwzapy < Clf Loy, f € LYD)?, e Ty, j=0.1
(2.16)

Moreover, the solution up[A]f = (A —i—Aa,D)_]]P’Df satisfies
luplAlf = A5 Po Fllwza oy < CUM+ @) FllLa).- (2.17)

Here, Ap = —PpA is the Stokes operator in LI(D). The associated pressure pp[A]f with
Jp ppIX]f dx =0 also satisfies the decomposition as in (2.17), i.e.,

IVpol]f = Qp(f + AAL'Pp Hllap) < CUA + )| fllLaD)- (2.18)

Here, Qp = I —Pp. Moreover, pp[Alf is analytic with respect to A in the topology of
L9(D) and

18/ polAlfllepy < Cllfliapy, J=0,1,2. (2.19)

In the above estimates, the constant C is independent of a € [0, 04] and A € X3z .
7
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Proof. It is well known that, since D is bounded, the resolvent set of —Ap in LL(D)
contains the set {A € C | R(A) > —Ap}U ESTT[ for some Ag > 0, and

_ C
IO+ Ap) ! fllLap) < m”f”L"(D)’
I +AD) " Fllwzamy < CILf Loy,

for all f e LL(D)and » € {, € C | R(A) > —Ao}U T Then we have

I+ Ap)"Ppd1 f llw2a(py < CIOLf llLa()

for f € Dpa(Ap) and L € {A € C|R(A) = —Ao}U X3x. These estimates imply that, for
4

a sufficiently small « > 0, the resolvent operators of —A, p in LI(D) are constructed
around those of —Ap. In particular, if & > 0 is sufficiently small, then the set {A € C |
R = —Aro}U 23T7z is contained in the resolvent set of —Ay p in LY(D), and we have for

such A and f € L1(D)?,

A+ Ag.p) " "Pp fllLacpy < Il La Dy,

Al +1
I+ Aa.0) " "Pp fllw2apy < CllLf lLao)-

Hence, (2.16) holds. Estimate (2.17) follows from the formula
(-+Aap) ' Bpf = Ap'Ppf — 1AL o+ Aap) ' Bp f
~aAp'Ppdi(h+Aa,p) ' Pp f.

These perturbation arguments are quite standard, and the details are omitted here.
Finally, the estimate and the decomposition of the pressure terms are the consequence
of those of the velocity field. The proof is complete. O

2.3. Resolvent analysis and local energy decay

The aim of this subsection is to improve Hishida’s result in [12] and to establish the
local energy estimate for {e_tAmQ}@o in two dimensions for small @ > 0. To this end, we
consider the resolvent problem

M+ Aqu+Vp,=f, xeq,
divu =0, xe€g, (2.20)
u=0, xe€diQ.

We assume that f € L9(Q2)? satisfies supp f C {x € R? | |x| < 5}. Let x € Cgo(Rz) be a
cut-off function such that y(x) =1 for |x| < 4 and x(x) = 0 for |x| > 5. Set

Ua[M1f = (1= uge[Af +BIVyx -uge[A f1+ xuplAlf = B[V -up[Alf], (2.21)

1
Palrlf =0 —X)PRZ(f)JrX(pD[X]erﬁ/DPRZ(f)dX) (2.22)
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Here, (up2[A1f, pr2(f)) = ((A +Ay)"'PS, —(—ARz)_lv - f) is the solution in the whole
space in Proposition 2.1 with f extended to R? by zero, (up[A]f, pp[Alf) is the solution
to (2.15) with [}, pp[Alf dx = 0 obtained in Proposition 2.2 with f restricted on D, and
B = By is the Bogovskii operator in the annulus Dy = {x € R? | 4 < |x| < 5}, i.e., B[g]
satisfies

divB[gl=g in D4, B[g]=0 on 9Dy,

for a given function g € C3°(D4) with fD4 gdx = 0. As is well known (see, e.g., [4]), the

Bogovskii operator B is extended to a bounded operator from W(])( “1(Dy) to Wg—H’q(Dé;)2
forany 1 <g <ooand k =0, 1,..., together with the estimate

IV BlglllLapy < CaullV¥gllLapy. 1 <g <o, k=0.1,.... (2.23)

By its definition, the couple Uy[A]f, VPy[L]f) satisfies
A+ ADULNLf +VPIA]f = A+ Tu[A]D f, divUu[Alf =0 (2.24)

in Q, and Uy[A]f = 0 on 02, where T,[A]f is given by

To[Alf = (Ax)ug2 +2Vx - Vuge — a (31 xJug2 — (V) pgre
+ A+ A)B[Vy -up:]

1
—(Ax)ua—zw-wD+a(alx>uD+(vX)<pD+ﬁ/ pRz(f)dx)
D
— (h+ A)B[V - up]. (2.25)

Here, we have used the abbreviated notations such as up2 and up instead of up2[A] f and
up[r]f. Note that T,[A]f is supported in {x € R? |4 < |x| < 5}. It is already shown by
[12, Lemma 6.2] that for alla > 0 and A € {z € C | (3(2))? > —a?NR(z)}, operator I+ T,[A]
is invertible in the Banach space

L@ ={f e LY(Q)* | f=0ae. x| 25}, 1<gq<o0. (2.26)
Hence, the couple
u, Vp) = UM A+ To WD £, VP A+ oAD' /)

gives the solution to (2.20) when f e L'[’S](SZ)Z7 and Uy, [A\][I+ T,[A]) ™' f is analytic in
A from its construction. What is important is then to know the concrete behavior of
(I+ T [A])~! f when |A| 4+ « is small so that the sharp dependence of its operator norm on
A and « is derived. This is discussed in [12, Theorem 6.1], but the argument in [12] works
only for A € {z € C | |I(2)|> > —a?N(z)} with |A] < Sa? for some small § independent of
«, resulting in the appearance of the singularity in @ ! in the final estimate that we have
to remove in this paper. The key is to use the expansion of the resolvent kernel in R?
shown in Proposition 2.1. A careful analysis below enables us to obtain the expansion of
I+ Ty [A]) ! in the regime {A € X3 | |A] < cq} for some small ¢, > 0 but independent of
small o. !

