J. Inst. Math. Jussieu (2022),21(1), 241-301

doi:10.1017/S1474748020000079 © The Author(s) 2020.
Published by Cambridge University Press

RELATIVE UNITARY RZ-SPACES AND THE ARITHMETIC
FUNDAMENTAL LEMMA

ANDREAS MIHATSCH

Rheinische Friedrich- Wilhelms-Universitat Bonn, Mathematisches Institut,
Endenicher Allee 60, Bonn, 53115, Germany (mihatsch@math.uni-bonn.de)

(Received 21 May 2019; revised 10 February 2020; accepted 14 February 2020;

first published online 24 March 2020)

241

Abstract We prove a comparison isomorphism between certain moduli spaces of p-divisible groups and
strict Og-modules (RZ-spaces). Both moduli problems are of PEL-type (polarization, endomorphism,
level structure) and the difficulty lies in relating polarized p-divisible groups and polarized strict
Og-modules. We use the theory of relative displays and frames, as developed by Ahsendorf, Lau and
Zink, to translate this into a problem in linear algebra. As an application of these results, we verify new
cases of the arithmetic fundamental lemma (AFL) of Wei Zhang: The comparison isomorphism yields an
explicit description of certain cycles that play a role in the AFL. This allows, under certain conditions,

to reduce the AFL identity in question to an AFL identity in lower dimension.
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1. Introduction

In [23], Wei Zhang introduces his so-called arithmetic fundamental lemma (AFL)
conjecture. This is a conjectural identity between certain derivatives of orbital integrals
on p-adic! symmetric spaces and certain intersection products in unitary Rapoport-Zink
spaces (RZ-spaces). The AFL is proven in the case of dimension n < 3; see [23]. In the
subsequent work [18], Rapoport, Terstiege and Zhang verify the AFL for arbitrary n and
the so-called minuscule group elements g. Their proof was later simplified by Li and Zhu
[12, 13] and He, Li and Zhu [8].

In the present paper, we verify more cases of the AFL for arbitrary n but under
restrictive conditions on g. These computations rely on a certain recursion formalism
which involves comparison isomorphisms between different RZ-spaces. More precisely,
we will compare two PEL moduli problems, one for p-divisible groups and one for strict
formal O-modules. This comparison relies on the theory of display as developed by Zink
[25], Lau [10] and Ahsendorf [1, 2].

There is some resemblance of our comparison isomorphism with the one from Rapoport
and Zink in the Drinfeld case; see [20]. However, our moduli problems involve a
polarization which adds an additional twist. The reason is that a polarization of a strict
formal O-module is not the same as a polarization of the underlying p-divisible group.
We treat this problem in the appendix.

Let us briefly mention the following papers around the AFL. First, the AFL is related
to an arithmetic Gan—Gross—Prasad conjecture (GGP conjecture) which can be seen as
a higher-dimensional generalization of the Gross—Zagier formula; see [6]. We refer to the
survey [24] and also to [17, 23] for these global aspects. Second, the AFL from [23] is
formulated for an unramified quadratic extension. See [15] and [16] for variants in the
ramified situation.

1Throughout this work, we assume p # 2.
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Part I: Relative unitary RZ-spaces

We now describe our main results on unitary RZ-spaces. Let E/Ep be an unramified
quadratic extension of p-adic local fields with rings of integers Og, C O and Galois
conjugation o. We denote by E the completion of a maximal unramified extension of E
with ring of integers Oy and residue field F.

Definition 1.1. Let S be a scheme over Spf OE.Q A hermitian Og-module over S is a triple
(X, t, 1) where X/S is a supersingular strict Og,-module, ¢ : O —> End(X) an action
and A : X —> X" a compatible principal polarization; see Definition 2.2.

The hermitian Og-module (X, ¢, 1) is of signature (r, s) if, for all a € Op,

charpol(t(a) | Lie(X))(T) = (T —a)' (T —o(a))’ € Og[T].

It follows from Dieudonné theory that, up to quasi-isogeny, there is a unique hermitian
Og-module (XEg, (rs), tx, Ax) of signature (r, s) over F.

Definition 1.2. For an Op-scheme S, we denote by S = S®o, I its special fiber. Let
NEy.(rs) be the following set-valued functor on the category of schemes over SpfOg.
To any S, it associates the set of isomorphism classes of quadruples (X, ¢, A, p), where
(X, t, A) is a hermitian Og-module of signature (r, s) and where

p:X Xgs S — XEo, (r5) X SpecF S

is an E-linear quasi-isogeny such that p*Ax = A.

Proposition 1.3 [19, Theorem 2.16], Proposition 2.17. The functor Ng, (.s) i
representable by a formal scheme which is locally formally of finite type and formally
smooth of dimension rs over SpfOp.

For arithmetic intersection theory and for the AFL, the case (r,s) = (I,n—1) is
of particular interest. The formal scheme NQP,(Ln—l) has been studied in detail by
Vollaard—Wedhorn in [21]. Cho [4] extended their results to the general case. We remark
that, if Eg = Qp, then the moduli problem is of PEL-type in the sense of Rapoport
and Zink; see [19, Section 3.17]. By contrast, if Eg # Q,, then this moduli problem is not
covered by their book. This is due to the polarization A, which is a polarization as a strict
Of,-module; see Definition 11.6. We call Ng, (».5) a relative RZ-space since the underlying
moduli problem is formulated in strict Of,-modules as opposed to p-divisible groups.

The last observation motivates our main result on unitary RZ-spaces, which we now
state in a rather informal way. See Theorem 3.1 for the precise statement.

Theorem 1.4. There exists an RZ-space NEyq,.s) of PEL-type in the sense of [19]
together with an isomorphism

NEo/Qp.r5) = NEo.r.5)

which is equivariant with respect to the unitary groups acting on both sides.

2That is, an O-scheme such that p is locally nilpotent in Og.
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In particular, the RZ-space Ng,,q ».(r.s) 18 smooth over Spf O . This is remarkable since
we do not impose any conditions on the ramification behavior of Eo/Q). Instead, we
impose a very specific Kottwitz condition for the moduli problem Ngy/q,.(.s)- Namely,
the Kottwitz condition has to be induced from the maximal unramified intermediate
field Q, C Ej C Ep at all but possibly one place v : Ej < E: see Definition 2.8. Our
definition bears some similarity with the situation in [20, Equation (2.1)]. But note that
the unramified intermediate field does not play a role in loc. cit. Instead, the authors
impose the Fisenstein condition to get a regular moduli problem.

Finally, let us mention the following application of Theorem 1.4. The formal scheme
Mo ».(Ln—1) is well known to uniformize the supersingular locus in certain Shimura
varieties for unitary groups over Q; see [21, Section 5]. Essentially, this follows directly
from the moduli description of the Shimura variety in terms of abelian varieties. For
unitary groups over general totally real fields, it is the moduli description of N, /Qp.(1,n—1)
that naturally occurs in the uniformization. It follows from the theorem that N/ Eo,(1,n—1)
can be used equivalently which gives the link between the AFL conjecture for Ng, (1,n—1)
and the GGP conjecture for general totally real fields.

Part II: Application to the arithmetic fundamental lemma

We now describe the application of Theorem 1.4 to the AFL. For this, we briefly recall
the AFL conjecture in the inhomogeneous group formulation from [23]. In the main text,
we will also consider the AFL in the Lie algebra formulation. We refer the reader to [15]
for the homogeneous group formulation.

Let us fix an integer n > 2 and let Wy be an (n — 1)-dimensional Egp-vector space. Set
W :=EQg, Wy and V := W@ Eu. We embed GL(W) into GL(V) as h +— diag(h, 1). In
this way, GL(W) acts by conjugation on End(V). An element y € End(V) is said to be
regular semi-simple, if its stabilizer for this action is trivial and if its orbit is Zariski-closed.

Let S(Ep) denote the symmetric space

S(Eo) :={y € End(V) [ yy = 1}.

It is stable under the action of GL(Wj). We denote its regular semi-simple elements by
S(Eo)rs and form the set-theoretic quotient [S(Ep)rs] := GL(Wo)\S(E)s-

For a regular semi-simple element y € S(Ep)ys, for a test function f € C°(S(Ep)) and
for a complex parameter s € C, we define the orbital integral

O,(f,s) :=/ f(h_lyh)n(deth)ldeth|sdh,
GL(Wp)

where 1 : E5< — {£1} is the quadratic character associated with E/Eq by local class field
theory and where |- | := qgov(‘) is the normalized absolute value of Ey. We consider the

special value O, (f) := O, (f,0) and the derived orbital integral

d
00, (f) = =

0,(f.s).
0

§=
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Note that O, (f) transforms with n o det under the action of GL(Wp) on y. The so-called
transfer factor Q(y) € {%1}, see Definition 5.6, is n-invariant as well, making the product
Q(y)0, (f) descend to the quotient [S(Ep)rs].

Now let J(;) (resp. Jlb ) be a hermitian form with discriminant of even (resp. odd)
valuation on W. For i =0, 1, we extend Jl.b to a form J; on V by defining J;(u, u) = 1

and u 1 W. The unitary group U (Jib) acts by conjugation on the regular semi-simple
elements U (J;)s and we define the quotient

[U()is) := UUD\U (Jirs.

Definition 1.5. Two elements § € U(J;);s and y € S(Ep);s are said to match, if they are
conjugate under GL(W) within End(V).

Lemma 1.6 [23, Lemma 2.3]. The matching relation induces a bijection
o [S(Eo)rs] = [U(Jo)rsI L [U (J1)rs]-

Let Yg, (resp. Xg, (1,n—2)) be a hermitian Og-module over F of signature (0, 1)
(resp. of signature (1, n —2)). Define Xg, (1,n—1) := XEy,(1,n—2) X YE,, which has signature
(I,n—1), and consider the associated RZ-spaces NEO,(I,n—Z) and NE0>(1>"—1)' Note that
there is a unique deformation Vg, of Yg, to Spf Oy by Proposition 1.3 which defines a
closed immersion

8 NEy.(tn—2) — NEg.(1.n-1)

X —> X x Vg,.

Its image can be identified with the Kudla—Rapoport divisor Z(u) associated with the
homomorphism u := (0,id) : Yg, — X, (1,n—2) X YE,; see [9].

We can identify the group Aut(Xg, (1,,—2)) with U(Jf). Then U(Jlb) acts on NEO,(l,n—z)
by composition in the framing, g.(X, A,t, p) = (X, A, t, go). Similarly, we may identify
Aut(Xg, 1,n—1y) with U(J1) and we can even choose the identification in such a way that
8 becomes equivariant with respect to the embedding U(Jf) c U(J).

Definition 1.7. (1) For an element g € U(J;), we denote by Z(g) C N, (1,n—1) the closed
formal subscheme of (X, p) with p~!gp € End(X); see [19, Proposition 2.9]. It only
depends on the Og-algebra spanned by g, Op[g] C EndO(XEO,(Ln_l)).

(2) An element g € U(J)) is called artinian if the intersection Im(8) N Z(g) is an artinian
scheme.

(3) For artinian g, we define the intersection number

Int(g) := leno, Oms)nz(g)-

Zhang defines an intersection product more generally for all regular semi-simple
elements g € U(Jy)s. Then the schematic intersection Im(8)NZ(g) may be
higher-dimensional and higher Tor-terms appear; see Definition 6.2. But note that the
results of this paper only apply to the artinian case.
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We are now ready to state the AFL conjecture for artinian elements. Let Ag C Wy be
some lattice and set A := (Ag ®(9E0 Of) @ Ofgu. Define S(Og,) := S(Ep) NEnd(A) and
denote its characteristic function by 1 S(Oky)-

Conjecture 1.8 (AFL, [23, Conjecture 2.9]). For every element y € S(Ep);s that matches
an artinian element g € U(J})ys, there is an equality

2(y)90y (150, = —Int(g) log(g). (AFLE/Ey,(v.01).g)

Here, the indexing quadruple (E/Ey, (V, J1), u, g) is chosen in such a way that it allows
an unambiguous reconstruction of the terms involved in the identity (AFLg, gy, (v, J;),u,g)-
Our main result on the AFL in the group version is a simplification of the AFL identity
for elements g of the so-called inductive type; cf. Theorem 1.10.

Definition 1.9. An element g € U(J)s is of inductive type if there exists a non-trivial
étale algebra Ag/E( and, setting A := Ao ®g, E, an inclusion
Oa C Oglgl
that is equivariant for the Galois conjugation of A/Ag and the Rosati involution on Og[g].
Let us fix such a g and let us, for simplicity, also assume that A is a field. Then V

becomes an A-vector space and we set n’ := dimy4 (V). Let #4 be a generator of the inverse
different of Ag/Eg and let J{‘ be the unique A-valued hermitian form such that

i = tra/E(aJ{).

We assume for simplicity that JlA (u, u) = 1; see Section 9.1 for variants.

