Combinatorics, Probability and Computing (2012) 21, 611-622. (© Cambridge University Press 2012
doi:10.1017/S0963548312000156

Conflict-Free Colourings of Uniform
Hypergraphs With Few Edges

A. KOSTOCHKA'f, M. KUMBHAT? and T. LUCZAK?

University of Illinois, Urbana, IL 61801, USA
and
Sobolev Institute of Mathematics, Novosibirsk, 630090, Russia
(e-mail: kostochk@math.uiuc.edu)
2Department of Mathematics, University of Illinois, Urbana, IL 61801, USA.
(e-mail: kumbhat2@uiuc.edu)
3Faculty of Mathematics and Computer Science, Adam Mickiewicz University,
ul. Umultowska 87, 61-614 Poznan, Poland
(e-mail: tomasz@amu.edu.pl)

Received 28 April 2010; revised 15 February 2012; first published online 20 April 2012

A colouring of the vertices of a hypergraph H is called conflict-free if each edge e of
‘H contains a vertex whose colour does not repeat in e. The smallest number of colours
required for such a colouring is called the conflict-free chromatic number of H, and is
denoted by ycr(H). Pach and Tardos proved that for an (2r — 1)-uniform hypergraph H
with m edges, ycr(H) is at most of the order of rm'/" logm, for fixed r and large m. They
also raised the question whether a similar upper bound holds for r-uniform hypergraphs.
In this paper we show that this is not necessarily the case. Furthermore, we provide lower
and upper bounds on the minimum number of edges of an r-uniform simple hypergraph
that is not conflict-free k-colourable.

AMS 2010 Mathematics subject classification: Primary 05C15, 05C35

1. Introduction

Let H be a hypergraph with vertex set V() and edge set E(H). A colouring ¢ : V(H) —
{1,2,3,...} of V(H) is a proper colouring of H if no edge of size at least 2 is monochromatic.
The minimum number of colours required for such a colouring is called the chromatic
number of H, and is denoted by y(H). A rainbow colouring of H is a proper colouring of
‘H such that, for every edge e, the colours of all vertices of e are distinct. The minimum
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number of colours required for a rainbow colouring is called the rainbow chromatic number
of H, and is denoted by yr(H).

In connection with some frequency assignment problems for cellular networks, Even,
Lotker, Ron and Smorodinsky [8] introduced (in a geometric setting) the following
intermediate colouring. A proper colouring of H is conflict-free if, for each edge e of H,
some colour occurs on exactly one vertex of e. The minimum number of colours required
for a conflict-free colouring is called the conflict-free chromatic number of H, and is denoted
by xcr(H). Since edges of size one are always conflict-free in any colouring, we may assume
in the rest of the paper that all edges have size at least two. Because of applications and
some interesting features, this parameter has attracted considerable attention (see, e.g.,
[2,3,4,6,8,9, 13, 12]). In particular, Pach and Tardos [12] discussed this notion for general
hypergraphs and proved several interesting results. Clearly, y(H) < ycr(H) < yr(H) for
every ‘H with equalities when H is an ordinary graph. However, for general hypergraphs,
the behaviour of ycr may differ significantly from that of y and of yg. For example, if we
truncate an edge of a hypergraph, then y cannot decrease, yg cannot increase, and ycp
may increase, decrease, or stay the same. As yet another example we mention that if H is
a 10%-uniform hypergraph with 10 edges, then y(H) = 2 and ycr(H) can be 2, 3, or 4.

Pach and Tardos [12] analysed the conflict-free colourings for graphs and hypergraphs.
They proved that ycrp(H) < 1/2+ +/2m + 1/4 for every hypergraph with m edges, and
that this bound is tight. They also showed the following result.

Theorem 1.1 ([12]). Let r be fixed. Let H be a hypergraph with m edges such that the size
of every edge is at least 2r — 1. Then ycr(H) < C.m'/" logm, where C, is a positive constant
depending only on r.

