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1. Introduction

In this paper we will study the existence of solutions for the Sturm–Liouville problem of
discontinuous fractional-order differential equation

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) = λf(u(t)) almost every (a.e.) t ∈ [0, T ],

au(0) − b( 1
2 0D

−β
t u′(0) + 1

2 tD
−β
T u′(0)) = 0,

cu(T ) + d( 1
2 0D

−β
t u′(T ) + 1

2 tD
−β
T u′(T )) = 0,

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (1.1)

where 0D
−β
t and tD

−β
T are the left and right Riemann–Liouville fractional integrals of

order 0 � β < 1, respectively, a, c > 0, b, d � 0, f : R → R is an almost everywhere con-
tinuous function and λ is a positive parameter. If β = 0, boundary-value problem (BVP)
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(1.1) is the standard second-order differential equation with Sturm–Liouville boundary
condition

−u′′(t) = λf(u(t)) a.e. t ∈ [0, T ],

au(0) − bu′(0) = 0, cu(T ) + du′(T ) = 0.

In recent years, fractional differential equations have attracted much attention since
they have proved to be very valuable tools in the modelling of many phenomena in
various fields of science and engineering such as viscoelasticity, neurons, electrochemistry,
control, porous media, and electromagnetism (see [11,14,16,17]). For background and
applications of the theory of fractional differential equations, we refer the reader to the
monographs [13,18,21,22] and the papers [1–3,9,10,12,15,23,24].

Recently, many results were obtained that deal with the existence of solutions for
fractional differential equations. Some classical tools have been used to study fractional
differential equations in the literature. These classical tools include fixed-point theory,
topological degree theory and comparison method (see [7,20,25]).

Critical-point theory is an effective tool for dealing with some boundary-value problems
for fractional differential equations. Some new and interesting results can be obtained by
using critical-point theory. In [12], Jiao and Zhou studied the fractional BVP

d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) + ∇F (t, u(t)) = 0 a.e. t ∈ [0, T ],

u(0) = u(T ) = 0.

The variational structure was established and various criteria on the existence of solutions
were obtained. In [23], Teng et al . studied

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) ∈ ∂F (t, u(t)) a.e. t ∈ [0, T ],

u(0) = u(T ) = 0.

By using a variational method based on non-smooth critical-point theory, the existence
and multiplicity of solutions were proved.

As far as we know, there are no results for discontinuous fractional differential equations
with Sturm–Liouville boundary conditions. As a result, the goal of this paper is to fill the
gap in this area. We shall apply the critical-point theory for non-differentiable functions
to establish the existence results of infinitely many solutions to problem (1.1). With
the Sturm–Liouville boundary condition, we establish the new variational structure and
prove the equivalence between the usual norm and new norm in the space Eα,2 (see
Lemma 4.7). With the discontinuity, we prove that the generalized critical point of the
functional is the generalized solution of problem (1.1) (see Lemma 5.9). In addition, we
point out that problem (1.1) cannot be studied by fixed-point theory because it cannot
be expressed as an integral equation. The results hold for the problem with continuous
nonlinearity and with Dirichlet boundary condition.
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This paper is organized as follows: in § 2 we recall some basic knowledge of non-smooth
analysis and abstract results that we are going to apply; in § 3 we introduce fractional
integrals and derivatives; in § 4 we introduce fractional derivative space and prove some
lemmas; in § 5 we establish the variational structure; in § 6 we prove the main results for
bd �= 0; in § 7 we prove the main results for bd = 0.

2. Non-smooth analysis

We collect some basic notions and results of non-smooth analysis, namely, the calculus
for locally Lipschitz functionals developed by Clarke [8] and the monograph of Motreanu
and Panagiotopoulos [19].

Let (X, ‖ · ‖X) be a real Banach space, let (X∗, ‖ · ‖X∗) be its topological dual, and let
ϕ : X → R be a functional. We recall that ϕ is locally Lipschitz (l.L.) if, for all u ∈ X,
there exists a neighbourhood Uu of u and a real number Lu � 0 such that

|ϕ(v) − ϕ(w)| � Lu‖v − w‖X for all v, w ∈ Uu.

Definition 2.1 (Motreanu and Panagiotopoulos [19, Definition 2.161]). Let
ϕ : X → R be l.L. and fix two points u, v ∈ X. The generalized directional derivative of
ϕ at u in the direction v ∈ X is defined as

ϕ0(u; v) = lim sup
w→u, τ→0+

ϕ(w + τv) − ϕ(w)
τ

.

Definition 2.2 (Motreanu and Panagiotopoulos [19, Definition 2.166]). The
generalized gradient of an l.L. functional ϕ : X → R at a point u ∈ X is the subset of
X∗ defined by

∂ϕ(u) = {u∗ ∈ X∗ : 〈u∗, v〉 � ϕ0(u; v) for all v ∈ X}.

So ∂ϕ : X → 2X∗
is a multifunction. We say that ϕ has compact gradient if ∂ϕ maps

bounded subsets of X into relatively compact subsets of X∗.
The following proposition gives the relationship between the generalized directional

derivative ϕ0(u; v) and the usual directional derivative ϕ′(u; v), the generalized gradient
∂ϕ(u), and the Fréchet differential ϕ′(u).

Proposition 2.3 (Motreanu and Panagiotopoulos [19, Proposition 1.1]). Let
ϕ ∈ C1(X) be a functional. Then ϕ is l.L. and

ϕ0(u; v) = ϕ′(u; v) for all u, v ∈ X, (2.1)

∂ϕ(u) = {ϕ′(u)} for all u ∈ X. (2.2)

We say that u ∈ X is a (generalized) critical point of ϕ when

ϕ0(u; v) � 0 ∀v ∈ X

clearly signifies that 0 ∈ ∂ϕ(x).
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In the proof of our main results, we will use Theorem 2.4. For this, we assume that X

is a reflexive real Banach space, that Φ is a sequentially weakly lower semi-continuous
functional, that Υ : X → R is a sequentially weakly upper semi-continuous functional,
and that λ is a real positive parameter. Write Ψ := Υ , Iλ = Φ − λΨ = Φ − λΥ .

Provided that r > infX Φ, we can define

ϕ(r) := inf
u∈Φ−1((−∞,r))

(supu∈Φ−1((−∞,r)) Ψ(u)) − Ψ(u)
r − Φ(u)

,

γ := lim inf
r→+∞

ϕ(r), δ := lim inf
r→(infX Φ)+

ϕ(r).

Assuming that Φ, Ψ are locally Lipschitz functionals, we will use the following result.

Theorem 2.4 (Bonanno and Bisci [4]). Under the above assumptions on X, Φ

and Ψ , one has the following.

(a) For every r > infX Φ and every λ ∈ (0, 1/ϕ(r)), the restriction of the functional
Iλ = Φ − λΨ to Φ−1((−∞, r)) admits a global minimum, which is a critical point
(local minimum) of Iλ in X.

(b) If γ < +∞, then for each λ ∈ (0, 1/γ) the following holds: either

(b1) Iλ possesses a global minimum, or
(b2) there is a sequence {un} of critical points (local minima) of Iλ such that

lim
n→+∞

Φ(un) = +∞.

(c) If δ < +∞, then for each λ ∈ (0, 1/δ) the following holds: either

(c1) there is a global minimum of Φ that is a local minimum of Iλ, or
(c2) there is a sequence {un} of pairwise distinct critical points (local minima)

of Iλ, with limn→+∞ Φ(un) = infX Φ, which weakly converges to a global
minimum of Φ.

3. Fractional calculus

Definition 3.1 (left and right Riemann–Liouville fractional integrals [13,22]).
Let f be a function defined on [a, b]. The left and right Riemann–Liouville fractional
integrals of order γ for the function f , denoted by aD−γ

t f(t) and tD
−γ
b f(t), respectively,

are defined by

aD−γ
t f(t) =

1
Γ (γ)

∫ t

a

(t − s)γ−1f(s) ds, t ∈ [a, b], γ > 0,

and

tD
−γ
b f(t) =

1
Γ (γ)

∫ b

t

(s − t)γ−1f(s) ds, t ∈ [a, b], γ > 0,

provided that the right-hand sides are pointwise defined on [a, b], where Γ > 0 is the
classical gamma function.
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Remark 3.2. For n ∈ N, if γ = n, Definition 3.1 coincides with the nth integrals of
the form [13,22]

aD−n
t f(t) =

1
(n − 1)!

∫ t

a

(t − s)n−1f(s) ds, t ∈ [a, b], n ∈ N,

and

tD
−n
b f(t) =

1
(n − 1)!

∫ b

t

(s − t)n−1f(s) ds, t ∈ [a, b], n ∈ N.