The next proposition is the core of this subsection. Let o, > 0 be the number in
Proposition 2.2.
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Proposition 2.3. Let 1 < g <oo. There exists ¢4 € (0,04] such that the following
statement holds. Set O, = {} € 23% | Al < cq}, where EzTn is the sector with angle 3T”
defined as (2.5). If . € O, and 0 < & < ¢y, then the map Ty[A] : L?ﬂ(Q)2 — L?SI(Q)2 18
well defined and bounded, and 14 Ty[A] is invertible and satisfies

sup (| A+ TulAD 7 fll o @) < CIF e ) (2.27)
AeO(,q O<a<ey [51 [5]

and

‘fau T,[\) ™' fdx| < (2.28)
Q

log (44 + a2)]| APACY
for all 1 € (’)cq and 0 < o < ¢g. Moreover, Ty[A] and I+ To[[)\])’1 are analytic with
respect to A € O, in the topology of E(L?S](Q)z), and the following expansion holds:

I+ T =0, + W (Wi +d(e, WWig)+Wale, b),  (2:29)

+ —

log(4A + a?)
where O is an invertible operator in L%](Q)Z, Wo, W11, and Wi 2 are bounded and finite
rank operators in L‘[JS](Q)Z, and

(i) ®9, Wo, W11, W12 are independent of & and A,

(ii) Wa(a, 1) satisfies

C
[log (42 +a?)|?’
C
llog (44 +a2) 242 (4] +a2)2
C

[log (41 +a?)|2|A|(JA +a?)

Wa(a, A) ”E(L?S](Q)) <

10, W2 (e, )‘)Hﬁ(L{ISJ(Q)) < (2.30)

2
18, Walet, Ml £, (@) <

Here, the above constants C depend only on q and 2.

Proof. We first recall the definition of T,[A] in (2.25), where up2 = up2[Alf = (A +
A)TIPS, ppe ==V - (=Ap) " f, up = up[Alf = A+ Ao p) 'Ppf, and pp = pplAlf
is such that fD ppdx =0 and Vpp[Alf = Qp(f + Aup[A]lf —adiup[r]f). Set

0 0 —
ul) = Egx f. uy =Ap'Ppf.
and let pg)) be the pressure field such that [}, pg) dx =0 and

Vp0 = Qp(f +AAL'Ph ).

Then, up2[A]f is decomposed as in Proposition 2.1, and up[A]f and pp[A]lf are

decomposed as up[Alf = ul) + @plrlf —ul)) and pplalf = p¥ + (pplAlf — pW).

Thus, T,[1]f is decomposed as

To[A)f = TolOlf + Yo[Alf + Za[A]f, (2.31)
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where
THl01f = (Axul +2Vx - V') — (V) pge + ABIVx -u}]
N 2vx-w(°>+(vx)(p§‘)”+|;| pdex>

— AB[Vy - u'V], (2.32)

2
Yohlf = (Ap(-%log <A+a—)H+J(a, A))fgfdx

—AIB%[VX-<—8—1og(x+ 2>]I+J(a k))/s;fdx}, (2.33)

and Z,[A] is a bounded linear operator in L?s](Q)2 satisfying

1ZalA1f Nl (@) < < C(A| +a?)?log (4 +a? Iz -

/ )\ <
||3A a[ ]f”L?S](Q) X (| | 2)% ”7 ”L?S](Q)v (2.34)
32 [A —f s
” l ]f”l‘[ISJ(Q) (| | 2)% ” ”lilSJ(SZ)

as long as A € ¥3; and [4A +a?| < % Here, estimate (2.34) follows from (2.14), (2.17),
7

(2.18), and [|3xup[A]flizapy + 10nppIA] fliLapy < Cll fllLa(py with C independent of A €
23771 and small a. As in [12, equation (6.26)], we set

1 .

w; = E((—Ax)ej +AB[9;x]), j=1,2, (2.35)
which are clearly independent of A and «. Then the finite rank operator Y,[A] is written
as

1 o? 1 da
YolAlf = <§ log <)»+ Z) +y+ 3 + ( ) ) —log2 —d(a, A)) (e, flr2wi

1 o? 1 da, )
+ Elog A+I +y+§+ 5 —log2 )(e2, )2 w2

1 5 1—d(a, )
= Elog(4k+a)+)/+T (e1, 2w
1+d(a, )

1
—log(4x + o?
+<2 og(dr+a”)+y + >

)<92’ Frrg@w. (2.36)
As stated in [12, pp. 330], it is well known from [6, Lemmas 3.2-3.5] that Tp[0] is a
compact operator from L[s](Q)2 1 < g < 00, into itself and I+ Tp[0] is injective on the
subspace {f € L. ](Q)z | fQ f dx =0} (for the reader’s convenience, the proof of this fact
is given in Appendlx B), and the dimension of the kernel of I + Tp[0] is less than or equal
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to 2. Then the Fredholm theory implies that there exist m; € L‘[IS](Q)Z7 j=1,2, such
that L?S](Q)2 = Range (I + Tp[0]) ® Span {m |, m>}, and the operator
Oof = A+ Tol0OD f + (e1, f)r2@m1 + (€2, [)2qym2 (2.37)

is bijective on L{5 ()%, If Ker (I + Tp[0]) < 1, then my and/or my are taken as zero. Note
that m; and my are independent of A and «. From (2.31) and (2.37), we see

A+ To[A) f = A+ Tol0D f + YalAlf + Zu[Alf
= 00 f + YulAlf + Zu[M1f (2.38)
where
YoMl = YalMf — (€1, f)2@mi — (€2, f)r2eqyma.

Our aim is to obtain the estimate of the inverse of 1+ Ty[A]. Since Z,[A] is a small
perturbation when |A| 4+« is small, we study the inverse of ®g+ Y,[A]. We observe that

Yo[Alf = Z djlej, flrrzowj— Z (ej. flr2ym;j, (2.39)
j=12 j=12
where
1 ) 1—d(a, 1)
¢1=¢1(a, 1) = EIOg(4k+a )ty +T,
(2.40)
1 s 1 4d(a, A)
¢ = (e, \) = zlog(4)»+a )+y +T'

Since ®g is invertible and independent of A and «, we study the invertibility of 14
@61 Y [A], where

—1v -1 -1
Oy Yulrlh = Y ¢jlej. h) 2005 wj— Y (ej. h)120)Op 'm. (2.41)
j=1,2 j=1,2
The key idea here is to determine, first, the quantity fQ hdx for the solution i to the
problem (I+ @61)7a[)»])h = f with a given f € L‘[]S](Q)z. Once this is done, the solution
h is given by h = f — ®all7a[)»]h, for ®all7a[)»]h is defined only in terms of fQ hdx. To

determine fQ hdx, we integrate the equation (I+ @alﬁx [ADh = f over 2, which yields
the linear algebraic equation for fQ hdx of the form

