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Abstract. The aim of this paper is to show J-stability of expanding rational maps over
an algebraically closed, complete and non-Archimedean field of characteristic zero. More
precisely, we will show that for any expanding rational map, there exists a neighborhood
of it such that the dynamics on the Julia set of any rational map in the neighborhood is the
same as the dynamics of the expanding rational map as a non-Archimedean analogue of a
corollary of Mafié, Sad and Sullivan’s result [On the dynamics of rational maps. Ann. Sci.
Ec. Norm. Supér. (4) 16 (1983), 193-217] in complex dynamics.

1. Introduction
Let K be an algebraically closed field of characteristic zero with a complete, non-trivial
and non-Archimedean norm | - | : K — R. For instance, one can consider the field C,, of
complex p-adic numbers or a smallest algebraically closed and complete extension of the
field of formal Laurent series C((T")) equipped with a non-Archimedean norm. We refer
to [Rob00] for the details on non-Archimedean norms. In this paper, we study stability on
the chaotic locus of iterations of expanding rational maps with coefficients in K. We will
give a rigorous definition of expanding rational maps later in this section (Definition 1.1).
This paper contributed to the development of the study of iterations of rational maps
acting on the projective line over non-Archimedean fields. We refer to [Hs00, Ben01,
Bez01, Ben02, Bez04, Riv03, Kiw06, Silv07, BH12] for interesting developments of the
theory of dynamical systems in this non-Archimedean settings. The main result of this
paper is motivated by Maiié, Sad and Sullivan’s result [MSS83] in complex dynamics.
They introduced the notion of J-stability of rational maps, which roughly means that the
dynamics on the Julia sets of two given rational maps are dynamically equivalent if those
two rational maps are close enough. They also showed that a rational map is J-stable if it
has a neighborhood in the set of rational maps on which the number of attracting cycles
is constant. As a corollary of their theorem, we can obtain the J-stability theorem for
expanding rational maps in complex dynamics. We refer the reader to [McMull94] for
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more details on J-stability in complex dynamics. The main purpose of this paper is to give
a non-Archimedean analogue of the J-stability theorem for expanding rational maps. Here
we prepare some notation to introduce our main result (Theorem 1.2).

The projective line IP’}( over K is defined as the quotient space

Py = (K\{0)/~,
where ~ is the equivalence relation defined by (zg, z1) ~ (wo, wi) if there exists a ¢ €
K\{0} such that (zg, z1) = (¢ - wo, ¢ - wy). The chordal metric p on P}{ is defined by

lzo - w1 — wo - 21|
max{|zol, |z1]} - max{|wol, w1}

0((zo: z21), (wg : wy)) :=

for any (zo : z1), (wp : wy) € P}(. Note that this metric is complete and invariant under the
action of ¢ € GL(2; O), where O := {z € K | |z| < 1} is the ring of integers of K. We refer
to [Silv07, §2.1] for more details on the chordal metric. A rational map f : IP’}( — P}( of
degree d over K is a map given by

f(zo:z1) = (Fo(zo, 21) : Fi(zo0, 21)),

where Fpy and F| are two-variable homogeneous polynomials of degree d over K with
no common factors. Note that we can identify (z:1) € ]P’}( with z€ K and (1:0) € IP’}<
with co. Hence a rational map naturally induces an action on K U {oo}. In the rest of this
paper, we will regard the projective line ]P’}( as the union K U {oo} and a rational map as
an action on K U {oo}. For a given rational map f : ]P’}< — IP}(, let us denote by ¥ the kth
iteration of f. The Fatou set Fy of f is defined as the largest open set on which { f k},‘jio
is equicontinuous with respect to o and the Julia set Jy of f is defined as }P’}( \Fr. We
will review some standard facts on rational maps and the Julia sets in §2. Throughout this
paper, we denote by N the set {1, 2, . ..} of all natural numbers.

Definition 1.1. Let f: }P’}( — ]P’}< be a rational map of degree d > 2. We say that f is
expanding if it satisfies the following properties.

