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Abstract  Let k be an algebraically closed field of characteristic two. Let R be the ring of Witt vectors
of length two over k. We construct a group stack G over k, the metaplectic extension of the Greenberg
realization of Spy, (R). We also construct a geometric analogue of the Weil representation of G, this
is a triangulated category on which @G acts by functors. This triangulated category and the action are
geometric in a suitable sense.
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1. Introduction

1.1. Apparently, a version of the Weil representation in characteristic two first appeared
in 1958 paper by Suprunenko [19, Theorem 11] (before the celebrated 1964 paper by
Weil [21]). This representation and its character were also studied in [12,13]. Being
inspired mostly by [11] and [14], in this paper we propose a geometric analogue of this
representation.

Let k be a finite field of characteristic two. Let R be the ring of Witt vectors of length 2
over k. Given a free R-module V of rank 2n with symplectic form @: V x V — R, set
V=V® )r k. Write Sp(V) for the group of isometries of the form @. Pick a bilinear form
B:V x V — R such that 6(1’ y) ﬁ(y, )= @&, g) forall Z,j € V. Let 3: V xV —
2R C R be the map (z,y) — 25(x g) for any z,9 € V over z,y € V. It gives rise to the
Heisenberg group H(V) =V x R with operation

(v1,21)(v2, 22) = (V1 + v2, 21 + 22 + B(v1,v2)).

The reason for using R instead of 2R in the definition of H(V') is that in this way it
acquires a larger group of automorphisms acting trivially on the centre. The group Sp(V)
maps naturally to this group.

Fix a prime ¢ # 2 and a faithful character ¢: Z/4Z — Qj. A version of the Stone—
von Neumann theorem holds in this setting giving rise to the metaplectic extension of

https://doi.org/10.1017/5147474801100017X Published online by Cambridge University Press


https://doi.org/10.1017/S147474801100017X

222 A. Genestier and S. Lysenko

Sp(V') and its Weil representation M (see §2 for details). According to [11], it can be
seen as a group Mp(V') that fits into an exact sequence

1—2Z/2Z — Mp(V) — Sp(V) — 1. (1.1)

In the geometric setting, assume k to be an algebraically closed field of characteristic
two. We propose geometric analogues of Mp(f/) and Hy,. Let V be a free R-module of rank
2n with a symplectic form. Write G for the Greenberg realization of the R-scheme Sp(V/).
View H(V) as a group scheme over k, an extension of V' by the Greenberg realization
of R.

Though we mostly follow the strategy of [14], there are new difficulties and phenom-
ena in characteristic two. To the difference with the case of other characteristics, the
metaplectic extension (1.1) is non-trivial. The geometric analogue of (1.1) is an algebraic
group stack G over k that fits into an exact sequence

1 — B(Z/AZ) - G - G — 1 (1.2)

of group stacks over k. Here for an algebraic group H over k we write B(H) for the
classifying stack of H over k. Actually, from our Remark 6.3 (ii) it follows that there is
a group stack G over k included into an exact sequence 1 — B(Z/2Z) — Gy — G — 1
such that (1.2) is its push-forward via the natural map B(Z/2Z) — B(Z/AZ). More
properly, Gy is the geometric analogue of Mp(V), but G will not appear in this paper.

We do not know if G admits a presentation as the stack quotient G1/Gq for a morphism
Gy — G of algebraic groups over k, where G is abelian and maps to the centre of G
(we would rather expect that G corresponds to a non-trivial crossed module).

We have not found a relation with the K-theory (or the universal central extension
of Sp,,, by K3 constructed by Brylinski and Deligne [7]). Instead, our construction of G
goes as follows.

Let E(V) be the Greenberg realization of the R-scheme of free Lagrangian submodules
in V. First, we define a certain Z/AZ-gerb

L(V) = L(V)
via the~ geometric Maslov index (see §6). It turns out that the corresponding class in
H?(L(V),Z/AZ) is invariant under G, but the gerb itself is not G-equivariant. Then G is
defined as the stack of pairs (g,0), where g € G and

o g L(V) s £(V)
is an isomorphism of Z/4Z-gerbs over L(V).

We generalize the theory of canonical intertwining operators from [14] to the case
of characteristic two (see §7). This allows us to come up with a construction of the
WEeil category W(f/), which is a geometric analogue of H,. Here W(f/) is a category of
certain perverse sheaves on £(V) x H(V). The group stack G acts on W (V) by functors.
This action is geometric in the sense that it comes from the natural action of G on

(V) x H(V).
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Similarly to the case of other characteristics, we also construct the finite-dimensional
theta-sheaf Sg > Which is a geometric analogue of some matrix coefficient of the repre-
sentation H,. It serves as the key ingredient for the construction of W(V)

1.2. Notation

Let A be a commutative ring and V' a free A-module of rank d. As in [9, §5.1], denote
by Symm(V) C V®V the submodule of Ss-invariant vectors. It is the submodule spanned
by the vectors of the form v ®@ v, v € V. Let A*(V) C V @ V be the submodule spanned
by the vectors of the form v ® u — u ® v. Let Sym*?(V) be the quotient of V ® V by
A>(V). For any n let

n . 2 .
ANvy= [ v¥'e (/\ V) ® V®d-1=i,
1<i<n—1
For any n write Sym™ (V) C V®" for the submodule of S,-invariant tensors and
Sym™" (V) for the A-module of S, -coinvariants of V®". We have canonically

Sym'™(V*) = (Sym™(V))*  and /\"(V*)%(/\"v).

The space Sym!2(V*) can be seen as the space of symmetric bilinear forms on V. This
is the space of A-linear maps ¢: V — V* such that ¢* = ¢.

Let V be a free A-module of rank 2n. Say that V is a symplectic if it is equipped with
a non-degenerate bilinear form w: V' x V' — A such that in a suitable base (e;,e_;,1 <
i < n) we have w(e;,e—_;) = §;;, w(e;,e;) = wle—;,e—;) = 0 for 4,5 € {1,...,n} and
w(z,y) = —w(y, z). We call such base a symplectic base. If V' is a symplectic A-module
then we trivialize wa: detV = Aby e+ 1, wheree = ey A---Aey Ae_1 A---Ae_p
does not depend on a symplectic base (e;,e_;). For w™ € /\2n M* we have nle = +w™.

The pairing between a free A-module and its dual is usually denoted by (-,-). If A is
of characteristic p, write V») =V @4 A, where A — A, a — aP is the Frobenius map.

1.3. Generalities on quadratic forms

Let k£ be a field of characteristic two, which is either finite or algebraically closed. Let
R be the ring of Witt vectors of length two over k.

Let L be a finite-dimensional k-vector space. Let B,(L*) C (L ® L)* be the subspace
of bilinear forms ¢ on L satisfying ¢(z,z) = 0 for all z € L. We call them alternating
bilinear forms. Write Q(L*) for the k-space of quadratic forms on L. By definition, it
is included into an exact sequence 0 — B, (L*) — (L ® L)* — Q(L*) — 0, where the
second map sends a bilinear form ¢ to the quadratic form z — ¢(z, x).

Write Q,(L*) for the k-space of additive quadratic forms on L. The map L* —
Q.(L*) sending y* to the quadratic form y + (y,4*)2, y € L yields an isomorphism
(L*)® = Q,(L*). One has an exact sequence 0 — Bo(L*) = Sym'?(L*) = Qq(L*) = 0
of k-vector spaces. One also has an exact sequence

0— Qu(L*) = Q(L*) — Bu(L*) — 0,
where the second map sends ¢ to the bilinear form (z,y) — q(x + y) — q(z) — q(y).
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Assume given a free R-module L with an isomorphism L®p k ~> L of k-vector spaces.
Note that B, (L*) C Symm(f]*) can be seen as the R-submodule consisting of ¢ satisfying
@(,2) = 0 for all # € L. Let Q'(L*) be the quotient of Sym'?(L*) by B,(L*), this is an
R-module included into an exact sequence 0 — Qq(L*) — Q'(L*) — Sym'?(L*) — 0 of
R-modules. The action of GL(L) on Q'(L*) factors through an action of GL(L).

Equivalently, one may define Q'(L*) as the R-module of maps ¢: L — R such that

e the map b,: LxL — R given by by(x1,x2) = q(z1+x2)—q(x1)—q(z2) is bi-additive,
and by (az1,x2) = abg(x1,x2) for any @ € R over a € k;

e g(ax) = a*q(x) for x € L and a € R over a € k.

These R-valued ‘quadratic forms’ on L have been considered, for example, in [11,15,22].

1.4. We refer the reader to §2 for motivations, in §3 we give a detailed description of
the main results and explain the structure of the paper.

2. Classical Weil representation and motivations

2.1. In this section we recall the construction of the Weil representation in characteristic
two following essentially [11]. This is our subject to geometrize.

2.2. Let k be a finite field of characteristic two with g elements, R be the ring of Witt
vectors of length two over k. Let V be a free R-module of rank 2n with symplectic form
©: V@V =5 R.Set V=V®gk. Let w: VxV — 2R be given by w(z,y) = 20(&,§) for
any z,y € V over z,y V.

Pick a bilinear form 3: V x V — R such that

B(&,9) — B, %) = &(&,§) (2.1)

for all Z,5j € V. Let 3: V x V — R be the map (z,y) — 2@(5:,3]) for any Z,§ € V over
x, y. It gives rise to the Heisenberg group H(V) =V x R with operation

(v1,21)(v2, 22) = (v1 + V2, 21 + 22 + B(v1,v2)), v; €V, z € R. (2.2)

Its centre is Z(H(V)) = {(0,2) € H(V) | z € R}.
Gurevich and Hadani consider the group of all automorphisms of H (V') acting trivially
on the centre Z(H(V)). For the purposes of geometrization, we modify their definition

slightly as follows. Let ASp(V') be the set of pairs (g, ), where g € Sp(V) and a: V — R
satisfies

o a(v; +v2) — afvy) — a(ve) = B(g(v1),g(ve)) — B(v1,ve) for all v; € V;

e a(av) = @*a(v) for any v € V and @ € R over a € k.
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An element (g, ) € ASp(V) yields an automorphism of H (V) given by (v, z) — (gv, z +
a(v)). In this way ASp(V) maps injectively into the group of automorphisms of H (V)
acting trivially on Z(H (V). The composition in ASp(V) is given by

(97 ag)<h7 ah) = (gh? h_l(ag) + ah)

with A7 (ag)(v) = ay(hv) for all v € V. We will refer to ASp(V) as the affine symplectic
group. For a k-vector space L write

FQu.(L*) ={a: L = R| alz; + x2) = a(z1) + a(xz) and afaz) = d*a(z),
a€ Roverack, z €L}

An element of FQ,(L*) writes in Witt coordinates as (0, a1 ),
and a;(az) = a*a;(z) for all a € k, z € L. So, FQ.(L*) =
fits into an exact sequence

where a1 : L — k is additive
(L*)®). The group ASp(V)

1= FQ.(V*) = ASp(V) — Sp(V) — 1.

Though it is not reflected in the notation, ASp(V') depends not only on © but also on 8.

Let G = Sp(V). We have a surjective homomorphism &: G — ASp(V) sending § to
(9,03), where g € Sp(V) is the image of g, and az: V — R is given by

for any v € VoverveV.

2.3. Fix a prime ¢ # 2. Let ¢: Z/AZ — Q} be a faithful character. We denote by
the same symbol ¢ the composition R %7 /AZ — Q}. A version of the Stone-von Neu-
mann theorem holds in this setting, namely there exists a unique (up to isomorphism)
irreducible Q-representation of H (V) with central character ¢ [11].

Given an irreducible Qp-representation (p,H,) of H(V) with central character 1, one
gets in the usual way a version of the metaplectic group

Mp(Hy) = {(9,M[g]) | g € ASp(V), Mlg] € Aut(Hy),
p(gh) o M[g] = M]g] o p(h) for all h € H(V)}

included into an exact sequence

1 — Q; — Mp(Hy) — ASp(V) — 1. (2.3)
It comes together with the Weil representation of Mp(#,) on H,, given by (g, M[g]) —
Mlg] € Aut(Hy).

Among various results of [11-13,19] let us cite the following two, which are our main
motivation for geometrization.
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Proposition 2.1 (Gurevich and Hadani [11]).
(1) There exists a group AMp(V') included into an exact sequence
1 — ua(Qp) — AMp(V) — ASp(V) — 1
such that (2.3) is its push-forward via jus(Qr) — Qj.

(2) There is a group Mp(V'), which is an extension of G by p2(Qq) and a morphism of
exact sequences extending &

1 —— N4(Qf) — > AMp(V) — ASp(V) —1

1

1 —— p2(Q¢) — Mp(V) G 1

2.4. Models of the Weil representation

2.4.1. Write L(V) for the set of Lagrangians in V. We modify slightly the notion of an
enhanced Lagrangian from [11] as follows. An enhanced Lagrangian in V is a pair (L, &),
where L € £L(V) and o: L — R satisfies

a(ly +12) — a(ly) — a(lz) = B(l1,12)

for; € L and a(al) = a®>a(l) forl € L, a € k and a € R over a. Sometimes we will refer to
it as the enhanced structure on L. Let ELag(V') be the set of enhanced Lagrangians in V.
Then ELag (V') is a torsor under the vector bundle on £(V') whose fibre at L is FQ,(L*).

Given L € L(V), the subgroup L x R C H(V) is abelian. The novelty in characteristic
two (compared to the case of other characteristics) is that this is not a direct product of
subgroups. This is an extension of L by R in the sense of commutative unipotent group
schemes over k, and an enhanced structure on L yields a splitting of this extension.

Let (L,a) be an enhanced Lagrangian in V. Then 7: L — H(V) given by 7(z) =
(z,a(z)) is a group homomorphism. One associates to the enhanced Lagrangian (L, «
a model of the Weil representation

Hr ={f HV) = Q| f(er(x)h) =¢(2)f(h), x € L, z€ R, h€ H(V)},

on which H(V') acts by right translations. Write p: H(V) — Aut(#y) for this action.
The group ASp(V) acts on the left on ELag(V'), namely g € ASp(V) sends 7: L —
H(V) to Adg7: gL — H(V) given by

(Ady7)(x) = gr(g 'x), =x€gL.

This action map is denoted by act: ASp(V) x ELag(V) — ELag(V). The projection
ELag(V) — L(V) is ASp(V)-equivariant. Set

Mp(Hr) = {(9,Mlg]) | g € ASp(V), M|g] € Aut(HL),
p(gh) o M[g] = M(g] o p(h) for h € H(V)}.
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It fits into an exact sequence
1 — Q; — Mp(Hz) — ASp(V) — 1. (2.4)

Remark 2.2. Each g € ASp(V) yields an isomorphism Hy, — H4p, of Qg-vector spaces
sending f to gf. Here (gf)(h) = f(g~*h) for h € H(V). Write Stj, for the stabilizer of
the enhanced Lagrangian L in ASp(V'). Then St;, acts naturally in #,, namely g € Sty
sends f to gf. This is a splitting of (2.4) over Sty,.