M(a,k)/ hdx:/ fdx,
Q Q
where the 2 x 2 matrix M(a, A) is given by

M(e, 1)
_ (14 diter. 5 w) 2y — (e1.m1) 12y daler, Op ' wa) 12y — (€1, m2) 20

_( prle2, Oy ' w) 2y — (€2.m1)2) 1 +¢2(e2, ®51w2)L2(Q)—(ez,mz)Lz(Q)>
(2.42)

The direct computation shows

det M(ar, 1) = 1 (e, Mo, )CO + ¢y (@, NC|Y + (e, CS +CP, (2.43)
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where

—1 —1
O = gor (161 ©0 W12 (€10 w2)12e)) (2.44)
(€2, 0 wi)2(q) (€2, 05 w2);2(q)

and C'" and C® are constants independent of A and «. By [12, equation (6.30)], that
is a key observation of [12], we already know that
c9 £o.

Hence, recalling that |d(e, 1)| < C by (2.11), we observe that
detM(a, 1) ~ C© (% log(4A +a2)>2 #0
if [A| + « is small enough, and we have
/ hdx = M(e, ,\)—1/ fdx. (2.45)
Q Q

Then we conclude that T+ @alﬁx [A] is invertible, and by using (2.41), we have
[+, YA~ f = f — 65 ' Tul2Ih
= =3 bje M@ M er. )20y wj — (e lragmy).  (>40)
j.k
Here, (b (o, M) 1<) kg2 = M(a, A)~!. In particular, the exact computation of M(a, 1)~!

shows

I+ 60, VoA )™ =1+ Wo+ (Wig+d(a, OVWi2) + Wala, A),  (2.47)

1
log(4Xx + a?)

where each Wj is finite rank and Wo, Wl, j are independent of A and «, and for 1 € O,

and 0 < o < ¢y,
- C
Walee, 2) fll 4 o Sfdx

<— -
B Jlog (42 +a2) 2
||8)\,W2(a1 )L)f“L‘liSJ(Q)
C
<
llog (42 +a?)|? ( |42 + a2||log (41 + a2)|

¢ /;Zfdx

llog (4% + a?)[2[A|2 (|A| + 2)?
||3)%W2(05, )»)f“L‘[IS](Q)
< < ! T ord (e, D2+ 192d (@ 1) /fd
RS o, o, X
|log(4)»+otz)|2 |4A+a2|2|10g(4k+a2)| * A Q

¢ /S;fdx

<
llog (4% + a?)[2[A|(IA] +a?)

3

+|8xd(a,)»)l>‘/ fdx
Q

<

)

(2.48)
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/Qfdx

for all f e Z:?S](Q)z' From (2.47), if we set Wy = W()@al, Wi = Wl,j@)al, and
Wa.1(et, 1) = Wa(a, )»)@61, then we have

Here, we have used (2.11). We also have from (2.45),

C

s —_—
P llog (42 + a2)]

Ae@cq <<y

(2.49)

/ [+, YelA) ™" fdx| <
Q

(©0+ Talr]) ™' = @+ 07 ' Tulad 10y !

(2.50)

=0, '+ W (Wi1+d(a, YW1 2) + Wa (e, 1).

1
_|_ —
log(4X + a?)
In particular, ||(©g + Yg[A]) ™! HE(L?s](Q)) is uniformly bounded in A € X3, when |4 + o
3 7

is small enough. Next we recall that Zy[1] is regarded as a small perturbation as in (2.34),
and, hence, the Neumann series argument implies

I+ ToA) ™" = T+ (g + Yo [AD) ' Zo[AD) 1 (®g + VoA ™!
= (Og + Yo [A) ™'+ Wan(e, 1), (2.51)
where

Waa(e, 2) =D (=D¥((Og + YalA) ™' Z[21)! (O + Yulr]) ™!
k=1

= —(@0 + Yo [AD) ' Zo[M I+ T [AD "
Thus, (2.50) with (2.34) and (2.48) implies

1
W22 M Fllzg @ < COH -+ 1 f g, @

C
o) W A < — s
(8>, 2,2(“» )f”L?S](Q) M'% ”f”L?S](Q) (2.52)

1182 W22 (e, ML @ S (YN

MM +a2)?
and (2.49) combined with (89 + Yo[A]) ™! = (I+ 0, ' Vo [A]) 710, yields

sup
AE(’)L-q O<a<ey

f A+ T, fdx| < (2.53)
Q

log 4.+ o2y 17 Ity

By setting Wa(a, 2) = Wa 1(er, A) + Wa2(r, &), we obtain the expansion (2.29) of (I+
T,[A])~! from (2.51) and (2.50). Estimate (2.30) for Wa(a, A) follows from (2.48) and
(2.52). The proof is complete. O

Proposition 2.4. Set Q4 = QN{|x| <4}. Let 1 <q <o00. Let A € O, and let o € (0, ¢q].
Then for f € L([is](SZ)2 and x € Qq,

U A+ T D' ) = (AL LPo A+ T DT @) + (RIS, (2.54)

https://doi.org/10.1017/51474748019000355 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000355

876 Y. Maekawa
where Ré”)[)»]f is analytic in A € O, with value in LEIS](S'Z)2 and

IRSD fllwzay < CIIL Lt @ (2.55)
Here, C depends only on g and Q2.
Proof. From the definition of Uy[A] in (2.21), we see that for any & € L([IS](Q)Z,

Uy[A]Th = up[A]h  for x € Qq4,

where up[Alh = (A4 Ag.p) " 'Pph is the solution to (2.15) with f replaced by h. Then

(2.54) follows by setting RS’ [A1f = (A + Aq,p) ™" — AL ))Pp(I+ Tu[AD ™' f, and (2.55) is

a consequence of (2.16) with the resolvent identity and (2.27). The proof is complete. [

It is well known that the set C\ {A < 0} is the resolvent set of the Stokes operator —Agq
in LL(Q). In particular, we have

_ 12| _
MO+ A) ™ fllLo@ + — =10 +A) ™ fllwza@) < Cllf Lo
L+ (2.56)
feLi(Q), re Z‘%ﬂ.