(1) The Julia set J of f is non-empty and it is contained in K.

(2) Thereexistac > 0anda A > 1 such that, forany z € 7y andn € N,

(") (@) = c- A"

Note that the non-emptiness of the Julia set is necessary, unlike in complex dynamics.
We refer to [Silv07, §2.5] and [Ben14] for more details on rational maps whose Julia sets
are empty.

Remark 1. One can define expanding rational maps in terms of spherical derivatives as
complex dynamics. More precisely, we define the spherical derivative f* : P}( — Rof a
rational map f : IP’}( — ]P’}( by
e e tim PSS @)
woz w—g

and say that f is expanding with respect to the spherical derivative if it has non-empty
Julia set (possibly containing infinity) and there exists a C > 0 and a A > 1 such that, for
any z € Jyandn €N,

(f"* @) = C -2
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Note that f#: P} — R and (¢ o f)* = f* for any ¢ € GL(2; O) because the spherical
metric p is invariant under the action of GL(2; O). This implies that if f is expanding
with respect to the spherical derivative, then ¢~ o f o ¢ is also expanding, although
the constant C may be different. Moreover, it is not difficult to check that if f is
expanding with respect to the spherical derivative, then f is also expanding in the sense of
Definition 1.1. Indeed, since F is non-empty (see, for example, [Silv07, Corollary 5.19]
for more details), there exists a ¢ € GL(2; O) such that oo € ¢(F). Thus replacing f
by ¢! o fo¢, we can assume that co ¢ Jyr. Hence f is expanding in the sense of
Definition 1.1 because J is bounded and

N V(o I
F@= X I on

for any z € K. We refer to [Ben08] for more details on this spherical derivative.

Let us denote by R, the set of rational maps of degree d. The set R4 is equipped with
the topology induced from the (2d + 1)-dimensional projective space over K.We refer
to [Silv07, Proposition 2.13 and §4.3] for more details.

THEOREM 1.2. Let f: IP’}( — P}{ be a rational map of degree d > 2. If f is expanding,
then it is J-stable in Rq, that is, there exists a neighborhood U C Ry of f such that, for
all g € U, there exists a homeomorphism h : Jy — Jg such that

ho f(z) =goh(z)

for any z € Jy. Moreover, the homeomorphism h : Jy — J, is isometric if g is close
enough to f.

Note that it is an non-Archimedean analogue of the J-stability theorem for expanding
rational maps in complex dynamics. However, there is a difference in the property of the
conjugation. More precisely, Mafié, Sad and Sulilvan’s theorem states that the conjugation
is quasi-conformal although the conjugation in Theorem 1.2 is an isometry. It is also
natural to consider that there is a rational map which is not expanding but J-stable. Such
a problem is still open in complex dynamics and it is also known that this problem is
equivalent to the Fatou conjecture, which is one of the most famous conjectures in complex
dynamics. We refer the reader to [GS98] for more details on the Fatou conjecture.

This paper is organized as follows. In §2, we will recall some basic notions of non-
Archimedean dynamical systems. In §3, we will prove Theorem 1.2 by using some key
lemmas. The key lemmas used will be proved in §4.

2. Preliminaries
In this section, we give a brief exposition of rational maps and Julia sets. Let us denote by
B(a; r) a closed ball

B(a;r):={ze K ||z—a| <r}

centered at ¢ € K with radius r > 0.

PROPOSITION 2.1. Let f: IP’}( — IE”}( be a non-constant rational map. If f has no zeros
or poles in B(a; r), then, for any z € B(a; r),

lf @) =1f(a)l
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Proof of Proposition 2.1. If o € K satisfies [a — «| > r, then
|z — af =max{lz —al, la —al} =|a — |
for any z € B(a; r). Since K is algebraically closed, we can write f as a quotient of

products of polynomials of degree one and thus we complete our proof. O

Next let us briefly summarize the basic properties of Julia sets that we will need in this
paper.
PROPOSITION 2.2. Let f : IP’}( — P}< be a non-constant rational map. Then the following

properties hold.
(1) The Julia set Jy is completely invariant under f, that is,

I =3
(2) Foranyz e Jy,
o
Jr=J r*dzh.
k=0
(3) Fora closed subset E C ]P’k satisfying f~Y(E) C E and #(E) > 2, Jr CE.
See [Silv07, Proposition 5.30 and Corollary 5.32] for the proof.
The following proposition deals with the relationship between repelling periodic points

and the Julia set. Recall that a periodic point x of f with period m is said to be repelling if
[(f™) (x)| > 1. We refer the reader to [Silv07, §2.2] for more details.