Definition 3.3 (left and right Riemann–Liouville fractional derivatives
[13, 22]). Let f be a function defined on [a, b]. The left and right Riemann–Liouville
fractional derivatives of order γ > 0 for the function f , denoted by aDγ

t f(t) and tD
γ
b f(t),

respectively, are defined by

aDγ
t f(t) =

dn

dtn
aDγ−n

t f(t) =
1

Γ (n − γ)
dn

dtn

( ∫ t

a

(t − s)n−γ−1f(s) ds

)
and

tD
γ
b f(t) = (−1)n dn

dtn
tD

γ−n
b f(t) =

1
Γ (n − γ)

(−1)n dn

dtn

( ∫ b

t

(s − t)n−γ−1f(s) ds

)
,

where t ∈ [a, b], n − 1 � γ < n and n ∈ N. In particular, if 0 � γ < 1, then

aDγ
t f(t) =

d
dt

aDγ−1
t f(t) =

1
Γ (1 − γ)

d
dt

( ∫ t

a

(t − s)−γf(s) ds

)
, t ∈ [a, b],

and

tD
γ
b f(t) = − d

dt
tD

γ−1
b f(t) = − 1

Γ (1 − γ)
d
dt

( ∫ b

t

(s − t)−γf(s) ds

)
, t ∈ [a, b].

Remark 3.4. For n ∈ N, if γ becomes an integer n − 1, according to Definition 3.3,
the left and right Riemann–Liouville fractional derivatives become the usual definitions,
namely,

aDn−1
t f(t) = f (n−1)(t) and tD

n−1
b f(t) = (−1)n−1f (n−1)(t), t ∈ [a, b],

where f (n−1)(t) is the usual derivative of order n − 1.

Remark 3.5. If f ∈ C([a, b], RN ), it is obvious that the Riemann–Liouville fractional
integral of order γ > 0 exists on [a, b]. On the other hand, following [13, Lemma 2.2, p. 73],
we know that the Riemann–Liouville fractional derivative of order γ ∈ [n − 1, n) exists
almost everywhere on [a, b] if f ∈ ACn([a, b], RN ), where Ck([a, b], RN ) (k = 0, 1, . . . )
denotes the set of mappings that are k-times continuously differentiable on [a, b],
AC([a, b], RN ) is the space of functions that are absolutely continuous on [a, b], and
AC(k)([a, b], RN ) (k = 1, 2, . . . ) is the space of functions f such that f ∈ Ck−1([a, b], RN )
and f (k−1) ∈ AC([a, b], RN ). In particular, AC([a, b], RN ) = AC1([a, b], RN ). If f ∈
L1([a, b], RN ), the Riemann–Liouville fractional integral is also in L1([a, b], RN ).
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Definition 3.6 (left and right Caputo fractional derivatives [13]). Let γ � 0
and n ∈ N.

(i) If γ ∈ (n − 1, n) and f ∈ ACn([a, b], RN ), then the left and right Caputo frac-
tional derivatives of order γ for the function f , denoted by c

aDγ
t f(t) and c

tD
γ
b f(t),

respectively, exist almost everywhere on [a, b]. c
aDγ

t f(t) and c
tD

γ
b f(t) are represented

by

c
aDγ

t f(t) = aDγ−n
t f (n)(t) =

1
Γ (n − γ)

( ∫ t

a

(t − s)n−γ−1f (n)(s) ds

)
and

c
tD

γ
b f(t) = (−1)n

t Dγ−n
b f (n)(t) =

(−1)n

Γ (n − γ)

( ∫ b

t

(s − t)n−γ−1f (n)(s) ds

)
,

respectively, where t ∈ [a, b]. In particular, if 0 < γ < 1, then

c
aDγ

t f(t) = aDγ−1
t f ′(t) =

1
Γ (1 − γ)

( ∫ t

a

(t − s)−γf ′(s) ds

)
, t ∈ [a, b],

and

c
tD

γ
b f(t) = −tD

γ−1
b f ′(t) = − 1

Γ (1 − γ)

( ∫ b

t

(s − t)−γf ′(s) ds

)
, t ∈ [a, b].

(ii) If γ = n − 1 and f ∈ ACn−1([a, b], RN ), then c
aDn−1

t f(t) and c
tD

n−1
b f(t) are repre-

sented by

c
aDn−1

t f(t) = f (n−1)(t) and c
tD

n−1
b f(t) = (−1)n−1f (n−1)(t), t ∈ [a, b].

In particular, c
aD0

t f(t) = c
tD

0
bf(t) = f(t), t ∈ [a, b].

Property 3.1 (Kilbas et al . [13]). The left and right Riemann–Liouville fractional
integral operators have the property of a semigroup, i.e.

aD−γ1
t (aD−γ2

t f(t)) = aD−γ1−γ2
t f(t) and tD

−γ1
b (tD

−γ2
b f(t)) = tD

−γ1−γ2
b f(t)

∀γ1, γ2 > 0

in any point t ∈ [a, b] for the continuous function f and for almost every point in [a, b] if
the function f ∈ L1([a, b], RN ).

Property 3.2 (Kilbas et al . [13], Samko et al . [22]). We have the following
property of fractional integration:∫ b

a

[aD−γ
t f(t)]g(t) dt =

∫ b

a

[tD
−γ
b g(t)]f(t) dt, γ > 0,

provided that f ∈ Lp([a, b], RN ), g ∈ Lq([a, b], RN ) and p � 1, q � 1, 1/p + 1/q � 1 + γ

or p �= 1, q �= 1, 1/p + 1/q = 1 + γ.
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Property 3.3 (Kilbas et al . [13]). Let n ∈ N and n − 1 < γ � n. If f ∈
ACn([a, b], RN ) or f ∈ Cn([a, b], RN ), then

aD−γ
t (c

aDγ
t f(t)) = f(t) −

n−1∑
j=0

f (j)(a)
j!

(t − a)j

and

tD
−γ
b (c

tD
γ
b f(t)) = f(t) −

n−1∑
j=0

(−1)jf (j)(b)
j!

(b − t)j

for t ∈ [a, b]. In particular, if 0 < γ � 1 and f ∈ AC([a, b], RN ) or f ∈ C1([a, b], RN ),
then

aD−γ
t (c

aDγ
t f(t)) = f(t) − f(a) and tD

−γ
b (c

tD
γ
b f(t)) = f(t) − f(b).

Definition 3.7 (left and right Riemann–Liouville fractional integrals and
fractional derivatives on the real line [13, 21]). Let f be a function defined on R.
The left and right Riemann–Liouville fractional integrals of order γ > 0 on the real line
for the function f , denoted by −∞D−γ

t f(t) and tD
−γ
∞ f(t), respectively, are defined by

−∞D−γ
t f(t) =

1
Γ (γ)

∫ t

−∞
(t − s)γ−1f(s) ds

and

tD
−γ
∞ f(t) =

1
Γ (γ)

∫ ∞

t

(s − t)γ−1f(s) ds,

where t ∈ R and γ > 0.
The left and right Riemann–Liouville fractional derivatives of order γ > 0 on the real

line for the function f , denoted by −∞Dγ
t f(t) and tD

γ
∞f(t), respectively, are defined by

−∞Dγ
t f(t) =

dn

dtn
−∞Dγ−n

t f(t) =
1

Γ (n − γ)
dn

dtn

( ∫ t

−∞
(t − s)n−γ−1f(s) ds

)
and

tD
γ
∞f(t) = (−1)n dn

dtn
tD

γ−n
∞ f(t) =

1
Γ (n − γ)

(−1)n dn

dtn

( ∫ ∞

t

(s − t)n−γ−1f(s) ds

)
,

where t ∈ R, n − 1 � γ < n and n ∈ N. In particular, if γ becomes an integer n − 1, then

−∞Dn−1
t f(t) = f (n−1)(t) and tD

n−1
∞ f(t) = (−1)n−1f (n−1)(t), t ∈ R, n ∈ N,

where f (n−1)(t) is the usual derivative of order n − 1.
If 0 � γ < 1, then

−∞Dγ
t f(t) =

1
Γ (1 − γ)

d
dt

( ∫ t

−∞
(t − s)−γf(s) ds

)
, t ∈ R,
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and

tD
γ
∞f(t) = − 1

Γ (1 − γ)
d
dt

( ∫ ∞

t

(s − t)−γf(s) ds

)
, t ∈ R.

Property 3.4 (Fourier transform property [10]). Let σ > 0, u ∈ Lp(R), p � 1.
The Fourier transform of the left and right Riemann–Liouville fractional integrals satisfy

F(−∞D−σ
x u(x)) = (iω)−σû(ω),

F(xD−σ
∞ u(x)) = (−iω)−σû(ω),

where û(ω) denotes the Fourier transform of u, û(ω) =
∫

R
e−iωxu(x) dx.

Property 3.5 (Fourier transform property [10]). Let μ > 0 and let u ∈ C∞
0 (Ω0),

where Ω0 is a subset of R. The Fourier transform of the left and right Riemann–Liouville
fractional derivatives satisfy

F(−∞Dμ
xu(x)) = (iω)μû(ω),

F(xDμ
∞u(x)) = (−iω)μû(ω).

4. Fractional derivative space

Definition 4.1. Let α ∈ ( 1
2 , 1], p ∈ [1, +∞). The fractional derivative space

Eα,p = {u : [0, T ] → R
N : u is absolutely continous and c

0D
α
t u ∈ Lp([0, T ], RN )}

is defined by the closure of C∞([0, T ], RN ) with the norm

‖u‖α,p =
( ∫ T

0
|u(t)|p + |c0Dα

t u(t)|p dt

)1/p

. (4.1)

When p = 2, we write Eα,2 = Eα. It is obvious that the fractional derivative space
Eα,p is the space of functions u ∈ Lp([0, T ], RN ) having an α-order Caputo fractional
derivative c

0D
α
t u ∈ Lp([0, T ], RN ).