In fact, they proved a stronger result. Let us define the edge degree of an edge e in a
hypergraph H as the number of other edges intersecting e. The maximum edge degree D(H)
is the maximum of the edge degrees over all the edges of H. This parameter has been used
by a number of authors to bound the chromatic number (e.g., [1, 5, 7, 11, 14, 15]). As for the
conflict-free chromatic number, Pach and Tardos [12] showed that ycr(H) < Cm'/" logm
for all hypergraphs H in which the size of every edge is at least 2r — 1 and D(H) < m.
They also posed the question whether the same upper bound holds also when every edge
has size at least » and intersects at most m others. In this paper we show that this is not
the case.

The goal of the paper is to give reasonable upper bounds on ycp(H) for r-uniform
hypergraphs H with given number of edges or maximum edge degree. It will turn out
that for a given m, the nature of the bounds for r-uniform hypergraphs with m edges
significantly depends on whether r is small or large with respect to m. We also derive
similar bound for simple r-uniform hypergraphs, i.e., for hypergraphs in which any two
distinct edges share at most one vertex. It turns out that for positive integers r,k with
r < k/8, both upper and lower bounds on the minimum number of edges in an r-uniform
simple hypergraph that have no conflict-free colourings with k colours are roughly squares
of the corresponding bounds for hypergraphs without the restriction of being simple.

https://doi.org/10.1017/50963548312000156 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548312000156

Confflict-Free Colourings of Hypergraphs 613

For a warm-up, in Section 2 we bound the number of edges in r-uniform hypergraphs
with ycr equal to 3 or 4. In particular, for arbitrarily large even r, there is an r-uniform
hypergraph H with just 7 edges and ycr(H) = 4. In Section 3, we find upper bounds on
ycr(H) in terms of the size/maximum edge degree of H and present some constructions
showing that our bounds are reasonable. In Section 4, we do the same for simple r-uniform
hypergraphs.

2. Conflict-free colouring of hypergraphs with very few edges

We define the s-blow-up of a graph G to be the hypergraph formed by replacing every
vertex v of G with an s element set B,. The set B, is called a blob. If uv is an edge in G,
then B, U B, is an edge in the blow-up.

Observation 2.1. For a hypergraph H, if either the degree of every vertex of H is at most
1, or if there is a vertex contained in every edge of H, then ycp(H) = 2. |

Observation 2.2. Let r > 2. If 'H is an r-uniform hypergraph which is not conflict-free 2-
colourable, then it has at least 3 edges and the only such graph with 3 edges is the (r/2)-
blow-up of K.

Proof. By Observation 2.1, every hypergraph with 2 edges is conflict-free 2-colourable.
Moreover, a blow-up of K3 is not. Now assume that H is an r-uniform hypergraph with 3
edges ey, e2,e3 which is not conflict-free 2-colourable. If every vertex has degree at most 1
or if there is a vertex of degree 3, then by Observation 2.1 it is conflict-free 2-colourable. So
assume that the maximum degree is 2. Without loss of generality assume that v € e; Ne;.
If there exists u € e3 — e; — ey, then we colour v and u with colour 1 and all the remaining
vertices with colour 2. This would give a conflict-free 2-colouring of H, a contradiction.
Hence e3 = {e; —e2} U {e2 —e1}. Since H is r-uniform, we have that e; ;( e; and e;3 Q e.
Thus, e; Ne3 # O and the above argument holds if v is replaced by a vertex w € e3. Con-
sequently, e; = {e; —e3} U {e3 — e} and similarly e, = {e; —e3} U {e3 —e1}. Moreover,
since H is r-uniform, it must be the (r/2)-blow-up of Kj. In particular, r is even. U]

Lemma 2.3. Let r > 3. If 'H is an r-uniform hypergraph with at most 6 edges, then it is
always conflict-free 3-colourable. Moreover, if r > 4 and r is divisible by 4, then there exists
an r-uniform hypergraph with 7 edges which is not conflict-free 3-colourable.

Proof. We first show that if £ has at most 6 edges then ycr(H) < 3. Let A(H) be the
maximum degree of H.