2.4.2. Write £(V) for the set of free Lagrangian R-submodules in V. Write : LV V) —
ELag(V) for the map sending L to (L, a; ), where a; : L — Ris given by a; (z) = (%, )
for any z € Loverz e L.

The surjection £: G — ASp(V) is compatible with e, namely the diagram

act

G x L(V) L(V)

lgm i (2.5)

ASp(V) x ELag(V) —~ ELag(V))

commutes, where the top horizontal map sends (3,L) to gi For L € L(V) set also
H; = Hr, where L = e(L) Let P(L) be the stabilizer of L in G. Then ¢ restricts to a
homomorphism ¢: P(L) — Str,, and Remark 2.2 ylelds a canonical splitting of the pull-
back of (2.4) under the comp051t10n P(L L) — G 5 ASp( ). The group P(L) fits into an
exact sequence 1 — Sym'?(L) — P(L) — GL(L) —

2.5. Intertwining operators

For a pair Ly,Ls € ELag(V) consider the non-normalized intertwining operator
Fr.r,: Hr, = Hr, given by

(Fror.[f))(h) = Y f(ri(m)h) (2.6)

meLy

for f € Hr,, h € H(V), where 7;: L; — H(V) is the enhanced structure for L;. Tt
commutes with the actions of H(V). It is easy to check that Fp, y, does not vanish if
and only if 71 and 75 coincide on Ly N Lo, and in this case it is an isomorphism.

Let now Ly, Lo, L € ELag(V') with L1 N Ly = L1 N Ly = 0. We write 7;: L; — H(V)
for the enhanced structure for L;. Let r: Ly — L; be the k-linear map such that L3 =
{r(x) —x € Ly ® Ly | x € La}. Let us calculate

FL],LQFL27L3 : HLg — HLl.
Define the quadratic form Qr, 1,.,: L2 — R by the following equality in H (V)

73(r(m) = m)ma(m)7i(=r(m)) = (0, QL, L,,1,(m)) (2.7)
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for any m € Lo. In other words,

QL1 Ls,L5 (M) = az(m) + ayr(r(m)) — ag(m —r(m)) + B(m, r(m)). (2.8)
Then Qr,.1,.1, € Q'(L3), and (2.8) implies for my,ma € Lo

QL17L27L3 (ml + m2) - QL1,L2,L3 (ml) - QL11L27L3 (m2) = w(r(ml)v mQ)'

This is a symmetric bilinear form Lo X Lo — 2R.
Define the Gauss sum of Qr, r,,1, by

C(Ly, L2, L3) = Z w(QLl,L27L3(m))' (2.9)

meLy

Lemma 2.3. Assuming only L1 N Ly = L1 N L3 = 0 one has
Fr, 1.Fr, 1, = C(L1, Lo, L3)Fp, 1,.
So, C(L1, Ly, L3)Fpr, 1, Fr, 1, = ¢"Fr,.1,-

Proof. Let f € Hy,. For h € H(V) we get

(FL17L2FL2,L3f)(h) = Z f(TQ(m)Tl (u)h)
u€Ly,mEL>

— Z f(rs(r(m) — m)1a(m)m (w)h).

u€Li,meLy

We make a change of variables replacing (u,m) by (v,m), where v € L; is given by
v = r(m) + u. The above sum equals

Y fms(r(m) = m)ms(m)ri(—r(m))mi(v)h).

vEL1, mEL>y

Our first assertion follows now from (2.7). The second assertion follows from the fact
that 1‘7[,27L1F'L17L2 :qn. O

Remark 2.4. Given L; € ELag(V), the variety {L € ELag(V') | LNL; = 0} is naturally
a homogeneous space under Q'(L;). Namely, given L, and L3 in this variety one gets
QrL,.L,.Ls as above. Identify further L; with L3 via the form w, so Qr, 1,1, € Q'(L1).
Conversely, given Lo in this variety and Qr, 1,1, € Q'(L3), let ¢ be its image in
Sym'?(L3). Define r: Ly — Ly by w(r(mi), ms) = ¢(mq, ms) for all m; € Ly. Let Lg =
{r(z)—x € Ly ® Ly | © € Lo}. Now there is a unique 73: Ly — H(V), 13(y) = (y, a3(y))
such that (2.7) holds. The fact that this 73 is a homomorphism is checked using (2.8).

Remark 2.5. For any pair of enhanced Lagrangians Ly, Ly € ELag(V') define the inter-
twining operator F£1L2 : Hr, — Hp, as follows. There is w € V (its image in V/(L1+ L2)
is uniquely defined) such that for all x € L; N Ly we have as(z) — ay(z) = Fr(w(z, w)),
here Fr: R — R is the Frobenius.
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Write Ly for the subgroup Ly x R C H(V), similarly for L1 N Ly C H(V). Let ¢1: Ly —
Q; be the unique character such that ¥ (71 (z)(0, 2)) = 1(2) for all x € Ly, z € R. Given
f € Hy,, the function sending u € Ly to

F((w,0)uh)ipy (u)

actually depends only on the image of u in Ly N Lo\ L;. Then we set

(Fr,H)(m) = > f((w,0)ub)yi(u). (2.10)

ueL1NLy\L;

To see that thh is non zero, take f # 0 supported at Ly then (leerf)(w,O) # 0.
Finally, if L1 N Ly = 0 take w = 0 then (2.10) coincides with (2.6). The operator (2.10)
does depend on a choice of w.

3. Main results

3.1. Notation

From now on k denotes an algebraically closed field of characteristic two. Write Wy for
the k-scheme of Witt vectors of length 2 over k. Let R = W5(k) be the corresponding
ring of Witt vectors. Fix a prime £ # 2. Let 1: Z/4Z — Q} be a faithful character. For
a k-stack of finite type S write D(S) for the bounded derived category of Q-sheaves on
S. Write P(S) C D(S) for the full subcategory of perverse sheaves. Write D: D(S) —
D(S) for the Verdier duality. Since we are working over an algebraically closed field,
we systematically ignore the Tate twists. (Certain isomorphisms that we call canonical
actually contain the Tate twists, for example those of Lemma 7.2.) Write uo for the group
scheme Spec k[z]/(z? — 1) over k.

Recall the definition of the Artin-Schreier-Witt local system Ly on Ws . One has
the Lang isogeny La: Wo — Wy sending = to Fr(z) — z, where Fr: Wy — Ws is the
Frobenius morphism [18, §0.1.2]. It can be seen as a Z/4Z-torsor over Ws. Denote by
Ly the smooth Qg-sheaf of rank one on Wy obtained from this torsor via extension of
scalars i: Z/4Z — @’g This is a character sheaf, for the sum s: Wy x Wy — W5 we have
s*Ly — Ly K L, canonically, and Ly, is canonically trivialized at 0 € Wh.

For a scheme Z over R we denote by the same symbol Z its Greenberg realization over
k [10] (the precise meaning being understood from the context).

For an R-module of finite type M the same symbol M stands for the k-scheme whose
set of k-points is M. It can be defined as follows. Pick a resolution M_4 i> My of M by
free R-modules of finite type. The k-scheme associated to M is defined as the cokernel of
the corresponding morphism between the Greenberg realizations of M;. One checks that
k-scheme so obtained is defined up to a unique isomorphism.

For a morphism f: Y7 — Y5 of irreducible k-schemes of finite type write dim. rel(f) =
dimY; — dimY5.

3.2. In §4 we study the geometric analogues of Gauss sums attached to R-valued
quadratic forms on a finite-dimensional k-vector space L. Namely, we introduce an
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irreducible perverse sheaf Sy, on Q'(L*), whose fibre at ¢ € Q'(L*) is the Gauss
sum attached to ¢ and the character ¢. The scheme Q'(L*) is naturally stratified,
we describe the restriction of Sy to each stratum (Proposition 4.14). Generically, Sy,
is a (shifted) local system of rank one and order four, and we describe generically
the Z/47-covering, on which the corresponding local system trivializes (see §4.5). The
sheaf S, is GL(L)-equivariant, write S, for the perverse sheaf on the stack quotient
Q'(L*)/GL(L) equipped with an isomorphism pr* Sy [dim. rel(pr)] = Sy, for the projec-
tion pr: Q'(L*) — Q'(L*)/GL(L).

In § 5 we generalize the results of Thomas [20] on the Maslov index (of a finite collection
of Lagrangian subspaces in a symplectic space) to the case of characteristic two. More
precisely, we consider a free R-module V of rank 2n with a symplectic form. To a finite
collection of free Lagrangian R-submodules L1, ..., Ly, C V we attach R-modules with
symmetric bilinear forms K; m Dy
the kernel of the form. This is the Maslov index of the collection {L;}. In addltlon to
the standard properties of the Maslov index (Propositions 5.6 and 5.8), we also obtain
some new isometries in the case m = 4, which actually hold also in other characteristics.
(These new isometries are used in §6.3.2 for the construction of the gerb Y)

Let £(V) be the Greenberg realization of the R-scheme of Lagrangian free R-sub-
modules in V. In §6 we use the Maslov index to construct a Z/4Z-gerb L(V) — L(V).
Let G be the Greenberg realization of Sp(V). The gerb £(V) is not G-equivariant, but
rather gives rise to a central extension

..........

.....

1 — B(Z/AZ) - G — G — 1,

of group stacks over k. We call G the metaplectic group (in a sense, this is a geometric
analogue of Mp(V) from Proposition 2.1).

Set Y = L(V) x L(V). Let Y — Y be the Z/4Z-gerb obtained from £(V) x L(V) by
extending the structure group via Z/4Z x Z/4Z — 7./AZ, (a,b) — b — a. We show that
Y is naturally G-equivariant, that is, can be seen as a gerb over the stack quotient Y/G.
We construct an irreducible G-equivariant perverse sheaf S(,J/J on }7, which we call the
finite-dimensional theta sheaf (see Definition 6.5).

Let Usz be the scheme classifying (El, Lo, f/g) € E(V)3 with LiNLy = LiNLs =0. We
define a morphism 93: Usz — Y extending the projection vo3: Uss — Y, (il, Lo, [~/3) —
(LQ,Lg) (see §6.3.1).

Let L be a free R-module of rank n, set L = L ®p k. The Maslov mdex of a trlple
of Lagrangians yields a morphism to the stack quotient 7y : Uss — Sym' (L*) /GL (L)
(see §5.4).

The key property of S‘;.’w is Corollary 6.7, which is the main result of § 6. It establishes
a canonical isomorphism of perverse sheaves on Uss

75p;Syldim. rel(py, o my)] = ﬁggSV’w[dim. rel(va3)],

where pr: Sym'*(L)/GL(L) — Q'(L*)/GL(L) is the natural map. So, similarly to the
case of other characteristics, the Gauss sum of the Maslov index of (L17 LQ, L3) € Usz is
‘almost independent’ of L;.
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Let V = V @ k. The Heisenberg group H = H(V) = V x R with operation (2.2)
is viewed as an algebraic group over k (an extension of V' by the Greenberg realization
of R).

In §7 we generalize the theory of canonical intertwining operators [14] to the case of
characteristic two. The main result here is Theorem 7.1, which establishes the existence of
an irreducible perverse sheaf F' € P(ﬁ(V) X ﬁ(f/) x H) of canonical intertwining operators
between the Heisenberg models of the Weil representation. The proof follows the strategy
from [14]. However, a new technical point is that we need to consider an action of an
algebraic group stack on an algebraic stack (our perverse sheaves are equivariant under
the action of a group stack®). Generalities on such actions are collected in Appendix A.
The theta-sheaf S . 1s one of the main ingredients in the construction of F.

Finally, we construct a category W(V) of certain perverse sheaves on E( ) x H, which
prov1des a geometnc analogue of the Weil representation H,, from §2.3. The group stack
G acts on W(V) by functors. This action is geometric in the sense that it comes from
a natural action of G on £(V). As in [14], we also construct the non-ramified Weil
category W (L(V)), which is a category of certain perverse sheaves on £(V). This is
another geometric realization of the Weil representation (one has an obvious functor
W (V) = W(L(V)), we do not know if this is an equivalence).

In Appendix B we turn back to the classical setting and show that the Weil repre-
sentation from §2 is obtained by some reduction from the Weil representation over the
non-Archimedean local field of characteristic zero and residual characteristic two.

3.3. Comments on open problems

From our point of view, the following problems would be interesting to solve. Find
an interpretation of the construction of G in terms of K -theory (as for characteristics
different from two). Find a description of £(V) and of ¥ as the moduli stack classifying
some geometric objets related to V. Geometrization of the Howe correspondence in the
case of characteristic two. If there could be one, find a description of G by a crossed
module.

4. The sheaf 5’¢

4.1. Let L be a free R-module of rank n, set L = L ®g k. Let 7: L — Sym**(L) be
the map sending x to = ® z, here Sym is taken over R. The map 7 is constant along
the fibres of the projection L — L, so yields a map 7: L — Sym* (L) The latter map
induces a closed immersion of k-schemes 7: L) — Sym*?(L).

Since Sym*?(L) and Sym'?(L*) is a dual pair of commutative unipotent group schemes
over k, one has the Fourier transform functor

Foury, : D(Sym*Q(i)) — D(Symn(ff*))

* The actions we consider are ‘free’ in a suitable sense, so that the quotient could be defined as a
1-stack [8, §2.4.4].
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introduced in [18]. In this particular case, one also has the evaluation map
ev: Sym**(L) x Sym'?(L*) — W,
and Foury is given by
Four,, (K) = proy(pri K @ ev*Ly)[n(n + 1)]

for K € D(Sym**(L)). By [18], Four, is an equivalence, commutes with Verdier duality
and preserves perversity.

Remark 4.1. Let Z be an algebraic stack locally of finite type, G — Z be a group
scheme of finite type and smooth of relative dimension m over Z. Let f: Y — Z be
a G-torsor over Z. Then the functor K — f*K[m] is an equivalence of the category of
perverse sheaves on Z with the category of G-equivariant perverse sheaves on ) [16, A.2].

Definition 4.2. Asin [16, §4.1] set
S¢ = FOuI‘w(ﬁ'g@g[n]).

Since mQ¢[n] is an irreducible perverse sheaf, so is Sy. The sheaf Sy is naturally
CL(L)-equivariant (by GL(L) we mean here its Greenberg realization over k). Let ¢; :

Sym'?(L*) — Sym'?(L*)/GL(L) be the stack quotient. Write Sy, for the perverse sheaf
on Sym'?(L*)/GL(L) equipped with an isomorphism

43Sy [dim. rel(g; )] = Sy.

By Remark 4.1, the perverse sheaf Sy, is defined up to a unique isomorphism.

Set Q*(L) = Homp(Q'(L*), R). So, Q*(L) C Sym*?*(L) is the R-submodule of those
A € Sym*?(L) which vanish on B,(L*). The map 7: L — Sym*?(L) factors as

L 2% Q*(L) — Sym**(L).