Lemma 4.2. Let α ∈ (0, 1], p ∈ (1, +∞); the space Eα,p is a reflexive and separable
Banach space.

Proof. The proof is similar to that in [12, Proposition 3.1]. We state it as follows.
Lp([0, T ], RN ) × Lp([0, T ], RN ) is a reflexive and separable Banach space with the norm

‖v‖Lp([0,T ],RN )×Lp([0,T ],RN ) = (‖v1‖p
Lp + ‖v2‖p

Lp)1/p,

where v = (v1, v2) ∈ Lp × Lp, since Lp([0, T ], RN ) is a reflexive and separable Banach
space. Now we consider the space Ω = {(u, c

0D
α
t u) : u ∈ Eα,p} ⊆ Lp([0, T ], RN ) ×

Lp([0, T ], RN ).
We claim that Ω is a closed subset of Lp([0, T ], RN ) × Lp([0, T ], RN ).
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In fact, let

ūn = (un, c
0D

α
t un) → (u0, v0) = ū0 in Lp([0, T ], RN ) × Lp([0, T ], RN );

then un → u0 and c
0D

α
t un → v0 in Lp([0, T ], RN ). Since Eα,p is closed and un ∈ Eα,p,

one has un → u0 in Eα,p. So un → u0 and c
0D

α
t un → c

0D
α
t u0 in Lp([0, T ], RN ). We claim

that u0 = u0, v0 = c
0D

α
t u0 almost everywhere in [0, T ]. In fact,

‖u0 − u0‖Lp = ‖u0 − un + un − u0‖Lp � ‖un − u0‖Lp + ‖un − u0‖Lp → 0

as n → ∞. So u0 = u0 almost everywhere in [0, T ]. Then

‖v0 − c
0D

α
t u0‖Lp = ‖v0 − c

0D
α
t un + c

0D
α
t un − c

0D
α
t u0‖Lp

� ‖c
0D

α
t un − v0‖Lp + ‖c

0D
α
t un − c

0D
α
t u0‖Lp → 0

as n → ∞. So v0 = c
0D

α
t u0 almost everywhere in [0, T ], ū0 ∈ Ω. Therefore, Ω is also

a reflexive and separable Banach space with respect to the norm ‖ · ‖Lp×Lp . Define an
operator A : Eα,p → Ω as

A : u → (u, c
0D

α
t u) ∀u ∈ Eα,p.

It is obvious that the operator A : u → (u, c
0D

α
t u) is an isometric mapping and Eα,p is

isometric isomorphic to the space Ω. Thus, Eα,p is a reflexive and separable Banach
space. �

Lemma 4.3 (Jiao and Zhou [12, Lemma 3.1]). Let 0 < α � 1 and 1 � p < ∞.
For any f ∈ Lp([0, T ], RN ), we have

‖0D
−α
ξ f‖Lp([0,t]) � tα

Γ (α + 1)
‖f‖Lp([0,t]) for ξ ∈ [0, t], t ∈ [0, T ].

Lemma 4.4. Let 0 < α � 1 and 1 � p < ∞. For any f ∈ Lp([0, T ], RN ) we have

‖ξD
−α
T f‖Lp([t,T ]) � (T − t)α

Γ (α + 1)
‖f‖Lp([t,T ]) for ξ ∈ [t, T ], t ∈ [0, T ].

Proof. If p = 1, we have

‖ξD
−α
T f‖L1([t,T ]) =

1
Γ (α)

∫ T

t

∣∣∣∣ ∫ T

ξ

(s − ξ)α−1f(s) ds

∣∣∣∣ dξ

� 1
Γ (α)

∫ T

t

∫ T

ξ

(s − ξ)α−1|f(s)| ds dξ

=
1

Γ (α)

∫ T

t

∫ s

t

(s − ξ)α−1 dξ|f(s)| ds

=
1

Γ (α)

∫ T

t

(s − t)α

α
|f(s)| ds

� (T − t)α

Γ (α + 1)
‖f‖L1([t,T ]).
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If 1 < p < +∞, then let g ∈ Lq([0, T ], RN ), where 1/p + 1/q = 1. Define

Hξ∗f : Lq([0, T ], RN ) → R

by

Hξ∗f (g) =
∫ T

t

g(ξ)
( ∫ T

ξ

(s − ξ)α−1f(s) ds

)
dξ. (4.2)

We compute∣∣∣∣ ∫ T

t

g(ξ)
( ∫ T

ξ

(s − ξ)α−1f(s) ds

)
dξ

∣∣∣∣ =
∣∣∣∣ ∫ T

t

g(ξ)
( ∫ T

ξ

(T − τ)α−1f(T − τ + ξ) dτ

)
dξ

∣∣∣∣
=

∣∣∣∣ ∫ T

t

(T − τ)α−1
( ∫ τ

t

g(ξ)f(T − τ + ξ) dξ

)
dτ

∣∣∣∣
� (T − t)α

α
‖f‖Lp([t,T ])‖g‖Lq([t,T ]) (4.3)

for t ∈ [0, T ]. So Hξ∗f ∈ (Lq([0, T ], RN ))∗, where (Lq([0, T ], RN ))∗ denotes the dual space
of Lq([0, T ], RN ).

Therefore, by (4.2), (4.3) and the Riesz representation theorem, there exists h ∈
Lp([0, T ], RN ) such that∫ T

t

g(ξ)h(ξ) dξ = Hξ∗f (g) =
∫ T

t

g(ξ)
( ∫ T

ξ

(s − ξ)α−1f(s) ds

)
dξ (4.4)

for all g ∈ Lq([0, T ], RN ). By (4.3), ‖h‖Lp([t,T ]) � ((T − t)α/α)‖f‖Lp([t,T ]).
By (4.4),

h(ξ)
Γ (α)

=
1

Γ (α)

∫ T

ξ

(s − ξ)α−1f(s) ds = ξD
−α
T f(ξ) for ξ ∈ [t, T ],

which means that

‖ξD
−α
T f‖Lp([t,T ]) �

‖h‖Lp([t,T ])

Γ (α)
� (T − t)α

Γ (α + 1)
‖f‖Lp[t,T ]. �

Lemma 4.5. For u(x) a real-valued function, one has∫ +∞

−∞
(−∞Dα−1

t u′(t), tD
α−1
∞ u′(t)) dt = − cos πα

∫ +∞

−∞
|−∞Dα−1

t u′(t)|2 dt

= − cos πα

∫ +∞

−∞
|tDα−1

∞ u′(t)|2 dt. (4.5)

Proof. The idea of the proof comes from [10, Lemma 2.4]. By the Fourier transform
properties, ∫

R

uv̄ dx =
∫

R

ûv̂ dw, (4.6)
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where û(w) = F(u), and, with the observation that

(iw)α−1 =

{
exp(−iπ(α − 1))(−iw)α−1 if w � 0,

exp(iπ(α − 1))(−iw)α−1 if w < 0,
(4.7)

we have∫ +∞

−∞
(−∞Dα−1

t u′(t), tD
α−1
∞ u′(t)) dt

=
∫

R

F(−∞Dα−1
t u′(t))F(tD

α−1
∞ u′(t)) dw (we have used (4.6))

=
∫

R

(iw)α−1û′(w)(−iw)α−1û′(w) dw (we have used Property (3.4))

=
∫ 0

−∞
(iw)α−1û′(w) exp(−iπ(α − 1))(iw)α−1û′(w) dw

+
∫ +∞

0
(iw)α−1û′(w) exp(iπ(α − 1))(iw)α−1û′(w) dw (we have used (4.7))

=
∫ 0

−∞
(iw)α−1û′(w)(iw)α−1û′(w) dw cos π(α − 1)

− i
∫ 0

−∞
(iw)α−1û′(w)(iw)α−1û′(w) dw sin π(α − 1)

+
∫ +∞

0
(iw)α−1û′(w)(iw)α−1û′(w) dw cos π(α − 1)

+ i
∫ +∞

0
(iw)α−1û′(w)(iw)α−1û′(w) dw sin π(α − 1)

=
∫ +∞

−∞
(iw)α−1û′(w)(iw)α−1û′(w) dw cos π(α − 1)

− i sinπ(α − 1)
( ∫ 0

−∞
(iw)α−1û′(w)(iw)α−1û′(w) dw

−
∫ +∞

0
(iw)α−1û′(w)(iw)α−1û′(w) dw

)
.

(4.8)

We compute∫ 0

−∞
(iw)α−1û′(w)(iw)α−1û′(w) dw −

∫ +∞

0
(iω)α−1û′(ω)(iω)α−1û′(ω) dω

=
∫ 0

−∞
(iw)α−1û′(w)(iw)α−1û′(−w) dw −

∫ +∞

0
(iω)α−1û′(ω)(iω)α−1û′(−ω) dω

=
∫ +∞

0
(−it)α−1û′(−t)(−it)α−1û′(t) dt −

∫ +∞

0
(iω)α−1û′(ω)(iω)α−1û′(−ω) dω
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=
∫ +∞

0
exp

(
−π

2
(α − 1)i

)
tα−1exp

(
−π

2
(α − 1)i

)
tα−1û′(−t)û′(t) dt

−
∫ +∞

0
exp

(
π

2
(α − 1)i

)
ωα−1exp

(
π

2
(α − 1)i

)
ωα−1û′(ω)û′(−ω) dω

= 0. (4.9)

Combining (4.8) and (4.9), one has∫ +∞

−∞
(−∞Dα−1

t u′(t), tD
α−1
∞ u′(t)) dt

=
∫ +∞

−∞
(iw)α−1û′(w)(iw)α−1û′(w) dw cos π(α − 1)

=
∫ +∞

−∞
F(−∞Dα−1

t u′(t))F(−∞Dα−1
t u′(t)) dω cos π(α − 1)

=
∫ +∞

−∞
|−∞Dα−1

t u′(t)|2 dt cos π(α − 1) (we have used (4.6))

= − cos πα

∫ +∞

−∞
|−∞Dα−1

t u′(t)|2 dt.