Then the standard perturbation theory of sectorial operators yields the following lemma

for the resolvent of Ay q away from the origin.

Lemma 2.5. Let 1 < g < o0o. Let ¢4 > 0 be the number in Proposition 2.3. Then there
exists dg > 0 such that if 0 <a < ay, then X3 N{A € C| Al > %"} is included in the
P

resolvent set of —Ay.q in LI(Q) and satisfies

MO A Ag.) ™ fllLa) + I+ A, @)™ Fllwzae) < CllifllLe@). (2.57)

14 A
for all f € L§(Q) and h € T3, N{h e C|IA| > F).
The proof of this lemma is standard since aPgd; is regarded as a small perturbation

to Ag when « is small enough. So we omit the proof of Lemma 2.5. The next proposition
is our key local energy estimate in large time.

Proposition 2.6. Set Q4 = QN{|x| <4}. Let 1 < g < o0. If 0 < o <min{cy,, ay}, then
the following estimate holds for all f € L?S](Q)z:

C Co?

—_— <t<a?
) )”f”L‘I (Q)° 2<1t < s
”eitAa’Q]P)Qf”WZq(Q‘O g (t|locgt| |10gt| [5]

> -2
”f”L?S](Q)’ [A> N0

(2.58)

2a?|log |
Here, C depends only on q and 2.
Proof. It suffices to consider the case t > 4 max{l1, cq_l}. Since —Ay, g is sectorial in LI(Q)

and generates a Cp-analytic semigroup in L& (), Lemma 2.5 leads to the representation
of e~"Aa.2Pg f such as

1
—[AQ,Q _ tA -1
e f = oL /F 0+ hag) ' Paf di. (2.59)

1
7
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Here, for a fixed number ¢ > 0, the curve I', = I'y. , +T'p, in C is taken as

3 ¢y
i, =1A+c]arg(d) = izm [A] > 5[

3n Cq
o= 1A+l largM)] < T Al = 2 [

and is oriented counter-clockwise. On the curve I' | 1, we simply apply the uniform bound
ot

stated in Lemma 2.5 such as || (A + Aayg)’IIP’QfH W2a(Qq) S C”f”LfIs](Q) for A with arg(A) =

:|:3T” and |A| > %’, which yields enough temporal decay such that

1

—./ e“(HAa,Q)‘PQfdAH <c/ e 1AM £l
2mi r, W24 (Qy) r, [5]

7*’ . 2.60
||f||L‘[15](Q) ( )

Note that C depends only on ¢ and 2. The estimate on the curve I'g, needs a detailed
computation. Let us recall that

O+ Ag.0) "Pof = Uy [MA+ To[AD) ' £. (2.61)

Hence, we have from Proposition 2.4, for |x| < 4

1 B 1 _ _
7 e+ Ayq) Pofdr = ﬁ/ eMAa}DPD(H T [AD ! f d
FO 1 1 FO 1
ot ot
1
b — | PROMA+ T (262
2mi FO 1
=1 f+11@1)f.

(i) Estimate of I(¢) f: Let us recall that (I+ T,[A])~! f is analytic in A € O, with value
in Lq (Q)2 and, thus, the Cauchy theorem implies

1
I0f =5~ AT P (T4 Ty A7 f da,
Ty Jy ’

01

T

where o1 =1, 1+1_1 with I 1_{ +r(—L il[)| ”q} and with the

r<
orientation going from z_ := % L" (_f —1i f) to z4 : (= 75). Then the

expansion of (I+ T,[A])~! yields

<
cq
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1(n)f
=APp L/ e”‘d)»(G)_l—}-Wo)f—i-L/ e”‘;dkwl v f
D" ) 2 I 0 27 log(4x + a?) ’
T T
1 o d(a ) 1 / 0
— ——d\W — Wala, M) f da
+27Tif[ 1 e oz @ + o) 1,2f+2m, l le 2(a, A) f
(R o1
4
=> Lnf.
j=1
For I1(¢) f, the Cauchy theorem gives |% fl | e di| < Ce_CTq’, and, thus,
0.7
11O lwragy < Ce™ 4 Nf L, @ (2.63)

Here, C depends only on ¢ and Q. To estimate I>(¢t) f and I3(¢) f, we consider a given
analytic function h(w, ) and then the integration by part yields

1 1
— | eh(a, V) dr = —— (" h(a, z4) — € h(e, 2-))

27i Jyy, 2mit
— S @ e 2 — ¢ hh(e, 2)
thq2
o5 h(a, A)dA. 2.64
0.7
For I (¢) f, we take h(a, A) = m Then, since z4+ = + C"( L :|:z 2), the first

four terms in the right-hand side of (2.64) are estimated from above by Crle= . Set
71 = f +i—= f As for the last term, we have from (2.7) and by the symmetry of [, 1

about the real axis,

- / e’)‘a)%—l
2mwit? I 1 log(4A + a?)

//\

C / le*| A
|4X 4+ 2|2 [log (4A + a?)|?

N H‘»—

C 1
_2f 1 2)2 1 e
“Jo  (Iy+rzil+a?)*(og (|7 +rzil + %))

C(/‘Allt /Cél>
- +

2

t 0 417

1 7 1
py) - d
12 <(% a2 (og (L+ad))? 4 / (r +2)*(log (r +a?))? r)
¢ 1
2 (3 +a?)(log (F +a?))?

/A

N

N

N
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The last quantity is bounded from above by m if 1 < «~? and by m ifr > a2
Thus, we conclude that

¢ 2

”f”L‘f Q) B

tllogt|? 151

10 flogy < O (2.65)

2a2|loga|? 17112 -

For I3(¢) f, we take h(a, ) = %.
the first four terms in the right-hand side of (2.64) are bounded from above by Ct-le= 41,

To estimate the last term in (2.64), we observe from (2.7) and (2.11) that, for z; =
I B
NoAMNEA

We first consider the case r > 2. Then, again

1 / g d@r
2mwit? L, *log(4A + o)

1
-7

R
e V2

Sz T N T 2y dr
= Jo  flog(l; +rzil+ad)|l; +rzil(ls +rzil+ o)
_c /411 /3
X 75 +
t2 0 %
C 1

( % L .,
< = +/ r>,
2 \[log (+ +a?)|(t +a2) Ji |log(r+a?)|r(r+a?)

a

S

a

and since — log  is increasing for v € (0, e~'], the last integral in bounded from above

‘q r
C 2,7l .
by og Tre) (170D f$ e V2" dr, that gives
1 d(o, A C 1
-2/ emaf(a—)zd)“g_z 1 1
2mit Iy 1 log(4) + a?) t |10g(7+a2)|(7+a2)
¢ 2

<——— ift>a’
= 2a2|log o -

When 2 <t < a2, by using |d(a, A)| < C% (see (2.11)), we compute directly as

1
—/ LC O dk'
2mi Jy,, log(4r +a?)