PROPOSITION 2.3. Let f : IP}( — IP’}( be a non-constant rational map. Then the Julia set
Jy is contained in the closure of the set of periodic points of f.

See [Hs00, Theorem 3.1] for the proof. Hsia [Hs00] conjectured that the Julia set is
the closure of the repelling periodic points as a non-Archimedean analogue of Fatou and
Julia’s results in complex dynamics. His conjecture is still open. However, we remark that
Bézivin [Bez01] proved that it is true if the rational map has at least one repelling periodic
point. See also [Kiw06, Okuy11, BH12, DJR15] for more details on the recent progress
on this topic.

The following proposition yields information about how many zeros of a rational map
are in a closed ball not containing any poles of the rational map.

PROPOSITION 2.4. Let f: IP}( — ]P’}( be a non-constant rational map. Suppose that there
exists a sequence {ay}p, C K such that

f@=a+a-G—a)+a-(z—a)+---
for any z € B(a; r). Setting a non-negative integer
I'=max{me€{0,1,...}|Vnel{0,1,...}, |lan| " > |a,| - r"},
we have exactly | zeros of f in B(a; r), counted with multiplicity. In particular, if
lao| > lan| - r"

foranyn € N, then f has no zeros in B(a; r).
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See [BR10, Proposition A.16] for the proof. As an application of Proposition 2.4, we
obtain a criterion for bijective maps.

COROLLARY 2.5. Under the hypotheses of Proposition 2.4, if
lai| - r > lan| - 1"

forany n > 2, then

f1B(a; r) — B(f(a); la| - r)

is bijective.

See [BR10, Corollary A.17] for the proof. We end this section with an important
constant in this paper.

PROPOSITION 2.6. Let p > 0 be the residue characteristic of K. Define

IpI/P=Dif p >0,
| if p=0.

Then k = min{|k|"/*=D |k e{2,3,...}} > 0.

K

Proof of Proposition 2.6. If p =0, then |n| =1 for any n € N and thus
min{[k|/* "V ke {2,3.. ) =1=k>0.
Otherwise, since p = min{n € N | |n| < 1},
min{[k|/*V k€ {2,3,.. J}=min{[p//?" "V |neN} = pV/P D =k>0. O
3. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. We divide the proof into a sequence of lemmas.
The proofs of these lemmas can be found in §4.

Proof of Theorem 1.2. Let us first construct a nested sequence of neighborhoods of J.
Put
N:=min{neN|c- A" > 1}, (3.1)

where ¢ > 0 and A > 1 are the constants as in Definition 1.1.

LEMMA 3.1. There exists a nested sequence {2, r},° of closed sets such that Qy is
open (as well as closed) and

Qur C f(Qu,f)=n-1,f

for any n € N. Moreover, Qq, r does not contain any critical points or poles of { f k},iV: I
Furthermore,

00
T =01 :=(") Qs
n=0
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We will explicitly construct a sequence satisfying the conditions of Lemma 3.1 in the
proof. We then fix the constructed sequence {€2,, ¢} ,. Let us next find a neighborhood
U CRyof f.

LEMMA 3.2. For a small enough r > 0, there exists a neighborhood U C Ry of f such
that, forany g €U,z € Qo randn € {l,2, ..., N}, |f(z) —g@)| <r and [(f™ (2)| =
1(8™) (2)|. In particular, g" has no critical points or poles in Q.