Since∫ +∞

−∞
(iw)α−1û′(w)(iw)α−1û′(w) dw =

∫ +∞

−∞
(−iw)α−1û′(w)(−iw)α−1û′(w) dw,

one has ∫ +∞

−∞
|−∞Dα−1

t u′(t)|2 dt =
∫ +∞

−∞
|tDα−1

∞ u′(t)|2 dt.

The result follows. �

Lemma 4.6. If α ∈ ( 1
2 , 1], then for any u ∈ Eα we have

− cos πα

∫ T

0
|c0Dα

t u(t)|2 dt � −
∫ T

0
(c
0D

α
t u(t), c

tD
α
T u(t)) dt � − 1

cos πα

∫ T

0
|c0Dα

t u(t)|2 dt.

(4.10)

Proof. Let u ∈ Eα and define

ũ(t) =

⎧⎪⎨⎪⎩
u(t), t ∈ [0, T ],

u(0), t � 0,

u(T ), t � T.

(4.11)

It is clear that

−∞Dα−1
t ũ′(t) = 0 for t < 0
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and

tD
α−1
∞ ũ′(t) = 0 for t > 0.

So by Lemma 4.5, we have

−
∫ T

0
(c
0D

α
t u(t), c

tD
α
T u(t)) dt

=
∫ T

0
(0Dα−1

t u′(t), tD
α−1
T u′(t)) dt (we have used the definitions of left

and right Caputo fractional derivatives)

=
∫ +∞

−∞
(0Dα−1

t ũ′(t), tD
α−1
T ũ′(t)) dt (we have used (4.11))

=
∫ +∞

−∞
(−∞Dα−1

t ũ′(t), tD
α−1
∞ ũ′(t)) dt

= − cos πα

∫ +∞

−∞
|−∞Dα−1

t ũ′(t)|2 dt (we have used Lemma 4.5)

= − cos πα

∫ +∞

0
|0Dα−1

t ũ′(t)|2 dt

� − cos πα

∫ T

0
|0Dα−1

t u′(t)|2 dt

= − cos πα

∫ T

0
|c0Dα

t u(t)|2 dt.

On the other hand,∣∣∣∣−∫ T

0
(c
0D

α
t u(t), c

tD
α
T u(t)) dt

∣∣∣∣
=

∣∣∣∣ ∫ T

0
(0Dα−1

t u′(t), tD
α−1
T u′(t)) dt

∣∣∣∣
�

∫ T

0

1√
2ε

|0Dα−1
t u′(t)|

√
2ε|tDα−1

T u′(t)| dt

�
∫ T

0

1
4ε

|0Dα−1
t u′(t)|2 + ε|tDα−1

T u′(t)|2 dt

=
1
4ε

∫ T

0
|c0Dα

t u(t)|2 dt + ε

∫ ∞

0
|tDα−1

∞ ũ′(t)|2 dt

� 1
4ε

∫ T

0
|c0Dα

t u(t)|2 dt + ε

∫ ∞

−∞
|tDα−1

∞ ũ′(t)|2 dt

=
1
4ε

∫ T

0
|c0Dα

t u(t)|2 dt − ε

cos πα

∣∣∣∣ ∫ +∞

−∞
(−∞Dα−1

t ũ′(t), tD
α−1
∞ ũ′(t)) dt

∣∣∣∣
(we have used Lemma 4.5)
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=
1
4ε

∫ T

0
|c0Dα

t u(t)|2 dt − ε

cos πα

∣∣∣∣ ∫ T

0
(0Dα−1

t u′(t), tD
α−1
T u′(t)) dt

∣∣∣∣
=

1
4ε

∫ T

0
|c0Dα

t u(t)|2 dt − ε

cos πα

∣∣∣∣ ∫ T

0
(c
0D

α
t u(t), c

tD
α
T u(t)) dt

∣∣∣∣.
So (

1 +
ε

cos πα

)∣∣∣∣ ∫ T

0
(c
0D

α
t u(t), c

tD
α
T u(t)) dt

∣∣∣∣ � 1
4ε

∫ T

0
|c0Dα

t u(t)|2 dt.

By taking ε = − 1
2 cos πα, we have∣∣∣∣ ∫ T

0
(c
0D

α
t u(t), c

tD
α
T u(t)) dt

∣∣∣∣ � − 1
cos πα

∫ T

0
|c0Dα

t u(t)|2 dt.

�

Lemma 4.7. Let α ∈ ( 1
2 , 1] and u ∈ Eα. The norm ‖u‖α,2 is equivalent to

‖u‖ =
(

−
∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt +

c

d
(u(T ))2 +

a

b
(u(0))2

)1/2

.

Proof. First we will show that there exists an M1 > 0 satisfying ‖u‖α,2 � M1‖u‖. By
Property 3.3, 0D

−α
t (c

0D
α
t u(t)) = u(t) − u(0). So∫ T

0
|u(t)|2 dt =

∫ T

0
|0D−α

t (c
0D

α
t u(t)) + u(0)|2 dt

� 2
∫ T

0
|0D−α

t (c
0D

α
t u(t))|2 + |u(0)|2 dt

� 2T |u(0)|2 + 2
T 2α

(Γ (α + 1))2
‖c
0D

α
t u‖2

L2 (we have used Lemma 4.3)

� 2T
b

a

a

b
(u(0))2 +

2T 2α

(Γ (α + 1))2 cos πα

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt

(we have used Lemma 4.6)

� max
{

2T
b

a
,− 2T 2α

(Γ (α + 1))2 cos πα

}
‖u‖2. (4.12)

By (4.12) and Lemma 4.6,

‖u‖α,2 =
( ∫ T

0
|u(t)|2 + |c0Dα

t u|2 dt

)1/2

�
(

max
{

2T
b

a
,− 2T 2α

(Γ (α + 1))2 cos πα

}
‖u‖2 +

1
cos πα

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt

)1/2

�
(

max
{

2T
b

a
,− 2T 2α

(Γ (α + 1))2 cos πα

}
− 1

cos πα

)1/2

‖u‖, (4.13)
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which means that
‖u‖α,2 � M1‖u‖, (4.14)

where

M1 =
(

max
{

2T
b

a
,− 2T 2α

(Γ (α + 1))2 cos πα

}
− 1

cos πα

)1/2

. (4.15)

In the following we will show that there exists an M2 > 0 satisfying ‖u‖ � M2‖u‖α,2.
By Property 3.3, u(0) = u(t) − 0D

−α
t (c

0D
α
t u(t)). So

u(0) =
1
T

∫ T

0
u(0) ds

=
1
T

∫ T

0
u(t) − 0D

−α
t (c

0D
α
t u(t)) dt

� 1
T

( ∫ T

0
|u(t)| dt +

∫ T

0
|0D−α

t (c
0D

α
t u(t))| dt

)
� 1

T
(T 1/2‖u‖L2 + T 1/2‖0D

−α
t (c

0D
α
t u(t))‖L2[0,T ])

(we have used Hölder’s inequality)

� 1
T

(
T 1/2‖u‖L2 +

Tα+1/2

Γ (α + 1)
‖c
0D

α
t u‖L2[0,T ]

)
(we have used Lemma 4.3)

�
√

2 max
{

T−1/2,
T−1/2+α

Γ (α + 1)

}
‖u‖α,2. (4.16)

By Property 3.3, u(T ) = u(t) − tD
−α
T (c

tD
α
T u(t)). So

u(T ) =
1
T

∫ T

0
u(T ) ds

=
1
T

∫ T

0
u(t) − tD

−α
T (c

tD
α
T u(t)) dt

� 1
T

( ∫ T

0
|u(t)| dt +

∫ T

0
|tD−α

T (c
tD

α
T u(t))| dt

)
� 1

T
(T 1/2‖u‖L2 + T 1/2‖tD

−α
T (c

tD
α
T u(t))‖L2[0,T ])

(we have used Hölder’s inequality)

� 1
T

(
T 1/2‖u‖L2[0,T ] +

Tα+1/2

Γ (α + 1)
‖c

tD
α
T u‖L2[0,T ]

)
(we have used Lemma 4.4).