< Ca / 1 I dr
o |y +rzilllog (|3 +rzil+a?)]

1 q
2 4t 2
< Ca </ +/1 )
0 @
1 7 eiﬁt

2
< Ca2<—+/ d
llog (L +a2)|  JL (r+a?)log(r+a?)

r) (since 2 <t < ofz)
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880
Ca?
S 1
llog (; +a?)]
Ca?
< .
llog ]
Thus, we obtain
Ca? _
Togr M Ity 2<r<e™
113(0) fllw2a () < C (2.66)
¢ -2
?a?|log | I gy 120
The estimate of I4(¢) f is similar to I3(¢) f. Indeed, we take h(x, 1) = Wa(e, 1) f in (2.64),
which gives
c c th 2
114() fllw2a ) < —e 4 ||f||Lq (Q)+ le™ 11105 Waler, A) fllw2aq,) A2,
L1
0.7
and the last term is estimated from (2.30)
¢ A2
= le"* 11103 Waler, A) fllw2.a(q,) [dA]
Iy 1
cq — L
C /7 e V2
< = dr || fle
2 Jo Jlog (1L +rzil + )P +rzg (1 41z +a2) b
c( % (%
<5/ +/ T
< C( +/Cg < )IIfII
S |log (} + a2)|2(% + Ol2) 417 llog (r + ot2)|2r(r + Ol2) L?s](ﬂ)
C
<3 NF e (o)
2 |log (+ + @) P(3+a?) 0
Thus, we see
< 1l 2<r<a?
) ~X ~ a E)
tllog 2" "Eis @
1140 fllw2a(,) < ) (2.67)
Wﬂfﬂﬂ @ tZa .
Collecting (2.63), (2.65), (2.66), and (2.67), we have
C Ca? _2
fMogP | Togr® 2SS
0 0
1) flwa oy < ®c & (2.68)
-, = a2,
t2a?|log |
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(ii) Estimate of I1(¢) f: Again from the Cauchy theorem, we have
1 th p(u) -1
I1Ht)f = — e Ry IMNA+To[AD ™ fdA.
2mi 10 1
T

Then, from (2.55), for Ré")[)»] and (2.27) for (I+ T,[A])~!, we have

111 () fllw2a(ay, < C/ |€M||)»||d)»|||f||L‘[1ﬂ(Q)
[ -

0,

“q
2 i 1
< C‘/(; e V2 ;—i—rzl dr ”f”L[Iﬂ(Q)
C
< [_2||f||Ll[ISJ(Q). (2-69)
Hence, (2.58) follows from (2.60), (2.68), and (2.69). The proof is complete. O

We have the similar local energy decay estimate for the associated pressure field to
e_’A“vQIP’Qf, which is denoted by p[Pq f]1(¢) and satisfies fﬂﬁ{lx\<4} p[Po f1()dx = 0 and

Vp[Pof1(t) = —QqAge Ae2Pq f.

Proposition 2.7. Set Q4 = QN{|x| <4}. Let 1 < g < o0. If 0 < o < minfcy,,ay}, then
the following estimate holds for all f € L?S](Q)z:

C Ca?

— = , 2<t<a’?
tllog |2 |1ogt|>”f”L?s]<9> SN

lp[Po f1) I Le ey < ( (2.70)

-2
- q , tZza ‘.
202 |log | A TANE ~

Here, C depends only on q and Q.

Proof. The result essentially follows from Proposition 2.6. Indeed, for u(t) = e "A«2Pg f,
the equality d,u + Aqu + Vp[Pq f] = 0 implies that from f524 p[Po f1(t)dx =0 and the
Poincaré inequality,

Ip[Po f1® e < CIVp[Po fIOILe 4
< C(10;u@) |l La ) + 1Aqu (@)l La(2y))
< CU0ru )l La () + Nlu@ w24 q,))-

The term [[u(?) [l y24(q,) 1s already estimated in Proposition 2.6, and since
1 1
du(t) = —f A+ A ) 'Pofdr, 1=-
2mi Jr, t

the proof of Proposition 2.6 is directly applied for the estimate of d,u(¢) (and provides
the better estimate than u(z) itself, as expected). The details are omitted here. The proof
is complete. O

Finally, we give the short-time estimate of the pressure p[Pqf](t) with
f94 pl[Pq f1(t) dx = 0, where f does not need to be compactly supported.
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Proposition 2.8. Set Q4 =QN{|x| <4}. Let 1 <g<oo and «a € (0, %]. Then the
following estimate holds for all f € L9(2)?:

C
IpPofl®OlLiy < — I fllLe, 0<t<3. (2.71)
tj(“‘g)

Here, C depends only on q and 2.

Proof. Since the Helmholtz projection is bounded in L4(2)?, we may assume that
f =Pqf, but by assuming that f e LZ(Q) instead of f € L4(Q)%. Let us introduce
smooth cut-off functions x;, where y; = 1 if |x| <[l and y; =0 if |x|] >+ 1. Let B; be
the Bogovskii operator in the annulus D; = {I < |x| <[+ 1}, i.e., B;[g] satisfies

divBi[g]=¢ in D;, By[g]l=0 ondDy,

for a given function g € C§°(Dy) with [ D & dx = 0. The Bogovskii operator B; is extended

to a bounded operator from Wg’q(Dl) to W(er]’q(Dz)2 forany 1 < g <ooandk =0,1,...,
together with the estimate

IV ' Bilgll ooy < CquallVegllLapy, 1<g<oo, k=0,1,.... (2.72)

Wesset fp = xof —B2[Vx2: f]. Note that supp fp C {|x| <3} and x; fp = x1f. Then we
set

ul) = yjehad fr, B[V -e Bed fp]
+ (1= xpe A f + B[V -e e f]. (2.73)