Again, Q*(L) and Q'(L*) is a dual pair of commutative unipotent group schemes over k,
one has the evaluation map ev: Q*(L) x Q'(L*) — R and the Fourier transform

Four,: D(Q*(L)) — D(Q'(L"))
as above. Let Sy be the irreducible perverse sheaf on Q'(L*) defined by
Sy = Foury (rg1Qe[n]).

Clearly, Sy is GL(L)-equivariant. We have canonically DSy — Sy-1. We write ,, Sy if
we need to express the dependence on n. One has a canonical isomorphism

pr* Sy[n(n +1)/2 —n] = Sy,

where pr: Symu(ﬂ*) — Q'(L*) is the projection.
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We say that the Gauss sum for ¢ € Q'(L*) is the *-fibre of S’w at ¢. The Gauss sum
for ¢ € Sym'(L*) is the Gauss sum for its image in Q'(L*).

4.2. Let Q)(L*) C Q'(L*) be the open subscheme of ¢ € Q'(L*) whose image in
Sym!Q(L*) is a non degenerate symmetric bilinear form, that is, a symmetric isomorphism
L = L* of k-vector spaces.

Lemma 4.3. Over QE)(L*) the sheaf 5’¢ is a rank one local system placed in usual degree
—n —n(n+1)/2 = —dim Q'(L*). One has canonically over Q}(L*)

Sw & S¢—1 = @g[—?)n — ng].

Proof. Let us explain the argument at the level of functions, its geometrization is
straightforward. Let ¢: L — L* be a symmetric isomorphism of R-modules. For [ € L
write [ for any lifting of [ to an element of L. Let us calculate

> (o) — (@, ¢(@)). (4.1)
l,uel

For f(I, ) := (I, ¢(1)) — (@i, p(@)) and & € L we have

f+v,a+0) = f(l,a)+2(p( —a),v).

First, summate along the fibres of the map L x L — L, (I,u) — [ —u. The above formula
shows that the result is supported by {0} C L. So, (4.1) equals

> w((E o) - (.o0) = Y 1.

leL leL

O

The group scheme W3 of invertible elements with respect to the multiplication identi-
fies canonically with G,,, x G4. Let By be the k-stack classifying a rank one free R-module
W with a bilinear form W @ W — R. This is the stack quotient Wy /W5, where b € Wy
acts on a € Wy as b%a. Let By C By be the open substack given by the condition that
the bilinear form in non degenerate. Recall the group scheme po from §3.1.

Lemma 4.4. There is a canonical isomorphism of k-stacks Ba — B(pua x G,) x Al

Proof. An S-point of By is a Wi-torsor on S with trivialization of its tensor square.
A Wy-torsor is a pair: a G,,-torsor F; and a G,-torsor F. Since k is of characteristic
two, for any G,-torsor Fo, its tensor square is canonically trivialized, and the additional
trivialization yields a point of Al. Our assertion follows. O

Lemma 4.5. There is a natural map Disc: Q'(L*) — Bs, its restriction to Q}(L*) C

Q'(L*) factors as Q}(L*) D, By < By,
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Proof. The map sending a symmetric bilinear form g?): L — L* to det gZN): det L — det L*
factors through Sym'?(L*) — Q'(L*). Indeed, fix a base in L, so view Sym'(L*) as
symmetric n X n-matrices B over R. Then B,(L*) becomes the set of zero-diagonal
symmetric matrices C' with entries in 2R. For such B and C we claim that det(B+C) =
det B. To see this, one must prove

n

> Gigno)d oy [[ biowy =0
j=1 i

oESh =1,i#j

in R. If 0 # 0! then the contributions of ¢ and ¢! are the same, so there remains the
sum over o € 9, such that ¢ = id. We claim that for ¢ € S,, with ¢2 = id we have

Y oty Il biww =0
=1

i=1,i#j

Indeed, the above sum is actually over those j which are not fixed by o. Such j are
divided into pairs (j,o(j)), and the contribution of each pair vanishes. O

We will refer to Disc: Q'(L*) — By as the discriminant map. Write disc: Qf(L*) — Al
for the composition Q}(L*) Dise, By — A, where the second map is the projection.

4.3. Recall the classical result of Albert [1]. If n is odd then GL(L) acts transitively on
the variety of non-degenerate symmetric bilinear forms ¢ on L. If n is even then GL(L)
has two orbits on this variety: they are distinguished by the fact that the image of ¢ in
Q4 (L*) vanishes or not.

For any n let Sym'?(L*)o  Sym'?(L*) be the open subscheme given by the condition
that the image of ¢ € Sym!Q(L*) in Q.(L*) does not vanish, and ¢ is non-degenerate.
This is the open orbit of GL(L) on Sym'?(L*).

Let U(L*) C Q'(L*) be the open subscheme classifying ¢ € Q'(L*) such that its image
¢ € Sym™(L*) lies in Sym'(L*)o. For u € k denote by Qf(L*), C Qh(L*) the closed
subscheme given by the condition that the discriminant equals u. Write also U(L*),, for
the fibre of the discriminant map disc: U(L*) — Al over a k-point w.

Let ¢ € Sym2(L*) be a k-point and let 7(y) = ¢(y,y), y € L be the corresponding
additive quadratic form. Let y* € L* be such that 7(y) = (y,y*)2. Write L; for the kernel
of y*: L — k.

If n is odd then the restriction of ¢ to Ly is non-degenerate, so ¢ is a non-degenerate
alternating form on L;. Writing Lo = Li we get L = Ly @ Lo. The stabilizer O(¢)
of ¢ in GL(L) is Sp(L1, ¢) X g, it is not reduced, and its reduced part identifies with
Sp(L1, ).

If n is even then Ly = L{ C Ly. Again, the group O(¢) is not reduced (it acts on L
via a quotient us). Its reduced part is an extension of Sp(L/Ls, ¢) by a unipotent group
Ug. The group Uy fits into an exact sequence 1 — LSZ’Q — Uy — Hom(L1/Lg, Ly) — 1,
so Uy looks like a Heisenberg group. Actually, the latter exact sequence splits, because
k is of characteristic two.
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Lemma 4.6.

(i) Let ¢ € Sym'(L*) be a lifting of ¢ € Sym'?(L*)o. Let g € U(L*) be the image of
¢. The stabilizer O(q) of ¢ in GL(L) is as follows.

(1) Ifn is odd then this is O(L1, q) X pa C Sp(L1,¢) X 2.

(2) If n is even then we have two cases. First, if q is non-zero on Lo, then Q(q)
fits into an exact sequence 1 — Z/27 — O(q) — Sp,,_o — 1. Second, if q
vanishes on Lo then q yields a quadratic form gq: L1/Ly — 2R, and Q(q) fits
into an exact sequence 1 — Hom(Lq/La, La) — O(q) — O(L1/Ls,q) — 1.
The bilinear form on L /Ly associated to q is symplectic.

(i) Ifn is odd then we have a transitive action of GL(L) x A' on U(L*), and the map
disc: U(L*) — A is Al-equivariant, where Al acts on itself by translations.

Assume n even. Then q vanishes on Lo if and only if the discriminant of ¢ equals

0, n =0 modd4,
(4.2)

1, n=2 mod4.

Besides, for any u € k and any n > 0 the action of GL(L) on U(L*),, is transitive.

Proof. (i) For z,y € L one has

q(z+y) —q(x) —q(y) = J(E+§,T+9) — &, 7) — 6(5,9) = 26(Z,9) = (0,6(z,y)?), (4.3)

the last expression being written in Witt coordinates.

(1) Let n be odd. Then ¢ yields a decomposition L = L; @ Ly as above, and ¢ is
alternating on L. The restriction of ¢ to L1 is a map ¢;: L1 — 2R. By (4.3), we see that
the symmetric bilinear form associated to ¢ is ¢. It follows that O(Lq,q) C Sp(L1,¢).
The stabilizer of (Lg, q) is pa.

(2) Let n be even. Then ¢ yields a decomposition Ly C Ly C L as above. The restric-
tion of g to Ly is a map ¢1: Ly — 2R. First, assume ¢ non-trivial on Lo, then the
intersection of the unipotent radical of O(¢) with O(q) is isomorphic to Z/2Z (real-
ized as a closed subgroup of G,). So, dimO(q) < dimSp,,_, = (n —2)(n — 1)/2. It
follows that dim(O(¢)/0(q)) > n — 1, because dimO(¢) = n(n — 1)/2. Let YV, be
the preimage of ¢ under Q'(L*) — Sym'?(L*). Let Yy, be the closed subscheme in
Vs given by the condition that the discriminant equals the discriminant of ¢. Since
dim Yy 4 = n — 1, we learn that each orbit of O(g) on YV, 4 is open. So, one gets an exact
sequence 1 — Z/27Z — O(q) — Sp,,_» — 1.

Now consider the case when ¢ vanishes on Ly. Then for 2 € Lo, y € L; we get from (4.3)
that q¢(z +vy) —q(y) = 0. So, ¢ yields a map q: L1/Ls — 2R given by q(y mod Ls) = ¢(y)
for any y € Ly. It is easy to see that Q(q) N LY? = 0. Since dim O(q) = (n — 2)(n — 3)/2,
we get

dim O(q) < dimHom(L; /L2, Ly) + dim O(q) =n — 2+ (n — 2)(n — 3)/2.
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So, dim GL(L)/0(q) > (n—1)+n(n+1)/2. On the other hand, GL(L)/O(q) is contained
in the locus of Qf(L*) with fixed discriminant, which is of dimension less than or equal
to (n —1) +n(n+1)/2. Thus, 1 - Hom(L1/Ls, La) — O(q) — O(g) — 1 is exact.

(ii) If n is odd we let a € Al act on ¢ € U(L*) sending it to (1,a)q € U(L*), here
(1,a) € R is written in Witt coordinates. For any ¢ € U(L*) the GL(L) x Al-orbit
on U(L*) through ¢ is of dimension equal to that of U(L*). Since U(L*) is an open
subscheme of an affine space, it is irreducible. So, the action of GL(L) x A on U(L*) is
transitive.

Now let n be even, let q/;, @, q be as in (i). We have the corresponding flag Ly C L; C L
on L. Pick [ € L — L with ¢(I) mod2 = 1. Adding to [ a suitable element of Ly we may
assume that ¢(I) = 1. Let I € L be a vector over [. Pick any I € L such that its image
lo in L lies in Ly and (5([2, i) = 1. We have in Witt coordinates é(l}, lo) = (0, €) for some
¢ € k. The bilinear form ¢ is non degenerate over Rl & RI, so we get an orthogonal (with
respect to ¢) decomposition of L into a direct sum of free R-submodules (Rig D RZ) awW.
Let W be the image of W in L then L; = Ly & W. So, ¢: W — 2R.

The bilinear form ¢ on W is symplectic, this is the bilinear form associated to g on W.
So, ¢ can be seen as a non-degenerate quadratic form on W with values in k. It follows
that the determinant of 45|W equals (—1)("=2)/2_Indeed, there is a base e;, e_; of W in
which the form ¢ on W writes in Witt coordinates

q(x) = (O,Zﬁxi-) €2R

for = >, (xie; + x_je_;). Actually, we have proved that in a suitable base of L the
form g writes as

(n—2)/2
4. y2, w0, 7-5) = (0,075 + 2042 + 52 +2 ) Bidi (4.4)
i=1
in n variables {y, yo,z;,x_;} with 1 <i < (n — 2)/2. Here ¢, g2, T;, T_; are any liftings
of the corresponding variables with respect to R — k. In particular, for each u the action
of GL(L) on U(L*),, is transitive.
Since the determinant of ¢ over Rl @ Rl equals (1,14 €) in Witt coordinates, we get
that the discriminant of such ¢ equals

€, n =0 mod 4,

€e+1, n=2 mod4.

Our assertion follows. O
Remark 4.7.

(i) For n even the normal form (4.4) can be seen as a section s: A! — U(L*) of
disc: U(L*) — AL
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(ii) For any g € U(L*) the stabilizer of ¢ in GL(L) has two connected components (see
also §4.4). So, for any u € k the shifted local system 5’5?2 over U(L*),, is constant.
It follows that there exists a local system W, on A' together with an isomorphism
over Qh(L*)
§§2[—3n —n? 5 disc* W,

here disc: QIO (L*) — A'. One checks that for any n the local system W, on A! is
of order two, it becomes constant on the covering A" — A, b+ b2 +b.

Actually, for n even we can say more. The restriction s*S, under the section
s: Al — U(L*) is of order 4 and can be calculated using the formula (4.4). Let
ir: A' — Wy be the map sending z to (z,0) in Witt coordinates. There exists an
isomorphism over A!

This follows easily from the fact that, at the level of functions, for €,y € k the sum

> (0, )35 + 252 + 7°)

y2€k

vanishes unless € = 3.

Definition 4.8. For n = 1 and L = k one has canonically Q'(L*) = R. In this case
write €& € D(Speck) for the fibre of S,[—2] at 1 € Q'(L*). Then £ is a one-dimensional
Qy-vector space placed in usual degree zero.

Proposition 4.9. For any n we have canonically over Qf(L*)

554@5(“)[—671 — 2”2] l) 5®4n.

Proof. (1) Assume n even. Set u =0 € k. By Remark 4.7, S®2[ 3n —n?] is a constant
local system on Qf(L*),. Choosing a base in L, we get a k-point in Q}(L*), the image
of the symmetric bilinear form ¢ € Sym'Q(L*) with the identity matrix. The fibre of
5'1%)2[—3n —n?] at this k-point is £2". This yields an isomorphism

5'1%)2[—3n —n? =g
over Qb(L*)y.

(2) Considering the map Q(L*) — Q4 (L* ® L*),, sending ¢ to ¢ ®¢: L® L — L* @ L*,
we are reduced to (1). O

If n = 1 then the local system §§2|Q6 (z+) 1s non-constant. Indeed, consider the
closed immersion kr: A — W3 sending z to (1,z) € R* in Witt coordinates. Then
RI.(AY K RS®2) is easy to calculate, which shows that K RS®2 is non-constant. Actually,
/<;RS®2 trivializes on the covering A! — A', z + 22 4 2. This is a consequence of the
following lemma.
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Lemma 4.10. Let ig: A' — W5 be the map sending x to (x+1,0) € R in Witt coordin-
ates. For n = 1 one has an isomorphism

Ly = Rp(15y[-2)).

%2 + ¢° with 2,7 € R over z,y € k.
) and uy = (1,1). The value of g at

Proof. Consider the quadratic form ¢(z,y) = (1,
Consider a new base {u,us} of k? given by u = (0,
Yu + Yaug € k? is

a

)
1

(0,a+1)(y3,0) + (0,4%y3) + (%,0) = (0,a + 1)75 + 2572 + 7.
So, the assertion follows from Remark 4.7. O

Definition 4.11. Fix once and for all an isomorphism &£* = Q. Then Sy[-n —
n(n+1)/2] is a local system on Q}(L*) whose fourth power is trivialized canonically
by Proposition 4.9. In view of the homomorphism : Z/4Z — (@Z we have fixed in §3.1,
Sy yields a Z/4Z-torsor Cov(Qp(L*)) — Qh(L*). The restriction of Sy, to Cov(Qh(L*))
is equipped with a canonical trivialization.