We fix a neighborhood U C R4 of f for a small enough r. We will give an explicit
upper bound for r in the proof of Lemma 3.2. Let us fix a g € U. Our next goal is to
construct a nested sequence of neighborhoods of 7.

LEMMA 3.3. There exists a nested sequence {Q¢}2° of closed sets such that
Qo,¢ = Q, r and
Qn,g - g(Qn,g) = Qn—l,g

foranyn e N.

As in the case of Lemma 3.1, we will explicitly construct a sequence satisfying the
conditions of Lemma 3.3 in the proof. We also fix the constructed sequence {£2; ¢}° .
Let us set

o0
Qoo 1= m Qg
n=0
Although the existence of 4 ¢ is not guaranteed at this step, it will turn out that
S200,g = jg #
at the end of this proof. Now let us construct a map from Qoo 1 10 Q00

LEMMA 3.4. There exists a uniformly Cauchy sequence {hy : Q5 — Qu g}7°, of maps
such that
hp—10 f(2) =g ohu(2)

foranyn eNandz € Q¢

By Lemma 3.4, we can define amap 4 : Qo f — Q00,g by

h(z) := lim hy,(z) (3.2)
n—oo
for any z € Qo r. Moreover,
ho f(z)= lim hy,_j0 f(z)= lim goh,(z) =go lim h,(z) =g o h(z).
n— 00 n— 00 n—00

We next show that # is isometric.

LEMMA 3.5. Forany z, w € Jy,
[h(z) — h(w)| = |z — wl.

We end this proof with a lemma which yields that 2(Qs0, r) = Jg. In particular, this
implies that & : Jy — J, is a conjugacy of the dynamics on Jy and J,.
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LEMMA 3.6. The Julia set J, is non-empty. Moreover,

Te = h(Tp) = Qe .

4.  Proof of key lemmas
In this section, we prove lemmas used in §3. Let f be an expanding rational map of degree
d > 2 defined in Definition 1.1. We put

M :=sup{|(f")' ()| |z€ Tf,nef0,1,..., N},

where N is the natural number defined as (3.1). Note that M > 1 is well defined because
Jr is bounded and it is bounded away from all poles of f" for eachn € {1,2,..., N}.
We denote by C the set of critical points or poles of { f" ,1:/:1. Fix a § > O satisfying

crn | Bz MY 5 =0.
zeJy

Let us set
Q:= | J Bz M" -5).
zeJy

We define functions v, u : Q2 — R by

1
(1) = —————————
o YN @)
and
() e 20 [ @)

YN MY @1

Remark 2. The functions v and y are constant on B(z; M - 8) for any z € Jr. Indeed, it
follows from Proposition 2.1 that

™' @1 = 1) (w)]
foranyne{l,2,..., N}and w € B(z; MN . §).

Remark 3. 1f z € Q satisfies f(z) € 2, then

V(£ (2) 1
ol MO ES S
Indeed, by the chain rule,
V(@) _ ! _ ! = 1) ().
F@QF SN Gl 1@ S 1Y @)

We set
v(z) :=v(2) -6 -k,

where « is the constant defined in Proposition 2.6.
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LEMMA 4.1. For any z € Jy, let us denote by {zk};le the pre-image of z by f. Let i
denote u(zx) foreachk € {1,2,...,d}. Forany0 <r <1,

FIBs g -7 - 9(z)) = B(z; r - 0(2))

is bijective.

Proof of Lemma 4.1. Since f has no poles in B(zx; MY -8), there exists a sequence
{an};2 | C K such that

fw)=f)+ar-(w—z)+---

and
Fay=a+2-a-w=z)+-

for any w € B(zx; MY - 8). Note that a; = f’(zx). By Remark 3,
lat] - px - - D(zx) = 1 f @] - k-1 - D(z) =7 - D(2).
Moreover, since B(zx; &) has no critical points of f, it follows from Proposition 2.4 that
jat| > |n| - |ay] - 8"
for any n > 2. Since uy - r - v(zx) < 1, this implies that
lar| - -7+ D) > |l - lan] - 8" i r - (zp)
> ap| - (8- )" - g -1 - v(zk)
> lan| - (8- - p -7 - v(@))" = lanl - (ux -7 - V(zx))".