Theorem 1.10. For g of inductive type as above, there is an equivalence
(AFLE/E), (v 0)ug) < (AFLA/AO,(V,JIA),u,g)‘

Since the AFL has been proven for n < 3, we get the following corollary.

Corollary 1.11. Let g be of inductive type as above with n' < 3. Then the AFL identity
for g, (AFLE/Ey,(v,J)),u,g), holds.

The proof of the theorem relies on a comparison of the g-fixed points on Ng, (1.n—1)
with the g-fixed points on Ny, (1,,—1y. For better distinguishability, we write g4 for the
endomorphism g, viewed as A-linear endomorphism. We denote by Z(04) C N Eo,(1,n—1)
the closed formal subscheme of (X, p) such that p~'Oxp C End(X). Then Z(g) C Z(Oy).
We also let f denote the inertia degree of A/E.

Theorem 1.12. There is an isomorphism of formal schemes,

;
Z(0q) = ]_[NAO,(l,n'—l),

i=1
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which is compatible with the formation of Z(g) in the following sense. It induces an
identification

f
2z =][2@e"h.
i=1

This result follows from the comparison isomorphism Theorem 1.4. Namely, the moduli
description of the cycle Z(0O4) corresponds precisely to an RZ-space Ny, /Eo,(1,n—1) Which
(the relative variant of) Theorem 1.4 identifies with Na, (1.2/—1)-

In the main text, we also prove variants of Theorem 1.10 in the Lie algebra version
of the AFL which is more flexible than the group version. In this formalism, there are
also situations where Theorem 1.12 is applied to cycles in the smaller space Ng, (1,n-2);
see Corollary 9.2. It is worth pointing out that all considered cases are corollaries of the
Theorems 9.1 and 9.5. These theorems are formulated uniformly for the AFL in the group
and the Lie algebra version for artinian elements. We introduce this uniform treatment
in Section 8.

Part I
Relative unitary RZ-spaces

2. The moduli spaces Ng,/k ()

In this chapter, we formulate a moduli problem of PEL-type where the PEL-datum is
given over a finite extension K of Q. It generalizes the moduli problem of Vollaard
and Wedhorn [21] in that it is also associated with the basic Frobenius-conjugacy class
in a unitary group for an unramified quadratic extension. If K = Q,, then the moduli
problem is a special case of the PEL-formalism of Rapoport and Zink [19].

2.1. Skew-hermitian E-K-modules

Let p > 2 be a prime and fix finite extensions Q, C K C Eg C E, where E/Ej is
unramified quadratic. Let d := [Eqg : K] with d = ef, where e denotes the ramification
index and f the inertia degree. We denote the Galois conjugation of E/Ey by o and the
rings of integers by Ox C Of, C Og. We also fix a uniformizer mg € Ok.

Definition 2.1. A skew-hermitian E-K-module (V,{ , )) is an E-vector space together
with a perfect alternating K-bilinear pairing (, ) : V x V — K such that (a, ) = (,a%)
for all a € E. An isomorphism of skew-hermitian E-K-modules (V, (, )) and (V', {, ))
is an E-linear isometry V = V’. We denote by U(V) the group of automorphisms of
v, (0.

For every n, there exist two isomorphism classes of skew-hermitian E-K-modules
(V,{, )) of dimension n. We say that V is even if there exists a self-dual Opg-lattice
in V. Otherwise, we call V odd. This distinguishes the two isomorphism classes. Note
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that (V, (, )) is even (resp. odd) if and only if the index [M" : M] is even (resp. odd) for
every Og-lattice M C V. Here, MY :={v € V | (M, v) € Ok} is the lattice dual to M.

The category of skew-hermitian E-K-modules is endowed with the adjoint involution .
If Vi and V, are two such modules, then this is the isomorphism

x : Homg (Vy, V2) = Homg (V,, V1)
fre vy vy =y,
where the identifications Vi = V}” and V2 = V,’ are induced by the alternating pairings.

2.2. Hermitian Og-Og-modules

As usual, K denotes the completion of a maximal unramified extension of K. We
denote by E" C E the maximal subfield which is unramified over K and define W :=
Homg (EY, I?). We choose a decomposition ¥ = WU W such that o (V) = ¥; and we
fix an element ¥ € Wy. Finally, we define E := E® E" K which is the completion of a
maximal unramified extension of E.

We denote the ring of integers in K (resp. in E) by Op (resp. Oj). Let F be their
residue field and let x — Fx denote the Frobenius on K. There is a natural identification

Or®o, Oz = [ Of (2.1)
Yew

such that the Frobenius 1 ®  is homogeneous and acts simply transitive on the indexing
set.

In the following, the notions of height, slope, Dieudonné crystal, polarization (with
respect to the fixed uniformizer 7g), etc. are always used in the relative sense for strict
formal Og-modules. We recall some of these definitions in Section 11.

Definition 2.2. Let S be a scheme over SpfOg. A hermitian O-Ok-module over S is a
triple (X, t, ) where X/S is a supersingular® strict formal Og-module together with an
action ¢ : O —> End(X) and a principal polarization A : X — XV such that

A @Y = u@).

An isomorphism (resp. quasi-isogeny) of two hermitian Og-Og-modules (X, (¢, A) and
(X',/,2) is an Og-linear isomorphism (resp. quasi-isogeny) w:X — X' of the
underlying strict formal Og-modules such that u*A’ = A. The hermitian Og-Og-module
(X,t,A) is of rank n if the height of X is 2nd. This implies dim X = nd. By hermitian
Og-module, we mean a hermitian Og-Ofg,-module.

Definition 2.3. The category of hermitian Og-Og-modules over a scheme S is endowed
with the Rosati involution . If (X1, t1, A1) and (X2, 13, A2) are two such modules, then

Z)’Meaning,‘ that the slopes of X are 1/2.
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this is defined as the isomorphism

% : Homo,, (X1, X2) —> Homp, (X2, X1)
fr— f*:= Al_lofvokz.

Definition 2.4. A skew-hermitian E-K -isocrystal is a tuple (N, (, ), F,t) where N is a
finite K-vector space, {, ) : N XN — K is an alternating perfect pairing, F : N — N
is an f-linear isomorphism with all slopes 1/2 such that (F , F) = ngf(, Yand 1 : E —
End(N, F) is an action of E such that (a , ) = (,a’) for alla € E. For two skew-hermitian
E-isocrystals N1, N3, the adjoint involution * : Homg (N1, N2) = Hompg (N2, Np) is defined
as in the case of skew-hermitian E-K-modules.

By Dieudonné theory, the category of hermitian Og-Og-modules up to quasi-isogeny
over SpecIF is equivalent to the category of skew-hermitian E-K-isocrystals.

Proposition 2.5. There is an equivalence of categories
{skew-hermitian E-K-modules (V,{, ))}
= {skew-hermitian E-K -isocrystals (N, (, ), F, 1)}

that is compatible with the adjoint involutions on both sides. In particular, for a given
rank n, there are precisely two hermitian Og-Og -modules over F up to quasi-isogeny.

Definition 2.6. A skew-hermitian E-K-isocrystal is called even (resp. odd) if it
corresponds to an even (resp. odd) skew-hermitian E-K-module under the above
equivalence of categories.

Proof. Given a skew-hermitian E-K-module (V,{ , )), the associated skew-hermitian
E-K-isocrystal is defined as follows. Let N := V @ ¢ K be the scalar extension and extend
both the pairing ( , ) and the E-action in the K-(bi)linear way to N. Note that N is a

Y

module over E ® K and hence graded according to (2.1),
N=T]] Ny
Yew
The pairing satisfies
( Mwgxny, =0 if ¥ # Yo (%)
and the F-linear operator « :=idy ® ¥ is homogeneous in the sense that a(Ny) = Nry,.

Let ay : Ny —> Nry, denote the ¥-component of o and define a supersingular Frobenius
F:=][Fy on N as
TKQ if Y € ¥y
[Fy: Ny —> Neyle=1{ " (2.2)
ay if Y € ¥y,

Then (N, F) is supersingular since F2/ = I{azf . In particular, there exists a Og-lattice
M C N such that F2'M = rr}éM . Furthermore, the previously defined pairing (, ) is a
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polarization of (N, F) since, for (x, y) € Ny X Ny,
(Fx, Fy) = g {ax, ay) = JTKF((X, ).

(For the first equality, we used that precisely one out of {r, ¥o} lies in ¥p.)

The E-action on N is compatible with { , ) and commutes with F, so (N, {, ),¢, 1)
defines a skew-hermitian E-K-isocrystal. Since the scalar extension from K to K is
functorial and commutes with taking duals, this defines a functor as asserted in the
proposition. To prove that it is an equivalence, we give the inverse construction.

For a skew-hermitian E-K-isocrystal (N, (, ), F, ), define the F_linear operator o =
[Tay as

—1 .
[y : Ny —> Niyli={ ¥ Fy ity et (2.3)
Fy if ¥ e Wy

Set V := N°=! and restrict the form (, ) to V. Note that « is isoclinic of slope 0 since
N is supersingular. Relation (%) holds for any skew-hermitian E-K-isocrystal and thus

(@, a)=m(F,F)="(,).

So the form (, )|y takes values in K = K= Finally, the E-action commutes with «,
and, hence, E acts on V. Then (V,(, )) defines a skew-hermitian E-K-module with
V®k K=N. O]

2.3. Moduli of hermitian Og-Og-modules
Let r,s € Z>0 and set n :=r +s.

Definition 2.7. For a € E, we define the following polynomials:

Po.y(a:1) = [] ¥(charpolgpu(a; 1)) € K[t].
yev
Paoya;t) = Poy(a: )t —a)(t —a®) ™" € E[r].

Psy(as 1) i= P oy(a; 1) Po1y(a; 1)* € Elt].

If X is a hermitian Og-Og-module over a SpfOg-scheme S, then its Lie algebra is
W-graded,
Lie(X) = @ Liey (X), (2.4)

Yev
where Liey (X) is the direct summand on which Og« acts via the embedding ¢ : Opv —>
O . By definition,
O = OF 0.y Ok
and we consider any Spf O-scheme as an Og-scheme via the first and as a Og-scheme
via the second projection.

Definition 2.8. Let S be a scheme over Spf Op. A hermitian Og-Og-module (X, ¢, 1) of
rank n over S is of signature (r, s) if the following two conditions hold:
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(1) charpol(i(a) | Lie(X); t) = Py.5)(a;t) Va € Og.
(ii) (t(a) —a)) |Lie¢0(X): 0 VaeOg.
Here in (i), we view Py (a;t) as an element of Og[r] via the structure morphism.

Condition (ii) means that O acts on Liey,(X) via the structure morphism.

Remark 2.9. In the case Q, = K = Ep, our definition of signature agrees with the one
from Vollaard-Wedhorn [21]. Moreover, in the case of an unramified extension Eo/K,
condition (ii) is automatically satisfied.

Lemma 2.10. A hermitian Og-Og-module (X, t, A)/S is of signature (r,s) if and only if
it satisfies (ii) from Definition 2.8 and the following rank condition.

(i’) The ranks of the summands in FEquation (2.4) are as follows:

0 if ¥ € o\ {¥o}
if ¥ =10

ne if ¥ € Wi\ {yoo}

ne—r if ¥ = Ypo.

ko, Liey (X) =

To prove the lemma, we first introduce the so-called local model. Let D be the
Op-module D := (O @, Op)" and let (, ): D x D —> O be a perfect alternating
O -bilinear pairing such that (e ® 1, ) = (,a° ®1) for all a € Og. The pair (D, (, )) is
unique up to isomorphism since the form is automatically split in the sense that D has a
grading D =[],y Dy such that (Dy, Dy/) =0 if ¥ # yo. Let Gran(D) —> Spec O
be the Grassmannian of dn-dimensional subspaces of D, viewed as O z-module. Denote
by G C Grg, (D) the closed subscheme of Og-stable isotropic subspaces,

G(S) = {]-'eGrdn(D)(S) | FL=F, OE-]-"=]-'}.

Definition 2.11. The local model is the closed subfunctor M}EOOC/K rs) C G of those F such
that the Og-action on the quotient Q(F) := D R0, Og/F satisfies conditions (i) and (ii)
(where Lie(X) is replaced by Q(F)).

Proposition 2.12. The local model M};P(f/K rs) S smooth over SpecOp of relative
dimension rs. It can be equivalently described as the subfunctor M' C G of those F such
that the Og-action on Q(F) satisfies conditions (i’) and (ii) (again with Lie(X) replaced
by Q(F)).

Proof. We claim that M’ C G is a closed subscheme, isomorphic to

Grr(Dyy ®0p00 ,4.4y0p V) — Spec O
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Indeed, a subbundle F = nwe\y Fy € G(S) lies in M'(S) if and only if

Fy =Dy ®0,Os it ¥ € W\ {¢yo}

Fy=0 if Y € Wi\ (Yoo
Fy, rank r quotient of Dy, ®OE®0 pu py Os Os
Fyoo = Fi.