Definition 4.12. Let Qo(L) C Sym'(L*) be the open subscheme of ¢: L — L*,
which are isomorphisms of R-modules. Write Cov(Qo(L)) — Qo(L) for the Z/4Z-torsor
obtained from Cov(Q}(L*)) by the base change Qo(L) — Qb (L*).

4.4. Arf invariant of quadratic forms

This subsection is independent of the rest of the paper.

4.4.1. Let S be a scheme and E a vector bundle on S. A quadratic form on F is a
morphism of sheaves q: £ — Og such that for local sections s € Og,e € E one has
q(se) = s%q(e) and the map

by: Ex E — Og, (e1,e2) = qle1 +e2) —qler) — qle2)

is Og-bilinear. Then the Clifford algebra C(E) is a sheaf of Og-algebras on S defined as
the quotient of the tensor algebra T'(E) of E by the two-sided sheaf of ideals generated
by local sections of the form e ® e — g(e). This is a Z/2Z-graded sheaf of Og-algebras,
write C(E)" and C(F)~ for even and odd parts respectively.

For example, if ¢ = 0 then C(F) is Z-graded and

cE S@ N (E)

n=0

(the Z/2Z-gradation is given by the parity of n).

Write Z[C'(E)*] for the centre of the sheaf of Og-algebras C(E)". By [2, Theorem 3.6,
p. 39], if E is of rank 2n for some n and b, is non-degenerate then Z[C'(E)*] is a sheaf
of quadratic separable algebras over S, that is, Spec(Z[C(E)™]) is an étale two-sheeted
covering of S. This is the Arf invariant of the quadratic form ¢: F — Og.
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4.4.2. Assume that S = Speck with k algebraically closed of characteristic two. Let E
be a k-vector space of dimension 2n. A quadratic form ¢: E — k is called non-degenerate
if the bilinear form b,(z,y) = ¢(z +y) — ¢(z) — q(y) on E is non-degenerate. The group
GL(FE) acts transitively on the variety of non-degenerate quadratic forms on F [3], and
the bilinear form b, is symplectic. Let ¢: £ — k be a non-degenerate bilinear form on E.

Lemma 4.13. The stabilizer O(q) of q in GL(E) has two connected components. We
write SO(q) for the connected component of unity, although O(q) C Sp(b,) C SL(E). The
group O(q) acts naturally on C(E), so on Z[C(E)™T]. The action of SO(q) on Z[C(E)™]
is trivial, and the group Q(q)/SO(q) induces a unique non-trivial k-automorphism of the
k-algebra Z|C(E)™].

Proof. This follows from [4, Exercise 9, p. 155]. Namely, if {e;,;e_;} (1 < ¢ < n) is
a symplectic base in E then {1,z} is a k-base of Z[C(E)*], where z = > eje_;. If
W is the Weyl group of O(q) for the corresponding torus, we have an exact sequence
1= 8, > W — (Z/2Z)" — 1. The image of ¢ € S,, in W sends e; to e,; and e_; to
e—_oi (1 <1< n). The group W contains also the elements w; permuting e; and e_;. Let
W be the subgroup of those w € W whose image a in (Z/2Z)" satisfies >, a; = 0.
Let W= =W — WT. Then

SO(q) = U BwB and O(q) —SO(q) = U BwB.

weW+ weWw —

Since any w € W~ acts on the base {1, z} as {1,z + 1}, we are done. O

Now if S is a k-scheme, let q: &€ — Og be a vector bundle of rank 2n with a non-
degenerate quadratic form. This is nothing but a torsor for Q(qp), where qo is the split
quadratic form of rank 2n. So it induces via extension of scalars O(go) — O(qo)/ SO(qo)
a Z/2Z-torsor, which identifies canonically with Spec Z[C(€)*]. Another way is to say
that GL(F)/O(qo) is the stack classifying non-degenerate quadratic forms of dimension
2n, and (&, q) is a datum of a map 7: S — GL(E)/O(qp). Then the Arf invariant of (£, q)
is the restriction under 7 of the Z/2Z-torsor GL(E)/SO(qy) — GL(E)/O(qo)-

4.5. Description of Cov(Q}(L*)) generically

4.5.1. Use the notation of §4.3. Let ¢ € Q'(L*),s0 ¢: L — R. Say that a one-dimensional
k-subspace E C L is multiplicative if for any non-zero e € FE we have in Witt coordinates
q(e) = (a,0) for some a € k. This condition does not depend on a choice of e.

For a point ¢ € U(L*) let r be the image of Fr(q) in Q,(L*), where Fr: U(L*) — U(L*)
is the Frobenius map. Let the hyperplane L; C L be the kernel of r. As ¢ varies these
hyperplanes form a vector bundle over U(L*).

If n is odd, we consider the vector bundle & over U(L*) whose fibre at ¢ is Ly for the
corresponding r. It is equipped with the quadratic form ¢: L; — 2R, which organize into a
quadratic form on &;. As in Lemma 4.6, the bilinear form (z, y) — q(z+y)—q(z)—q(y) on
L, is symplectic. The corresponding Clifford algebra over U(L*) is denoted C'(&;). Write
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U(L*) for Spec Z[C(&;)], this is a Z/2Z-Galois étale covering over U(L*). The group
GL(L) acts naturally on U(L*), the projection n: U(L*) — U(L*) is GL(L)-equivariant.
By Remark 4.7, the local system 7*Sy[—dimU(L*)] descends with respect to the
composition U(L*) 2 U(L*) =5 A'. More precisely, there exists an isomorphism over
U(L*)
7Sy (= dim U (L)) S 57 disc” w31 5y =),

where kg is the map from Lemma 4.10.

4.5.2. Now consider the case of n even. For ¢ € U(L*) write r € Qu(L*) and ¢ €
Sym'?(L*)o for its images in Qq(L*) and Sym'?(L*)y respectively. We also have the
corresponding flag Lo C Ly C L, where Ly is the kernel of r, and Ly = Lll with respect
to ¢.

Assume that ¢ is non-zero on Lo, then there is a unique subspace W C L; such that
Lo®W = L; and W is preserved by the stabilizer Q(q) of ¢ in GL(L). The bilinear form
é|w is symplectic. Let W+ C L be its orthogonal complement in L, so Ly C W+ and
W+ /Ly =5 L/L; naturally.

Then the form gy lies in U((W)*), that is, it has the same properties as ¢ itself but
now for dimension two. One checks that there are exactly two one-dimensional multiplica-
tive subspaces in W+ for ¢. The stabilizer O(q) C GL(L) of ¢ in GL(L) acts transitively
on these two multiplicative subspaces.

Let (A')? c A! be the open subscheme given by the condition that a € A! is not
the critical value given by (4.2). Let U(L*)® C U(L*) be the preimage of (A)? under
disc: U(L*) — AL

We get a 2-sheeted étale covering

n: U(L*)° = UL,

which classifies a point ¢ € U(L*)? together with a one-dimensional multiplicative sub-
space £ C W=. The section s: A! — U(L*) from Remark 4.7 extends to a section
5: (AH? — U(L*)°, namely, in the notation of formula (4.4) we have a distinguished
multiplicative subspace given by yo = x; = z_; = 0.

By Lemma 4.6, n* S, descends with respect to the composition

U(L*)° 2L U(L*)° 25 Al
More precisely, there is an isomorphism over U (L*)°
n*Sy = n* disc” s*(Sy).

Recall that the shifted local system s*(S,) is of rank one and order four, it is described
in Remark 4.7.

4.6. Description of S'w on strata

Write Sym!(L*) C Sym'?(L*) for the locus of symmetric bilinear forms on L whose
kernel is of dimension i. Let Q}(L*) be the preimage of Sym?(L*) under the projection
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Q'(L*) — Sym'?(L*). Write 'Q;(L*) C Q}(L*) for the closed subscheme classifying those
q € Q}(L*) which vanish on the kernel of ¢, where ¢ € Sym?(L*) is the image of ¢q. Then
'Q;(L*) can be seen as a scheme classifying an i-dimensional subspace M C L and ¢ €
QL((L/M)*). The corresponding map L — R is then the composition L — L/M % R.

Proposition 4.14. For any i the *-restriction of Sy, to Q}(L*) is the extension by zero
from 'Q;(L*). The corresponding sheaf

= ) n(n+1)
S¢|/Qi(L*) t—n-— 9
is a local system of rank one and order four (except for the last stratum 'Q,(L*) =
Speck, over which it is a trivial local system of rank one). If M C L is a subspace and
q € Q((L/M)*) then the fibre of Sy at L — L/M % R is the shifted Gauss sum for q.

Proof. Let ¢ € Q\(L*) and ¢ be its image in Sym*(L*). Let M C L be the kernel of ¢.
Then for z € L, y € M we have g(z +y) = g(x) + q(y). At the level of functions, for any
z € L the sum 3 ¢ (q(z +y)) will vanish unless g € 'Q;(L*). The geometrization is
straightforward, our assertion easily follows. O

5. Maslov index in characteristic two

In §§5.1-5.3 we generalize the results of [20] to the case of characteristic two.

5.1. Let O be a discrete valuation ring, I C O be a non zero ideal and O = O/I. Let V
be a free O-module of rank 2n with a symplectic form w: V ® V — O. For a submodule
M cCViet M+ ={zx €V |w(x,m)=0 for all m € M}. One checks that (M*)+ = M.

For a O-module M set M* = Homg (M, O) in the category of O-modules. The functor
M — M* is exact on the category of finite type O-modules. For any O-module of finite
type M one has (M*)* = M canonically. If K is a bounded complex of free O-modules
of finite type then H(Homg (K, 0)) = Homg (H’(K), O) canonically.

For any submodule M C V we have an isomorphism of exact sequences of O-modules

0 Af 1% V/M ——0
OH(V/ML)*HV**)(MJ‘)*HO

5.2. Keep notation of §3. Let L be a free R-module of finite type with symmetric
bilinear form ¢: L — L*. We say that ¢ is hyperbolic if there is a base {e;,e_;} of L in
which the form is given by ¢(e;,e;) = 0 unless ¢ = —j, and ¢(e;,e—;) = dpe_;,e;) = 1.
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Lemma 5.1. If ¢ is an isomorphism then

(1) for any free submodule N C L its orthogonal complement N+ C L is free;

(2) if N is a free isotropic submodule in L then the induced symmetric bilinear form &
on N+ /N is non degenerate, and we have an isometry (NJ-/N) (N M) L
for any free submodule M c L such that N* @ M = L; here N & M is equipped
with the form induced by ¢ (and N @& M is not necessarily hyperbolic).

Proof. (2) We have an orthogonal decomposition (N & M) @ (N @ M)+ = L, and
(N @ M)+ C Nt maps isometrically onto N+ /N=. O

Remark 5.2. If ¢: L — L* is non degenerate of rank 2r, and N C L is a free isotropic
submodule of rank r (it is automatically a direct summand), then (i, ¢) is not always
hyperbolic. At the level of matrices the reason is that one can not in general present a
given symmetric matrix B € Mat,(R) as B = A + *A for another matrix A € Mat,.(R).
However, the Gauss sum of such (f/, @) is canonically trivialized.

5.3. Let V be a free R-module of rank 2n with symplectic form @: V x V — R. Write
E(f/) for the variety of free Lagrangian R-submodules in V. We view it as a k-scheme
via its Greenberg realization.

For any submodule M C V we have (M*)Y = M. If M C V is a free isotropic
submodule then M+ is free, and M+ / M is equipped with a 5ymplectic form with values
in R. For a family of submodules M; C V we have (,(M) = (33, M) *.

Let m > 2. As in [20], think of Z/mZ as the vertices of a graph whose set E of edges
is the set of pairs of consecutive numbers {i,7 + 1}, i € Z/mZ. For

v = (v{i,i+1}> S @ ‘7
{i,i+1}€E

its derivative is

ov = (0v;) € @ V, Ovi =V i41) — V{i-1,4)-
€L/ mZ

Conversely, for

P v

1€Z/MmZ

its antiderivative is

W= (bg41y) € @) V such that d(i) =
{i,i+1}€E

An anti-derivative exists if > , w; = 0 and is unique up adding a constant function.

i€ZL/m
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Definition 5.3. For Ly,...,L,, € E(f/) let K19, m be the kernel of
@ L=V
€L/ mZ

The surjectivity of the above X is equivalent to requiring that [, L; = 0, and in this case
K .. m is a free R-module.

As in [20], K; ., is equipped with the R-valued symmetric bilinear form
q1,2,...m(v, W) = Z (i, Wi it1y)
1€L/MmZ

for any anti-derivative w € @y; ;135 V of w. The derivative restricts to a map

{i,i+1}€E
whose kernel is ﬂz f/i, and its image is contained in the kernel of ¢ 2. m. Set
T1,2,.4.,m = Kl,.“,m/lm 0.

This is an R-module, which is not necessarily free, it is equipped with the induced sym-
metric bilinear form ¢ 2,... . For a R-module of finite type M write M* = Hompg (M, R).

Lemma 5.4. The form q;.... », induces an isomorphism of R-modules T} ... m = Tl*m

Proof. Consider the complex placed in degrees —1,0, 1

v P LS P LinLi), (5.1)
i€Z/nl {i,i+1}€E

where 9* is the transpose to

0: @ (f/iﬁf/iJrl) — @ f/l

{i,i+1}€E €L/ ML

The proof of [20, Proposition 3] goes through in this situation and yields in an isomor-
phism between K ,,/Imd and H® of (5.1). The cokernel of 9" is (), L;)*. To finish
the proof use §5.1 for O = R. O

Assume that (), L; = 0. Then Ty m is free if and only if for any {i,i + 1} € E,
L;N L;41 is free (this is also equivalent to L; + L;1 being free). A straightforward
analogue of [20, Proposition 5] yields the following.

Lemma 5.5. For any L; € ﬁ(V) there are canonical isometries T}

...........

~

(Tl,“.,mv ql,...,m) — (Tm,..,,la _Qm,...,1)~

One can also replace T' by K in the both above isomorphisms.
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If N is an R-module of finite type with a non degenerate symmetric bilinear form
¢: N = N* and M C N is an isotropic submodule, let M+ = {n € N | (n,¢(m)) =
0 for all m € M}. Then the R-module M~ /M is equipped with a non degenerate sym-
metric bilinear form, and we say that ML /M is a quadratic subquotient of N. The proof
of [20, Proposition 6] applies without changes in our situation and yields the following.

Proposition 5.6. Let Ly,...,L,, € £L(V) and k € {2,...,m}.
(1) If Ly N Ly = 0 then there is a canonical isometry Kyo ® K1 m — Kio. .m

and also
T2 x®Tik...om —Th2,..m

(2) Without conditions, T 2

..............