(4.17)

We compute

‖c
tD

α
T u‖2

L2[0,T ] = ‖tD
α−1
T u′‖L2[0,T ]

�
∫

R

(tD
α−1
∞ ũ′, tD

α−1
∞ ũ′) dt
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=
∫

R

|tDα−1
∞ ũ′|2 dt

= − 1
cos πα

∫
R

(−∞Dα−1
t ũ′, tD

α−1
∞ ũ′) dt (we have used Lemma 4.5)

= − 1
cos πα

∫
R

(
1

Γ (1 − α)

∫ t

−∞
(t − s)−αũ′(s) ds,

1
Γ (1 − α)

∫ ∞

t

(s − t)−αũ′(s) ds

)
dt

= − 1
cos πα

∫
R

(
1

Γ (1 − α)

∫ t

0
(t − s)−αũ′(s) ds,

1
Γ (1 − α)

∫ T

t

(s − t)−αũ′(s) ds

)
dt

= − 1
cos πα

∫ T

0
(0Dα−1

t u′, tD
α−1
T u′) dt

= − 1
cos πα

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt

� 1
(cos πα)2

∫ T

0
|c0Dα

t u|2 dt (we have used Lemma 4.6). (4.18)

By (4.17) and (4.18),

|u(T )| � 1
T

(
T 1/2‖u‖L2[0,T ] − Tα+1/2

Γ (α + 1) cos πα
‖c
0D

α
t u‖L2[0,T ]

)
� max

{
T−1/2,

−Tα−1/2

Γ (α + 1) cos πα

}
(‖u‖L2[0,T ] + ‖c

0D
α
t u‖L2[0,T ])

�
√

2 max
{

T−1/2,
−Tα−1/2

Γ (α + 1) cos πα

}
‖u‖α,2. (4.19)

Equations (4.16) and (4.19) and Lemma 4.6 mean that ‖u‖ � M2‖u‖α,2 for some M2 > 0.
The proof is completed. �

5. Variational structure for bd �= 0

Let α = 1 − β/2. Then α ∈ ( 1
2 , 1].

Defining Df := {z ∈ R | f is discontinuous at z}, we recall that f is said to be
continuous almost everywhere if Df is (Lebesgue) measurable and m(Df ) = 0. Moreover,
if f is locally essentially bounded, we write

f−(z) = lim
δ→0−

ess inf
|t−z|<δ

f(z), f+(z) = lim
δ→0+

ess sup
|t−z|<δ

f(z) for each t ∈ R.

We observe that f−, f+ are, respectively, lower semi-continuous and upper semi-
continuous.
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Definition 5.1. A function u ∈ Eα is said to be a generalized solution of (1.1) if u

satisfies the boundary condition of (1.1) and the equation of (1.1) for almost everywhere
t ∈ [0, T ].

Remark 5.2. If f is a continuous function, then (0D
−β
t u′)′, (tD

−β
T u′)′ ∈ C[0, T ], and

u is a classical solution of problem (1.1).

For each u ∈ Eα, define Φ : Eα → R by

Φ(u) = −1
2

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt +

c

2d
(u(T ))2 +

a

2b
(u(0))2 = 1

2‖u‖2.

Υ (u) =
∫ T

0 F (u(t)) dt, where F (u) :=
∫ u

0 f(s) ds, j(u) = 0, Ψ(u) = Υ (u) − j(u) = Υ (u),
Iλ(u) = Φ(u) − λΨ(u) = Φ(u) − λΥ (u).

Lemma 5.3. Φ : Eα → R is weakly lower semi-continuous.

Proof. It is clear that Φ is lower semi-continuous. In order to show that Φ is weakly
lower semi-continuous on Eα, it is sufficient to show that Φ is convex on Eα.

Let λ ∈ (0, 1), let u, v ∈ Eα, and let ũ and ṽ be the extensions of u and v by [0, T ]
defined in (4.11). Then

Φ1((1 − λ)u + λv)

:= −1
2

∫ T

0
(c
0D

α
t ((1 − λ)u + λv), c

tD
α
T ((1 − λ)u + λv)) dt

= 1
2

∫ T

0
(0Dα−1

t ((1 − λ)u′ + λv′), tD
α−1
T ((1 − λ)u′ + λv′)) dt

= 1
2

∫ +∞

−∞
(−∞Dα−1

t ((1 − λ)ũ′ + λṽ′), tD
α−1
∞ ((1 − λ)ũ′ + λṽ′)) dt

= − 1
2 cos πα

∫ +∞

−∞
|−∞Dα−1

t ((1 − λ)ũ′ + λṽ′)|2 dt (we have used Lemma 4.5)

� − 1
2 cos πα

∫ +∞

−∞
[(1 − λ)|−∞Dα−1

t ũ′|2 + λ|−∞Dα−1
t ṽ′|2] dt

= 1
2 (1 − λ)

∫ +∞

−∞
(−∞Dα−1

t ũ′, tD
α−1
∞ ũ′) dt + 1

2λ

∫ +∞

−∞
(−∞Dα−1

t ṽ′, tD
α−1
∞ ṽ′) dt

= 1
2

∫ +∞

−∞
(1 − λ)(0Dα−1

t ũ′, tD
α−1
T ũ′) dt + 1

2

∫ +∞

−∞
λ(0Dα−1

t ṽ′, tD
α−1
T ṽ′) dt

= 1
2

∫ T

0
(1 − λ)(0Dα−1

t u′, tD
α−1
T u′) dt + 1

2

∫ T

0
λ(0Dα−1

t v′, tD
α−1
T v′) dt

= −1 − λ

2

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt − λ

2

∫ T

0
(c
0D

α
t v, c

tD
α
T v) dt

= (1 − λ)Φ1(u) + λΦ1(v).
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So Φ1 is convex on Eα. Clearly,

Φ2(u) :=
c

2d
|u(T )|2 +

a

2b
|u(0)|2

is convex on Eα. So Φ(u) := Φ1(u) + Φ2(u) is convex on Eα. The proof is complete. �

Lemma 5.4. For u ∈ Eα, there exists M3 > 0 such that ‖u‖∞ � M3‖u‖, where

‖u‖∞ = max
t∈[0,T ]

|u(t)|,

M3 =
√

2M1 max
{

T−1/2,
Tα−1/2

Γ (α + 1)

}
+

Tα−1/2

Γ (α)(2α − 1)1/2
√

|cos πα|
,

and M1 is defined in (4.15).

Proof. For u ∈ Eα,

|0D−α
t (c

0D
α
t u(t))| =

1
Γ (α)

∫ t

0
(t − s)α−1c

0D
α
s u(s) ds

� 1
Γ (α)

( ∫ t

0
(t − s)2(α−1) ds

)1/2( ∫ T

0
|c0Dα

s u(s)|2 ds

)1/2

� 1
Γ (α)

[
t2α−1

2α − 1

]1/2

‖c
0D

α
t u‖L2[0,T ]

� Tα−1/2

Γ (α)(2α − 1)1/2
√

|cos πα|

[
−

∫ T

0
(c
0D

α
t u(t), c

tD
α
T u(t)) dt

]1/2

(we have used Lemma 4.6)

� Tα−1/2

Γ (α)(2α − 1)1/2
√

|cos πα|
‖u‖. (5.1)

By (4.14) and (4.16),

|u(0)| �
√

2 max
{

T−1/2,
Tα−1/2

Γ (α + 1)

}
‖u‖α,2 �

√
2M1 max

{
T−1/2,

Tα−1/2

Γ (α + 1)

}
‖u‖.

(5.2)
By Property 3.3, (5.1) and (5.2),

‖u‖∞ = |u(0) + 0D
−α
t (c

0D
α
t u(t))|

�
[√

2M1 max
{

T−1/2,
Tα−1/2

Γ (α + 1)

}
+

Tα−1/2

Γ (α)(2α − 1)1/2
√

|cos πα|

]
‖u‖

:= M3‖u‖.

The result follows. �
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Proposition 5.5. Let 0 < α � 1, 1 < p < ∞. Assume that α > 1/p and the
sequence (uk) converges weakly to u in Eα,p, i.e. uk ⇀ u. Then uk → u in C([0, T ], RN ),
i.e. ‖uk − u‖∞ → 0 as k → ∞.

Proof. By ‖u‖∞ � M3‖u‖, the injection of Eα,p into C([0, T ], RN ) is continuous, i.e. if
uk → u in Eα,p, then uk → u in C([0, T ], RN ). Since uk ⇀ u in Eα,p, it follows that uk ⇀

u in C([0, T ], RN ). In fact, for any h ∈ (C([0, T ], RN ))∗, if uk → u in Eα,p, then uk → u

in C([0, T ], RN ), and thus h(uk) → h(u). Therefore, h ∈ (Eα,p)∗, which means that
(C([0, T ], RN ))∗ ⊆ (Eα,p)∗. Hence, if uk ⇀ u in Eα,p, then for any h ∈ (C([0, T ], RN ))∗

we have h ∈ (Eα,p)∗, and thus h(uk) → h(u), i.e. uk ⇀ u in C([0, T ], RN ). By the
Banach–Steinhaus theorem, (uk) is bounded in Eα,p, and hence in C([0, T ], RN ). We are
now in a position to prove that the sequence (uk) is equi-uniformly continuous. For any
t1, t2 satisfying 0 � t1 � t2 � T , we have, by Property 3.3,

|uk(t1) − uk(t2)| = |0D−α
t1 (c

0D
α
t1uk(t1)) − 0D

−α
t2 (c

0D
α
t2uk(t2))|. (5.3)

First we compute

|0D−α
t1 f(t1) − 0D

−α
t2 f(t2)|

=
1

Γ (α)

∣∣∣∣ ∫ t1

0
(t1 − s)α−1f(s) ds −

∫ t2

0
(t2 − s)α−1f(s) ds

∣∣∣∣
� 1

Γ (α)