In particular, M’ is integral and smooth over O . Evaluating (i) on elements of O« shows
that M }:900/ K. CM ’. Moreover, their generic fibers are equal, which implies equality. [

Proof of Lemma 2.10. Let Dx be the covariant Dieudonné crystal of X on the
Ok-crystalline site of S (see [2, Chapter 3]). It comes with an action of O and a
skew-hermitian perfect pairing Dy x Dx —> Og,,., -

Lemma 2.13. For any Ok -pd-thickening S < S’, Dx(8) is locally on S’ isomorphic to
D ®O£_ OS’ .

Proof. The crucial point is to show that Dy (S”) is locally free over O ®, Oy . If this is
done, then one can construct such an isomorphism, e.g., by choosing O ®,. .y Os-bases
of the Dx(S")y for ¥ € ¥y and taking the dual bases of the Dx(S")y for ¢ € Wy, at least
locally on §'.

The sheaf Dy (S”) is locally free of rank 2nd as Og-module. For s € S with residue field
k(s), there is a canonical identification

Dy (S/) ®OS/ k(s) = ID>X><SSpec «(s) (Speck (s)).

It follows from considering the Dieudonné module for the base change to the perfection
X x5 Spec;c(s)perf that this fiber is free of rank n over O ® o « (s). Lifting generators in
a neighborhood U’ C §’ of s yields a map

(O ®0, Oy)" — Dx(U")

which is surjective in the fiber over s. Since both modules are also locally free of the same
rank over Oy, the map is an isomorphism in a neighborhood of s. O

We now consider the Hodge filtration Fx C Dx(S). Working locally on S, we choose
an isomorphism as in Lemma 2.13. Then Fx defines an element in G(S). Applying
Proposition 2.12 finishes the proof. O

Lemma 2.14. Consider the quasi-isogeny class of a hermitian Og-Og-module over F
corresponding to a skew-hermitian E-K-module (V,(, })) of rank n.

There exists a formal hermitian Og-Og-module (X, t, )) of signature (r,s) in this class
if and only if the parity of V coincides with the parity of r.

We prepare the proof with the following lemma, where the operator « is as in Equation
(2.3).
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Lemma 2.15. Let V be a skew-hermitian E-K -module and let N .=V Qg K be the induced
skew-hermitian E-K -isocrystal. Then there is a bijection

self-dual Of-stable Dieudonné—lattices}

{self—dual Og-lattices A C V} = { M in N of signature (0.n)

given by A — A®o, Op and M — Me=id,

Proof. The map A = M(A) := A ®p, Of is an injective map from self-dual Og-lattices
to self-dual Op-stable Og-lattices. Each M(A) is F-stable and of signature (0,n) by
definition of F; see (2.2). Conversely, a Dieudonné-lattice M of signature (0, n) is stable
under o. O

Proof of Lemma 2.14. We first prove the existence of hermitian Og-Og-modules for all
signatures. It is enough to do this in the cases of signature (0, 1) and (1, 0). Taking direct
products then settles the general case. The case of signature (0, 1) is taken care of by
Lemma 2.15, so we are left with the case (1, 0).

Let (V, (, )) be any odd skew-hermitian E-K-module of rank 1. Let (N, F, ¢, {, )) be
the associated isocrystal. Fix a uniformizer 7g € E and an Og-lattice A C V such that
AY = JTEl A.Let M := A ®0o, O be the associated Og-stable Og-lattice. It decomposes

as
M= P my.
Yev
Define M" := P,y M,, as
. 2 f
My if e {Fyo, " Yo, ... " Yo}

My = . _
7wy My  otherwise.
This lattice is self-dual, stable under Of, stable under F, stable under 7wx F~! and of
signature (1, 0); so existence is proved.

Now let (X, ¢, A)/F of signature (r, s) be given. Let N = Hwew Ny be the isocrystal of
X together with the alternating pairing (, ) induced by A. For any O p-lattice Ly, C Ny,
we denote by Llo C Nyyo the dual lattice with respect to the form (, ).

Let X correspond to the Op-lattice M C N. It is self-dual and thus MJO = My,s. The
signature condition for M implies that

[/ My, - My 1 =r.
It follows that for every O p-lattice Ly, C Ny, [/ Ly, : L%] = r mod 2. By Proposition
2.5, there are precisely two quasi-isogeny classes of formal hermitian Og-Og-modules

over IF. In particular, formal hermitian Og-Og-modules X and X’ over I of signatures
(r, s) and (1, s"), respectively, are quasi-isogeneous if and only if r = ' mod 2. By Lemma

2.15, r and V have the same parity. O
For every signature (r, s), we fix a hermitian Og-Og-module Xg,,x (-s) over I of that
signature.4

41t would be enough to fix any triple (X, ¢, 1) quasi-isogeneous to a hermitian Og-Og-module of signature

(r,s).
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Definition 2.16. Let Ny k (rs) denote the following set-valued functor on schemes over
Spf Op. It associates to S the set of isomorphism classes of quadruples (X, ¢, A, p) where
(X, t, A) is a hermitian Og-Og-module of signature (r, s) over S and where

p: X xsS —> Xg/K,(r.s) XSpecF S

is a quasi-isogeny of hermitian Og-Og-modules. Here, S denotes the special fiber § =
S x PO SpecF. The quasi-isogeny p is called the framing and Xg k() is called the
framing object. As a matter of notation, we set

NEo.r5) = NEO/EOa(V»S)‘

Proposition 2.17. The functor N,k qs) is representable by a formal scheme which is
locally formally of finite type over Spf Oy and formally smooth over Spf Oy of relative
dimension rs.

Proof. The representability is proven in [19]. We prove the formal smoothness which
follows from the Grothendieck-Messing Theorem. Consider a point X € Ng k(5 (S)
and an Og-pd-thickening § < S’ (e.g., a square-zero thickening). Working locally on §’,
we choose an Opg-linear isometry of Dy (S") with D®o, Oy as in Lemma 2.13. Then
deforming X becomes equivalent to lifting the Hodge filtration

[Fx CDx(S)] € ME x5 (S)

to §’. This deformation problem is formally smooth of rank rs over O by Proposition
2.12. O

3. Comparison of moduli spaces

Let (V,{, )) be a skew-hermitian E-Q,-module as in Definition 2.1. Let K be an
intermediate field Q, C K C Ep and choose a generator ¥ of the inverse different of
K/Q,. There exists a unique non-degenerate K-bilinear alternating form

(, )k :VxV —K
such that trx,q, Pk (, )x) = (, ). It is still E-hermitian in the sense that
(a,)k=(.,a)xk, ackE.

So (V, (, Yk) is a skew-hermitian E-K-module and the groups of E-linear isometries of
(, )and (, )x are then identical. Note that a lattice A C V is self-dual with respect to
the lifted form (, ) if and only if it is self-dual for the original form ( , ).

For every such intermediate field K, we fix a uniformizer wg € Ok in order to
talk about polarizations of strict formal Og-modules; see Remark 11.11. We make
N:=(V,{, Yx)®k K into a polarized K-isocrystal as in the proof of Proposition 2.5.
By Lemma 2.14, if r and V have the same parity, then V gives rise to a whole family of
framing objects

{XEo/k.0r.5)}Q,cK B
which all come with an action (by quasi-isogenies) of the unitary group U (V). Our main
result in this section is that the corresponding RZ-spaces are all isomorphic.
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Theorem 3.1. Let (V, (, )) be a skew-hermitian E-module and let r have the same parity
as V. For any intermediate field Q, C K C Ey, there is a U(V)-equivariant isomorphism
¢ : NEy/k.(rs) = NEg.(rs)-

In particular, the formal scheme Ny (rs) is independent of the choice of the

decomposition W = Wy LI\,

The proof relies on the following equivalence of categories. We consider the category
Sch/ Spf O, of locally noetherian schemes over Spf O, together with the Zariski topology.

Definition 3.2. We denote by Op-Og-Herm the stack of hermitian Op-Og-modules
(X, ¢, X) that have a signature over Sch/ Spf O . By the condition, we mean that locally for
the Zariski topology, the hermitian Og-Og-module is of signature (r, s) for some integers
r,s € Zxp. The morphisms in this category are the Og-linear morphisms of p-divisible
groups. We also write Og-Herm for the stack of hermitian Og-modules.

Theorem 3.3. There is an isomorphism of stacks on Sch/ Spf O

C:Op-Ok-Herm = Og-Herm
that satisfies the following properties. It is equivariant for the Rosati involution and it
sends objects of signature (r,s) to objects of signature (r,s).

This section is devoted to the proof of these two theorems.

3.1. The unramified case

Proposition 3.4. Consider an intermediate field Q, C K C Eo and let Ej C Eqg be the
mazimal subfield which is unramified over K. Then there is an isomorphism of stacks

C : Op-Og-Herm N OE-(’)E(L): -Herm
that is equivariant for the Rosati involutions and sends objects of signature (r, s) to objects
of signature (r, s).
Proof. We will construct the functor C and its quasi-inverse. Let S = Spec R be an affine

scheme over Spf Oy and let (X, ¢, A) be a hermitian Op-Og-module of signature (r, s)

over R. Let (P, Q, F, F) be the Og-display of (X, (¢, 1). We denote by (, ): P x P —>
Wo, (R) the perfect alternating form induced by the polarization A.

Recall that ¥ = Homg (E*, K ) and note that there exists a natural morphism Ogu —>
Woy (R) of Ok-algebras that lifts the morphism Og« — R; see [5, Section 1.2]. This
morphism induces gradings

P:HPV/’ Q:HQW with Qy = QN Py.
Yew Yew
For ¢ ¢ {¥, Yoo}, we define the Frobenius-linear isomorphism

Fy if 7
[Fy : Py —> Pryl = v if ¥ e W\ {¥o}

Fy ify € Wi\ (Yoo).
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Here we used that (X, (, 1) has a signature, which implies Q4 = Py whenever ¥ € Vg \

{Y0}. Wesset P' := Py, @ Py, with submodule Q' := Qy, ® Qy,o and define the F/ Jinear
operators F/, F/ on P’ and Q' as

F .=F1oF, F .=F10oF.

Then P’ := (P', Q', F', F') defines an f-Ok-display in the sense of Ahsendorf [2]. There
is an induced Og-action and a Wo, (R)-valued alternating pairing (, )" :== (, )|pr on P’.
Note that f-Og-displays are the same as windows over the (’)E(r;—frame

A0 10k (R) = (Woy (R), Toy (R), NN

In our case, the pairing (, )’ takes values in A(’)Eu JOk (R) in the sense that
0

(L Ey =TTy

which follows immediately from the identities (F , F) = (F , F) = F(, ) for the pairing
(, Y on P. In other words, the pairing defines a principal polarization of the f-Og-display
P’ see Proposition 11.5.

As explained in the appendix, (11.2), base change along the natural strict morphism
of O EY -frames

’ —1
A0 gy 0k (R) —> (WO (R), Lo (R), ", )

defines a principally polarized strict formal Ogg-module C(X) together with a compatible
Og-action. This module is of signature (r, s) and hence an element of OE—OES—Herm(S).

Construction of a quasi-inverse of C: Let P’ := (P, Q', F', F’) be the f-Og-display
associated with a hermitian OE—OEg—module (X, t, A) over S. By functoriality, it comes
with an Og-action and a compatible principal polarization. To construct the associated
hermitian Og-Og-module, we apply a slightly modified version of the construction from
the proof of Proposition 13.2.

The Og-action induces a bigrading, P’ = Pj® P/, Q' = O, ® Q). We set

Pwo = P(; Pwo(, = P]/,
Quy =0y Qo = 0.
Fori=0,..., f—2, we define

F F
Puisi, = P‘fillio’ P, = pH)

i+ : PO
Yo Yoo oo

The signature condition forces us to set, for ¥ ¢ {y, Yoo},

Py if ¥ € Wo \ {yho}
log (R)Py it 4 € Wi\ {Yo}.

Oy =
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The display structure is defined by giving a normal decomposition. Let (P’ = L' ® T’, ¢)
be a normal decomposition of P’. Then we define a normal decomposition (P = L& T, ®)

as
L=Ly®Lyo® P Py
v eWo\{vo}
T=Ty0Tye ® P Py
Yevi\{yoo}
and the F-linear operator
¢
1
o = 1 of

with respect to the decomposition P = (Py, @ Pyyo) B (Py, @ P%U)(F) ... 0Py, @
P,l,oo)(Fffl). This already defines an f-Og-display P := (P, Q, F, F) equipped with an
Og-action of the correct signature.

We now construct the polarization (as Og-display) on P. Recall that we have a perfect
pairing

() = Pyy X Pypo —> W@K(R).