Thus, by Corollary 2.5, f|B(zk; (i - ¥ - V(zx)) = B(z; r - v(z)) is bijective. O

We put
c- AN —1
N-M
Remark 4. The function p is uniformly bounded by A. Indeed, we calculate

N-1 Y Ny’ N
M(Z)ZM—I—M<I—M:A

YN Yl YNy @) T N-M

for any z € Q. In particular, A is positive, because w is positive on 2.

A=1-—

Proof of Lemma 3.1. Let us set

Qs = f‘"( U B ﬁ(z»)

zeJy

foreachn € {0, 1, .. .}. It is obvious that 2, 7 is closed, and thus so is €2, f.

Let us show that |
5= B(z; []wr(f e \7(z))

zejf k=0
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by induction on n € N. In particular, this implies that €2, s C ,_1, 5 because u is
uniformly bounded by A < 1.

(1) For any w €y f, there exists a z€ Jr such that f(w) € B(z; ¥(z)). By
Lemma 4.1, there exists az’ € £~ ({z}) C Jr such that

w € B(Z; w(@) - 9(@)).
On the other hand, for any

w e U B(z; u(z) - 9(2)),
zeJy

there exists a z € J such that w € B(z; u(z) - v(z)). Thus
fw) € B(f(z); v(f(2))) C o,y
(2) Assume that
n—1
= B(z; [Trirfe@n- ‘7(2)>
zeJy k=0

for n € N. For any w € 2,11, ¢, there exists a z € Jr such that

n—1
f(w)e B(z; [Tr e ﬁ(z)).

k=0
By Lemma 4.1, there exists a z’ € £~ ({z}) C J such that
n
we B(z’; [Trirfen- ﬁ(z’))-
k=0
On the other hand, for any

w e U B(z; 1_[ n(f* @) - f)(z)>,
zeJy k=0
there exists a z € Jy such that
we B(z; [Trtrf@)- ﬁ(z))
k=0
and thus

n—1
fw) e B(f(z); [T @y ﬁ(f(z))) C Q..
k=0

By Proposition 2.2(3), Jy C f2c0, r. On the other hand, any w € Qo f satisfies

n—1
we = B(z; ]‘[u(fk@)-a(z)) c | B@ a5k

zeJy k=0 zeJy
for any n € N. Hence, for each n € N, there exists a z, € Jy such that
lw —z,| < A" .5k,

Since J is closed, this implies that w € J. O
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Remark 5. As an immediately corollary of Lemma 3.1, one can find a repelling periodic
point of f. Indeed, it follows from Proposition 2.3 that there exists a periodic point x €
Qq, r of f N with period m. On the other hand, by Lemma 3.1,

F N0, 5) =N, r CQ ¢

This implies that

e, NG, V@, N ey e Y Y ) € Qo

k=0
Thus,

m—1
1™ @I =TT V| = -2V > 1.

k=0

For the proof of Lemma 3.2, we write
Evi=J B M s 0@
zeJy
foreachk € {0, 1,..., N}.

Proof of Lemma 3.2. 1t is not difficult to find a neighborhood U of f such that
[f(z) —g@)| <68 -«

and
If'(2) —g' @l <c-A

for any g € U and z € Ey because of the continuity of the coefficients of a rational map.
In particular, this implies that

If'@I=1g' ()

forany z € Ey. Letusfixage U.

We first show that the following properties are satisfied for any k € {1, 2, ..., N}.
(1) g(Ex-1) C Ek.
(2) Foranyze EBr_jandne{l,2,..., N},

™ (F @)= 1" (g@)].