∣∣∣∣ ∫ t1

0
[(t1 − s)α−1 − (t2 − s)α−1]f(s) ds

∣∣∣∣ +
1

Γ (α)

∣∣∣∣ ∫ t2

t1

(t2 − s)α−1f(s) ds

∣∣∣∣
� 1

Γ (α)

( ∫ t1

0
|(t1 − s)α−1 − (t2 − s)α−1|q ds

)1/q

‖f‖Lp[0,t1]

+
1

Γ (α)

( ∫ t2

t1

(t2 − s)(α−1)q ds

)1/q

‖f‖Lp[t1,t2]

� 1
Γ (α)

( ∫ t1

0
(t1 − s)(α−1)q − (t2 − s)(α−1)q ds

)1/q

‖f‖Lp[0,t1]

+
1

Γ (α)

( ∫ t2

t1

(t2 − s)(α−1)q ds

)1/q

‖f‖Lp[t1,t2]

=
‖f‖Lp[0,t1]

Γ (α)

(
t
(α−1)q+1
1

(α − 1)q + 1
+

−t
(α−1)q+1
2 + (t2 − t1)(α−1)q+1

(α − 1)q + 1

)1/q

+
‖f‖Lp[t1,t2]

Γ (α)
(t2 − t1)(α−1)+1/q

[(α − 1)q + 1]1/q

=
‖f‖Lp[0,t1]

Γ (α)[(α − 1)q + 1]1/q
[t(α−1)q+1

1 − t
(α−1)q+1
2 + (t2 − t1)(α−1)q+1]1/q

+
‖f‖Lp[t1,t2]

Γ (α)[(α − 1)q + 1]1/q
(t2 − t1)(α−1)+1/q

�
2‖f‖Lp[0,T ]

Γ (α)[(α − 1)q + 1]1/q
(t2 − t1)α−1/p, where

1
p

+
1
q

= 1. (5.4)
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By (5.3) and (5.4),

|uk(t1) − uk(t2)| � 2(t2 − t1)α−1/p

Γ (α)[(α − 1)q + 1]1/q
‖c
0D

α
t uk‖Lp[0,T ]

� 2‖uk‖Eα,p

Γ (α)[(α − 1)q + 1]1/q
(t2 − t1)α−1/p

:= C(t2 − t1)α−1/p.

By the Arzelà–Ascoli theorem, (uk) is a relatively compact sequence in C([0, T ], RN ).
By the uniqueness of the weak limit in C([0, T ], RN ), every uniformly convergent subse-
quence of (uk) converges to u. Thus, (uk) converges uniformly on [0, T ] to u. �

Following this, we shall prove Lemma 5.9; we first present some necessary results.

Lemma 5.6. Let u, v ∈ L1([0, T ], Rn). If, for every φ ∈ C∞
0 [0, T ],∫ T

0
(u(t), φ′(t)) dt = −

∫ T

0
(v(t), φ(t)) dt, (5.5)

then u is the primitive of v, that is, u(t) =
∫ t

0 v(s) ds + c for a.e. t ∈ [0, T ], c ∈ R
n.

Proof. Let us define w ∈ C([0, T ], Rn) by w(t) =
∫ t

0 v(s) ds so that∫ T

0
(w(t), φ′(t)) dt =

∫ T

0

( ∫ t

0
v(s) ds, φ′(t)

)
dt.

By Fubini’s theorem, (5.5), we obtain∫ T

0
(w(t), φ′(t)) dt =

∫ T

0

[ ∫ T

s

(v(s), φ′(t)) dt

]
ds

= −
∫ T

0
(v(s), φ(s)) ds

=
∫ T

0
(u(s), φ′(s)) ds.

So ∫ T

0
(u(s) − w(s), φ′(s)) ds = 0. (5.6)

By the fundamental lemma of the calculus of variation, one has u(t) − w(t) = c, where
c ∈ R. The proof is complete. �

Lemma 5.7. Consider the problem

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) = h(t) a.e. t ∈ [0, T ],

au(0) − b( 1
2 0D

−β
t u′(0) + 1

2 tD
−β
T u′(0)) = 0,

cu(T ) + d( 1
2 0D

−β
t u′(T ) + 1

2 tD
−β
T u′(T )) = 0,

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (5.7)
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where h ∈ L2([0, T ]). Problem (5.7) has a unique solution ū ∈ Eα such that (0D
−β
t (ū′))′,

(tD
−β
T (ū′))′ are almost everywhere continuous and ū satisfies (5.7). Furthermore, ū is

obtained via

min
v∈Eα

{
−

∫ T

0
(c
0D

α
t v, c

tD
α
T v) dt +

c

d
v2(T ) +

a

b
v2(0)

}
.

Proof. If u is a classical solution of (5.7), then, by integration by parts, Property 3.1
and Property 3.2, we have

1
2

∫ T

0
(0D

−β
t u′ + tD

−β
T u′)′v dt +

∫ T

0
h(t)v(t) dt

= − c

d
u(T )v(T ) − a

b
u(0)v(0) − 1

2

∫ T

0
(0D

−β/2
t u′, tD

−β/2
T v′) + (tD

−β/2
T u′, 0D

−β/2
t v′) dt

+
∫ T

0
h(t)v(t) dt

= − c

d
u(T )v(T ) − a

b
u(0)v(0) + 1

2

∫ T

0
(c
0D

α
t u, c

tD
α
T v) + (c

tD
α
T u, c

0D
α
t v) dt

+
∫ T

0
h(t)v(t) dt

for all v ∈ Eα.
Let

a(u, v) = −1
2

∫ T

0
(c
0D

α
t u, c

tD
α
T v) + (c

tD
α
T u, c

0D
α
t v) dt +

c

d
u(T )v(T ) +

a

b
u(0)v(0).

Clearly, a(u, v) is a continuous coercive bilinear form on Eα. We apply the Lax–Milgram
theorem [5, Corollary 5.8] with the bilinear form a(u, v) and the linear functional ϕ : v 
→∫ T

0 h(t)v(t) dt. We obtain that there exists a unique element ū ∈ Eα such that

a(ū, v) =
∫ T

0
h(t)v(t) dt (5.8)

for all v ∈ Eα. Moreover, ū is obtained by minv∈Eα{ 1
2a(v, v) −

∫ T

0 h(t)v(t) dt}. So

0 = −1
2

∫ T

0
(c
0D

α
t ū, c

tD
α
T v) + (c

tD
α
T ū, c

0D
α
t v) dt +

c

d
ū(T )v(T ) +

a

b
ū(0)v(0)

−
∫ T

0
h(t)v(t) dt

= 1
2

∫ T

0
(0D

−β/2
t ū′, tD

−β/2
T v′) + (tD

−β/2
T ū′, 0D

−β/2
t v′) dt +

c

d
ū(T )v(T )

+
a

b
ū(0)v(0) −

∫ T

0
h(t)v(t) dt

= 1
2

∫ T

0
(0D

−β
t ū′ + tD

−β
T ū′, v′) dt +

c

d
ū(T )v(T ) +

a

b
ū(0)v(0) −

∫ T

0
h(t)v(t) dt (5.9)
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holds for all v ∈ Eα. Without loss of generality, (5.9) holds for all v ∈ C∞
0 ⊂ Eα, where

C∞
0 = {u ∈ C∞[0, T ] : u(0) = u(T ) = 0}. Then (5.9) becomes

0 = 1
2

∫ T

0
(0D

−β
t ū′ + tD

−β
T ū′, v′) dt −

∫ T

0
h(t)v(t) dt

for all v ∈ C∞
0 . By Lemma 5.6,

1
2 (0D

−β
t ū′ + tD

−β
T ū′) = −

∫ t

0
h(s) ds + c a.e. t ∈ [0, T ], c ∈ R.

So
1
2

d
dt

(0D
−β
t ū′ + tD

−β
T ū′) + h(t) = 0, t ∈ [0, T ]. (5.10)

Since h is almost everywhere continuous on [0, T ], we have that

d
dt

(0D
−β
t ū′ + tD

−β
T ū′)

is almost everywhere continuous on [0, T ]. Substituting (5.10) into (5.9), we have, by
integration by parts,

0 =1
2

∫ T

0
(0D

−β
t ū′ + tD

−β
T ū′, v′) dt +

c

d
ū(T )v(T ) +

a

b
ū(0)v(0)

+
∫ T

0

(
d
dt

( 1
2 0D

−β
t ū′ + 1

2 tD
−β
T ū′), v

)
dt

=
c

d
ū(T )v(T ) +

a

b
ū(0)v(0) + 1

2 (0D
−β
t ū′ + tD

−β
T ū′, v)|T0

=
c

d
ū(T )v(T ) +

a

b
ū(0)v(0) + 1

2 0D
−β
t ū′(T )v(T ) + 1

2 tD
−β
T ū′(T )v(T )

− 1
2 0D

−β
t ū′(0)v(0) − 1

2 tD
−β
T ū′(0)v(0)

=
[

c

d
ū(T ) + 1

2 0D
−β
t ū′(T ) + 1

2 tD
−β
T ū′(T )

]
v(T )

+
[
a

b
ū(0) − 1

2 0D
−β
t ū′(0) − 1

2 tD
−β
T ū′(0)

]
v(0) (5.11)

for all v ∈ Eα. Let v(0) = 0, v(T ) �= 0. Then

c

d
ū(T ) + 1

2 0D
−β
t ū′(T ) + 1

2 tD
−β
T ū′(T ) = 0.