There is at most one way to extend it to a pairing (, ) on all of P such that the relations
of a polarization are satisfied. Let us explain this for the direct summand Pr, @ Pry, ;-
If I+t € Ly, ®Ty, and I'+1" € Lyyo ® Ty,o, then we have to set

(@U+D, @Y +11) = (FD) + F(@), FU)+ F(")
-1
=V L gy T o + T g i T ) g
Since @ is a Frobenius-linear isomorphism, this is well defined and extends in a unique
way to all of Pry & Pry, . We apply the same formulas to define (, ) on Ppi " @ Pri Yoo

fori =1,..., f —1. Note that due to the special form of the normal decomposition at

these indices, we get
(F)

/OEBPFiJrll//Orr = < s >|P

My, )

DPi Yoo

We leave it to the reader to check that this defines a principal polarization on P which
finishes the proof. O

Remark 3.5. Note that we did not use the assumption of R being noetherian. We will
only need this assumption in the ramified situation.

3.2. The totally ramified case

Proposition 3.6. Let Q, C K C Eg be an intermediate field such that Eo/K is totally
ramified. There is an isomorphism of stacks over Sch/ Spf O,

C:Op-Ok-Herm N Op-Herm

https://doi.org/10.1017/51474748020000079 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000079

258 A. Mihatsch

that is equivariant for the Rosati involution and that sends objects of signature (r,s) to
objects of signature (r, s).

Proof. The proof consists of three main steps. First, we will construct the functor C.
Second, we will prove that C is an equivalence on reduced Og-schemes in characteristic
p. Finally, we will prove that C identifies the deformation theories of X and C(X). Together
with the restriction to locally noetherian schemes, this will imply the statement.

First step: Construction of the functor C.

Let S = Spec R be a scheme over Spf O . We begin by briefly spelling out the properties
of the Ok-display of a hermitian Og-Og-module (X, ¢, A) of signature (r, s) over S. For
this and in the following, we identify W with {0, 1} such that ¥ corresponds to 0.

Let P:=(P,Q,F, F) be the Og-display of X. The action ¢ of O on X induces an
action of Of on the display. This makes P and Q into O ®0, Wo, (R)-modules with
P being projective by [2, Prop. 2.22]. Both F and F are Og-linear. The action of the
unramified part induces bigradings P = Py® P; and Q = Q¢ ® Q; such that both F and
F are homogencous of degree 1.

The signature condition implies that Py/Qq is projective of rank r over R and that
P1/Q is projective of rank ne —r over R. Furthermore, O acts on Py/Qq via the
structure morphism. In other words,

Jog, (R)Po C Qo.

where JOEO (R) :=ker(Og, ®0; Wo, (R) —> R). The polarization induces a perfect
alternating form (, ) : P x P — Wp, (R) which satisfies (a , ) =(,a”) for all a € Og.
In particular, Py and P; are maximal isotropic subspaces of P which are put into duality
by (, ). Furthermore, (Q, Q) C Ip, (R) and the pairing satisfies (F ,F)= V_l( , ). In
other words, the pairing takes values in the Witt Og-frame from Definition 11.7,

Wo, (R) = (Wo (R), Io, (R), R, F,V ™).

Construction of C(X): Let (X,t,A)/S and P be as above. As an intermediate step,
we construct a polarized window P’ = (P, Q', F', F') with Og-action over a Lubin-Tate
frame over R; see Definition 12.7.

Let 9k, be a generator of the inverse different of Eo/K. Consider the We, (R)-linear
extension of the trace

tr : Og, R0y Wo, (R) — Wo, (R)
a®@w > trg, g (Vp,a)w.

Since ( , ) is Og,-equivariant, it has a unique lifting to a perfect Og, ®, Wo, (R)-
bilinear alternating form (, ): P x P —> Ofg, @0, Wo, (R) such that

(, )y=tro(, ).

We set P’ := P with its given Og-action. Again, P’ is bigraded and we set Q := Qo.
The form (, ) automatically satisfies (@ , ) = (,a? ), and, hence, Q, is totally isotropic.
We define

Q)= {p1 € P1 | (p1. Q) C Jo,, (R)}.
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Note that (, ) induces a perfect pairing (P/JOEO (R)P) x (P/JOEO (R)P) —> R by base
change. Then Q] is the inverse image of (QO/JOEO (R)Py)* under the projection P; —>
P1/J@E0 (R)P1. In particular, P1/Q) is a projective R-module of rank s =n —r.
Let 0 € O, @0, Wo, (OF,) be an element such that
GJOEO (OE()) C OE() ®OK IO]( (OE())

and such that the image of 6 in O, @, Wo, (OF,/7E,) = O, is of valuation e — 1. Its
existence is given by Lemma 12.5.

Lemma 3.7. There is an inclusion

60 C Q1.

Proof. By definition, Q1 = {p1 € P1 | (p1, Qo) C Io, (R)}. So given g1 € Q), we need to
verify that
(0q1, Qo) = tr ((9q1, Qo))

=tr(0(q1, Qo)) C log (R).
For the second equality, we used that (, ) is Og, ® o, Wo, (R)-bilinear. It is enough to
show
tr(9J050 (R)) C Ipy (R)
which follows from the fact that

QJOEO(R) C Ok, ®0 log (R). O

In particular, we can define Fl/ : Q] — Py as Fl’(ql) := F1(0q1). Then Fl/ is a
Frob‘eniusjlinear epimorphism, which can be checked at closed points of S. On Qj, we
set Fj = Fp.

Let E@EO JOg .« (R) be the so-called Lubin-Tate Of,-frame

Log, 10k« (R) == (Or, ®0x Wog (R), Jog, (R), R, 0,6)

where 6(§) = V_I(OE); see Example 12.9 (2). The unit « € Og, @0, Wo, (R) is the
element 6(7g, ® 1 —1®[ng,]). We define the Frobenius F': P — P through the
relation

F'(x) =k~ F'((mg, ® 1 = 1® [mg,Dx).
The reader may check that this defines the structure of a L@EO /0« (R)-window P’ =
(P, Q. F,F".

Lemma 3.8. The pairing (, ) is a principal polarization of the E@EO/OK,K(R)—window P

Proof. By definition of Q’, the pairing satisfies (Q’, Q') C Jog, (R). We verify for gg €
Q. q1 € Q] that
(F'q0, F'q1) = (Fqo, F(6q1))

= V" (q0.6q1) (3.1)

=V (00, 1)) = & (q0. q1)-
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Here, the second equality holds since it does for the pairing (, ). The third equality used
the Og,-bilinearity of the pairing (, ). O

By Proposition 12.10, there is a strict morphism of Og,-frames,

Log, 10k (R) —> LOg 105, .. (R).

Base change along this morphism defines a supersingular strict Opg,-module with
OEg-action and a principal polarization with values in the Og,-frame E@EO /@EO,K(R).
The identity on W@EO (R) defines a «/u-isomorphism to the Witt O, -frame

'COEO/OEO,K(R) — WOEO (R)v

where u is the unit u = Vﬂ_Ei) (g, — [mE,]). There exists a unit ¢ € W@EO (Op) such that

0’(8)8_1 =K/u.

Scaling the polarization by ¢, see Lemma 11.2, we get a principally polarized Og,-display
P’ = (P",Q", F", F") with Og-action. The corresponding strict formal Og,-module is
then the hermitian Og-module C(X) we wanted to construct. It is of signature (r, s).

The construction we made is functorial (in R) and compatible with the Rosati
involutions.

Second step: C is an equivalence over reduced schemes in characteristic p.

We will construct a quasi-inverse. Let R be a reduced SpfOg-scheme and let P’ =
(P',Q',F',F') be the Lo, /0« (R)-window equipped with an Og-action ¢ and a
principal polarization A associated with a hermitian Og-module over R. We assume that
P’ is of signature (r, s). Here, « is the unit v O g, ®1 —1®[mEy]) from the previous
paragraph.

The Og-action induces gradings P'= Pj@ P, and Q' = Q,® Q). We set P := P’
together with its Og-action.

The polarization A induces a perfect pairing

(7 ):POXPI — OEQ@OK WOK(R)
such that
Q1 ={p1€Pi|(p1,0Qp C JOEO(R)}-
We set Qo := Q, and
Q1 :={p1 € P1 | (p1, Qo) C O, ®0y log (R)}.

Claim: Q1 =600+ 1o, (R)P1.
The relation D is clear, so we only need to check that Q; C GQ/I mod Ip, (R)P;. Let
us denote by Py, Qo, etc. the quotients of the various modules by Ip, (R)P. Then the
pairing ( , ) induces a perfect pairing

Pox Py — O, ®ox R = Ogy/mk @0y jnx R.
Here, we used that 7x = 0 in R. We have
NEOI_)O C @o C ﬁo and
ng,P1 C Q] C Py.
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Then by definition, Q; is the orthogonal complement of Q. In particular, it is projective
of rank r over R and locally a direct summand of P;. Let 6 be the image of 6 in
Og, ®oy Ok /mk = Of,/mk. Then 6 #0, nEoé = 0 and multiplication by 6 induces an
isomorphism

Oky/TEy ®0 R = (1) / (k) ®0, R.

Thus, 6 Q’l is also of rank r over R and locally a direct summand of P;. The claim follows
from the relation 6 Q) € Q1.

Since R is reduced, Wp, (R) is mg-torsion-free. Also, there exists an inclusion R —
[1ic; ki into a product of perfect fields, and, hence, () is not a zero divisor in O, ®0o,
Wo, (R). It follows from the claim that I;"/|Q1 is divisible by o(6). So we can define a
o-linear epimorphism F : Qo ® Q1 —> P @ Py as

F=Flg,®a@)"Fg,.

We leave it to the reader to check that (P, Q, F, F) is an Og-display with Og-action
of signature (r, s) and that (, ) :=tro(, ) defines a principal polarization, compatible
with the Og-action. This finishes the construction of the quasi-inverse.

Third step: Identifying the deformation theories of X and C(X).

Denote by D (resp. by D”) the Og-crystal of X (resp. the Of,-crystal of C(X)) on the
category of Og-pd-thickenings of S (resp. on the category of Og,-pd-thickenings of §).
Note that both crystals are bigraded by the Og-action and that, in the notation of Step
1, D(S) = P/Io, (R)P and D"(S) = P”/IOEO (R)P”. Furthermore, the Hodge filtration
F cID(S) is given by Q/Ip, (R)P and is similarly bigraded.

We denote by D the contraction of the crystal D,

D(S) := D) ®0;00, 05 Os:

for any Og-pd-thickening § —> § over Of. Let J be the kernel of the projection Of ®0k
Os — Og so that we have D(S) = Do(S)/JDy(S). By the signature condition, there is
an inclusion JDy(S) C Fo C Do(S) which defines a filtration Fo/JDg(S) C D(S). We call
it the Hodge filtration on D(S).

Lemma 3.9. Let S —> S be a square-zero thickening. There is an Og-linear identification
of the contraction D of the crystal of X and the 0-component of the crystal of C(X)
evaluated at S,

D(S) = Dy(S).

This identification is functorial in X. In the case S = S, the Hodge filtrations on both
sides agree.

Corollary 3.10. Let S —> S be a square-zero thickening and let X be a hermitian
Og-Og-module of signature (r,s) over S. Then there is a natural bijection between
deformations of X to S and deformations of C(X) to S.

Furthermore, let r',s' € Zxo and let Y be an Op-Ok-module of signature (v, s’) over
S. Let X, Y be deformation of the two modules to S. Then an Og-linear homomorphism
f:X — Y lifts to X —> Y if and only if C(f) lifts to C(X) —> C(Y).
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Proof. We first do the case § = S. Keeping the notation from Step 1, by construction,
D(S) = (Po/Jo,, (R) Po) = (Py/Jo,, (R)Py) = Py /Lo, (R) Py = Dg(S).
The submodule Qff C Pj was defined as the inverse image of the Hodge filtration
(Qo+Jog, (R)Po)/Tog (R)Py C Po/log (R) Po,

and, hence, the Hodge filtrations on both sides agree.

For a non-trivial square-zero thickening § —> S, we argue as follows. Locally on S, we
can deform X to a hermitian Og-Og-module X of signature (r, s) on S. Then C(X) is a
deformation of C(X). The values D(S) and D”(S) can then be computed from the displays
of X and C(X) and the above arguments apply.