Case 1: A(H) > 4. Let v be a vertex of degree at least 4. We colour v with colour 1. By
Observation 2.2, there is a conflict-free colouring of H — v with colours 2 and 3. This
gives a conflict-free 3-colouring of H.

Case 2: A(H) < 2. Since xcr(G) < A(G) + 1 for every hypergraph G, we can conflict-free
3-colour H (see [12]).
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Case 3: A(H) =3. Let v be a vertex of degree 3 contained in the edges ej,e; and ej.
If H — {e1,ez,e3} = {ea,es5,e6} is conflict-free 2-colourable, then we colour them conflict-
free with colours 2 and 3, colour v with colour 1 and arbitrarily colour the remaining
vertices with colours 2 and 3. This gives a conflict-free 3-colouring of H. If not, then
by Observation 2.2, {es,es,e¢} forms the (r/2)-blow-up of K3;. We may assume that
es U es Ueg = By U Bs U Bg, where By, Bs and Bg are the blobs es Neg, ea Neg and eq N es,
respectively. Now, suppose that there is a vertex u € (eq U es U eg) — (e1 U e; U e3). Without
loss of generality assume that u € Bg. Let w be a vertex in Bs. We now colour v and u
with colour 1, w with colour 2 and the rest of the vertices with colour 3. This gives a
conflict-free 3-colouring of H. Hence {es UesUes} = {e1 Uey Ues}. Thus every vertex in
{es Ues U eg} has degree 3.

The above argument holds for each vertex u € es U es U eg by replacing v with u and
e1, ey, e3 with the three edges containing u. Hence, by symmetry, the degree of every vertex
of H is 3. We also know that deleting any vertex leaves a copy of the (r/2)-blow-up of
K3. Moreover, since H is r-uniform, H must be the (r/2)-blow-up of K4. A blow-up of K4
can be conflict-free 3-coloured as follows. In the first blob we colour a vertex with colour
1 and another with colour 2 and the rest with 3. In the second blob we colour one vertex
with 2 and the rest with 3. In the third blob we colour one vertex with 1 and the rest with
3 and in the fourth blob we colour everything with colour 3.

Now, to show that there exists a hypergraph H with 7 edges which is not 3-conflict-free
colourable, we consider the (r/4)-blow-up of the Fano plane and take the complement of
every edge. The resulting hypergraph H has seven blobs By, Bs,..., B and the following
edges: et=BiUB,UBsUB7, =B, UB3UB4UB7, e3=B4UBsUBsUB7, e =B U
B, UB4UBs, e5s = By UB3UB4 U Bg, e = B, UB3 U Bs U Bg, and e; = B; U B3 U Bs U By.
Suppose that there is a conflict-free 3-colouring f of H with colours 1,2 and 3.

Claim 1. No colour can appear in exactly one blob.

Proof. Assume that a colour, say 1, appears in exactly one blob. Consider the three edges
e, e3,e¢ not containing By. They must be conflict-free 2-colourable with colours 2, 3. But
they form the (r/2)-blow-up of K3 which is not conflict-free 2-colourable, a contradiction.

Claim 2. No colour can appear in exactly two blobs.

Proof. Suppose that colour 1 appears in exactly two blobs. Let By, B, be the blobs
containing vertices of colour 1. Consider the two edges e, ¢4 containing both B; and B,
and the edge e; containing neither By nor B,. These three edges form the (r/2)-blow-up
of K3 with at least two vertices of colour 1 present in a single blob. All other vertices
gets colour 2 or 3. With these restrictions there exists no conflict-free 3-colouring of the
blow-up of Kj.

Hence by the above claims, every colour appears in at least three blobs.
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Since f is a conflict-free 3-colouring of H which has seven edges, some colour is unique
for at least three edges. Assume that this colour is 1.

Claim 3. A vertex with colour 1 cannot be unique for more than one edge.