Similarly, we have
a

b
ū(0) − 1

2 0D
−β
t ū′(0) − 1

2 tD
−β
T ū′(0) = 0,

i.e. the boundary conditions hold.
It is clear from (5.8) that 0D

−β
t ū′ ∈ L2[0, T ]. Hence, we have tD

−β
T ū′ ∈ L2[0, T ]. If

h ∈ C[0, T ], then 0D
−β
t u′ ∈ C[0, T ], (0D

−β
t u′)′ ∈ C[0, T ]. �
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Lemma 5.8. Let u ∈ Eα. If a(u, v) = 0 for all v ∈ L2[0, T ], then u = 0 for t ∈ [0, T ].

Proof. If a(u, v) = 0 for all v ∈ L2[0, T ], then, without loss of generality, a(u, u) = 0.
Since a(u, u) = ‖u‖2, we have u(t) = 0 for t ∈ [0, T ]. �

Lemma 5.9. Let f : R → R be a locally essentially bounded and almost everywhere
continuous function. Assume that

(i) for a.e. t ∈ [0, T ], for each u ∈ Df , f−(u) � 0 � f+(u) implies that f(u) = 0.

If u ∈ Eα is a generalized critical point of Iλ, then u is a generalized solution of BVP (1.1).

Proof. Let u0 ∈ Eα be a generalized critical point of Iλ, i.e. I0
λ(u0, v) � 0 for all

v ∈ Eα. From this we obtain

Φ′(u0)(v) + λ(−Υ )0(u0; v) � 0

for all v ∈ Eα. That is,

1
2

∫ T

0
(c
0D

α
t u0,

c
tD

α
T v) + (c

tD
α
T u0,

c
0D

α
t v) dt − c

d
u0(T )v(T ) − a

b
u0(0)v(0) � λ(−Υ )0(u0; v)

(5.12)
for all v ∈ Eα. Clearly, setting

Lu0(v) := 1
2

∫ T

0
(c
0D

α
t u0,

c
tD

α
T v) + (c

tD
α
T u0,

c
0D

α
t v) dt − c

d
u0(T )v(T ) − a

b
u0(0)v(0)

for all v ∈ Eα, Lu0 is a continuous and linear functional on Eα; from which, (5.12) implies
that Lu0 ∈ λ∂(−Υ )|Eα(u0). Now, since Eα is dense in L2[0, T ], from [6, Theorem 2.2]
one has ∂(−Υ )|Eα(u0) ⊆ ∂(−Υ )|L2[0,T ](u0). So Lu0 ∈ λ∂(−Υ )|L2[0,T ](u0), and then L is
continuous and linear on L2[0, T ]. Therefore, there is an h̄ ∈ L2[0, T ] satisfying Lu0(v) =∫ T

0 h̄(x)v(x) dx for all v ∈ L2[0, T ]. From Lemma 5.7, there is a unique ū ∈ Eα satisfying
that (0D

−β
t (ū′))′, (tD

−β
T (ū′))′ are almost everywhere continuous such that (5.7) holds.

In particular,∫ T

0
h̄(x)v(x) dx = 1

2

∫ T

0
(c
0D

α
t ū, c

tD
α
T v) + (c

tD
α
T ū, c

0D
α
t v) dx − c

d
ū(T )v(T ) − a

b
ū(0)v(0)

for all v ∈ Eα. Hence,

1
2

∫ T

0
(c
0D

α
t u0,

c
tD

α
T v) + (c

tD
α
T u0,

c
0D

α
t v) dx − c

d
u0(T )v(T ) − a

b
u0(0)v(0)

= Lu0(v) =
∫ T

0
h̄(x)v(x) dx,
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which means that a(u0 − ū, v) = 0 for all v ∈ L2[0, T ]. Lemma 5.8 implies that u0 = ū.
So (0D

−β
t u′

0)
′ ∈ C[0, T ], (tD

−β
T u′

0)
′ ∈ C[0, T ] and

1
2

∫ T

0
(c
0D

α
t u0,

c
tD

α
T v) + (c

tD
α
T u0,

c
0D

α
t v) dt − c

d
u0(T )v(T ) − a

b
u0(0)v(0)

=
∫ T

0

(
d
dt

( 1
2 0D

−β
t u′

0 + 1
2 tD

−β
T u′

0), v(t)
)

dt

holds for all v ∈ Eα. So∫ T

0

(
d
dt

( 1
2 0D

−β
t u′

0 + 1
2 tD

−β
T u′

0), v(t)
)

dt � λ(−Υ )0(u0; v)

for all v ∈ Eα. Hence, [6, Corollary, p. 111] ensures that

d
dt

( 1
2 0D

−β
t u′

0 + 1
2 tD

−β
T u′

0) ∈ [(−λf)−(u0(x)), (−λf)+(u0(x))] (5.13)

for a.e. t ∈ [0, T ]. Since m(Df ) = 0, we obtain

− d
dt

( 1
2 0D

−β
t u′

0 + 1
2 tD

−β
T u′

0) = 0 for a.e. t ∈ u−1
0 (Df ).

From Lemma 5.9 (i), λf(u0(t)) = 0 for a.e. t ∈ u−1
0 (Df ). So

− d
dt

( 1
2 0D

−β
t u′

0 + 1
2 tD

−β
T u′

0) = λf(u0(t)) for a.e. t ∈ u−1
0 (Df ).

On the other hand, for a.e. t ∈ [0, T ] \ u−1
0 (Df ), (5.13) reduces to

− d
dt

( 1
2 0D

−β
t u′

0(t) + 1
2 tD

−β
T u′

0(t)) = λf(u0(t)).

Hence, our claim is proved and the assertion follows. �

6. Existence results for bd �= 0

Now put

A = lim inf
ξ→+∞

max|t|�ξ F (t)
ξ2 , B = lim sup

ξ→+∞

F (ξ)
ξ2 ,

M4 :=
1

(Γ (1 − α))2
T 1−2α

23−4α(1 − α)2
+

c

d
, λ1 =

M4

BT
, λ2 =

1
2M2

3 TA
,

where M3 is defined in Lemma 5.4.
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Theorem 6.1. Let f : R → R be a locally essentially bounded and almost everywhere
continuous function. Put F (ξ) :=

∫ ξ

0 f(s) ds for every ξ ∈ R, assume that Lemma 5.9 (i)
holds and also that

(ii)
∫ ξ

0
F (t) dt � 0 for every ξ � 0;

(iii) lim inf
ξ→+∞

max|t|�ξ F (t)
ξ2 < κ lim sup

ξ→+∞

F (ξ)
ξ2 , where κ =

1
2M2

3 M4
.

Then for each λ ∈ ]λ1, λ2[, the problem (1.1) has a sequence of generalized solutions that
is unbounded in Eα.

Proof. We shall apply Theorem 2.4 to prove the theorem. By (iii), there exists a real
sequence (cn) satisfying limn→∞ cn = +∞ and

lim
n→+∞

max|t|�cn
F (t)

c2
n

= A < +∞. (6.1)

Put rn = 1
2 (c2

n/M2
3 ) for all n ∈ N. By Lemma 5.4, for all v ∈ Eα satisfying ‖v‖2 � 2rn,

we have ‖v‖∞ � M3‖v‖ � M3
√

2rn = cn. So

ϕ(rn) = inf
u∈Φ−1(]−∞,rn[)

(supu∈Φ−1(]−∞,rn[) Ψ(u)) − Ψ(u)
rn − Φ(u)

�
sup‖u‖2<2rn

Ψ(u) − Ψ(0)
rn

=
sup‖v‖2<2rn

∫ T

0 F (v(x)) dx

rn

�
T max|t|�cn

F (t)
rn

= 2
M2

3 T

c2
n

max
|t|�cn

F (t).

By (6.1), ϕ(rn) � 2M2
3 TA. So

γ := lim inf
r→+∞

ϕ(r) � lim inf
n→∞

ϕ(rn) � 2M2
3 TA < +∞.

Now we claim that Iλ is unbounded from below for

λ ∈ (λ1, λ2) =
(

M4

BT
,

1
2M2

3 TA

)
⊂

(
0,

1
γ

)
.

By (iii), let (dn) be a real sequence satisfying limn→∞ dn = +∞ and

lim
n→+∞

F (dn)
d2

n

= B. (6.2)
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For all n ∈ N, define

wn(t) =

⎧⎨⎩
2dnt

T
, t ∈ [0, 1

2T ],

dn, t ∈ [ 12T, T ].

Clearly, wn ∈ X and

‖wn‖2 = −
∫ T

0
(c
0D

α
t wn, c

tD
α
T wn) dt +

c

d
(wn(T ))2 +

a

b
(wn(0))2

=
∫ T

0

(
1

Γ (1 − α)

∫ t

0
(t − s)−αw′

n(s) ds,
1

Γ (1 − α)

∫ T

t

(s − t)−αw′
n(s) ds

)
dt

+
c

d
d2

n

=
1

(Γ (1 − α))2

{ ∫ T/2

0

( ∫ t

0
(t − s)−α 2dn

T
ds,

∫ T/2

t

(s − t)−α 2dn

T
ds

)
dt

}
+

c

d
d2

n

� 1
(Γ (1 − α))2

d2
nT 1−2α

23−4α(1 − α)2
+

c

d
d2

n

:= M4d
2
n.