The corollary is now an immediate application of Grothendieck—Messing deformation
theory. Namely as explained in the proof of Proposition 2.17, deformations of X (resp.
of C(X)) are in bijection with liftings of the Hodge filtration in D(S) (resp. of the Hodge
filtration in ID)S (8)). A similar result holds for homomorphisms. O]

End of Proof: Let R be a noetherian Op-algebra in which p is nilpotent and set
n:=ker(R —> Rpq). Then Step 2 applies to Rpq. Applying Corollary 3.10 to the
successive quotients R/n't! —s R/n’, we get both the essential surjectivity and full
faithfulness of C on R-valued points. This finishes the proof of the proposition and hence
of Theorem 3.3. O

3.3. Proof of Theorem 3.1
We fix a quasi-isogeny on framing objects, which is possible by Proposition 2.5 and
Lemma 2.14,

a : CXEy/K.(rs) = XEg, (rs)- (3.2)
Alternatively, we choose C(Xgy/k,(rs)) as the framing object in the definition of N, Eo, (r,5) -
Together with C, this induces a morphism

c :NEO/K,(r,s) — NEO,(r,s)

which is an isomorphism by Theorem 3.3. Furthermore, ¢ is equivariant with respect to
the isomorphism
UXEy/k,irs) — UCKEy/k,(r5)) —UXEy ¢.s5)
g+— C(g) |—>05C(g)ot_l. O

4. Cycles on unitary RZ-spaces

4.1. Definitions and compatibility with C

Let Q, C K C Eq be finite extensions and let E/Eq be an unramified quadratic extension.
We choose uniformizers g € Ok and ng, € OF, in order to make sense of polarizations
of strict Og-modules (resp. strict Og,-modules). Let Xg/k (rs) over F be the framing
object for NEO/K,(,,S). Recall that End%(XEO/K,(,’S)) = M, (E) is isomorphic to a matrix
ring over E; see Proposition 2.5.

https://doi.org/10.1017/51474748020000079 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000079

Relative unitary RZ-spaces and the arithmetic fundamental lemma 263

Definition 4.1. (1) For a quasi-endomorphism x € End%(XE0 /K.(rs)); we denote by
Z(x) C Ngy/k,(rs) the closed formal subscheme of points (X, p) such that the
quasi-endomorphism p~!xp is an actual endomorphism; see [19, Proposition 2.9].

(2) For a subring R C End% (XE/K.(r5)), We denote by Z(R) C N,k (1,n—1) the closed
formal subscheme of points (X, p) such that p~'Rp C End(X). In other words,

Z(R) = ﬂ Z(x).

XER

Remark 4.2. Note that Z(x) = Z(x*), where * denotes the Rosati involution; see
Definition 2.3. Also, Z(x) only depends on the Og-algebra Opg[x] spanned by x. In
particular, there are equalities Z(x) = Z(Og[x, x*]) and Z(R) = Z(Og[R, R*]).

The second kind of cycle we want to consider is defined as follows. Let Yg, x be a
hermitian Og-Og-module over F of signature (0, 1). Such an object is even unique up to
isomorphism which can be checked with Dieudonné theory. Let Vg, x be a deformation
of it to Spf O. Such a deformation is unique up to isomorphism according to Proposition
2.17. Via base change, Vg, k is defined on any Spf Oé—scheme. We also set Yg, := Yg,/E,
and Vg, := Vg /E,-

Definition 4.3. For a quasi-homomorphism jeHom%(YEO/K,XEO/K,(r’S)), we denote
by Z(j) C Ngyk,s) the closed formal subscheme of points (X, p) such that the
quasi-homomorphism

o7l Veyk — X

is an actual homomorphism.

Again, the existence of such a closed formal subscheme follows from [19, Proposition
2.9]. As above, Z(j) = Z(j*) where j*:Xg /k ts) — YE,kx is the Rosati adjoint
of j and where Z(j*) denotes the locus of (X, p) such that j*o:X — Vg /k is a
homomorphism. Also, Z(j) only depends on the span Ofj. The case of interest for the
cycles Z(j) is that of signature (1,n —1). In this case, Z(j) C Ny k,(1,n—1) is a divisor
whenever j # 0. These divisors were first considered by Kudla and Rapoport; see [9)].

Remark 4.4. Let C be the functor from Theorem 3.3 and fix a quasi-isogeny (E-linear,
preserving the polarization)

o CXEy/k,(rs) —> XEg,r9)
and an isomorphism (E-linear, preserving the polarization)
B : CVEy k) — V-
It then follows from Theorem 3.3 and the construction of ¢ in Theorem 3.1 that
¢ Z(x) = Z@C(x)a™h)

and
c: Z(j) = Z@C(jHB™).
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4.2. The cycle Z(04) for A/E a field extension

From now on, we restrict to the case of signature (1,n —1). Our aim is to study the
formal scheme Z(R), R C EndO(XEO/K,(l,n_l)) in the special case that R is the ring of
integers in a field extension A/E whose image in EndO(XE0 /K,(1,n—1)) is stable under the
Rosati involution. By the previous results, we may assume K = Eg. Let Ag := A*=4 and
d :=[Ag : Ep] which divides n, say n = dn’. Since * acts non-trivially on the residue field,
A/Ap is unramified quadratic and the inertia degree f of Ag/Ep is odd.

Let A* C A be the maximal subfield that is unramified over Ej. Set W :=
Homg, (A%, E) = Yo ¥ as the unique extension of the decomposition {0, 1} = {0} u {1}
for E/Ey. Together with the action of O4, Xg, (1,n—1) becomes a framing object for
NAO/EO,(Ln’—l)- Recall that in the definition of the signature condition 2.8, we also had to
choose an element ¥y € Wy. We now deviate slightly from the previous setting by letting
Yo vary and denote the associated moduli problem by /\/'X/(;’/ Eo.(L'—1)* Then forgetting
the A-action induces a morphism

N'ﬂo

Ao/Eo. (1 —1) — NEo.(ln-1) (4.1)

which is a closed immersion.

Theorem 4.5. The above forgetful map induces an isomorphism

L Ve .y = 2@
YoeWy
Proof. Clearly, the map is a monomorphism with image contained in Z(04). So we
only have to show Z(0j) C ]—[NX(;)/EO,(LnLl) which we do on S-valued points with S
connected. Let (X, t, A, p) € Z(O4)(S). Then the Ogu-action induces a decomposition of
the Lie algebra as
Lie(X) = ] Lie(X)y
Yew

which extends the bigrading from the Og-action. Since X has signature (1, n — 1), there is
a unique index ¥ € Wy (among the indices in Wp) such that Lie(X)y, 7 0. This summand
is then a line bundle on §. The O4-action on Lie(X)y, induces a morphism

§ —> SpfOa ®0 vy O = SpFfO;.
(This explains why we restricted ourselves to the case of signature (1,n —1).) Then by

definition, X is an S-valued point of ./\/'XI(?/EO A1y [

Remark 4.6. The identification is compatible with the formation of the cycle Z(R) in
the following sense. Assume that R C End% (XEp,(1,n—1)) is such that O4 C R. Then
Z(R) C Z(04)

and
c: [] 27 = 2(®).
YoeWo
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Here, the sources are the cycles in the RZ-spaces /\/'jfg/ Eo.(Ln'—1)" Furthermore, the Z(R)Y0

are all isomorphic which can be seen by identifying the NZ(?/EO ('—1) with Nyg, (1,m—1)
and using Remark 4.4.

We fix a generator ¥4 of the inverse different of Ag/Ep which induces an Oy,-linear
isomorphism

¢ : Oxy — Homo, (O4y, OFy), a = ¢p(a)(—) := trag /g, (Paa—).

Definition 4.7. To any hermitian Og-module (Y,(, 1), we associate a hermitian
04-Og,-module (Ogy, ®0p, Y,/ ') as follows. The Og,-module Oy, ®0y, Y is given by
the Serre tensor construction. The O4 = Oy, ®0y, Og-action ¢/ is given by the natural
O4,-action on the first factor and 1’ is defined as

V@a®y) :=¢@ r(y).

Let jeHomO(YEO,XEO,(Ln_l)) be a quasi-homomorphism with associated divisor
Z(j) C NEy,(1.n—1).-

Lemma 4.8. There is an isomorphism of hermitian O-Of,-modules over IF,
Oa, ®(9E0 YEg, = Ya/E,-

Similarly for their deformations to Spf O,
Oay @0y, VEy = Vao/Eo-

Proof. Up to isomorphism, there is a unique O4-OFg,-module of signature (0, 1) over F.
So the statement reduces to the fact that Oy, ®0p, Y g, has signature (0, 1) which follows
from

Lie(Oay ®0y, YE)) = Oay ®0, Lie(YVE). O

Lemma 4.9. Let N0

Ao Eo.(Ln'—1) — N (1.n—1y be the embedding from (4.1). Then

Z(J) QNZ(;)/E(),(I,W—I) = Z(L ®J)’
where 1 Q j is the homomorphism

~

Q] ~
Yao/Ee = Ong @0y, YE, — XEg (1n—1) = KXo Eg, (10— 1)-
Proof. The universal Og,-module over NZ{;’/ Eo.(1n'—1) has an O4,-action, which implies
the relation C. Conversely, if 1t ® j : Oy, ®0E0 YE, — Xy Eo,(1,n7—1) lifts, then so does
its composition with

1®id
YE, — Oy ®0y, YE,- O
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4.3. The cycle Z(0O4) for A/E an étale algebra

We first define a variant of N, /K,(0,n) for a split quadratic extension E = Eo x Eg. Set
E:= Eo As in the non-split case, we choose a decomposition ¥ := Homg (E¥, E) Yo L
Wy such that o(¥p) = ¥;. A hermitian Og-Ok-module over an SpfOy-scheme § is a
triple (X, ¢, 1), where X/S§ is a supersingular strict Og-module, ¢ : O —> End(X) is an
action and A : X — XV is a principal polarization whose Rosati involution is the Galois
conjugation on ((OF). It is of signature (0, n) if, in the notation of Lemma 2.10,

0 ifyew
tko, Liey (X) = Vet
n if Y oe .

Such hermitian Op-Og-modules exist if and only if the inertia degree of Eo/K is even
and exactly half of the elements of Wy factor over the first component E* — Ef x 0.
From now on, we assume that these conditions are satisfied. Again, we fix a hermitian
Opg-Ok-module (Xg/g,/k.t, A) of signature (0, n) over F, and as in the non-split case,
such a choice is unique up to quasi-isogeny.

Definition 4.10. The functor NE/EO/K,((),”) on schemes over Spf(’)é associates to S the
set of isomorphism classes of quadruples (X, A, p), where (X, (, X) is a supersingular
hermitian Og-Og-module of signature (0, n) and where

p:X Xg S — XE/Eo/K,(0,n) XSpecF S

is an Og-linear quasi-isogeny which preserves the polarizations.

Proposition 4.11. The functor Ng/gy/k o) s representable by a formal scheme which
is ¢tale over SpfOp. Let U := U(Xg g,k 0.n)) (resp. H) denote the group of E-linear
quasi-isogenies (resp. isomorphisms) of the framing object that preserve the polarization.
Then there is an U -equivariant isomorphism of formal schemes

Nesgok.om = | ] Spf O
U/H

Proof. Representability follows from [19]. The formal scheme is étale since the Hodge
filtration is already uniquely determined by the signature condition. The group U acts
on Ng/Ey/k,0,n) by composition in the framing,

g.(X, p) = (X, gp).

The stabilizer of the F-valued point (Xg,gy/k,,1),id) is the subgroup H C U. The action
of U is transitive on F-points, which is analogous to Lemma 2.15. The result follows from
the étaleness of Ng,g/k,0.n) over SpfOp. O

We now apply this to the study of Z(O4) as in the previous section but where now
A/E is allowed to be an étale algebra. Let again AY := A*=Id which is finite étale over

Eg. Let
Ao = 1_[ AO,i

iel
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be its decomposition into fields and set A; := Ag; ®g, E. Then A = []; A; and each factor
is stable under the Rosati involution. The isocrystal N := N(Xg, 1,n—1)) of Xg, (1.n—1)
becomes an A-module and hence decomposes, N =[];c; Ni. This decomposition is
preserved by the Frobenius and is orthogonal with respect to the skew-hermitian
Ep-valued form on N. So each factor N; is a skew-hermitian A;-Ep-isocrystal, and we
set n; 1= rkAI_®EOI§0(N,-).

Definition 4.12. An index i € I is called odd if A;/Ap; is a field extension and if N; is
an odd skew-hermitian A;-Ep-isocrystal; see Proposition 2.5. Otherwise, there exists a
self-dual and Frobenius-stable Oy, ®0p, @) Eo—lattice of signature (0, n;) in N; and we call
i even.

An equivalent way to define the parity of an index is as follows. Let o be the operator
from (2.3) and let V := N*=!. Then V is a skew-hermitian A-Ep-module and there is a
decomposition V = [];c; Vi such that each V; is a skew-hermitian A;-Eg-module. Then
an index i is called even (resp. odd) if there exists (resp. does not exist) a self-dual
Oy,-lattice in V;. Since N itself is odd, there is an odd number of odd indices.

Lemma 4.13. If there is more than one odd index, then Z(O4) = 0.