5.4. Maslov index in families

Let L be a free R-module of rank n. Let Uss be the variety of triples il, I~/2, Ls € E(ff)
such that L1 N Lg L1 N L3 = 0. Define a morphism of k-stacks

Ty : Uss — Sym'?(L*)/GL(L) (5.2)

as follows (it is understood that we first take the Greenberg realizations of Sym'?(L*)
and of GL(L) and then the stack quotient of one by the other).
Given (L1, Lo, L3) € Usz let 7: Ly — Ly be the R-linear map such that

Ly={r(z) —zcLi®Ly |z € Ly}
Let ¢ € Sym'?(L3) be given by ¢(i,7) = &(r(Z),7) for ,§ € Ly.

Lemma 5.7. For (Ll,LQ7 L3) € Usys there is a canonical isometry (EQ, q/;) = Ki1a3. It
identifies L2 n L3 with the kernel of (K17273, Q1,2,3)~

Proof. The map Ly — K 23 given by @+ (—r(z), z,7(x) — x) is the desired isometry.
U

We let 7w send (L1, Lg, L3) to (L, ). Note that the variety {NeLV)|NnL, =0}
admits a free transitive action of the R-module Sym'?(L;). o
Write Us C Usz for the open subscheme of triples (Ll, Lo, L3) € Uss such that
L;N L = 0 for ¢ # j. We also denote by the same symbol
mu: Us = Qo(L)/GL(L) (5.3)

the restriction of my. Let Cov(Us) — Us be the Z/4Z-torsor obtained from

Cov(Qo(L))/GL(L) — Qo(L)/GL(L)

by the base change 7.

Given a k-scheme S and a S-point (fq, Lo, f/3) € Us, write C(I~117 Lo, I~/3) for the Z/47Z-
torsor over S obtained by restricting Cov(Usz) under S — Us. This notation agrees with
(2.9) and [11].

https://doi.org/10.1017/5147474801100017X Published online by Cambridge University Press


https://doi.org/10.1017/S147474801100017X

Geometric Weil representation in characteristic two 245
Proposition 5.8. There is a canonical isomorphism
C(Ly,Ls, L) ® C(Lo, L1, L) = C(Lo, L2, L3) ® C(Lo, L1, L»)

of Z/4Z-torsors on the variety Uy classifying Lo,...,Ls € E(f/), which are pairwise
transverse.

Proof. The Gauss sum takes a direct sum to the tensor product of Z/4Z-torsors. So, it
suffices to show that, given Lg, ..., L3 € Uy, there is a canonical isometry of R-modules
with the corresponding symmetric bilinear forms

Ti,23PT0,1,3 — To,1,2DTo,2,3-

And these isometries naturally organize into a family over Uy. Indeed, by Lemma 5.5 and
Proposition 5.6, one has canonical isometries

Tio3®T130— Ti230— To123 — To1.2® Tpas.
To finish, use the dihedral isometry 71 30 — Tp 1,3 of Lemma 5.5. O

Remark 5.9. Let (L1, Ly, L) € Uss and L; = e(L;) be the corresponding enhanced
Lagrangians. Then the image of w7 (L1, L2, L3) in Q'(L3) is the form Qp,, 1, 15: L2 — R
defined by (2.7).

5.5. New isometries for the Maslov index

The following result will be used in §6.3.2.

Lemma 5.10. Let Liy,...,L,, € L(V). There is a canonical isometric inclusion
Kl,...,mfl‘—>K1 ..... m-

Proof. Write v € K1 as v = (v1,...,0m,) With >, v; =0, v; € L;. Then the desired
isometry is given by the map (v1,...,0m—1) +— (V1,---,Vm—1,0). O

Proposition 5.11. Let (N, N’,N") and (L, M) be two collections of Lagrangians in

L(V). Assume that each Lagrangian from the first collection is transverse to each Lagran-
gian from the second one. Then

K 50,1 © Ko jn 8,k (5.4)
admits a free isotropic R-submodule D such that one has a canonical isometry
D*/D = Ko g .k
Proof. By Lemmas 5.5 and 5.10, (5.4) is canonically isometric to KM,N’,L,N” @

Kj 5 sr.x and admits canonically the isometric subspace Ky 7 @ Ki 5oy By
Lemma 5.5, one has an isometry

o (Kyp w i @rinn) — K7 g0 s =45, 50 31)-
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Then D ={z+o(x) € Ky; 57 ®Kj 537 | * € Ky 5} is the desired free isotropic
R-module of rank n. Indeed, one checks that D+ C KM,N’ i ® K; N/ N1 N8 the
submodule

{(mlvnllvllanlll) € K]\?I,N’,Z,N”? (ZQ’n/Z’m%nQ) €Ki yowiw | 'n’/l = nl2} (5.5)

and
D= {(ml,’nll,ll,()), (ll,nll,ml,()) | (ml,nll,ll) S K]\?[,N’,i} C DJ'.
The map sending a collection (5.5) to
(n'1'7m1 —ma, —na,l; —l2) € KN//,M,N L

yields the desired isometry. O

6. Construction of the gerb £(V) over £(V)

6.1. Use notation of §5. Our aim now is to construct a Z/4Z-gerb L(V) — L(V) (see
Appendix A for a definition of a Z/4Z-gerb).

For L € L(V) write U(L) = {M € L(V) | LN M = 0}. Note that ¢(L) depends only
on the image of L under £(V) — £(V'). We want to construct £(V) by gluing the trivial
gerbs U(L) x B(Z/AZ) over the open subschemes U(L).

Definition 6.1. For m > 1 say that a finite family of Lagrangians L; e E(V), 1€1,1is
m-sweeping if they are pairwise transverse and

Juy™ =conm,

iel
here Y™ denotes the mth Cartesian power of a scheme Y over k. Since £(V)™
compact, for any m an m-sweeping family exists.

Pick a l-sweeping family L; € £(V), i € I. The Z/4Z-torsors C(ii,ij,ik) (with

1,7,k € I) over Spec k satisfy the cocycle condition given by Proposition 5.8. So, we may,
and do, pick Z/4Z-torsors B;; over Spec k together with isomorphisms Bj; — B;jl and

C([Nzi,ij, f/k)71 = Bij [029] Bjk ® By (6.1)

is quasi-

for all i, j, k. We call an enriched sweeping family a collection {L;};cs together with Bij
and isomorphisms (6.1).

Set U; = U(L;) and
Uij = U MU Usjie = Us DU N U
Let Cov(U;;) be the Z/4Z-torsor over U;; obtained from Cov(Us) by the base change
Ui; = Us, L — (L, L;, L;). The gluing data consists of the following.

o The Z/4Z-torsor Cov(U;;) ® B;; over U;; giving rise to the automorphism
Oji: Mij X B(Z/4Z) l) Z/{ij X B(Z/4Z)

sending (L, F) to (L, F ® Cov(Ui;) ® Bi;). To be precise, for a scheme Z it sends
a Z-point (f,F) on the left to the Z-point (f, F ® f* Cov(U;;) ® B;;) on the right.
Here f: Z — U;; is a morphism, and F is a Z/4Z-torsor on Z.
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e A 2-morphism 6j;: ok 0 0y = o making the following diagram 2-commutative

Usji x B(ZJAZ) —> U1, x B(Z/AZ)

Oki
Tkj

Ui x B(Z/AZ)

It is given by the Z/4Z-torsor C(L;, L, L) over Spec k together with the isomor-
phism of Z/4Z-torsors over U;;i,

(when L runs through U, the above isomorphisms of Z/4Z-torsors over Speck
organize into an isomorphism of Z/4Z-torsors over U;;i). So, dxj; can be seen as a
trivialization of the Z/4Z-torsor over U;;i, whose fibre at L is

C(L,L;i, L) ® Bij ®C(L, Lj, L) ® Bji
C(E,Ei,ik)@@&k .

It is understood that (6.2) is the isomorphism given by Proposition 5.8. Finally, the
2-morphisms ¢ satisfy the following compatibility property: over any U;;xs the diagram
of 2-morphisms commutes

Okji
Osk ©O0kj ©0j; ——> Ogk O Okj

\L‘sskj i(;ski
Osji

. .. SJ
O0sj 00j; ——————> Ogj

Though this is not reflected in our notation, the gerb f(ff) depends on the family
{Li},iel.
Remark 6.2. Call an elementary transformation of an enriched 1-sweeping family the
procedure of adding or throwing away one Lagrangian Le E(f/) such that the obtained
family is still 1-sweeping (together with a compatible change of the family B;;). Clearly,
the gerb associated to the enriched 1-sweeping family obtained from the original one by an
elementary transformation is isomorphic to the initial gerb ﬁ(V) over E(V) One can pass
from one 1-sweeping family to another by a finite number of elementary transformations.
So, the isomorphism class of the gerb [Z(f/) does not depend on a choice of {L;}, i € I,
and of B;;.

This also shows that the corresponding element of H?(£(V), Z/4Z) is invariant under
the action of (the Greenberg realization of) Sp(V).

Remark 6.3.

(i) Recall the variety ELag(V') from §2.4.1. A similar Z/47Z-gerb can be defined over
ELag(V). It is not used in this paper.
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(ii) Consider the Wi-torsor over £(V) whose fibre over L is the set of generators of
det L. Since W5 = G,, x Al canonically, it can be seen as a pair: a G,,,-torsor and
a Al-torsor over £(V). Denote the corresponding A'-torsor by £(V)ex — L(V). Let
L(V)ex be the Z/2Z-gerb over £(V) obtained from £(V)ex via the exact sequence

r—xr+x

0—>Z/QZ—>A1—>A1—>O.

One may show that £(V)ey identifies with the extension of £(V') under the sur-
jective homomorphism of structure groups Z/4Z — Z/27Z. In particular, L(V )ex
admits a Sp(V')-equivariant structure. This will not be used in the present paper.

6.2. SetY = L(V) x ( ), the~product being taken over k. Let ¥ be the Z/4Z-gerb
over Y obtained from £(V) x £(V) via the extension of the structure group

ZJAT. x TJAZ — ZJAZ, (a,b) — b—a.

Let Yy C Y be the open subscheme classifying (Ly, Ly) € Y such that Ly N Ly = 0.

Lemma 6.4. There exists a canonical section s of the gerb Y =Y over Y.

Proof. Assume that the collection ({L; }ics, Bij) giving rise to £(V) is such that {L;}se;
is 2-sweeping.

Define s by gluing. Over the open subscheme YO( i) = {(L M) €Yo |L, MeU(L;)}
we consider the Z/4Z-torsor, whose fibre at (L, M) is C(M, L, L;). For any 4, j over
YO(L-) N %(ﬂj) we glue the corresponding sections of our gerb via the isomorphism
(given by Proposition 5.8)

et i, By e SO Lo L) ~ oo 17,
C(L,L;,Ly)
The fraction in the above formula is, according to §6.1, exactly the gluing data for the
gerb Yy. It is understood that we have chosen the same B;; in the numerator and the
denominator, so they have disappeared. ([

Definition 6.5. Define a perverse sheaf Sy, on Y as follows. The section s yields an
isomorphism Yy, = Yy x B(Z/AZ). Let W, be the rank one local system on B(Z/4Z)
corresponding to the representation ¢: Z/4Z — Qj. If p: Speck — B(Z/AZ) is the
quotient map then Wy is the direct summand in qug on which Z/4Z acts via 9. Let
Sy o be the intermediate extension of Q, X Wy from Y|yO to Y. We refer to Sy 4 88 the
finite-dimensional theta-sheaf.

6.3.

6.3.1.  Recall the variety Uss defined in §5.4, it classifies triples (N,L,M) in £(V) such
that NNL = NNM = 0. Our purpose now is to define a morphism of stacks a3: Uss — Y
extending the projection vas: (N, L, M) — (L, M).
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Assume that the collection ({L}iel, B;;) is such that {ii}iel is 3-sweeping. Define the
section 93 of the gerb Y over Usz by gluing sections on the open subschemes

Uss(Li) == {(N,L,M) € Us3 | N, L, M € U(L;)}.

Namely, over the open subscheme Uss (L) we consider the Z/4Z-torsor whose fibre at

(N, L, M) is o
C(M, N, L)
C(i’a ]\7’ il) .
Over the intersection U23( ) N U23( ;) we glue the above sections via the isomorphism

C(L,N,L;) — C(L,L; L;) C(L,

N o
obtained from the two isomorphisms (of Proposition 5.8)
C(-,N,Li)®C(-, Ly, L) = C(N, Ly, L) @ C(-, N, Ly),
where - is M or L. This completes the definition of Do3: Usz — Y.
Proposition 6.6. The Z/47Z-coverings of Us defined by the following two Cartesian

squares
Yo <— Yo xy Us Cov(Us) — Cov(Qo(L))/GL(L)
y "2 U Us Qo(L)/GL(L)

are canonically isomorphic.

Proof. Over Y, we trivialize the Z/4Z-gerb Y — Y via the section s. Then the map
Dos: U3 — Yo x B(Z/AZ) is given by some Z/4Z-torsor, say F, over Us. Note that
Yy xy Us — Us is the total space of F.

We identify F with the Z/4Z-torsor Cov(Us) — Us by gluing. First, F itself is con-
structed by gluing. Over the open subscheme

Us(L;) == {(N,M,L) € Us | N,M,L € U(L;)},
M

F is given by the Z/4Z-torsor whose fibre at (N, L, M) is

C(M,N,L;)
C(L,N,L;)®C(M,L,L;)
The fibre of Cov(Us) — Us over (N, L, M) is C(N, L, M). The desired isomorphism of
Z./4Z-torsors over Us(L;) is the isomorphism

_ CMLNL)  ~ oy |
C(L,N,L;)®C(M,L,L;)

given by Proposition 5.8. These isomorphisms are compatible with the gluing data, so
they yield the desired isomorphism over Us = (J;c; Us(L;). O
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For any L € L(V) there is an isomorphism Yy — Sp(V)/GL(L), so Yy is affine.
Note that Uss can be seen as a variety of triples (Z\Nf,i,qz;), where (N L)eY, and
b e Sym!z(ﬂ*). Therefore, the map (5.2) is smooth, and Usz is affine. Proposition 6.6
immediately yields the following.

Corollary 6.7. There is a canonical isomorphism
75 Sy [dim. rel (7)) = 335 [dim. rel(v3)]

of perverse sheaves on Uss.

6.3.2. An alternative description of Y

For the map vo3: Usz — Y consider the scheme Uy := Usz Xy Usg, it classifies collec-

tions
(N,Z,M)EUQg, (N/,E,M)GUgg.

For such a point of Uy consider the ordered collection of Lagrangians (N’, M, N, L).
Let Kg, NN L be the corresponding free R-module with the _symmetric bilinear form
given by Definition 5.3. It is crucial that in the collection N’, M, N, L indexed by Z /AZ
each Lagrangian is transversal to the next one, so the blhnear form on K, N1,N.f 1s non
degenerate. Let K be a free R-module of rank 2n. This gives a morphism

Ty Uy — QO(K)/GL(K)

sending (N’, M,N,L) to Kz ~v.a1.8,; With the corresponding bilinear form.

Let Cov(Uy) be the Z/4Z torsor over Uy obtained from Cov(Qo(K {))/GL(K) b
the base change mpy. For a scheme S and an S-point (N’,M,N,L) of Uy wr1te
C(N',M, N, L) for the Z/4Z-torsor over S obtained from Cov(Uy) by the base change
S — Uy.