Proof. If not, then without loss of generality, assume that a vertex with colour 1 belonging
to Bj is unique for edges e4 and es. Hence the blobs Bs, B, By, Bs, Bg do not have any
vertices of colour 1. So colour 1 appears only in at most two blobs. This contradicts
Claims 1 and 2.

Assume that a vertex of colour 1 in Bj is unique for e;. So the blobs Bj, B¢, B; do
not have vertices of colour 1. Again without loss of generality assume that a vertex of
colour 1 in Bj is unique for the edge e;. So the blob B does not have any vertex of
colour 1. Now there must be a vertex of colour 1 in Bs which is unique for e;. We now
consider the edges eq4, es, e6. Each of these edges contains exactly two vertices of colour 1.
We delete these vertices and consider the new edges e}, 5, ¢. The hypergraph formed by
these edges must be conflict-free 2-colourable with colours 2,3. The edges €, €5, e, form
the ((r/2) — 1)-blow-up of K3 which is not conflict-free 2-colourable, a contradiction. []

3. Conflict-free colouring of hypergraphs with few edges

Having dealt with small cases, now we study the bounds for the conflict-free chromatic
number of hypergraphs with few edges. We start with a simple probabilistic fact we shall
use later on.

Lemma 3.1. Colour a set T of t points, randomly, with s colours, so that each of s'
colourings is equally likely. Let p,s be the probability that no colour appears exactly once
on T and let p, s be the probability that at most one colour appears exactly once on T. Then

2t [t/2]
pes (%) G.1)
and
NG
s (3) ()

Proof. To prove (1), let us randomly colour all elements of T, one by one. Note that if
no colour appears exactly once we shall use at most [t/2] of them, and the set T’ of the
elements that are coloured with a colour which we have already used has at least [t/2]
elements. Thus, since the number of ways to choose T’ is at most 2/, we get

o 2 [t/2] _ g [1/2]
pt,s 2S X S .

In order to show (2), we again randomly colour all elements of T one by one. Note that
we shall use at most ¢ colours. Furthermore, in this case the set T’ of the elements that
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are coloured with a colour which we have already used has at least [(t — 1)/2] elements
and the number of ways to choose T’ is at most 2‘. Hence

t [(t=1)/2] ]t [(¢=1)/2]
() ()"
S S

Now we can bound ycp(H) for an r-uniform hypergraph H with m edges.

Theorem 3.2. Let H be a r-uniform hypergraph with m edges and maximum edge degree
D(H).
() If D(H) < 27/%, and D(H) (and thus r) is large enough, then there exists a vertex
colouring of 'H with 1201n D(H) colours such that each edge has at least one colour
appearing exactly once. In particular,

ycr(H) < 120In D(H) < 1201nm.
(i) If m > 272, then ycp(H) < 4r(16m)>/+2),
Proof. (i) In order to show (i) we set p = 1.341In D(H)/r, choose a subset T of vertices
of H independently with probability p, and then colour each vertex of T independently

with one of s = 120In D(H) colours. Let 4, be the event that no colour appears exactly
once in the edge e. Then, by Lemma 3.1,

NG i i 2 " —~ (T r—i
P(Ae)<z(i)p(1—p> (S) + > (i)p(l—p)

i=0 i=ip+1

o (r i i 200\ ~ (T, r—i
<D )pa=pr () + X0 (G )pa=p

i=0 i=ip+1

where here and below iy = |2.5-1.341In D(H)].
Since p < 1.34(r/2)(In2)/r < 0.47, for i > iy + 1, we have
(L)pta—=py=t  r p 1 1

. — < - < < ,
(")pi(1 —py— il—p = 25(1—p) 1325

so the second sum can be bounded from above by a geometric series and consequently

r

r . . r . .
i(1—p)y— g 4. io+1 1— rfzofll
> (l.)p( p) 08 <i0 n 1)p (1—p)

i=ig+1

Since () < (

y £y and (1 —p) =/ < (1—p) < (e7/7)), we have

er
Jj
. r io+1
(1 + <\/2’° - 1)p) +4.08(, ap ~epr/"‘0+“) U
S o+ 1

< exp(—0.76pr) + 4.08 exp(—0.79 -1.341n D(H))
< D(H)™"" +4.08D(H)~*" < 1/(4D(H))

P(4.)