Proof. Using the idempotents in Oq = [[;c; Oa;, any point (X, t, 1) € Z(04)(S) has an
orthogonal decomposition
X, 0,0 = [[Xi, w0,
iel
where each factor (X;, ¢, A) is a supersingular hermitian Oy4,-Of,-module. Also, assuming
that S is connected, each factor has a well-defined signature (r;, s;) and these signatures
add up to (1, n — 1). In particular, there is exactly one index ip € I withr;;, =1 and r; =0
for all i # ip. Then N;, is odd and all other indices are even by Lemma 2.14. O

From now on, we assume that there is a unique odd index ip. We denote by Uy, (N;)
the group of A;-linear automorphisms of N; which preserve the polarization. Similarly,
Ua(N) = [];e; Ua, (N;) denotes the group of A-linear automorphisms of N which preserve
the polarization. For even i, we also fix some self-dual Oy,;-stable Dieudonné lattice
M; C N; of signature (0, n;) and denote by H; C Uy, (N;) its stabilizer. At the index ip,
we choose the decomposition

W := Homg, (A", Eg) = WoU ¥,

10’
that extends the decomposition from E/Ey. Proposition 4.11 and the proof of Lemma
4.13 imply the following result.
Proposition 4.14. There is an Ua(N)-equivariant isomorphism of formal schemes over

Spf 0510’

200 [T (ML pmg—n) % [T Ua N0/ H: 0
YoeWo i#io
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By Theorem 1.4, each connected component can be identified with NAO,iov(lwniO_l)'

Part 11
Application to the arithmetic
fundamental lemma

In the following two sections, we recall the Jacquet—Rallis fundamental lemma (FL) and
the AFL in both the group and the Lie algebra version. In Section 7, we recall the
description of the various orbital integrals in terms of lattices from [18]. We use these
results to reformulate the FL and the AFL uniformly for group and Lie algebra, at least
in the artinian case. Finally, we will prove our main result, see Theorems 9.1 and 9.5,
together with their corollaries.

5. The fundamental lemma

5.1. Symmetric space side

Let p > 2 be a prime and let E/Ey be an unramified quadratic extension of p-adic local
fields. We denote their rings of integers by Of, C Of. Let g be the cardinality of the
residue field of O, and let o or a — a denote the Galois conjugation on E. Let v be
the normalized valuation on Eg and let |-| = ¢~V be the associated absolute value. Let
n: EO>< —> {1}, a — (—1)"@ be the quadratic character associated with E/Eq by local
class field theory.

We fix an Eo-vector space Wy of dimension n —1 with n > 2 and set W := E ®g, Wo.
We also form Vy := Wo @ Eou and V := E g, Vo, where u is some additional vector. Via
the embedding

GL(W) < GL(V), g~ (%),

GL(W) acts by conjugation on End(V).
Definition 5.1. An element y € End(V) is reqular semi-simple (with respect to the
decomposition V.= W @ Eu) if its stabilizer in GL(W) is trivial and if its orbit is

Zariski-closed. For a subset X C End(V), we denote by X5 the regular semi-simple
elements in X.

Lemma 5.2 [23, Lemma 2.1]. The element y € End(V) is regular semi-simple if and only
if

y'ulizo and {@")y'}io
generate V (resp. VV ). Here, u¥ : W ® Eu —> E is the linear form (w, Au) — A. [

Let S(Ep) be the symmetric space

S(Eo) :={y e GL(V) | yy = 1}.
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It is stable under the action of GL(Wp). We form the set-theoretic quotient for the
conjugation action,

[S(Eo)s] := GL(Wo)\S(Eo)rs.
Let us fix some Of,-lattice Ag C Wy and set A := (O ®0p, Ag) ® Opu. We normalize
the Haar measure on GL(Wj) such that the volume of GL(Ay) is 1.

For a regular semi-simple element y € S(Ep)ys, for a test function f € C°(S(Ep)) and
for a complex parameter s € C, we define the orbital integral

0, (f,s) :=/

F(h~Yyh)n(deth)| deth|® dh,
GL(Wy)

with special value O, (f) := 0, (f,0) and derivative

d
10y (f) = -

0, (f.s).

s=0
These integrals converge absolutely. Note that O, (f) transforms with »odet under the
action of GL(Wy) on y.

Definition 5.3. For y € End(V),, we define I(y) := [spzln{)/"u};':_()1 :Al€7Z to be the
relative index of the two Opg-lattices span{y'u} and A. We define the transfer factor
(with respect to Ag) Q : End(V)ys —> {£1}, Q(y) := (=)' Tt is 5 o det-invariant, and,
hence, the product Q(y)0, (f) descends to the quotient [S(Eg)rs].

We also introduce a tangent space version of the notions defined so far. Let
s(Ep) :={y € End(V) | y+y =0}
be the tangent space at 1 of S(Ep). Again we form the quotient by the GL(Wy)-action,
[$(Eo)rs] := GL(W0)\$(Ep)rs.

For y € s(Ep)ys, for a test function f € C°(s(Ep)) and for a complex parameter s € C, we
define the orbital integrals Oy (f,s), Oy(f) and 00,(f) by the same formulas as above.
Again, y > Q(y)Oy(f) descends to the quotient [§(Eq)s].

5.2. Unitary side and orbit matching

Let Jg and Jf be two hermitian forms on W such that JOb is even and such that Jf is
odd. By this, we mean that there exists a self-dual lattice for J b, respectively, no self-dual
lattice for Jlb . Equivalently, we assume that r;(det(Jg)) =1 and r)(det(J;7 ))=—1.Fori =
0, 1, we extend the form Jib to a form J; on V by setting J; (u, u) = 1 and u L W. Let U(Jl.b)

(resp. U(J;)) be the associated unitary group and u(]l.b) (resp. u(J;)) its Lie algebra. Then
U (J;) and u(J;) are subsets of End(V) and our definition of regular semi-simple applies
to them. The group U (Jl.b) acts by conjugation and we form the quotients

(U ()rs] = UIDNU (i)rs
(sl = UID\uss.
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Definition 5.4. Two elements y € S(Eg)s and g € U(J;)s (resp. y € s(Ep)s and x €
u(J;)rs) are said to match if they are conjugate under GL(W) in End(V).

Lemma 5.5 [23, Lemma 2.3]. The matching relation induces bijections

a : [S(Eo)s] = [U(Jo)s] U [U(J1)s]
and
o [$(Eo)rs] = [w(Jo)rs] U [u(J1)rs]- O
To normalize the Haar measure on U (Jg ), we fix a self-dual lattice L C (W, Jg ) and
give volume 1 to its stabilizer Kg cU (Jg ). The normalization of the Haar measure on

U(Jlb) is not important for us.
For a test function f' € CX(U(J;)) (resp. f € C°(u(J;))) and a regular semi-simple
element g € U(J;)ys (resp. x € u(Ji)ys), we define the orbital integral

0,(f" :=/ bf/(h_lgh)dh, (resp. O, (f) :=/ bf/(h—lxh)arh).
UWJ;) U(J;

i i

For fixed f’, this function is invariant under the conjugation action of U (Jl.b) on g (resp.
on x) and hence descends to the quotient [U (J;)ys] (resp. [u(Ji)rs])-

Definition 5.6. A function f € C2°(S(Eop)) and a pair of functions (fj, f{) in C2°(U (Jp)) x
C2°(U(Jy)) are said to be transfers of each other if, for all y € S(Ep)ys, there is an equality

O.(f)) if y matches g € U(Jp)
QN 0, (H={*"° °
O,(f]) if y matches g € U(J))ss.

Similarly, a function f € C2°(s(Eo)) and a pair of functions (fy, f{) € C°u(Jp)) x
C2°(u(J1)) are said to be transfers of each other if, for all y € §(Ep)ys, there is an equality

O.(f}) if y matches x € u(Jo)rs
QMOoy(fH =1 °
Ox(f]) if y matches x € u(Jy)ss.

5.3. Jacquet—Rallis fundamental lemma

Recall that for the definition of the transfer factor, Definition 5.3, we fixed some
Og,-lattice Ao C Wy and formed the lattice A C V. We define S(Og,) := S(Ep) NEnd(A)
and s(Og,) 1= s(Ep) NEnd(A). Also, let Ko C U(Jp) denote the stabilizer of L & Ofgu
where L is some self-dual lattice in (W, Jg). Similarly, we define u(Jo)(Og,) := u(Jo) N
End(L ® Ofu).

Theorem 5.7 (Jacquet—Rallis fundamental lemma). The function 1 S(Ogy) and the pair
(1k,.0) are transfers of each other. Equivalently, for all y € S(Eo)rs,

O,(1g,)  if y matches g € U(Jp)

Q1) 0y (s = (FLE/Eo.(v. Jo).u.g)
0 if y matches g € U(Jy).
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The proof of this theorem was completed by Beuzart-Plessis [3] recently. More precisely,
he proves the Lie algebra version (cf. below) which, by [22, Section 2.6], implies the group
version. Previously, the equal characteristic analogue of the theorem was known by Yun
[22] in the case p > n, from which Gordon [7] deduced the p-adic case for p sufficiently
large.

Remark 5.8. (1) Note that the left-hand side does not depend on the choice of the
lattice Ag. Namely, if we replace it by hAg, h € GL(Wp), then Q is changed by the sign
(—1)vdeth) Byt also

Oy (L0 i—1) = On-tyn(Is0g,)) = (=DM 0y (1505))-
(2) The quadruple (E/Ey, (V, Jo), u, g) (in the case g € U(Jp)) is sufficient to formulate
the corresponding FL identity. Namely, we can define W := u* with form Jg = Jo|lw. The
form Jlb can be chosen arbitrarily since it does not play a role in the identity. Finally, the

left-hand side of (FLg/ kg, (v,Jy),u,¢) does not depend on the chosen Ep-structure Wo C W,
which will follow from Corollary 7.3.

Theorem 5.9 (Jacquet—Rallis fundamental lemma, Lie algebra version, [3, Theorem 1]).
The function 15((950) and the pair (lu(JO)(OEO), 0) are transfers of each other. Equivalently,
for all y € s(Ep)rs,

Ox(lu(Jo)(OEo)) if y matches x € u(Jy)

Q) 0y(Is0g)) = (Fle/Eo, (v, Jo)ou,x)

if y matches x € u(Jy).

As with the group version, the left-hand side does not depend on the choice of
Ap. Similarly, the quadruple (E/Ey, (V, Jo), u, x) is enough to formulate the identity
(FUe /B, (v, Jp)u,x)s for x € u(Jo). Both orbital integrals appearing in the FL can be
expressed in terms of lattices. We formulate this now for the unitary side. For the
symmetric space side, see Corollaries 7.3 and 7.5. We denote by AY the Jyp-dual of a
lattice A C V.

Lemma 5.10 [18, Lemma 7.1]. (1) Let g € U(Jo)ys be regular semi-simple and let L =
OElglu C V be the g-stable lattice spanned by u. Then

O,(g)=[{ACV | LCACLY, gA=A A=A}

(2) Let x € u(Jo)rs be reqular semi-simple and let L = Og[x]u C V be the x-stable lattice
spanned by u. Then

Ox(Lu(p)(0s,) = HACV | LCACLY,xAC A, A =A}|.
Proof. Part (1) is precisely [18, Lemma 7.1] and part (2) is proved in the same way. O

6. The arithmetic fundamental lemma

6.1. Intersection numbers

Let n > 2 and let Ng, (1,n—2) be the RZ-space from Definition 2.16 with framing object
XE,(1,n-2)- Let Yg, := Xg, 0,1y be the hermitian Og-module of signature (0, 1) over F
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and take Xg, 1,1y := Xg,,(1.n—2) X YE, as the framing object for Ng, (1,,—1y. We make
HomO(YEO, XEy,(1,n—2)) into a hermitian E-vector space with form 4 defined by

. R | \Y4 .
h(x, y)1dYEO = )‘YEO ox o)LXEO.(“Fz) oYy;

see [9, Definition 3.1]. Let V(Yg,) resp. V(Xg, 1,n—2)) denote the hermitian E-vector
spaces corresponding to the hermitian Opg-modules under the equivalence from
Proposition 2.5. Then V(Yg,) is even one-dimensional and V(Xg, (1,,—2)) is odd
(n — 1)-dimensional by Lemma 2.14. It follows that & is odd and we fix an isometry

(Hom® (Y £y, X £y (1.0-2)), 1) = (W, J})
which we extend to an isometry

HomO(YEO, XE(),(l,n—l)) = HomO(YEO, XEo,(l,n—Z)) x E - idyEO ZEWREu=YV

by sending (0, idYEo) to u. Then EndO(XEO,(l,,,,l)) acts on V which induces an
identification
End’(Xg, (1.n—1y) = End(V) (6.1)

that is equivariant for the Rosati involution on the left and the adjoint involution of J; on
the right. The product decompositions Xg, (1,n—1) = Xgy,(1,n-2) X Yg, and V = W x Eu
give rise to projection (resp. inclusion) operators to (resp. from) the vector spaces
EndO(XEU,(Ln_z)), Hom(Yg,, Xg, (1,n—2)), End(W), Hom(Eu, W), etc. The identification
in (6.1) is compatible with all these homomorphisms. Finally, the isomorphism (6.1)
identifies the unitary group U (Jlb ) (resp. U(J1)) with the group of quasi-isogenies of
Xk, (1,n—2) (resp. Xgy (1.n—1)). From now on, we will take the identification from (6.1) as
self-evident.