Therefore,

Φ(wn) − λΨ(wn) =
‖wn‖2

2
− λ

∫ T

0
F (wn(t)) dt � M4d

2
n

2
− λ

∫ T

0
F (wn(t)) dt.

By (ii), we have ∫ T

0
F (wn(t)) dt �

∫ T

T/2
F (dn) dt = F (dn)( 1

2T ).

Therefore,

Φ(wn) − λΨ(wn) � M4

2
d2

n − λT

2
F (dn)

for all n ∈ N.
Now, if B < +∞, by (6.2) for any ε � B − M4/(Tλ), there exists Nε ∈ N such that

F (dn) > (B − ε)d2
n for all n > Nε.

So

Φ(wn) − λΨ(wn) � M4d
2
n

2
− λT

2
(B − ε)d2

n =
d2

n

2
(M4 − λT (B − ε)) → −∞

as n → +∞.
If B = +∞, fix M5 > M4/(λT ), and from (6.2) there exists NM ∈ N such that

F (dn) > M5d
2
n for all n > NM . Therefore,

Φ(wn) − λΨ(wn) � 1
2M4d

2
n − 1

2λTM5d
2
n = 1

2d2
n(M4 − λM5T ) → −∞

as n → +∞. Since all the assumptions of Theorem 2.1 (b) are verified, the functional Iλ

admits a sequence (un) of generalized critical points such that limn→+∞ ‖un‖ = +∞,
that is, (un) is unbounded in Eα. By Lemma 5.9, (un) is a sequence of generalized
solutions of BVP (1.1). The proof is complete. �
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Remark 6.2. The constant M4 in the assumptions is decided by the choice of wn(t).

Corollary 6.3. Let f : R → R be a continuous function. Assume that Theorem 6.1 (ii)
and (iii) hold. Then for each λ ∈ (λ1, λ2), problem (1.1) possesses a sequence of pairwise
distinct classical solutions.

Corollary 6.4. Let f be a locally essentially bounded and almost everywhere con-
tinuous function. Assume that (ii) and (iii) of Theorem 6.1 hold. Furthermore, assume
that

(iii1) lim sup
ξ→+∞

F (ξ)
ξ2 >

M4

T
,

(iii2) lim inf
ξ→+∞

max|t|�ξ F (t)
ξ2 <

1
2M2

3 T
.

Then, for each λ ∈ (λ1, λ2), the problem

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) = λf(u(t)) a.e. t ∈ [0, T ],

au(0) − b( 1
2 0D

−β
t u′(0) + 1

2 tD
−β
T u′(0)) = 0,

cu(T ) + d( 1
2 0D

−β
t u′(T ) + 1

2 tD
−β
T u′(T )) = 0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (6.3)

possesses a sequence of generalized solutions that is unbounded in Eα.

Let

A∗ = lim inf
ξ→0+

max|t|�ξ F (t)
ξ2 , B∗ = lim sup

ξ→0+

F (ξ)
ξ2 ,

λ∗
1 =

M4

B∗T
, λ∗

2 =
1

2M2
3 TA∗ .

Theorem 6.5. Let f : R → R be a locally essentially bounded and almost everywhere
continuous function. Assume that Theorem 6.1 (ii) holds and that

(iii′) lim inf
ξ→0+

max|t|�ξ F (t)
ξ2 < κ lim sup

ξ→0+

F (ξ)
ξ2 , where κ =

1
2M2

3 M4
;

(i′) for a.e. t ∈ [0, T ], for each u ∈ Df , f−(u) � 0 � f+(u) implies that f(u) = 0.

Then for each λ ∈ (λ∗
1, λ

∗
2), problem (1.1) has a sequence of generalized solutions that is

unbounded in Eα.

Proof. Apply Theorem 2.4 (c), similar to the proof of Theorem 6.1, and we have the
result. �

Example 6.6. Put

an =
2n!(n + 2)! − 1

4(n + 1)!
, bn =

2n!(n + 2)! + 1
4(n + 1)!
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for n ∈ N and define the non-negative discontinuous function f : R → R as

f(ξ) =

{
2(n + 1)![(n + 1)!2 − n!2], ξ ∈ (an, bn),

0, ξ �∈
⋃

n∈N
(an, bn).

Consider the problem

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) = λf(u(t)) a.e. t ∈ [0, T ],

u(0) − ( 1
2 0D

−β
t u′(0) + 1

2 tD
−β
T u′(0)) = 0,

u(T ) + ( 1
2 0D

−β
t u′(T ) + 1

2 tD
−β
T u′(T )) = 0,

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (6.4)

where β = 1
4 , T = 1. Contrast with (1.1) for α = β = γ = σ = 1.

We have
∫ bn

an
f(ξ) dξ = (n + 1)!2 − n!2. Then

lim
n→+∞

F (an)
a2

n

= 0, lim
n→+∞

F (bn)
b2
n

= 4.

So

lim inf
ξ→+∞

max|t|�ξ F (t)
ξ2 = lim inf

ξ→+∞

F (ξ)
ξ2 = 0 and lim sup

ξ→+∞

F (ξ)
ξ2 = 4.

Hence, Theorem 6.1 (iii) is satisfied. Clearly, the conditions of Theorem 6.1 are satisfied.
By computation, λ1 > 1/2, λ2 = +∞. So for λ ∈ (1/2, +∞), problem (6.4) has a sequence
of generalized solutions that is unbounded in Eα.

7. Main results for bd = 0

If b = 0, d �= 0, then problem (1.1) is reduced to

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) = λf(u(t)) a.e. t ∈ [0, T ],

u(0) = 0, cu(T ) + d( 1
2 0D

−β
t u′(T ) + 1

2 tD
−β
T u′(T )) = 0.

⎫⎬⎭ (7.1)

Define the fractional derivative space X1 = {u ∈ Eα : u(0) = 0} with the norm

‖u‖X1 = −
∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt +

c

d
(u(T ))2.

We claim that the norm ‖·‖X1 is equivalent to ‖·‖α,2. Our claim can be proved analogously
to the proof of Lemma 4.6 by using the estimates in formulas (4.12)–(4.17). It is clear
that X1 is a reflexive Banach space.

Define Φ1 : X → R by

Φ1(u) = −1
2

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt +

c

2d
(u(T ))2 = 1

2‖u‖2
X1

.

Let

M6 =
Tα−1/2

Γ (α)(2α − 1)1/2
√

|cos πα|
.
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Remark 7.1. With M3 replaced by M6, Theorem 6.1, Corollaries 6.3 and 6.4, and
Theorem 6.5 are applicable to problem (7.1).

If b �= 0, d = 0, then problem (1.1) is reduced to

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) = λf(u(t)) a.e. t ∈ [0, T ],

au(0) − b( 1
2 0D

−β
t u′(0) + 1

2 tD
−β
T u′(0)) = 0, u(T ) = 0.

⎫⎬⎭ (7.2)

Define the fractional derivative space X2 = {u ∈ Eα : u(T ) = 0} with the norm

‖u‖X2 =
(

−
∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt +

a

b
(u(0))2

)1/2

.

Define Φ2 : X → R by

Φ2(u) = −1
2

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt +

a

2b
(u(0))2 = 1

2‖u‖2
X2

.

Let

wn(t) =

⎧⎨⎩dn, t ∈ [0, 1
2T ],

−2dnt

T
+ 2dn, t ∈ [ 12T, T ].

Let

M7 =
(

dn

T (1 − α)Γ (1 − α)

)2
T 3−2α

23−4α
+

a

b
.

Remark 7.2. With M1 replaced by 1/
√

|cos πα|, and M4 replaced by M7, Theo-
rem 6.1, Corollaries 6.3 and 6.4, and Theorem 6.5 are applicable to problem (7.2).

If b = 0, d = 0, then problem (1.1) is reduced to the Dirichlet boundary-value problem

− d
dt

( 1
2 0D

−β
t (u′(t)) + 1

2 tD
−β
T (u′(t))) = λf(u(t)) a.e. t ∈ [0, T ],

u(0) = 0, u(T ) = 0.

⎫⎬⎭ (7.3)

Define the fractional derivative space X3 = {u ∈ Eα : u(0) = 0, u(T ) = 0} with the
norm

‖u‖X3 = −
∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt.

Define Φ3 : X → R by

Φ3(u) = −1
2

∫ T

0
(c
0D

α
t u, c

tD
α
T u) dt = 1

2‖u‖2
X3

.

Let

wn(t) =

⎧⎪⎪⎨⎪⎪⎩
2dnt

T
, t ∈ [0, 1

2T ],

−2dnt

T
+ 2dn, t ∈ [ 12T, T ].
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Let

M8 =
(

2
T (1 − α)Γ (1 − α)

)2(
T 3−2α

22−2α
+

T 3−2α

21−α

)
.

Remark 7.3. With M4 replaced by M8, and M1 replaced by 1/
√

|cos πα|, Theo-
rem 6.1, Corollaries 6.3 and 6.4, and Theorem 6.5 are applicable to problem (7.3).
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