Since z € Eg_1, there exists a z’ € Jy such that z € B(Z'; M*=1.5. k). Since f has no
poles in B(z'; M N . 8), there exists a sequence {am}fnO | C K such that

fwy=fE@)+a-w—-z)+---

and
ffwy=a+2-a-(w—-2)+---

for any w € B(z'; MV - §). Note that a; = f'(z'). Since B(z'; M*~!.8) has no critical
points of f, it follows from Proposition 2.4 that

k=1 gym—1
lai| > |m| - lam| - (M~ - 8"
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for any m > 2. Thus
M-M1os e > ar - M sk
> [m] - Jam| - (M1 8)" < ic > Jap| - (M*7 8- 1),
It follows from Corollary 2.5 that
f@) e f(B(z: M8 k) = f(B(EZs M*' -8 -k)) C B(f(Z): M* -8 -x)
and thus
1f@) = fE <M -5«
In particular, this implies that
g(2) € B(f(2); 8-1) C B(f(2); M* -8 -k) = B(f(z); M-8 - k) C Ei.

Moreover, since f" has no critical points in B(f(z'); M k.s. K),

I (F @)= 10" (g(2))]

forany n € {1, 2, ..., N}. This completes the proof of (1) and (2).
Now we show that

1M @1 = 18" (@)

on Eg forany n € {1, 2, ..., N}.Itis clear that | f'(z)| = |g’(z)| on Ep. Assume that
1™ @)1= 18" ()]
on Ey_p4+1 foreachne{l,2,..., N —1}.Forany z € Ey_,,

8(z) € En—nt1

and thus
(™) (8@ =1(g") (g(2))]-
Hence
1A @I =1 (fF@)] - 1 @)
=1(f"'(g@) - 1g' @)
=1(g") (€@ - 1@ =" ).
This implies that
(' @1 =1" @
on Ey_, for any ne€{l,2,..., N}. Since {EN,k},’(V:O is nested and o,y C Eo, this

completes our proof. O

Let U be a neighborhood of f determined in Lemma 3.2 for

8-k
r= .
M-N
For a fixed g € U, we define functions v, i : 2 — R by
1

Ve (z) :=

YN e @)
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and Nt

> oo 1@ @)

ng(x) = —fw——.
’ SN e @)

Let us set

Vg (2) :=vg(2) - 8 - k.
Remark 6. It follows from Lemma 3.2 that v=v, and u=pu, on o r. Thus, by
Remark 2, the functions v, and i, are constant on B(z; ¥(z)) for any z € J¢. In particular,

this implies that

S-K B —
YN < V(2) = 1,(2)

on Q, r. Moreover, by Remark 3, if z € Q7 satisfies g(z) € Qo, s, then

ve(8(@) _ . _ '
Q)] =pg(z) - vg(2) = pu(2) - v(z) < 1.

LEMMA 4.2. Forany z € Qo, 1, g '{zh Qo, r. Let us denote by {zk}z:1 the pre-image
of z by g. Let jui denote g (zy) foreachk € {1,2, ...,d}. Forany0 <s <1,
81B(zk; i - s - Vg(zr)) = B(z; s - Vg(2))

is bijective.

Proof of Lemma 4.2. Let us denote by {wk}g: | C 2, f the pre-image of z by f. We show
that g(w) — z has a unique zero zx € B(wg; g - Vg (wy)). Set

g = p(wp).
Since g has no poles in B(wy; MY - §), there exists a sequence {an},2 | C K such that
g(w) =g(wi) +ar - (w—wg) +--- 4.1)

and
gwy=ar+2-ay- (w—wp)+---

for any w € B(wg; MY - 8). Note that a; = g’(wy). It is easily seen that
lat| - py - s - Dg(wi) = | f (W)l -y -5 - D(wp) =5 - D(2) =5 - Vg (2).