By Proposition 2.17, there is a unique deformation Vg, of the hermitian Og-module
Yg, to SpfOp. We define Vg, on every SpfOj-scheme by base change. This induces a
closed immersion

8: NEy.(tn-2) = Ny 11y, X = X x VE, (6.2)

which is equivariant with respect to the inclusion U (J{7 ) < U(J1). Here, the groups act
on the RZ-spaces by composition in the framing, g.(X, p) := (X, gp). We consider the
graph of §,

A : Ny (1.n—2) — NEg.(1.n-2) XSpf O NEg.(1.n-1)-
By abuse of notation, we denote its image also by A. Note that the source is regular
of dimension n — 1, while the target is regular of dimension 2(n — 1). Hence, A defines a
cycle in middle dimension. For g € U (J7), we denote by

Ag = (1,9)A

its translate under g.

Lemma 6.1 [23, Lemma 2.8]. For regular semi-simple g € U(J1)is, the schematic
intersection AN A, is a projective scheme over Spf(’)é.
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Proof. The proof in [23] is global and only applies to the case Eg = Q,, so we provide a
local argument in the general case. The schematic intersection AN A, has the following
moduli-theoretic interpretation. The image §(Ng,, (1,n—2)) C N, (1,n—1) can be identified
with the KR-divisor Z(u) from Definition 4.3. Via the second projection, AN A, can then
be identified with the formal scheme Z(u) N Z(g), where Z(g) is defined in Definition 4.1.
We assume that g is integral over O, otherwise Z(g) = @J. Let

L := Oglglu € Hom®(Yg,, Xgy (1.0-1))

be the lattice generated by the {giu}i>o. It has full rank by Lemma 5.2. Since Z(g'u) C
Z(u)N Z(g) for all i > 0, the natural quasi-isogeny

L®o, Yg, — XEO,(LH—I) (6.3)

lifts to an isogeny L ®p, Vg, — X on Z(u) N Z(g), where X denotes the universal
hermitian Og-module. The space of isogenies from L ®p, Vg, of height equal to the
height of (6.3) is representable by a projective scheme over Oy. The intersection Z(u) N
Z(g) is then the p-adic completion of the closed subscheme of isogenies such that:

(1) The Oglgl-action descends to the quotient.

(2) The Og-action on the quotient is of signature (1,n — 1) on its Lie algebra.

(3) The (non-principal) polarization on L ®, Y, induced from the hermitian form on
L and the polarization on Yg, descends to a (for degree reasons necessarily principal)
polarization on the quotient.

This closed subscheme has empty generic fiber since L ® 0, Vg, has signature (0, n). O

Definition 6.2. For regular semi-simple g € U(J;), we define
Int(g) := x(Oa ®" O4,).

This number is finite by the previous lemma. Moreover, the function U (Jy)s 2 g — Int(g)
descends to the quotient [U (J1)s].

Remark 6.3. All spaces occurring in the definition of Int(g) are regular. So if the schematic
intersection AN A, is zero-dimensional, then there is an equality

Int(g) = leno, Oana,:

see [18, Proposition 4.2].

Definition 6.4. A quasi-endomorphism x € End% (XEgy (1,n—1)) is called artinian (with
respect to the quasi-homomorphism u € HomO(YEO, XEy, (1,n—1)) ), if the intersection Z(x) N
Z(u) is an artinian scheme. For artinian x, we define

Int(x) := len@E OzwnZw)-

Remark 6.5. There is no known group-theoretic characterization of the artinian elements
in U(J1)rs-

https://doi.org/10.1017/51474748020000079 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000079

274 A. Mihatsch

It is also possible to give a moduli description of Z(x) N Z(u) in the smaller space
Z(u) = 5(./\/50,(1’,,_2)). If x has the form

v = (4 4) € End' Gy 0o X Vi),

then
@ ifd¢O
Z@)NZ@w) = itd ¢ Op (6.4)
Z@E)NZ@W)NZ(w*) otherwise

where w* : Yg, — Xg,,(1,n—2) is the Rosati adjoint of w; see Definition 2.3.

Remark 6.6. If x € u(Jy), then x has the form

— (% J
= (,j* d)
with x* € u(]lb) and d = —d. So in this case,

ifd¢O
ANA, = # O
Z(x")NZ(j) otherwise.

6.2. The arithmetic fundamental lemma
The FL gives an expression of the orbital integral function O, (1 S(OEO)) on the unitary

side. By contrast, the AFL conjecturally expresses the derivative 00, (1 S(OEO)) on the
unitary side whenever y matches an element g € U(Jy)s. Note that for such y, the
orbital integral OV(]S(OEO)) vanishes, and, thus, BOy(ls(@EO)) is n o det-invariant.

Conjecture 6.7 (Arithmetic fundamental lemma, group version, [23]). Let y € S(Eo)rs
be a regular semi-simple element that matches an element g € U(J;). Then there is an
equality

Q(y)90y (1s0g,)) = —Int(g) log(g). (AFLE/Ey, (v, J1).g)

For the Lie algebra version, we have to restrict to artinian elements since we defined
the intersection product only in this case; see Definition 6.4.

Conjecture 6.8 (Arithmetic fundamental lemma, Lie algebra version). For any y € s(Eo)ys
matching an artinian element x € u(Jp), there is an equality

Q()90y(150g,)) = —Int(x) log(q). (afte /B, (v, 0 )ux)

Remark 6.9. Just as in the case of the FL, see Remark 5.8, the left-hand side of the
AFL identities does not depend on the chosen lattice Ag. Also, it does not depend on
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the chosen Eg-structure Wy C W, which will follow from Corollaries 7.3 and 7.5. Hence,
the quadruples (E/Ey, (V, J1),u, g) and (E/Eq, (V, J1), u, x) are sufficient to formulate
the respective identity.

The group and the Lie algebra version of the AFL are related by the following result.

Proposition 6.10 [14]. Assume that g > n+2. Then the AFL for all artinian elements
g € U(J1)ys is equivalent to the AFL in the Lie algebra formulation for all artinian x €
u(J)rs-?

The AFL conjecture has been verified for n < 3 in [23]. Note that if n < 3, then any
regular semi-simple element g € U (J}) is artinian. There exists a slight simplification of
this computation in [14] which relies on Proposition 6.10.

More cases of the AFL for any n, but under restrictive conditions on g, have been
verified by Rapoport, Terstiege and Zhang in [18]. Note that in these cases, g is also
artinian. Their proof was subsequently simplified by Li and Zhu [12, 13] and He, Li and
Zhu [8].

Before we continue, we would like to modify the AFL for Lie algebras slightly. Namely,
let y € s(Eg)rs match x € u(Jy) of the form

_ (¥
x‘(fj*d '

Then d is also the lower right entry of the matrix y. If d ¢ OF, then it is easy to see
that both sides of (aflg g, (v, s,).ux) Vanish. If, instead, d € O, then we can replace
y by y—d-idy and x by x —d-idy without changing either side of (aflg, g, (v, /;).u.x)-
Furthermore, y —d -idy lies in s(Eg);s and matches x —d -idy € u(Jy)ys-

Definition 6.11. We define
5(Eg)” = {(yU” g;) e s(Ey) | d = 0] and
0._ x —
u(J)° = {(_J.* gl) cu()|d= 0} .
Then the matching relation induces a bijection

[s(E0)2] = [u(Jo)21u [u(J)2]

and it is enough to consider the Lie algebra formulation of the AFL for x € u(J;)°.

7. Orbital integrals as lattice counts

In this section, we recall the expression of the orbital integrals O, (1) and 00, (1) in
terms of lattices from [18, Section 7]. We deduce analogous results for the Lie algebra
formulation.

5In [14], it is specified for which x one needs (AFIE/E(),(V,JI),M,X) to obtain (AFLE/Eo,(V,Jl),u,g) and
conversely.
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7.1. Orbital integrals on S,

Let y € S(Eg)rs match the element g € U (Jo)s U U (J1)rs. From now on, we consider V
1

with the hermitian form J € {Jy, J1} determined by g. Recall that V = W @ Eu with

(u,u) = 1 and note that u, gu, ..., g" 'u is a basis of V since g is regular semi-simple.

We define a o-linear involution v : V. — V by t(g'u) = g 'u fori =0,...,n—1.

Remark 7.1. The involution t can also be defined as follows. The vector u defines an
isomorphism of E[g]-modules, E[g] = E[g]u = V. Under this isomorphism, t corresponds
to the adjoint involution with respect to the hermitian form J on E[g] C End(V).

Let L := Oglglu be the g-stable lattice spanned by u and denote by LV its dual with
respect to J. Let

M:={ACV|LCACLY, ghCA, A" =A}
and, for i € Z,
M; :={A e M |len(A/L) =1i}.
Lemma 7.2 [18, Proof of Corollary 7.3].
Q) 0y (504, 5) = Z(—l)"IM,-lq*“*’(V”S. 0
i€Z

(Here, I(y) was defined in Definition 5.3.) Taking the value at s = 0, respectively, taking
the derivative at s = 0 yields the following.

Corollary 7.3 [18, Corollary 7.3].
Q) 0y (1505,) = ) (=1 IMi]
i€Z
and, in the case J = Ji,

Q()0, (150y,) = —log(q) Y (—=D'i|Mj]. (7.1)
i€Z

7.2. Orbital integrals on s,

Let y € 5(Ep)% match the element

b
x= (2 7) entnduuny

and let J € {Jp, J1} be the hermitian form determined by x. Again, :V — V is the
adjoint involution on V = E[x]u C End(V), i.e., tx‘u = (=1)/x'ufori =0,...,n—1. Let
L := Og[x]u be the x-stable lattice spanned by u and denote by LV its dual. Let

M:={ACV|LCACLY, xACA, A" =A}
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and, for i € Z,
M; :={A € M |len(A/L) = i}.

Then the same formula for the orbital integral applies. Its proof is completely analogous
to the one for the group version.

Lemma 7.4. There is an equality

QO O0y(150py): $) = Z(_l)qM”qf(wl(y»s. 0
i€eZ

Corollary 7.5. The wvalue and the derivative of the orbital integral at s =0 have the

expressions '
Q1 0y (150, = Y_ (=DM
i€’
and, in the case J = Ji,
Q)00 (1s0g,) = —log(q) Y (~1)'i|Mi]. (72)

i€eZ

Let us define L” := Og[x"]j € W. We denote the orthogonal projection V. —> W by
pr and denote by pr, the projection to Eu.

Proposition 7.6. There is an equality of sets of lattices in V. = W & Eu,
M={A®Opu | L"C A’ c L™, X’A° Cc A”, (A")" = A} (7.3)
We first note the following formula for v € V,

xv=x"v+ @, u)j— (,vu. (7.4)

Lemma 7.7. Let A C V be any lattice such that u € A and pr,(A) = Ogu. Then A =
(ANW)® Opgu and ANW = pr(A). Moreover, pr(AY) = pr(A)Y.

Proof. This is immediate. O

Lemma 7.8. The inclusion L C LY holds if and only if L> C L>V. In this case, L” = pr(L)
and L>Y = pr(LV).
Proof. We first assume that L C LY. Then L = pr(L) ® Ogu and pr(L)Y = pr(L") by the
previous lemma. Hence, it is enough to show that L° = pr(L).

First, note that pr(L) is stable under prox opr = x”. Since also j € pr(L), we get L” C
pr(L). To prove the opposite inclusion, we prove pr(x‘u) C L” by induction.

The case i = 0 is clear. Then we use formula (7.4),

pr(xH'lu) = x"x'u +j(xiu, u).

The first summand lies in L” by induction and by the fact that L” is x”-stable. The second
summand lies in L” since j € L” and (x'u, u) € O by the assumption L C LV.
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Conversely, let us assume that L> C L™ . We need to show that (x'u,x/u) € Of for
all i, j. Since x is from the unitary Lie algebra, it is enough to prove (x'u,u) € Of for
all i. Again we prove this by induction, the cases i = 0 and 1 being clear. We compute

— M u) = (e, ) = COx T )+ (G w5 — (G x T ).

The first summand is integral by assumption on L”. In the second summand, the pairing
(x'~'u, u) is integral by induction. Hence, the second summand is integral by assumption
on L°. The third summand vanishes. O

Proof of Proposition 7.6. Let A € M. By Lemma 7.7, it is a direct sum, A = A° ® Ogu,
where A” = pr(A). If A" € A, then

A" = XA+ (j, A € A,

and, hence, A” is x"-stable. Furthermore, L ¢ A® C L™V since this is just the projection
of the relation L € A C LY. Finally, note that T commutes with the projection pr. Hence,
A’ has all the properties from (7.3).