Here, f is extended by zero to R?. Then, since

(I=xDf+Bi[Vxi-f1+x1fo —BilVxi- fpl
=0—-x)f+BilVxi- fl+x1f —-BilVxa- fl1= 1,
we see that u(D solves
8114(1) —|—Aau(1) +V(xipp) =R, t>0,x¢€Q,
divu =0, 1>0,xeQ,
uDha =0, uV_=f.
—tA

Here, pp is the associated pressure of e
by

«D fp, satisfying [}, pp dx =0, and R is given

R(t) = —(Ax)up(®) —2Vx1-Vup(t) +a(d x)up(t)
+(VxD)pp(@) — (0, + Ax)B1[Vx1-up(t)]
+ (AxDup2 () +2Vx1 - Vuga () — o (01 x)ug2 () + (0 + Ag)B1[Vx1 - ugz2 (0)].
(2.74)

Here, up(t) = e "0 f5, and up2 (t) = e "« £ and we note that the pressure associated

with e~ f is taken as zero. Then the original solution (u, Vp,) is constructed in the
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form u = u® +u® and p, = x1pp — ﬁ f94 X1ppdx + p,, and, thus, u?, D,®) is
the solution to

u® + Agu® +Vp,o=—R, t>0,x€eQ,

divu® =0, t>0,xeQ,

'4(2)|352 =0, M(2)|z:0 =0, / P, dx =0.
Q4
Then it is straightforward to see from fQ4 P, dx = 0 that

Py O lLay < ClIVP, O llw-140y,
= C|| — 3u® (1) — Aqt® (1) = RO |l y-10(02y)

< C>I13u® Ol Loy + 14 Ollwraay + 1RO La@y)- (2.75)

1A
Here, W14(€) is the dual space of W, "(Q4). The norm of u@ is estimated from the
formula,

1
u® ) =— / e~ =9haapg R(s) ds. (2.76)
0

We have from the local (in time) estimate of the Oseen semigroup,
@ t -3
lu = O llwraq, < C A (t =) 2|R(s)llLa ds, (2.77)

i
while by decomposing [y = [ + f%t and by using

t 2
/ e =9Ba2Pg R(s) ds =/ e he2Po R(t — 5) ds,
0

L
2

we have

t t

2 2
du®(t) = fz Aa,gze—“—“‘*wﬂpgle(s)ds+/ e Ba2Pod, R(1 — 5) ds. (2.78)
0 0

Thus, it follows that

t

t
2 2
||a,u<2>(t>||m<94)<c/ (r—s>—1||R(s)||qus+Cf 18Rt —)llads.  (2.79)
0 0

Therefore, it suffices to estimate ||R(¢)||z¢ and ||0; R(¢)||zs. By the definition of R(t), we
have from (2.72),

IRl La
10, Rl La

C(”“D(f)”Wl,q(Dl) +lpp®llLap)) + llugz (f)”leq(Dl)),

(2.80)
CUBrup®llwracp,) + 13 o @ LaDy) + 12 Ollwrap,)-

VASV/AN

Here, in the first inequality, we have used 8,B1[Vy -e "A«h] = B[V - (A — ad1)e A ]
(since the pressure is zero) and §Bi[Vy -e "A«ph] =B([Vy - (A —ad;)e Parh —

https://doi.org/10.1017/51474748019000355 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000355

884 Y. Maekawa

Vpp(t))], and since Vx = 0 on the boundary of the annulus |x| = 1, 2, one can apply the
boundedness of the Bogovskii operator in a negative order space (cf. [4]), i.e.,

IBIIV(Vy - Ve 2]l La(pyy < ClIVe A h]|La(p,),
IBI[V(V - Ve P )| La(p,) < ClIVe P h|lLa(p,),
IB1LV (pp(O)V O La(Dy) <

This argument yields the estimate of R(¢) as above. The estimate of 9; R(¢) is shown in

Cllpp®|lLa(py)-

the same manner. Then the standard estimate of the Oseen semigroups e 4«0 and ¢~*A«
give for 0 < r < 3,

_1

IROIILe < CE 20 fllea +lpp O liLay)),
_3
[0 R(DLa < CE™ 2\ fllLa + 10 pp @) llLa (D))
As for the pressure pp(t), we have
J —j-ta+d .
19; pp(®)llLapy < Ct 2T follLapy, 0<t<3,j=0,1 (2.81)

The proof of (2.81) is postponed to Appendix C. Then we conclude from || fpllrs(p) <
Cl fllLe that

. | 1
13/ RO Ie < Ct 772 flla, 0<1<3,j=0,1, (2.82)
which gives from (2.77) and (2.79) that, for 0 <t < 3,

_1 _lqgl
1@ Ollwray < C %0 fllze,  18uPOllLay < €122 fllpa. (2.83)

Thus, (2.75) yields

_1 1
P> Ollzacay < Ct 2| flle, 0<1<3. (2.84)
Then, since

P[P f1OIze) = 1Pu® ey < CUpp® Ly + P, @l

estimate (2.71) follows from (2.81) with || fpllrepy < Cllfllze and (2.84). The proof is
complete. O

2.4. Proof of Theorem 1.2

It is standard that | V/e A«2Pq flle < C1=3 P flle < Ct=3 fllze for 0 <t < 3.
Then estimate (1.5) follows from Proposition 2.6 and estimate (1.6) follows from
Propositions 2.7 and 2.8. The proof is complete.

3. Li1-L" estimate of Oseen semigroup

In this section, we apply the local energy decay estimate of Theorem 1.2 to the L9-L"
estimate of the Oseen semigroup, which proves Theorem 1.4. Let §; > 0 be the number
in Theorem 1.2.
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Proposition 3.1. Let 1 <r < g < o0 and let a € (0,8,4]. Then for any f € L] (),

1 1
_ _1f 1+t 2ty
w’%ﬂﬂWM@O<Cﬂ+Df<—7) Ifllr, t>0, (3.1)

Q=

ja+h+1i-1
114t \2V e g
Ip[(PoflO)lrey < CA+1)77 (T) | fllr, ¢ >0. (3.2)

Proof. We consider the case t > 2, and we may take the initial data as h = e 2«2 f ¢
L®(2)2N L (Q) instead of f € L (). Let x be a cut-off function x € C§°(R?) such that
x(x) =1 for |x] <4 and x(x) =0 for |[x] > 5. Set

v(t) = (1= x)e e h + By[Vy - e Pen].