Lemma 6.8. Let S be a scheme and
(N,E7M)€U23, (N/,E,M)EUQ:),, (N/I7E,M)EU23

be an S-point of Usz Xy Usz Xy Uss. One has a canonical isomorphism of Z/47Z-torsors

on S

(N NI, N, By @ C(N', 8T, N, T) = (N, 3T, N, £). (6.4)
In particular, for (N L, M ) € Uss it yields a canonical trivialization of the Z/4Z-torsor
C(N,M,N,L).
Proof. Combine Proposition 5.11 and Remark 5.2. ]

Let Y; be the 7. /47Z-gerb over Y obtained as the descent of the trivial gerb Uss X
B(Z/47Z) with respect to the morphism ve3: Usg — Y for the descent data given by

e the isomorphism
oyUy - Uy X B(Z/4Z) — Uy X B(Z/4Z)

over Uy sending a given Z/4Z-torsor F to F @ Cov(Uy);

e the isomorphism (6.4) of Z/4Z-torsors over Usz Xy Usz Xy Uss.
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The gerb Yy is naturally Sp(V)-equivariant, thus it can be seen as a Z/4Z-gerb over
the stack quotient Y/Sp(V). It is understood that Sp(V') acts on Y diagonally.

Lemma 6.9.
(1) There exists a canonical isomorphism Yy = Y of 7./AZ-gerbs over Y .

(2) The restriction of Yd to the diagonal L(V) — Y admits a canonical Sp(V)-equi-
variant section t: L(V) — Yy.

Proof. Recall the original definition of Y. One first picks a 2-sweeping family ({Li}ier).
For i € Ilet Y(L;) = {(L,M) € Y | L,M € U(L;)}. Then Y is obtained by gluing
the trivial Z/4Z-gerbs Y (L;) x B(Z/4Z) over the open subschemes Y (L;) N Y (L;) via
the isomorphism sending a Z/4Z-torsor F; over Y (L;) NY (L;) to the Z/4Z-torsor whose
fibre at (L, M) € Y(L;) N Y(L;) is

C(M,
C(L,

).
)

From Proposition 5.6 and Lemma 5.5 one gets an isomorphism

L L;
Fi)i® e
()L,M Tl

C(M

L, Lis Ly) ~, C(L;, M, Ly, L).
c(L,

])

(2) For (N, L, M) € Uy the trivialization of C(N,{\Z,N, L) given by Lemma 6.8 shows
the following. After the diagonal base change L(V) — Y, the tautological section of
the gerb (Uzs xy L(V)) x B(Z/4Z) is compatible with the descent data with respect to
vo3 X id: Uag Xy L(V) = L(V). Tt yields the desired section. O

hl hz
hl hz

Remark 6.10. The section s: Yy — YO can now be described as follows. Consider the
7,/AZ-torsor over Us whose fibre at (N, L, M) € Us is C(M, L, N). It is compatible with
the descent data for Yy with respect to the morphism v53: Us — Yy. Thus s: Yy — Yo is
Sp(V)-equivariant. This implies that Sy 1s also Sp(V)-equivariant.

6.4. The metaplectic group

Let G be the Greenberg realization of Sp(V). It acts naturally on £(V). According
to Appendix A.2, the gerb ﬁ( ~) ylelds a group stack G over G. From Remark 6.2 we
conclude that the homomorphism G — Gis surjective. We refer to G as the metaplectic
group.

In the rest of §6.4 we prove the following.

Proposition 6.11. Any Z/27Z-torsor over L(V) is trivial.

By § A.3, this implies that G fits into an exact sequence 1 — B(Z/47) - G— G—1
and is algebraic. Besides, G acts naturally on £(V'), and the projection £L(V) — L(V) is
equivariant with respect to G — G.
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Lemma 6.12. Let Z be a k-scheme, q: W — Z be the total space of a vector bundle
W on Z. One has a canonical isomorphism of sheaves of O z-algebras

7.0 = @ Sym*(W™).

d>0

Lemma 6.13. Let W be a vector bundle on P}, of the form W = @._, O(n;) @ W;,
where n; > 0 and W; are fixed finite-dimensional k-vector spaces. Let W be the total
space of W. Then any Z/2Z-torsor on W is trivial.

Proof. Let g: W — P! be the projection. By Lemma 6.12, H*(W, ©) = k. One has the

exact sequence of groups 1 — Z/27Z — At = A' — 0 over Spec k, where a(z) = 22 + z.
So, it suffices to show that H' (W, 0) 2% H' (W, O) is injective. The space

H'(W,0) = @ H' (P!, Sym™ (W*))
d=0

is graded by d > 0. Let x € Hl(W, O) non zero, let x4 be its non zero component of the
biggest degree d > 0. It suffices to show that 2% € H' (P, Sym*??(W*)) does not vanish.
One has

Sym (W) =Y @(dei)®Syrn*dl<wl*>®~~®Sym*dr<w:>.
di4---+d.=d i

Vs

So, our assertion follows from the fact that for m > 0 the map H'(P',O(-m)) ==
H' (P!, O(—2m)) is injective, where v: O(—m) — O(=2m), x — x* is a homomorphism
of sheaves of abelian groups on P}. We also used the property that for a finite-dimensional
k-vector space U and v € Sym*® U the condition «? = 0 in Sym*?? U implies u = 0. [

Proof of Proposition 6.11. Let £ be the vector bundle over £(V) whose fibre at
L e L(V) is Sym'?(L*). The projection £(V) — L(V) is a torsor under F*£, the inverse
image of € by the Frobenius map F. For n = 1 one has £(V) = P}, and F*£ is isomorphic
to the line bundle O(4) on P}.

Let F be a 7/2Z-torsor over L£(V). It suffices to show that F is constant along the
fibres of L(V) — L(V).

Step 1. Pick an isometry V' =3 V; ® Vs, where V; are symplectic vector spaces, dim V; =
2, dim V5 = 2n—2. Pick a k-point Ly € L(V3). It yields a closed immersion £(V;) — L(V),
Li = L1 @ Lo. Let Zy = L(V1) x vy L(V).

Let & be the vector bundle on £(V;) whose fibre at Ly is Sym'?(L*) & (L1 ® Ly)*. Then
Zy — L(V1) is a torsor under the vector bundle F*(&; & Sym'?(L3)). Any such torsor is
trivial. Let Z be the total space of F*& then Z; = Z x U, where U = F* Sym'?(L3)
is an affine space over k. By Lemma 6.13, the *-restriction F|z, descends under the
projection Z x U — U to a local system on U.
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Step 2. Pick a k-point L € £(V). Let T be the fibre of £(V) — L(V) over L. For any
decomposition L = L, @ Lo into a direct sum of vector subspaces with dim L, = 1, the
torsor F|p is equivariant under the action of the vector space F*(Sym'?(L3)& (L1 ®Ly)*).
Indeed, this follows from Step 1. Since the decomposition L = Li @ Lo was arbitrary,
the Z/2Z-torsor F|r is trivial. O

6.5. Casen =1

6.5.1. Let us give some explicit formulae for ﬁ(V) in the simplest case n = 1. Take V to
be the free R-module with a symplectic base e1, e such that &(ej,es) = 1. Then E(f/)
is the Greenberg scheme of ]P’}%.

Let L; C V be the R-submodule generated by e;. Set U; = U(L;) then Uy Ul = L(V).
We have the isomorphism R — U, 5end1ng a € R to the R-submodule in V generated
by ae; + e2. We have the 1somorphlsrn R = Uy sending b to the R-submodule generated
by e; + b€2 So, Uy NUy =+ R* and the correspondlng identification is given by b = a~

View L € U2 as a R-submodule in Vv generated by e; 4+ bes with b € R*. In this
notation the Z/4Z-torsor Cov(Ui2) — Uiz becomes the Z/47Z-torsor over R* whose fibre
over b = (bg,b1) is {z € R| Fz — z = (biby?,0)}, here b is written in Witt coordinates.
Indeed, this follows from Lemma 4.10 and the fact that C’(IN/, Ly, l~/2) is the Gauss sum
for the quadratic form x + —b%? (here & € R is any lifting of z € k).

Consider the R-torsor TL(V) — L£(V) defined as the gluing of the trivial R-torsors over
U; by the 1-cocycle h: Uiy — R sending b = (bo,b1) to (biby2,0). The R-torsor TL(V)
over £(V) is non-trivial (even its extension of scalars via R — k is a non-trivial A'-torsor
over L(V)). The gerb £(V) is obtained from this R-torsor via the exact sequence

z2—Fz—z

0—>7/4Z - R———= R— 0.

Set Sp*(V) = {g € Sp(V) | g = id mod 2}. Tt is easy to check that T£(V) admits a
Sp!(V)-equivariant structure.

6.5.2. Following [11], consider the variety £°(V) classifying L € £(V) together with a
generator o; of the R-module det L. A point L = (L, 0;) of £°(V') is called an oriented
Lagrangian.

Let T£°(V) — L°(V) be the R-torsor obtained from TL(V) — L(V) by the base
change LO(V)) — L(V).

Let V; C EO(V) be the open subscheme classifying oriented Lagrangians Lo generated
by 0; = (a,b) € R x R such that b € R* (respectively, a € R*) for i = 1 (respectively,
for i = 2).

Let 7°(V) — L£%(V) be the 2R-torsor defined as the gluing of the trivial 2R-torsors
over V; via the cocycle over Vi3 = V; N Vs sending (a, b) to

a1 bl
0, 5= 2R.
(05
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The R-torsor TL£(V) — L°(V) is isomorphic to the extension of scalars of 7°(V') under
the inclusion 2R — R.

One checks that the Sp(V)-orbit in H*(£°(V), O) passing through the 2R-torsor 7°(V)
is not a point. For example, take v € R and g € Sp(V) given by g(e1) =e; and
glez) = ez +vey. The 2R-torsors g*T°(V) and T°(V) are not isomorphic over £°(V)
unless vy = 0, here v = (vg, v1) is written in Witt coordinates.

Actually, there exists a 2R-torsor, say T(V) — L(V), whose restriction to £°(V) is

isomorphic to T7O(V) — LO(V).

7. Canonical intertwining operators

7.1.  Our purpose now is to generalize the theory of canonical intertwining operators [14,
Theorem 1] to the case of characteristic two.

Recall that V is a free R-module of rank 2n with symplectic form @: V@V — R, and
V =V ®g k. Pick a bilinear form 3: V x V — R satisfying (2.1).

Let 8: V x V — R be defined as in §2.2. It gives rise to the Heisenberg group H =
H(V) = V x R with operation (2.2). We view it as an algebraic group over k (the
Greenberg realization of the corresponding R-scheme). The centre of H is

Z(H) = {(0,2) € H(V) |z € R}.

The affine symplectic group ASp(V) is defined as in §2.2 (it is understood that for
(g,) € ASp(V) the map «: V — R must be a morphism of k-schemes), it is an algebraic
group over k acting on H by automorphisms.

Let G be the Greenberg realization of Sp(V) over k. As in § 2.2, one defines a homomor-
phism &: G — ASp(V) of algebraic groups over k. Let ELag(V') be defined as in §2.4.1.
The map €: £(V) — ELag(V) defined as in §2.4.2 is a morphism of schemes over £(V),
the action of ASp(V) on ELag(V) is algebraic, and the diagram (2.5) commutes.

Given a k-point (L, 7) € ELag(V), write H, for the category of Q-perverse sheaves on
H, which are equivariant with respect to L acting on H by the left multiplication via 7,
and also (Z(H), Ly )-equivariant. This is a full subcategory in P(H). Write D, C D(H)
for the full subcategory of objects whose all perverse cohomologies lie in Hp,.

For a k-point L € L(V) set H; = Hp, for the enhanced Lagrangian L = ¢(L). For a
k-point g € G the inverse image under the map H — H, h — g~ 'h yields an equivalence
g: Hj =H oi which we denote by g by some abuse of notation.

7.2. Write L for a point of £(V) over L € L(V). For g € G, L € L(V) we write gL for
the image of (g, L) under the action map (defined in § A.2)

Gx L(V) = L(V).

Write (L: M) for the image of a pair (L, M) € L(V) x L(V)in Y.
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For a pair of points E, M e ﬁ(f/) we will define a canonical intertwining operator
Fiar: M = Hi (7.1)
depending only on the image (iM ) € Y. They will be equipped with isomorphisms
* Fii = id,
* FyioFia — Fyan
e for g € G one has goFi ur og !t F b ghls

satisfying natural compatibility properties. As in [14], the functor F; y, will be defined
as a convolution with a suitable complex on H, and as I:, M vary, these complexes will
organize into a perverse sheaf F on £(V) x L(V) x H.

Denote by C — L(V) the vector bundle whose fibre at L € £(V) is L = L ®r k.
Consider the maps

practy,: Cx C x H— L(V) x L(V) x H,

where act;, sends @’ leL, M, meM,h) to (E,M,Ti(l)@TM(m)z, and pr sends the
above point to (L, M, h). Say that a perverse sheaf K on L(V) x L(V) x H is acty,-equi-
variant if it admits an isomorphism

act], K = pr* K

satisfying the usual associativity condition and whose restriction to the unit section is
the identity (such isomorphism is unique if it exists). One has a similar definition for
L(V)x L(V)x H. Let

acte: GxL(V)XLWV)x H— LV)xL(V)x H

be the map sending (g,ﬁ,]\}[ﬁ) to (gf/,gM,gh). This is an action map in the sense
of §A.2.1, so one has a notion of a G-equivariant perverse sheaf on L(V) x L(V) x H
(see §A.4).

For a scheme S and K, K’ € D(S x H) define their convolution K * K’ € D(S x H) by
K+ K' = mult)(pri, K @ pris K')[n +2 — 2dim £(V)],

where priy,prig: S x H x H — § x H are the projections, and mult: H x H — H is
the product map sending (h1, ho) to hihs. The above shift is chosen to that the formula
(7.6) below holds without any shift.
Let
in: (L(V)x H)a = L(V) x H

be the closed subscheme of (L,h) € L(V) x H such that there exist z € L, z € Z(H)
with h = 77 (2)2. Let an: (L(V) x H)a — Z(H) be the map sending the above point to
z € Z(H).
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Theorem 7.1. There exists an irreducible perverse sheaf F on L(V) x L(V) x H with
the following properties.

e For the diagonal map i: L(V) x H — L(V) x £(V) x H the complex i*F identifies
canonically with the inverse image of

(iahan Lyp[2dim L(V) +n + 2]

under the projection L(V) x H — L(V) x H.
e F is acty.-equivariant and (Z(H), L)-equivariant.
o Fis G—equivariant.
e The convolution property for F' holds, namely for ijth projections

Gij: LOV)x LOV)x LV)x H = L(V) x L(V) x H
inside the triple L(V) x L(V) x L(V) one has (¢5oF) % (¢33 F) = ¢i3F canonically.
The proof of Theorem 7.1 is given in §§7.3-7.5.