On the other hand, since B(wg; §) has no critical points of g, it follows from
Proposition 2.4 that
jai| > |n| - lay| - 8"~

for any n > 2. Thus
lar| - w5 g (wi) > |n| - lagl - 8" 7" g+ s - Dwy)
> ap] - (8- k)" - py - s - v(wg)
> lan|- (8- k- py s - v(w)" = lan| - (uy - s - Vg(wp)".  (4.2)
Hence it follows from Corollary 2.5 that

gIB(wis w5 - Tg(wi) — B(g(wi); s - Vg (2))
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is bijective. Since
5.k
N-M

there exists a unique zx € B(wyg; u}( - Vg (wg)) such that g(zx) = z. Furthermore, since g"
has no critical points in B(wy; ,u;( - Vg (wg)),

1(8") (wi)| = 1(g") (k)|
forany n € {1, 2, ..., N}. This implies that

lg(wr) — z| = |g(wr) — f(wp)| < < Vg(2),

wy = m(wi) = pg(wi) = pg(zk) = k. (4.3)
O

Proof of Lemma 3.3. Set @, ,:=g "(RQo,r) for each n {0, 1,...}. It follows from
Lemma 4.2 that

B(Z; [Trete" @ ﬁg<z)) C Qg

k=0
if z € 2, ;. Indeed, this can be proved by induction on n € N, as follows.
(1) If z € 1,4, then it follows from Lemma 4.2 that

g(B(z; u(2) - V4(2))) = B(g(2); Vg(g(2)))
= B(g(2); ¥(g(2))) C Q0,5 = Qo-

(2) Assume that
B(z; [T ree @ ag@) C Qg

k=0
forany z € Q4. If z € Q11 ¢, then it follows from Lemma 4.2 that

n+1 n
g(B <z; ] rete @ - %(z))) = B<g(z); [ ree" @) ag<g(z>>)
k=0 k=0
C Q. O

Proof of Lemma 3.4. Let us show this statement by induction on n > 0.
(1) Let us define hg : Qo, f = 0,4 by ho(2) :=2z.
(2) Let us define hy : Q1 y — Q1 ¢ by

hy:= g*1 ohgo f.
It is well defined because

fIB(z; u(z) - v(z)) = B(f(2); v(f(2))),
hol B(f(2); V(f(2))) = B(f(2); Ve (f(2)))

and
g7 1B(g(2); Tg(8(2))) = B(z; 1g(2) - g(2)
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ho
Qo — S0,

fT Tg

h
Q¢ _n Qe

FIGURE 1. The construction of hy : 21, f — Qp .

are bijective for a fixed z € Q1 r (see Figure 1). Note that

B(f(2); Vg(f(2))) = B(g(2); Vg(8(2)))

because

If@) =@l =577 = Vg (f(2)) = Vg(g(2)).

Therefore, we obtain
[h1(2) — ho(2)] < g (2) - Vg (2)

and
hoo f(z) =gohi(z)

forany z € Q1 .
(3) Assume that hy, : 2, — 2, ¢ is a map satisfying

hp—10 f(2) =g ohy(2)

and

n—1
hn(2) = a1 < [ | e (F* @) - T (2)

k=0
for any z € 2, r. Then we define hy,11 : Q11 f = Qpi1,6 by
hyyy = g_l ohyof
(see Figure 2). Let us check that s,,11 is well defined as follows. Fix a z € ;11 . Since

B(hn(z); [ re(F @ ﬁg<z)> = B(hn@; [] re(e" (hn(2)) - Tg(hn (z))),

k=0 k=0

it follows from Lemma 4.2 that

g|B(hn<z); []re(rf - ﬁg<z>) - B(g o hn(@); [ | me(F52)) - ﬁg<f<z>)>

k=0 k=1

is bijective. Since

|hn o f(2) = g o hn(2)| = |hn o f(2) = hn-10 f(2)]

<[] me(F* @) - 5o (£ 21,

k=1
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hn+l
Qn—Q—l,f E— Qn+1,g

FIGURE 2. The construction of /1,41 : Q41 f = Qp41,¢-

we conclude that A, is well defined. Moreover, it satisfies

has1(2) € B(hn(z); [T et e ﬁg(z)> C Qi

k=0

and
hpo f(z) =gohu1(2). O

Leth : Qoo, f — 200, be amap defined as (3.2). To prove Lemmas 3.5 and 3.6, we first
estimate |A(z) — z| for each z € Qoo ¢.