N
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for sufficiently large D(H). Consequently, D(H)P(A4,) < 1/4, and by the Lovasz Local
Lemma there exists a conflict-free colouring of H with s = 1201n D(H) colours, so (i)
follows.

(ii) Now let s = 2r(16m)*"+? and k = 2s. We shall show that H has a conflict-free
colouring with at most k colours. Let v be a vertex of maximum degree in H. Reserve a
colour ¢ for v and delete v along with all the edges containing it. Repeat this procedure
and reserve a different colour every time we delete a vertex of maximum degree in
the remaining hypergraph. This procedure is repeated k/2 times. Let H; denote the
hypergraph obtained by k/2 repetitions of this procedure. We consider the following two
cases.

Case 1: D(H;) < m'"/U"+2)_ Colour each vertex of H; by a colour chosen randomly among
s colours. Let 4, be the event that no colour appears exactly once in the edge e. By
Lemma 3.1, P(4,) < (2r/s)"/?. Thus, for r > 2,

4-D(Hy) - P(4) < 4-m"U+2 (21 /s> = 4 - m"/ 0D - (2r/2r(16m)> D)2 L 1.

Hence, by the Lovasz Local Lemma, there exists a conflict-free colouring of H; with k/2
colours. Together with the other k/2 colours, we have a conflict-free colouring of H with
k = 2s = 4r(16m)* "2 colours.

Case 2: D(H;) > m'/"+?). Note that each time we delete a vertex of maximum degree in
the remaining hypergraph, we remove at least

D(Hl) N mr/(r+2)
= r

A(Hy) >

edges k/2 times. Thus, m > km'"/"+? /(2r), which implies k < 2rm*(*2) a contradiction.
This completes the proof of (ii). U]

It is not hard to see that the bound given by Theorem 3.2(i) is tight up to a constant
factor. Indeed, the following holds.

Proposition 3.3. For all m > 1 and for all even r > 2, there exists an r-uniform hypergraph
H with m edges such that ycr(H) > %logz m.

Proof. If 1 < m < 4, then %logz m < 1, and the statement follows. Let m > 5 and let n be
the largest integer such that (g) < m. Let H' be the (r/2)-blow-up of K,,, where the blobs
are By,..., B,. Consider the hypergraph H obtained from H’ by adding m — (g) isolated
edges. By construction, H has m edges.

Let k = |log, n]. Suppose that H has a conflict-free colouring f with k colours. For
i=1,...,n, let S; be the set of colours that appear in the blob B;. Since there are
2 — 1 non-empty distinct subsets of the set {1,...,k} and n> 2k — 1, there are some
1 <i< j< nwith §; = §;. Then each colour occurs in the edge B; U B; an even number
of times, a contradiction. So, ycr(H) = 1 + k.
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Since
n+1 n+n—2 )
< e =
m < < ) > 1 7 n<,
we have log, m < 2log, n < 2(1 + k) < 2ycr(H). L]

Constructing a matching bound for Theorem 3.2(ii), when m is much larger than r, is
a harder task. Pach and Tardos [12] showed that if H is a r-uniform hypergraph with
m edges, then ycp(H) < rm*"+Dlogm, and they ask whether ycp(H) < rm'/"logm. We
answer their question in the negative. More precisely, we show that if r is much smaller
than m, then there exists r-uniform hypergraph H such that ycp(H) > C.m* 2 /logm.
Let us start with a simple observation.

Observation 3.4. Given any colouring f of an n-element set with k colours, we can choose a
Samily Ay of k disjoint sets such that each set in A; has size |n/2k] and is monochromatic.