7.3. Recall that Yy C Y is the open subscheme classifying (L, M) € Y such that LNM =
0. Define a perverse sheaf Fjy on Yy x H as follows. Let

ap: Yo x H— Z(H)

be the map sending (f/, M, h) to z, where z € Z(H) is uniquely defined by the property
that there exist [ € L, m € M such that h = 7; (I)7,;(m)z. Set

FO = OéSEw[dlIH(YO X H)]

Let Uy3 be the scheme classifying (L, N, M) € £(V)? such that NN L= NN M = 0.
Let V13 U13 — Y send (L,N, M) to (L,M) Define V12,23 U13 — YO by

vias(L,N,M) = (L,N),  wvas(L,N,M)=(N,M).

Let iy: Yy — Uis send (N, L) to (L,N,L). The open subscheme Us C Uss classifies
triples of pairwise transverse Lagrangians in £(V). Let py,: Yo — L£(V) send (N, L) to
L. Recall the map 7y defined by (5.3).

Lemma 7.2.

(1) The complex )
(12 Fo) * (v33F0)[dim L(V)]

is an irreducible perverse sheaf on Uy x H. For the map py, xid: Yox H — L(V)x H
one has canonically

iy (V12 Fo) * (V33 F0)) = (py, % id)" (iahap Ly [2dim L(V) +n + 2]

over Yo x H.
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(2) There is a canonical isomorphism
(Vi F) * (V33 Fo)[dim £(V)] =5 73Sy @ vy Fo[2n?]

of perverse sheaves over Uz x H. Here, by abuse of notation, v15: Us — Y} is the
restriction of vy3.

Proof. (1) Let us give an argument at the classical level (of K-groups) and explain the
changes needed for geometrization. For a point (L M ) € YO write F 7 i for the restriction
of Fp to this point, so FL 47 1s a ‘function’ on H. Given (L N M) € Uss, let us calculate
the convolution

(Fi 5 *Fg y)(h) :/h HFL,N(hhfl)FN,M(hl)dhl (7.2)
1€

as a function of h € H, here dhy is a ‘Haar measure’. Write N = N®gk, and similarly for
L, M. Because of equivariance properties of (7.2), we may assume h = 75 (z) for x € N.
Write hy = 75 (y)7;(u)z with z € Z(H), w € M, y € N. Then (7.2) equals the volume
of N x Z multiplied by

/  Fr (e () du= / ()t ) du (7.3)

We have used the equality 75 (z)7y(v) = 7y (u)7x5(2)(0,w(z,u)). The formula (7.3)

shows that the resulting complex on N is the Fourier transform of a rank one local system

on M (the symplectic form induces an isomorphism M* =5 N). So, our first assertion

follows from the fact that the Fourier transform preserves perversity and irreducibility.
Assume further that M = L then (7.3) equals

_Jo for x #£ 0,
/ueL Ylwle, ) du = {VOI(L) for x = 0.

The geometrization is straightforward, our second assertion follows.

(2) Assume that (L, N,M) € Us. Take z € N and continue the calculation of (7.3)
from (1) as follows. Let r: N — L be the k-linear map such that M = {r(w) —w €
L& N |we N}. Consider Q := Q; 5 7 € Q' (N*) defined by (2.7), that is, @: N — R
is given by o

Ty (r(w) — w)7g (W) (=r(w)) = (0, Q(w)) (7.4)
for any w € N. Now (7.3) equals

/EN ]FLN(TM(T(U’)—w))¢(w($aT(w)—w))dwZ/EN Y(Qw)+w(w,r(w))) dw. (7.5)
Recall that for w,w; € N one has

Q(w + w1) = Q(w) + Q(w1) + w(r(w), w:)
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(see §2.5). After the change of variables w = ¢ + x, t € N, the expression (7.5) can be
rewritten as

P(Q(z) + w(z, r(2))) P(Q(1)) dt.

teN
Now (7.4) with w = x also yields

Fi a1t (@) = (Q(z) + w(z, r(2))).

Recall the notation C(L, N, M) = Jien (Q(t)) dt given by (2.9). Combining with (1)
we get

(Fi,N * FN’]\;[)(}L) = VOI(N X Z)C(L,N, M)]FI:,J\;I(h)
Because of equivariance properties, the latter formula holds for all h € H. By Remark 5.9,
Q is the image of my (L, N, M) in Q'(N*). The above proof goes through also in the
geometric setting. (I

7.4. Let O, be the rank one local system on Yy defined by 6, = S s, [— dim Yo].
The map 53 has been defined in §6.3.1. Consider the diagram

A D12 D13~
Yo <~— U3 —— Yo

if/zs

Yo
WhGI‘? 1212,~ I>13 ar~e geﬁPed by 1913(13, N, M) = 1723(N, E, M) and 1912(13, N, M) =
Ua3(M, L, N) for (L, N, M) € Us. From Lemma 5.5 one derives the following.

Lemma 7.3. One has canonical isomorphisms 07,0y, = 0330y = {30, over Us.

Definition 7.4. Let FO be the perverse sheaf on Yo x H given by Fg :Apr’lk @;1 R Fy. It is
understood that we take the inverse image of Fj; under the projection Yy x H — Yy x H.
Let F' be the intermediate extension of ﬁb under YO x H < Y x H. The restriction of F
under the natural map £(V) x £(V) x H — Y x H is also denoted by F. Note that Fj
is G-equivariant (see Remark 6.10).

Combining Lemmas 7.2 and 7.3 with Corollary 6.7, one gets the following.
Corollary 7.5. There is a canonical isomorphism over Us x H
(072F0) * (33 F0) = (93303) ® Di3Fo. (7.6)
Denote also by 213: Ujs — Y the map 13(L, N, M) = i3(N, L, M) for (L, N, M) e
Uis. The Cartesian square

UgXHC—>U13XH

lf/lgxid l913><id

Yox H——=Y x H
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together with Lemma 7.2 yield a canonical isomorphism over Uy3 x H
(13 x id)*F = (V{5 Fo) * (33 F0) (7.7)

obtained by the intermediate extension from Uz x H. This gives an explicit formula for
F'. Further, the diagram is canonically 2-commutative

Yy Uis
\pro iqu
LV)——7

Restricting (7.7) under iy x id: Yo x H — Uy x H, one gets an isomorphism
(py, x id)*(t x id)*F = (py, x id)*(z’A)ga*AEw[QdimE(V) +n+2.

Since py, has connected fibres, the latter isomorphism descends under py, xid: Yo x H —
L(V) x H to an isomorphism

(txid)*F =5 (in)ian Lyp[2dim £(V) +1n 4 2].
By construction, E} is act;-equivariant, (Z(H), Ly)-equivariant, and G-equivariant

(this property holds over Y x H and is preserved by the intermediate extension).

7.5. Consider the scheme Y x ;) Y classifying ((L,N) €Y, (N 5 1) e Y). Define the
gerb Y X () Y over it as the Z/47Z x Z/4Z-gerb obtained from L(V) x L(V) x L(V) by
extension of the structure group

ZJAT x TJAT x TJAT — TJAZ x ZJAZ, (a,b,c) — (b— a,c — b).

So, a point of ¥ X e () Y is a collection ((L:N) € Y, (N:M) € Y). Extending further
the structure group with respect to Z/4Z x Z/AZ — 7./AZ, (u,v) — u + v, one gets the
gerb Y x L(V), the corresponding morphism of stacks

7Y X () Y -V x E(V)
sends ((L:N), (N:M)) to ((L:M),N). Write : Y Xein Y — Y for pr; oy'. A straight-
forward calculation yields the following.

Lemma 7.6. Consider the diagram

D12 X D23 ”
D13

where p is the structure map sending (L:M) to (L, M). The two maps thus obtained
from Uz to Y coincide, but the triangle in the above diagram is not 2-commutative. More
precisely, the two sections so obtained of the gerb Y over Us differ by the Z/4Z-torsor
C(L,N,M)?, where (L,N,M) € Us.
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Fori=1,2let ~;: Y X £(7) Y — Y denote the projection to the ith term. To finish the
proof of Theorem 7.1, it remains to establish the convolution property of F'. We actually
prove it in the following form.

Proposition 7.7. There is a canonical isomorphism over (Y X £ (7 Y)x H
(Vi F) * (3 F) = 7"F. (7.8)

Proof.
Step 1. Let (V X £ (7 V) (Y X £ (7 Y) be the open substack obtained by the base
change U3 C Y X2 (7) Y. In view of Lemma 7.6, the isomorphism of Corollary 7.5
descends under the covering

D19 X Dog: U — (Y XL(V) )A/)O
to the desired isomorphism (7.8) over (Y’ X () Yo x H.

Step 2. It suffices to show that (v7F) % (73 F) is perverse, the intermediate extension
under the open immersion

(Y X £ (7 Y)ox HcC (Y X £ (7 Y) x H.

Let us first explain the idea informally, at the level of ‘functions’. For (EM )~€ ? write
F; .y for the restriction of F' to this point, this is a ‘function’ on H. For (L, M) € Y}
write IFL,M for the restriction of Fy to this point, this is also a ‘function’ on H (as in the
proof of Lemma 7.2). o .
Let ((L:N),(N:M)) €Y Xz Y. Pick any S,T € L(V) such that

e (L,S,N),(N,T,M) € Uy,

o 13(L,S,N) = (L:N), in3(N,T, M) = (N:M),

e SNT=SNM=0.

By (7.7), we get (up to some explicit volumes that we omit)

where (L:M) = v13(L, S, M). Now we turn back to the geometric setting.

Step 3. Consider the scheme X’ classifying (i,g,N) € Uss, (N,T,M) € U3 such that
SNT=5NM =0. Let
(X =Y XV
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be the map sending the above collection to (#13(L, S, N), o13(N, T, M)). It is smooth and
surjective. It suffices to show that

GO F) * (2 F))
is a shifted perverse sheaf on X’ x H, the intermediate extension from
MY X iy Vo) x H.
Let p1: X — Uss be the map sending a point of X to (L, S, M). Applying (7.7) several
times as in Step 2, we learn that there is a rank one local system J on X such that
C(AF) * (3F)) = T @ p'insF
over X X H. Since F' is an irreducible perverse sheaf, our assertion follows. (]

Thus, Theorem 7.1 is proved.

7.6. Giyen k—pqints L,Me ﬁ(f/), let I}y be the #-restriction of F under (i}, M) x id:
H — L(V) x L(V) x H. Define the functor F; ,,: DHy — DH; by

Fiu(K) =Fj y K.

By Theorem 7.1, for L,N,M € ﬁ(V) the diagram is canonically 2-commutative

F o -
DMy —>DHy

Fi.n

DH;

To see that F; p preserves perversity, pick N e E(f/) such that NN M =NNL=0
and use the commutativity of the latter diagram. This reduces the question to the case
LN M =0, in the latter case F; a1 s nothing but the Fourier transform between the
dual vector spaces L, M for the perfect pairing w: L x M — 2R. Here L = L gk,
M = M ®g k. This completes the definition of (7.1).
7.7. For a k-point M € L(V) let iy L(V) — L(V) x L(V) x H be the map sending
L to (L, M,0). Let

Fy: DMy — DL(V)) (7.9)
be the functor sending a complex K to i}, (F'xprj K)[dim L(V)—dim H]. For any k-points
M,N € L(V) the following diagram commutes

Frr ~
DHy —>D(L(V))

Fr

DHg
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Lemma 7.8. The functor Fy is exact for the perverse t-structures.

Proof. Let V=5 M @& M* be a decomposition of V into an orthogonal sum of two free
Lagrangian submodules. Recall the open subscheme U(M) = {L € L(V) | LN M =
0} c £(V), it identifies naturally with Sym'?(M). It suffices to show that for any above
decomposition the composition

My 2% D(L(V)) — DUND)) (7.10)

is exact, where the second arrow is the restriction under the canonical section U (M ) —

L(V).

Let M = M ®p k. The functor H,; — P(M*) sending K to K = (7,7.)*K[-n — 2] is
an equivalence. Recall the map 7: M* — Sym**(M*) from §4.1. One checks that (7.10)
sends K to Foury (7 K) € P(Sym'(M)). We are done. O

Definition 7.9. The non-ramified Weil category W (L(V)) is the essential image of the
functor (7.9). This is a full subcategory in P(L(V)) independent of the choice of a k-point
M e L(V).

The group G acts naturally on £(V), hence also on P(£(V)). This action preserves
the full subcategory W(L(V)).

7.8. Letpr: C — ﬁ( ~) be the vector bundle whose fibre at L is L, where L = L ®p k.
Let act;: Cx H — L(V) x H be the map sending (L, h, z € L) to (L, 7i (x)h). A perverse
sheaf K € P(L ( V) x H) is act;-equivariant if it is equipped with an isomorphism

acty K = pr* K
satisfying the usual associativity property, and whose restriction to the unit section is
the identity.

Definition 7.10. The Weil category W(V) is the category of pairs (K, o), where K €
P(L(V) x H) is act;-equivariant and (Z(H), Ly)-equivariant, and

o: Fxprjs K = pris K

is an isomorphism. Here prys, prog: £(V) x L(V)x H — L(V) x H are the corresponding
projections. It is required that ¢ is compatible with the associativity constraint and the
unit section constraint of F.

The group G acts on £(V) x H sending (g9 € G,L,h) to (gL, gh). This action extends
to an action of G on the category W (V). One has a natural functor W (V) — W (L(V)),
we do not know if this is an equivalence.
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Appendix A. Generalities on H-gerbs

A.1. The notion of a group stack on an arbitrary site is essentially given in [5], where
it is called a gr-champ. Here is its algebro-geometric version. Let S be a scheme, G
be an algebraic S-stack. Call it a group stack over S if we are given an action map
v: G xgG — G, a unit section i: S — G over S, and the associativity 2-morphism
a:vo (v xid) = vo (id xv) making the following diagram 2-commutative

vxid

GxgGxgG——>Gxg5G

GxsG——>G

The morphism « should satisfy the following pentagon axiom. For a scheme T and T-
points C1, Cy, (3, Cy € G the following diagram commutes:

axid

((C1C2)C3)Cy (C1(C2C3))Cy

| 5

id Xa

(C102)(C5Cy) —= C1(C2(C3Cy)) = C1((C2C3)Cl)
We should also be given 2-morphisms 71: vo (i xid) — id and 7,: vo (id x4) — id making
the following diagrams 2-commutative

ixid id x4

G——=Gxs5¢§ G——=0x5G

PN

g

Writing O for the unit object of G, the restrictions 7, 7: OO — O should coincide.
Further, the morphisms «, 7, 7 should be compatible, namely, for a scheme T and
T-points C1,Cy € G the diagrams commute

01(002) <a7 (010)02 O(Cng) <a7 (001)02 01(020) <a7 (0102)0

3 P

016’2 0102 C’1C2

where O is the unit section of G. Finally, we require that for any scheme 7" and any T-point
C € G, writing Gr for the category fibre of G over T, the functors G xg T — G xg T,
D~ CDand G xsT — G xgT, D — DC are isomorphisms of T-stacks. (We do not
explicitly choose a quasi-inverse under multiplication, as we are interested only in actions

of G.)
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A.2.