LEMMA 4.3. Foranyn € Nand z € Q,_ g,

1hn(2) — 2| < g (2) - Vg(2).
In particular, this implies that (g (h,(2)) = pg(2) and Vg (h,(2)) = Vg (2).
Proof of Lemma 4.3. It is easily seen that

lhn(z) — 2| < Tea§{|h" (2) = ha1 (D1}

n—1
< I}lleagf{l_[ Mg(fk(Z)) : f’g(Z)} < mg(2) - g(2). =
k=0

We proceed to show that the map 4 : Qoo, f — Q00,4 18 isometric.
LEMMA 4.4. Ifz, w € Q¢ satisfy |z — w| < g (2) - Vg(2), then

g(2) — gw)| =1g' (D) - |z — wl.
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Proof of Lemma 4.4. Tt follows from (4.1), (4.2) and (4.3) that

ar-G@—w)+ Y ax (- wt

18(z) — g(w)| =
k=2
00
= 61+Zak~(z—w)k_1 sz — w]
k=2
=lail-lz —wl=1g'@)| |z — wl. o

Proof of Lemma 3.5. It is sufficient to show that {h, : Q, r — Q, g}i’f’:o constructed in
the proof of Lemma 3.4 is a sequence of isometries. We now proceed by induction on
n>0.

(1) Itis clear that hg : Qo, 5 — 0, is isometric.

(2) Assume that hy, : Q2 r — 2y ¢ is isometric for n > 0. Fix z, w € Qyq1 7. If [z —
w| > g (2) - Vg(2), then |z — w| > pg(w) - Vg(w). Indeed, if follows from Remarks 4
and 6 that |z — w| < pg(w) - Vg(w) implies that pg(w) = pg(z) and Vg (w) = Vg (2).
Hence it follows from Lemma 4.3 that

[n1(2) = A1 (W) = [hp1(2) =2+ 2 —w + w — hpp1(w)]

=z —wl.
Otherwise, by Lemma 4.3,

|hnt1(2) = hpg 1 (W) < pg(hpg1 () - Vg (hpp1(w)).

It follows from Lemma 4.4 that

If@ = fl=1f @] |z—wl

and
18 (hn1(2)) — hpp1 (W) = 18" (hng1 @) - 1hns1(2) — hpgr(w)].

Therefore

I @11z = wl=f(2) — f(w)]
=|hp o f(z2) —hpo f(w)]
=g 0 hpt1(2) — g 0 hpt1(w)|
= 18" (hnr1@)| - hny1(2) = hny1(w)]
= 18" @ [hnt1(2) = hpg1(w)]
= '@ 1hny1(2) = hng1(w)]. m

Let us end this section with the proof of Lemma 3.6.

Proof of Lemma 3.6. It follows from Remark 5 that there exists a repelling periodic point
x € Qo, r of f with period m. Since y := h(x) is a periodic point of g with period m and
(" N C Qg

(g™ W] > 1.
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In particular, this implies that J, # @. Moreover, it follows from Proposition 2.2(2) that

h(Jp) = h(U f-k<{x}>> = Jrr*dam = ¢ Wyh =T%.
k=0 k=0 k=0
We next see that Qo ¢ = Jg. By Lemma 4.3,

Qo f = U B(z; Vy(2)).
ZEJg
Then we can show that
n—1
Qe=J B (z; [T rete @) 7 (z))
ey k=0
for any n € N and Q4 ¢ = J, in the same manner as in the proof of Lemma 3.1. O

Remark 7. In the proof of Lemma 3.6, we can also prove that y is a repelling periodic
point of g with period m by evaluating |(g™)'(y)|, as follows. By Lemma 4.3,

[h(z) — z| < g (2) - Vg (2)
for any z € Qq0, r. Moreover, since f” has no zero in B(z; g (2) - Vg(2)),

L' (R =11 ).

Therefore,
m—1 m—1
@YD =TT 1f Boffenl =TT IF e =1 @l > 1.
k=0 k=0
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