Here, h is extended by zero to R? and B; is the Bogovskii operator in the annulus
D; = {x e R? | I < |x| <[+ 1}. Note that the pressure associated with e~} is taken as
zero, and we have from the Young inequality for convolution,

1 _1
le A hllyroo < CA+D 77 Ilyroonrr < CA+OT7 | fllr, > 0. (3.3)

Note that (3.3) is valid for all & > 0 with a universal constant C. Then w = e "A«2h — v ()

satisfies .
ohw+Aqw+Vpy,=—R, t>0, x e,

divw =0, >0, xeQ,
w=0, t>0,x€0dQ,
Wlr=0 = hioe, x € L,
with py (1) = p[Pohl(®) (by the construction of v), hjpe = xh —Ba[Vy - h], and
R(t) = (Ay)e Ben 2V y - Ve e h — a(d) x)e Ah + (8, + Ag)Bal[Vx - e "Aah).

Then supp R(#) C {4 < |x| < 5} and we have from (2.72) and (3.3), and also by arguing
as in the derivation of (2.80) for the time derivative,

~ 1
IR($)Ie < Clle™ A h |0 < CA49)"7 | fllLr (3.4)

We write w in the integral form as

t
w(r) = e Aoy, — / e~ =R g R(s) ds
0

(3.5)
=wD®) +uw®@).
Then the associated pressure p,, is written in the form p,, = p, 0 + p,,@, where
t
P () = plhiocl®),  pupo() = —/0 pIPQR(s)](t —s)ds (3.6)

by following the notation used in Theorem 1.2. Since e~ "A«-2 = w(r) for |x| < 4, it suffices
to estimate w(#). From the fact supp hjoc, supp R(s) C {|x| < 5}, Theorem 1.2 implies

le™" 22 hypell g g < Ct M lhtoelLe < Ct7 M flier, (3.7)
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and

'
/ ef(’fs)A“QIP’QR(s) ds
0

Wl (Qq)

t _
< C/ <th<21 I X2<r—s<a™? .
0 \(t—s)z (—=s5)log(t—5s)

2
X X2<r—s<a2 Xt—s>a=2
[log (t — )| (t —s5)%a?|log o]

Thus, estimates (3.7), (3.8), and (3.4) give

)||1§(s) llLa ds. (3.8)

||e_tA”"Qh||wlvq(Q4) = lw®llwraq, < Ct—'l‘ N fller, 2> 2.
This proves (3.1) for r > 2. As for the pressure term, we have from Theorem 1.2,
Ipwoy Dllzacy < Cr Mhiells < Cr I fller, 122,
and

Xt—s<2 X2<r—s<a2
(t— S)%(H-g) (t —s)|log (t — 5)|?

t
Py ) llLa@y) < Cf
0

2
O™ X2 r—s<a2 Xt—s>a—2
log (=) | (1 —)a’[logal

)nk(s)nm ds.
Then, as in the proof of the velocity w(t) above, we can derive from (3.4) that

_1
lPwOllLay) < Py OllLay) + 1Py OllLay < Ct rll fller, t22.

This proves (3.2) for ¢ > 2. The estimate for 0 <7 < 2 is easy to verify. In particular,
(3.1) is standard and we omit the details. As for (3.2), from the semigroup property and
Proposition 2.8, we have

_1 1
<t 2D Ae2 £ Ly an)
L1(R24)

_1 Iy 1,1
< MO fl, 0<r <2

Ip[(Po f1®)lLey) = HP[e_EA‘”’Qf] (%)

Thus, (3.2) follows. The proof is complete. O

—tA,

We are now in a position to state our main estimate for the semigroup {e™'#=2},>.

Theorem 1.4. It suffices to consider the case t > 2. Let f € L’ (£2). We introduce a cut-off
function x € CgO(IRZ) such that y(x) =1 for |x] < 3 and x(x) = 0 for |x| > 4. Set

w() = (- X)eitA"’Qf-i-IB%[VX ~e7’A¢¥v9f]‘

Here, B3 is the Bogovskii operator in the annulus {x € R? | 3 < |x| < 4}. Then, w coincides
with e A« f for |x| > 4 and satisfies the integral equation in R:

t
w(t) = e (1= ) f +Bs[Vx - f1) + f e~ =IRPR(s) ds
0

= wP @) +w? @), (3.9)
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where
R(t) = (Ay)e e f 4 2Vy . Ve thag f () y)e  Ros f
— (VIO PIPaf1(t) + (B + Ag)B3[Vy - e Het ], (3.10)

Here, p[Pqf](r) is the associated pressure for e "«2f e, the couple
u(t), p[Paf1(t)) = (e A2 f, p[Pq f1(t)) satisfies (1.1). By Proposition 3.1, with ¢ = r,
and by also using the similar technique as in (2.80) for the time derivative in (3.10), the
term R is estimated as

IR < Cllle™™ 2 fllyir @y + PP f 1O L))
1 1
141\ 2047
<C4+077 (%) I fllr, > 0. (3.11)
Set h = (1 —x)f+B3[Vx - f]. It is straightforward to see that

1 1 1 1
lwP@)llze < Ct™ bl <C T fller, 1> 0. (3.12)

Similarly, we have
1

_1 1
VoD @) lge < Ct7 277 4| fllga, 1> 0. (3.13)

Next, we estimate w®. Since R(s) is supported in {3 < |x| < 4}, we have IR <
C||R(s)||Lr, and, thus, from (3.11),

t 1
uwmmmﬂ<cf(wwf”ﬂmumum
0

1 1
t 1 1 /14+s 7 (I+3)
gcfa—ﬂlﬂa+nﬂ<ir) ds | f Il
0

1 1
<Ct VA fll, =2 (3.14)

Here, we have used 1 < r < ¢ < oo. The derivative estimate of w® in LY with 1 < ¢ <2
is shown similarly, for

4 1 1
HVw@ammssC/(rﬂfﬁ”+wkmmuds
0

1 1
! e V145 20
<C/a—m2ﬂu+nﬂ<s ) ds |l fllzr
0

1

1 1
<Ct 2 N fllr, 1221 <r<q<2. (3.15)

Hence, (3.12), (3.13), (3.14), and (3.15) together with the fact w(t) = e~"4«2 f for |x| > 4
show