A.2.1. The notion of a torsor over a group stack is defined in [5, Definition 6.1]. Let us
formulate its version for algebraic stacks.

Let S be a scheme, G be a group stack over S, write v: G xg G — G for the product
morphism, let i: S — G be the unity morphism.

Let Y be an S-scheme and Y — Y be an algebraic stack over Y. An action of G
on Y over Y is a data of an action map m: G xg Y — Y over Y, and a 2-morphism
w: mo (v xid) — mo (id xm) making the following diagram 2-commutative

~  vXxid ~
ngngYHX GxgY
lmm im (A1)
GxgV ————>v

The 2-morphism p should satisfy the pentagon axiom. Namely, for any test scheme T’
and T-points C1,Co,C5 € G, D € Y the following diagram commutes:
((C1C)C3)D (C1(C5C5))D
| |

(C1C2)(C3D) —> C1(Ca(C3D)) <L C1((C2C5) D)

where the top horizontal arrow is the associativity constraint for the group stack G. We
further should be given a 2-morphism \: mo (i x id) = id making the following diagram
2-commutative

ixid

Y >g><5Y
\im
Y

The morphisms ¢ and A should be compatible, namely, for a test scheme T and T-points
C e G, D eY the following diagrams commute:

C(OD) <2— (co)D O(CD)<2— (0C)D

= =g

CD CD

where O is the unit object of G, and 7, 7, are parts of data for the group stack G.

A G-torsor over an S-scheme Y is a data of an algebraic stack Y — Y over Y, an action
of G on Y over Y such that two additional conditions hold. First, m X pry: G Xg Y —
Y xy Y should be an isomorphism. Second, after localization in fppf topology in Y there
should exist an isomorphism ¥ = Y x g G such that the action map becomes isomorphic
to the left translations on G.
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Now let Y and Y be two G-torsors over Y. A morphism of such G-torsors is a pair (f,h),

where f:V — Y’ is a morphism over Y, and h: mo (id X f) — f om is a 2-morphism
making the following diagram 2-commutative

. idxf .
GxgY X>g><sY’

o,k

e v

Besides, p, ¢/ and h should be compatible, namely, for a test scheme T and T-points
C1,C2 € G, D €Y the following diagram commutes:

(C1C2) (D)~ C1(Cof (D)) —> C1(F(CoD))

| I
F((C1C2)D) J(C1(C2D))

Given two morphisms (fi,h;) and (fz, ha) from Y to Y/, a natural transformation
from (f1,h1) to (fg, hs) is a 2-morphism ¢: f; — fo such that ¢ is compatible with the
actions of G on Y and Y7, namely, for a test scheme T and T-points C € G, D € Y the
following diagram commutes:

f(w)

Cfi(D) -~ 11 (CD)

bk

h

Cfa(D) — f2(CD)

A.2.2. Now assume that H is a commutative group scheme over S and G is the S-stack
B(H), the classifying stack. Recall that for a morphism of schemes S” — S, the S’-points
of B(H) is the category of H xg S’-torsors on S’. Then B(H) is a commutative group
stack over S.

For this particular G the notion of a G-torsor becomes nothing but a H-gerb over Y.
The definition simplifies considerably as follows [6, Definition 2.9, p. 49]. An H-gerb* over
Yisastack Y — Y together with a 2-morphism p: pr, — pry, where pry: H Xg Y Y
is the projection. It is subject to the following condition. For a scheme T and a T-point
D €Y write Aut D|r for the sheaf of groups on T' of automorphisms of D. It is required
that for any S-scheme T the map p: H|r — Aut D|r is an isomorphism of sheaves of
groups on T' (in fppf topology)

Given an H-gerb Y — Y, a T-point D € Y yields an isomorphism Y xg T =
B(H) xgT, then the action map m: B(H)xg(Y xgT) — Y xgT becomes the morphism

B(H) xg B(H) xgT — B(H) xs T

sending (F, Fa,t) to (F1 ® Fa,t). Here F; are H-torsors over T
* In [6] it is called an abelian H-gerb.

https://doi.org/10.1017/5147474801100017X Published online by Cambridge University Press


https://doi.org/10.1017/S147474801100017X

266 A. Genestier and S. Lysenko

Given two H-gerbs Y and Y’ over Y, a morphism of H-gerbs is a 1-morphism f: Y >
Y’ such that for any scheme T', any T-points D € Y, o € H we have f(py(0)) = py.(0).
We strengthen that there is no need to provide in addition a 2-morphism h as in §A.2.1
(it is constructed uniquely out of the other data).

A.3. Assume in addition that G is a group scheme over S, and G acts on an S-scheme
Y over S. The H-gerb Y — Y then gives rise to a group stack G over G defined as follows.
For an S-scheme T the T-points of G is the category of pairs (g, f), where g € G(T) and

f:g*(YAv XsT) %}}XsT

is an isomorphism of H-gerbs over Y xg T. A morphism from (g1, f1) to (go, f2) exists
only under the condition g; = go and it is a natural transformation from f; to fo.
The product morphism G x5 G — G sends a T-point (91, f1), (92, f2) to the T-point
(9192, f), where f is the composition
* 92 5 f1 * (V) f2.
G591 (¥ xs T) =5 g5 (Y xs T) =5 ¥V x5 T.

Assume that the element of H*(Y, H ) corresponding to Y is stable under G, so that
G — @ is surjective. Assume also the following condition.

() For any geometric point s € S any H-torsor on Y xg s is trivial.

Then G is algebraic and fits into an exact sequence of group stacks over k
15 BH)—-G—G—1.

Besides, G acts naturally on Y, and the prOJECtIOH Y - Yis equivariant with respect to
the homomorphism G — G. The action map G x5 Y — Y sends a T-point (g, f) € G(T),
De Y(T) to p(f~1D), where p is given by the diagram, whose square is Cartesian

-1

~ f ~ ~
Y xgT——>g*(Y xsT) —=V xgT

o~

YXST YXST

A.4. Let G be an algebraic group stack over S. Assume that ¥ is an algebraic stack
over S, and G acts on Y over S. Assume that for any scheme T and T-points g € G,
y € Y the natural map Aute,(g9) — Auty, (gy) is injective. Here G is the category fibre
of G over T, similarly for Yr. Accordlng fo [8, §2.4.4], in this case one might define the
stack quotient }A// G, which is a priori a 2-stack, it turns out to be representable by a
1-stack (we do not claim anything about algebraicity of the latter).

Assume that G is smooth of finite type over S. Let K be an f-adic perverse sheaf on Y
(here ¢ is invertible on S). Say that K is G-equivariant if we are given an isomorphism

Em*K S pry K
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of shifted perverse sheaves for the maps m,pry: G xg Y — Y, where m is the action
map. It is subject to the following conditions (in the notation of § A.2.1). The diagram
of morphisms (of shifted perverse sheaves on G xg G xgY) induced by (A.1) should be
commutative

(v xid)*m*K _ wadre pri K —— = > pri.prs K

\LN* Tpr;3 13
. N (idxm)*¢ | - ~ . %
(id xm)*m*K ————> (id xm)* prs K ——————= priy;m*K
This means that for a scheme T and T-points C;,Cs € G, D € Y the following diagram
commutes:
13
K(C1C2)D > KD
ok
KCI(CZD) > KClD

where K with a subscript denotes the corresponding *-restriction.
We used the following. Given two stacks ), Z and an f-adic complex K on ), the
inverse image of K is a functor

{the category of 1-morphisms Z — Y}
— {the derived category of ¢-adic sheaves on Z}.

Further, for any T-point D € Y, writing O for the unit section of G, the diagram of
l-adic complexes on T should commute

Kop *>KD

N

Appendix B. Comparison with the local field case

B.1. In this section we show that the Weil representation considered in §2 is obtained
by some reduction from the Weil representation over the non-Archimedean local field of
characteristic zero (and residual characteristic two).

Let F' be a finite unramified extension of Q2, O C F' be the ring of integers and k be
the residue field of O. Set R = 0/40, so R is the ring of Witt vectors of length two
over k. Let ¢ be the number of elements of k.

Let W be an F-vector space of dimension 2n with symplectic form (-,-): WxW — F.
Write H(W) for the Heisenberg group W x F with operation

(w1, 21)(we, 22) = (w1 + w2, 21 + 22 + %<w1,w2>)~

The symbol x will refer to the above product.
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As above, [ # 2. Fix an additive character xg: Qo — Q}ﬁ whose conductor is Z.
Assume that the restriction xg: iZg /Lo — @Z is the character ¢: Z/4Z — @j we fixed
in §1. Let x: F — Qj be given by x(z) = xo(tr 2), here tr: F — Qo is the trace.

A subgroup in A C W is closed if and only if Zs A C A (see [17, p. 32]). For a closed
subgroup A C W let At = {w € W | (w,a) € O for all @ € A}. Say that a O-lattice
M C W is a symplectic lattice if and only if M+ = M.

For a closed subgroup A C W with A+ = Alet A = AxF C H(W), this is a subgroup.
The group Ax(30/0) is abelian. The whole difficulty comes from the fact that there
are no natural way to extend the character x from F' to A.

Let M C W be a symplectic lattice. Consider the group (M/2M)x(10/0), it is
abelian (and naturally has a structure of a commutative unipotent algebraic group
over k). Let ¢: M/2M — $0/O be a quadratic form such that

P(m1 4+ ma) — ¢(my) — d(ma) = §(my,my)
for all m; € M/2M. Tt yields a splitting of the exact sequence of abelian groups
0—10/0 = (M/2M)x(30/0) — M/2M — 0

given by m ~ (m, ¢(m)). Once such ¢ is chosen, we get a unique character y4: M — Q;}
extending x. Namely, for (m, z) € MXF we set x(m,z) = x(¢(m) + 2).
Then we get a model of the Weil representation of H (W)

Hare = {f+ HW) = Q¢ | f(wh) = xs(w)f(h), w € M;
there is an open subgroup M; C W such that f(h(w,0)) = f(h),
we M, he HW)}.

Let G(F) = Sp(W)(F) and G(O) be the stabilizer of M in G(F'). The group G(F') acts
on H(W) by automorphisms, namely g € G(F) sends (w, ) to (gw, z). Write p: H(W) —
Aut(H ) for the action by right translations. The model H s 4 yields the metaplectic

extension )
1—- Q) - G(F) = G(F) =1, (B.1)

where
G(F)={(9,€) | g € G(F), € € Aut(Har,g); plgh) o & = Eop(h) for h € H(W)}.

Let G4(O) be the group of those g € G(O) whose image in Sp(M/2M) preserves ¢.
Then for all g € G4(O), h € M we have x4(gh) = x4(h). It follows that G,(O) acts on
Har,p, namely g € G4(O) sends f € Hasg to gf given by (gf)(h) = f(g~h), h € H(W).
This is a splitting of (B.1) over G4(O).

The space Har,g has a distinguished vector vy, which is extension by zero under
M — H(W) of the function y4: M — Q. It also has a distinguished linear functional
e Harg — Qg sending f to £(0).

Remark B.1. For any ¢ as above there is a lattice 2M C N C M such that N/2M C
M/2M is a Lagrangian, and ¢ vanishes identically on N/2M.
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B.2. If My C W is a O-lattice such that M; C Mj- then we get the induced symplectic
form (-,-) on Mi-/M; with values in F/O. If moreover, My C M C Mj- then M/M; is
a Lagrangian in Mi-/M;.

Lemma B.2. Let M7 C M be a O-lattice. The space
Hir'y = {f € Harg | F(h(w,0)) = f(h) for all w € M;}
is as follows.

(1) If ¢ vanishes on My /(My +2M) C M/2M then ’H]I\V/fl(ﬁ identifies (via extension by
zero) with the space

{f: Mi"xF — Q¢ | f(wh) = x4(w)f(h), we M}.
The latter space is
{f: Mi" = Qe | fw+y) = x(¢(w) + §{y,w)) f(y), for allw € M, y € Mj"}.

(2) We have Hﬂﬁﬁ =0.

Proof. (1) Assume that f € H%f¢ does not vanish on (w,0) € H(W). Then for any
my € My we have f(w,0) = f((w,0)(m1,0)) = f((ma,(w,m1))(w,0)) = x(¢(m1) +
(w,m1)) f(w,0). So, for any m1 € M; we have x(¢(m1) + (w,mq)) = 1.

(2) This is easy. O

Let 2M C N C M be a O-lattice such that N/2M C M/2M is Lagrangian, and ¢
vanishes on N/2M. Note that N+ = I N and dimg, H%(b = ¢". The action of N-xF
on Har,g preserves the subspace HJ]\\} o The symplectic form

(,): Nt x Nt =10
is non-degenerate, and N+ x i@ C N1 XF is a subgroup. Besides,
NxOc N*tx1io

is a normal subgroup, and the quotient will be denoted H(N+/N), it acts naturally on
H]J\V/[’ »- We have an exact sequence of groups

1—-10/0 - H(N*+/N) - N+ /N — 1.

Its push-forward under iO/O — i@/%(’) admits a splitting. Let My be the image of
Mx3Oin H(N*/N). Then x4 yields a character still denoted x4: My — Qj, and M} 4
identifies with the representation of H(N*/N) in

{f: HIN*/N) = Q¢ | f(wh) = xg(w)f(h) for all w € My, h € HN*/N)} (B.2)
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acting in the latter space by right translations. In this way ’HN becomes the Schrodinger
model of the oscillator representation of H(N=/N) for the enhanced Lagrangian M /N C
N1 /N. The enhanced structure 7: M/N — H(NL/N) is as follows. First, we have a
natural surjective homomorphism

§: Nt x(20/0) — H(N*+/N),

then for m € M we have 7(m mod N) = é(m, —¢p(m)).

Now let Gy C G(F) be the stabilizer of N. Let Gy be its preimage in G(F). Since
Gy preserves N x {0} C H(W), it follows that G acting on H i,y preserves ’HM¢
The group Gy acts naturally on N+ X 10, and the action of Gy on H(N*/N) factors
through an action of Sp(N1/2N). Set V Nt/N and V = N1 /2N.

One gets the ‘finite’ metaplectic extension 1 — @Z — C;’f, — Sp(f/) — 1, where

Gy =1{(9.%) | 9 €Sp(V), & € Aut(H} 4); po(gh)obo = & opo(h) for h € H(N*/N)}.

Here py is the action of H(N*/N) by right translations in (B.2), and & is an automor-
phism of the corresponding Q,-vector space.
Let Gn,1 be the kernel of Gn — Sp(V'). Then Gn,1 C G4(O), and the composition

GN,I — G¢(O) — G(F)

realizes Gy,1 as a normal subgroup in G ~- This normal subgroup acts trivially on
H(N1/N), hence a morphism of exact sequences

1 Q; Gy Sp(V) 1
1 Q; Gy Gy 1

yielding an isomorphism (Gn)/Gn1 —» G
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