Proof. Consider the colour classes Aj, A,,...,Ak. For each colour class A; we partition it
into subclasses B;; of size equal to |n/2k] until we can no longer do so. The last subclass,
say Bi, for each i will have size less than |n/2k]|. Summing the sizes of these B;, we get
at most n/2 vertices. The remaining at least n/2 vertices give us a family of k sets such
that each set in Ay has size |n/2k] and is monochromatic. ]

Theorem 3.5. For each positive even fixed r, there exists a constant ¢, < 4(8¢>/r)"/? such
that for every integer k > r/2 there exists an r-uniform hypergraph H with less than 1+
ek D2 logk edges such that ycp(H) > k.

Proof. Consider a vertex set V' of size n, a multiple of 4k. Let
m = [4(8¢*/r) 2k 22 Jogk]. (3.3)

We form a random r-uniform hypergraph H with m edges by choosing m subsets
Fy,F5,...,F, of V of size r randomly with equal probability and repetitions allowed.
We will prove that with a positive probability the conflict-free chromatic number of H is
larger than k.

Let f be any fixed k-colouring of V. By Observation 3.4, there exists a family A of k
sets {41, As,...,Ax} such that each of these sets has size [n/2k] and is monochromatic.
So the probability that edge F; has a conflict is bounded from below by the probability
that it has exactly 2 or 0 vertices from each of the sets in .A; and no vertices outside Ay,

which, in turn, is equal to
kO (Ln/@1\"? (n) 7!
() ("5 ()

(1) < ()= (%)

Since
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we get
) k r/2 I’l2 r/2 V2 r/2 r r/2
P(edge F; has a conflict) > (”/2> (161<2> (eznz) = (M) .
Consequently,

r/2\ m
P(f is a conflict-free colouring of H) < (1 — (Se;;k) )

» r/2

r/2
P(H is conflict-free colourable with k colours) < k" exp <—m< 4 > )

There are k" distinct colourings of V(H), so

8e2k

r r/2
< exp (—m(ge%) + nlogk).

If n =4k, then by (3.3) the probability that H is conflict-free colourable is strictly
smaller than 1. Hence there exists an r-uniform hypergraph G with m edges such that

1cr(G) > k. |

Remark. Solving (3.3) for k, we get k ~ C,m*"+? /logm, where C, is a function of r.

Thus, Theorem 3.5 shows that for a given m and r < C,m* "+ /logm, there exists an
r-uniform hypergraph H with m edges such that ycr(H) > C.m* "+ /logm.

4. Conflict-free colouring of simple hypergraphs

Although one can show that there exist simple r-uniform hypergraphs H with m = C”
such that y(H) = O(r), the second part of Theorem 3.2(ii) can be improved in the case of
simple hypergraphs. Let us start with the following simple consequence of Lemma 3.1.

Lemma 4.1. Let r < k/8 and let H be an r-uniform hypergraph. If

1 k [(r—1)/2]

then there exists a vertex colouring of H with k colours such that each edge has at least
two colours appearing exactly once.

Proof. Consider a random k-colouring of H and let 4, be the event that the edge e has
at most one colour appearing exactly once. By Lemma 3.1, the probability of 4.,

[(r—1)/2]
P(4,) < (Skr) |
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Now note that for a given edge e, the event A4, is independent of all but at most D(H)

other events 4,. Thus, for
1/ K\ Je=D/21
D R
(M) <3 <8r> :

we have 4 - P(4,) - D(H) < 1, and so by the Lovasz Local Lemma there exists a colouring
where none of the events 4, occur. Consequently, there exists a colouring of H with k
colours such that every edge has at least two colours appearing exactly once. L]

Remark. By Lemma 3.3, for a given m, even if r is arbitrarily large (but even), there is
an r-uniform hypergraph H with m edges and ycp(H) > 0.5log, m. There is no similar
statement for simple hypergraphs. Indeed, if the maximum edge degree of a simple r-
uniform hypergraph H is less than r, then we can choose in each edge e a vertex v, that
belongs only to e. Then we colour each v, with 1, and every other vertex with 2. So, such
a hypergraph has a conflict-free colouring with just 2 colours.