_ia, _141
le™™ 2 fllLa@nixizap < Ct 7 || fller,t 22, 1<r<gq<oo,
1

1.1
IVe ™2 fll 1g@nqezap < Ct 2 7T a|fllr, 122, 1<r<gqg<2.

The estimate in QN{|x| <4} is already proved in Proposition 3.1. The proof
is complete. O
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Appendix A. Estimate of d(a, 1)

Let o > 0 and A € X3.. Let us prove (2.11). In virtue of (2.7), we have
7

Olzs

1
(e 1) < c/

o2
——ds < C min .
o |A| +o2s

1, —
|A]

Similarly, it is straightforward to see

yd (e )| = /1 4as d <Cfl a’ls d
G I PRl B A (TE e
C 1 2
< 1/ S — - ds
A2 SO (JA| 4+ a?s)2
c
<ﬁ’
A2 (Al 4+ a?)2
and
1 2 1 2
32
182d(a, )| = / _ S gc/ Y s
0 (4r+a?s)’ o (Al+as)3

1
1
C —— —ds
/0 (|Al + a%s)?
c
<
[A(A] 4+ =)

The proof is complete.

Appendix B. Injectivity of 1+ Tp[0] in {f € L([IS](Q) | fQ fdx =0}

In this appendix, we give a brief sketch of the proof for the injectivity of I+ Tp[0] in {f €
L'[IS](Q) | fQ fdx = 0} for the reader’s convenience. Note that this is already proved in

[6]. Suppose that f € L?S](Q), Jo fdx = 0 satisfies (I+ Tp[0]) f = 0. Then the definition
of Tp[0] implies

— AUGIO1f + VP[0l = L+ To[0D f =0, divilp[0]f =0, x €

and Ug[0]f = 0 on 02. Moreover, from the definition of Uy[0], the vector field Uy[0] f
is equal to Eg*f for |x| > 5, and, thus, the condition fQ fdx =0 yields the decay
Upl0]1f(x) = O(lx|™") as |x| = co. On the other hand, we have Py[0]f(x) =—V-
(—ARz)_lf(x) = O(|x|™") for |x| > 1. These decays ensure that

Upl01f =0 and Po[0]f =0 in Q (B.1)
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by the injectivity of the Stokes operator in an exterior domain. Since Uy[0]f = Eg *
f for |x| =5, we obtain Eo*f =0 on |x| > 5. Therefore, (uRz,pRz) (Eg*f, —-V-
(—Ape)~ ) solves

Au(0)+VPR2=f, leu(O) 0, Ix[<5, (0) =0, [|x[=5.

Next, the fact Up[01f = u') := AZ'Pp f for x € QN {|x| < 4} and (B 1) imply 49 =0
for |x| < 4 and s1m11arly, by recalling (2.22), the associated pressure p f I pg) dx =0,
satisfies p )+ L \DI fD predx =0 for x € QN {|x| < 4}. Let ﬁ( ) be the extension of u(D) to
{|x] < 5} such that ug) = ug) in D and ug) =0 on QF and, similarly, let pg) be the

extension of p(o) to {|x| < 5} such that pg) = pg)) in D and p(o) = |—$‘ fD pr2 dx on Q°.

Then we verify that (ﬂg) D D)) solves

—AdY +vpY = f, d1vﬁ%))_0, x| <5, @V=0, |x|=5.

Here, we have used the fact that u =0 and p(o) = |—[1)‘ fD pr2 dx in a neighborhood
of 9Q2. By the uniqueness of the solutlon to the Stokes equations in the bounded domain

{|x| < 5}, we conclude that u = ﬁg) and pg2 — pD Const. in {|x| < 5}. Integrating

R2 T
over D, we see |D|Const. = [, pradx — [, ﬁ(D()) dx = [, pg2dx and, thus, pg> = pg)) +

IITI fD pre2 dx in QN {|x| < 5}. From the definition of Tp[0], these identities in {4 < |x| < 5}
yield that To[0] f = 0. Hence, we have arrived at f = f + Tp[0] f = (I+ Tp[0]) f = 0. The
proof is complete.

Appendix C. Estimate of the pressure in a bounded domain: proof of (2.81)

YVe give the estimate of pp satisfying fD ppdx =0. Tii.ke arbitrary ¢ € C;°(D) and set

¢ = ¢ — ¢y, where the constant ¢y is taken so that fD ¢dx = 0. Let wg with fD wydx =

0 be the unique solution to the Neumann problem: Awg = é in D and d,wp =0 on

0D. It is classical that [lwgll , 4 < Cloll Ll < Cloll Ll . Then the condition
w a1 (D a-

fD pp(t)dx = 0 and the integration by parts yield

/ po()dx = / PO dx = / o) Awy dx
D D D
—/ VpD(t)-Vw¢dx. (Cl)
D

By the equation of up, we have Vpp = —0,up + Aup — adjup, which implies from the
integration by parts and uplyp =0,

/VpD-Vw¢dx=/(—a,uD+AuD—a81uD)-Va)¢dx
D D

:—/ VLrotuD-de,dx—l—a/ up-91Vg dx. (C.2)
D D
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Here, V4 = (3,, —9;) and rotup = d1up, — doup,1. Then the integration by parts and
the trace theorem give, for ¢’ = qul,

‘ f VJ‘rotuD Vg dx
D

= ‘/ rotuD(n281w¢—n182w¢)dS
aD

< rotupliLa@pyIVoyll e o p)
1 -1 1

IVogll, 7 IVoslls

-1
< Cllrotup|l o I Vrotup| IVl

q

wla(D)
1-1 1

< Clrotup ”Lq(qD) [ Vrotupl| {,Ivl,q(D) ”¢”L‘1,(D)'

The other term in the right-hand side of (C.2) is estimated as

< Calluplipapy Vil o
La-1(D)

Ot/ up -0 Vwy dx
D

< CallupllLapyliel o, -
LaT (D)

Collecting these, we have from (C. 1) and the duality argument,

-1 1
1P @Wllzapy < CIrotupll g (p) IVIotupliy 4 ) +ellup®liLe))- (C.3)

Thus, we have arrived at

_1 1
Ipp@liLewy < Ct 2| fplliapy, 0<t<3. (C.4)

Arguing exactly in the same manner, we can also show

1—1 1
10: pp (D) llLa (D) < CUIdrotupllyg(p)IVOrotup ||€V1,4(D) +alldrup(@)|lLe(p))

1 1
<t 2D fpllLapy, 0 <1 <3 (C.5)

The proof of (2.81) is complete.
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