Theorem 4.2. Let r < k/8 and let H be an r-uniform simple hypergraph with m edges. If

_ 1 < k >r2
"Sterr—12\8—=1))

then ycr(H) < k.

Proof. Assume that ycp(H) > k. Let H; be the hypergraph obtained from H by truncating
each edge e by a vertex v, of maximum degree. Observe that H; is an (r — 1)-uniform
simple hypergraph, and if f is a k-colouring of Hj, then there exists an edge of H;
which has at most one colour appearing exactly once, otherwise H would be conflict-free
k-colourable. Now by Lemma 4.1,

L/ ok N\
Z | — .
o> 3 ()

Furthermore, H; has a vertex of degree at least D(H;)/(r — 1). If H; has a vertex v of
degree at least d, then every edge e in H; containing v must have a vertex v, whose degree
in H is at least d. Moreover, since H is simple, all these d vertices are distinct. Hence H
has at least D(H;)/(r — 1) vertices of degree at least D(H;)/(r — 1). So by the degree-sum
formula,

| k r—2
m = D(H,)*/r(r —1)* > 16r(r — 1)2 (8(r = 1)) ' -

Note that if we solve the equation

B 1 k r—2
"= 16r(r—1)2<8(r—1))

with respect to k, then we get k ~ C/m'/"=2). So for large r, the upper bound for the
conflict-free chromatic number for simple hypergraphs provided by Theorem 4.2 is roughly
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a square of the bound given by Theorem 3.2 for the general case. The following result
shows that, at least for large r, this estimate is not very far from being optimal.

Lemma 4.3. Let r < k. Then, there exists an r-uniform simple hypergraph H with

(14 o(1))(4k 1nk)2(4e:k>r

edges such that ycrp(H) > k.

Proof. We first construct an auxiliary 4k-uniform simple hypergraph H; as follows.
Let g be a prime which will be chosen later. The vertex set of Hy is S = S; U~ - U Sy,
where all S; are disjoint copies of GF(q) = {0,1,...,q — 1}. The edges of H,; are 4k-tuples

(X1,...,Xax) € S1 X -+ X Sy that are solutions of the system of linear equations
4k
> ixi =0, j=0,1,...,4k — 3, (4.4)
i=1

over GF(q).

For any fixed pair of variables in (4.4), we have a (4k —2) x (4k — 2) system of linear
equations with Vandermond’s determinant, which has a unique solution over GF(q). This
means that H; is a 4k-uniform simple hypergraph with 4kq vertices, in which each vertex
is contained in ¢ edges, so |E(H;)| = g°.

Now, from each edge e of H; we choose an r-subset 4, randomly and independently.
Let ‘H be the r-uniform simple hypergraph obtained from H; by taking the subsets A,
as its edges. Our goal is to show that with positive probability the conflict-free chromatic
number of H is large.

To this end, fix a colouring f. Let B, denote the event that the edge e has a conflict in
the colouring f, and p = P(B,). Arguing as in the proof of Theorem 3.5, one can show

that
. r r/2
b= <8e2k> '

Since the edges of H were chosen independently, the probability that f is a conflict-free
colouring of H is (1 — p)qz. Moreover, the total number of colourings is k*4, so the
probability that there exists a conflict-free colouring of H with k colours is at most
k4a . (1 — p)’. This probability is less than 1, provided

2
k*ka . pra” 1,

which holds whenever
4k Ink
q> .
14

Now if we take the smallest prime g such that

27\ /2
q > qo =4klnk<8erk> ,
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then we have an r-uniform simple hypergraph with ¢> edges and ycr(H) > k. It is known
(see, for instance, [10]) that one can take g = (1 + o(1))go. Hence

|E(H)| = (1 + o(1))(4k 1nk)2(8":k)r. O

Finally, let us remark that if we take k = r, then we get a simple r-uniform hypergraph
H with m = 2°0) edges such that y(H) > r = Q(Inm). So Theorem 3.2(i) cannot be much
improved in the case of simple hypergraphs, at least when m grows exponentially with r.
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