Conversely, let us now assume that A’ satisfies all properties from (7.3). We want to
show that A :== A’® Opu € M. By Lemma 7.7, L C A C LY. Furthermore, A is t-stable
since both summands are. It is easy to prove that A is also stable under x which concludes
the proof. O

8. Uniform version of FL and AFL

8.1. Adjoint-stable pairs

The results of the previous section allow us to treat the AFL (resp. the FL) for groups
and for Lie algebras at the same time. In this section, V is endowed with either of the two
hermitian forms, say J € {Jy, J1}. In particular, the adjoint involution End(V) 3 x +— x*
and the dual lattice A — AY are taken with respect to this form.

Definition 8.1. (1) A pair (x, j) € Endg(V) x V is called regular semi-simple if E[x]j = V.
(2) The pair (resp. the element x) is called adjoint-stable if Op[x] = Og[x*].

Remark 8.2. (1) Note that any element x € u(J) is adjoint-stable. An element g € U(J})
is adjoint-stable if and only if g* = g~! € Og[g], which is equivalent to g having integral
characteristic polynomial.

(2) Let x € Endg(V) be such that E[x] = E[x*] and let (x, j) be regular semi-simple.
Then also E[x]-(,j) = VY. In particular, if x € u(J) or x € U(J), then x is regular
semi-simple in the sense of Lemma 5.2 if and only if (x, u) is a regular semi-simple pair.

Definition 8.3. Let (x, j) be a regular semi-simple and adjoint-stable pair. Then we denote
by L(x, j) := Og[x]j the x-stable lattice generated by j.

(1) We define the o-linear involution t(x,j):V — V as follows: The element j
induces an isomorphism ¢ : E[x] = E[x]j = V and we set t(x, j)(v) = ¢ (¢~ (v)*). This
is possible since E[x] = E[x]* by assumption.
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(2) We define the sets

M(x,j):={A CV|L(x, j)CACL(x j)V,xA C A, t(x, ))A = A},
M(x, j)i == {A € M | lenp, (A/L(x, j)) =i}, i€Z.

(3) For s € C, we define the following numbers:

O(x, ji ) = Y (=D IM(x, j)ilg™"

i€z
O, j) =0, j:0) =Y (=D)|M(x, )]
i€z
d )
80(x, j) :=log()™" — Ol = =Y (=DM, jil.

i€l
We will now consider the two possibilities for J separately.

8.2. The fundamental lemma

In this section, J = Jy is the even form.

Definition 8.4. Let (x, j) be a regular semi-simple and adjoint-stable pair. We define
I(x,j):=={ACV | L(x,j) CACL(x, j),xACA, A=A}

Conjecture 8.5 (Fundamental lemma, uniform version). Let (x, j) € Endg(V) be a regular
semi-simple and adjoint-stable pair. Then

I(x, j) = O(x, j). (FL(x. j))

In the rest of this subsection, we explain some cases of the uniform version that are
equivalent to the group and Lie algebra versions of the FL. We do not know in general if
the uniform version can be directly deduced from the FL.

Lemma 8.6. Let (x, j) be an adjoint-stable pair with x € w(Jy). We set V' .=V ® Eu’
with form J, = Jo® 1 and we define

x' = (_j* j) e uJ)°.
Then (x, j) is reqular semi-simple if and only if x' is reqular semi-simple with respect to
V' =V ®Eu in the sense of Definition 5.1. In the regular semi-simple case, (FL(x, j))
is equivalent to (f[E/Eo,(V’,Jé),u’,x’)'
Proof. This follows from Lemmas 5.2 and 5.10 and Corollary 7.5. O

Lemma 8.7. Let (g, j) be an adjoint-stable pair with g € U(Jy) and Jo(j, j) € OEO. Then
(g, j) s reqular semi-simple if and only if g is regular semi-simple with respect to V =
jT®Ej in the sense of Definition 5.1. In the regular semi-simple case, (FL(g, j)) is
equivalent to (FLE/Ey (v, 4, j.8)-
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Proof. This follows from Lemmas 5.2 and 5.10 and Corollary 7.3. O

Lemma 8.8. Let (g, j) be a reqular semi-simple and adjoint-stable pair such that Jo(j, j) ¢
OE,. Then both sides of (FL(g, j)) vanish.

Proof. If Jy(j, j) ¢ OF,, then L(x, j) ¢ L(x, j)". O

Construction 8.9. Let (g, j) be an adjoint-stable pair with g € U(Jy) and v(Jo(j, j)) = 1.
We also assume that gg,+1 > n. Then we define V' := V@ Eiu and u' :=id+j. We
extend Jo to Jy on V' by setting & L V and Jy(u', u") = 1. We define W' := (u")*, which
is an even hermitian space.

Let P(t) € Og[t] be the characteristic polynomial of g. Note that gg, 4+ 1 is the number
of residue classes mod 7g of E! :={a € E | Nmg,g,(a) = 1}. By assumption, this number
is lager than deg(P), and, hence, there exists a € E! such that P(a) # 0 mod wg. We
define

g =(%,) €Uy

where the block matrix decomposition is with respect to V' = W @ Ei.

Lemma 8.10. Let (g, j) be an adjoint-stable pair with g € U(Jy) and v(Jo(j, j)) = 1.
We also assume that gg,+1 > n. Let V', u' and g’ be as above. Then (g, j) is reqular
semi-simple if and only if g is reqular semi-simple with respect to V' = W' @ Eu’ in
the sense of Definition 5.1. In the reqular semi-simple case, (FL(g, j)) is equivalent to
(FLE/Ey, (v, 50,8

Proof. As explained in Lemma 8.7, (g’,u’) is regular semi-simple if and only if g’ is
regular semi-simple with respect to V' = W' @ Eu’ in the sense of Definition 5.1. In this
case, (FLg )k, (v’ j).u.g) 18 equivalent to (FL(g’, u")). So we have to prove that (g’, u’) is
regular semi-simple if and only if (g, j) is and that, in this case, (FL(g’, u)) is equivalent
to (FL(g, ).

Due to our special choice of a, there is a decomposition Og[g'] = Oplg] x Of. Its
action on V' =V @ Ei is then a factor-wise action. This already proves the claim about
the regular semi-simpleness. We leave it to the reader to check that there is a bijection

Mg, j)=EME u), A—> A®Ogi.

Then len(A/L(g. j)) = len((A @ Ogit)/L(g', u')) and hence O(g', u') = O(g, j). Similarly,
one gets that I(g’,u’) = I(g, j). -

8.3. The arithmetic fundamental lemma

We now assume that J = J; is the odd hermitian form. In particular, x — x*, the dual
lattice A = AY and M are now defined with respect to this form.

Lemma 8.11. For all regular semi-simple and adjoint-stable pairs (x, j), there is an

equality
O(x, j)=0.
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Proof. The argument is taken from [18, Corollary 7.3]. Let us assume that L(x, j) C
L(x, j)V since otherwise M(x, j) =@ and hence O(x, j) =0. Let us also define [ :=
[L(x, j)V : L(x, j)] which is odd since Ji is the odd form. Then A + AV induces an
involution on the set M (x, j) which is fixed point free since it interchanges M (x, j); and
M (x, j);—i. Thus, |M(x, j)i| = [M(x, j)i—i| and the two summands (—1)'|M(x, j);| and
(=DM (x, j)—i| in the definition of O(x, j) cancel. O

Definition 8.12. The pair (x, j) is called artinian, if the schematic intersection Z(x) N
Z(j) C NEO,(l,n_l) is an artinian scheme. In this case, we define

Int(x, j) :=leno, (Ozw)nz()))-

Conjecture 8.13 (Arithmetic fundamental lemma). Let (x, j) be a regular semi-simple,
adjoint-stable and artinian pair. Then

d0(x, j) = —Int(x, j). (AFL(x, j))

Again, we explain the relation of this uniform version with the AFL from Section 7.
This will be very similar to the explanations for the case J = Jy.

Lemma 8.14. Let (x, j) be an adjoint-stable pair with x € u(J;). We set V' .=V ® Eu’
with form J{ == J1 @1 and we define

X = (j;.* f) e u(J)".

Then (x, j) is reqular semi-simple and artinian if and only if x' is reqular semi-simple
with respect to V' = V @ Eu’ in the sense of Definition 5.1 and artinian with respect to u’
in the sense of Definition 6.4. In the reqular semi-simple and artinian case, (AFL(x, j))
15 equivalent to (af[E/EO)(V/JI/))u/’x/).

Proof. This follows from Lemma 5.2, Remark 6.6 and Corollary 7.5. O

Lemma 8.15. Let (g, j) be an adjoint-stable pair with g € U(J1) and J1(j, j) € OEO, Then
(g, j) is regular semi-simple and artinian if and only if g is regular semi-simple with
respect to V = j& @ Ej in the sense of Definition 5.1 and artinian with respect to j in
the sense of Definition 6.4. In the reqular semi-simple and artinian case, (AFL(g, j)) is
equivalent to (AFLE /gy (v, 1)), j.8)-

Proof. This follows from Lemma 5.2, Remark 6.3 and Corollary 7.3. O

Lemma 8.16. Let (g, j) be a regular semi-simple, adjoint-stable and artinian pair such
that J1(j, j) ¢ Ok,. Then both sides of (AFL(x, j)) vanish.

Proof. If Ji(j, j) ¢ Ok, then Z(j) =¢. Namely, if X € Ng, 1.n—1) is such that j:
YE, — XEy,(1,n—1) lifts to a homomorphism Vg, — X, then also the composition
Jj*j € End%(Yg,) lifts to Vg,. But End(Yg,) = Op and j*j = Ji(j, j).

Also, if Ji(j, j) ¢ Ok,, then L(g, j) ¢ L(g, j)¥, and, thus, M(g, j) = 9. O
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Construction 8.17. Let (g, j) be an adjoint-stable pair with g € U(Jy) and v(J1(j, j)) =
1. We also assume that gg,+1 > n. Then we define V' := V@ Eii and v’ := i+ j. We
extend Ji to J{ on V’ by setting ii L V and J/(u, u’) = 1. We define W’ := (u)*, which
is an odd hermitian space.

As explained in Section 8.2, there exists a € E!' such that P(a) # 0 mod 7 where P
is the characteristic polynomial of g. We define

g =(%,)eUdy

where the block matrix decomposition is with respect to V' = W @ Ea.

Lemma 8.18. Let (g, j) be an adjoint-stable pair with g € U(J1) and v(J1(J, j)) > 1.
We also assume that qg,+1 > n. Let V', u’ and g’ be as above. Then (g, j) is regular
semi-simple and artinian if and only if g’ is reqular semi-simple with respect to V' =
W' @ Eu’ in the sense of Definition 5.1 and artinian with respect to u' in the sense of
Definition 6.4. In the regular semi-simple and artinian case, the identity (AFL(g, j)) is
equivalent to (AFLg g, (v 1w g)-

Proof. By Lemma 8.15, (g, u’) is regular semi-simple and artinian if and only if g’ is
regular semi-simple with respect to V' = W/ @ Eu’ and artinian with respect to u’. In
this case, (AFLE/EO’(V/’JI/)’M/’g/) is equivalent to (AFL(g’, u")). So we have to prove that
(g, u') is regular semi-simple and artinian if and only if (g, j) is and that, in this case,
the two identities (AFL(g’, u")) and (AFL(g, j)) are equivalent.

Due to our special choice of a, there is a decomposition Og[g'l = Oglg] x Of. Its
action on V' =V @ Eii is then a factor-wise action. This already proves the claim about
the regular semi-simpleness. Note that J{(ii, it) € (’)20. We leave it to the reader to check
that there is a bijection

Mg, H=MEG u), A— A®Ogi.

Then len(A/L(g, j)) =len((A @ Ogit)/L(g’,u’)) and hence 90(g’,u’) =030(g, j). We
still have to show Int(g’, u") = Int(g, j) which follows from an identification of formal
schemes, Z(g) N Zw) = Z(g")YNZW).

Namely, note that because of the decomposition Og[g'] = Oglg] x O, there is an
inclusion

Z(gh czm
which identifies the cycle Z(g") C Z(i1) = Ng,,(1.n—1) With Z(g). Moreover,
Z@)NZw) = Z@) NZ3)
since the intersection only depends on the spanned module
Ogii + Opu’ € Hom®(Yg,, Xg,.(1.a—1) X YE,).

Thus,
ZENNZW)=Z@E)NZ@NZu) = 2(g)NZ(3)). 0
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9. The AFL in the presence of additional multiplication

We now study the AFL for pairs (x, j) such that there exists a maximal order O4 C Og[x]
as in Section 4. We first do this for field extensions A/E which uses the main result about
cycles, Theorem 4.5. In the subsequent section, we deal with the case of an étale algebra
A/E. Here, the FL is needed as an additional input.

9.1. Multiplication by a field extension A/E

Let Ag/Eq be a field extension of degree d such that A := Ay ®g, E is also a field. Then
A/Ap is an unramified quadratic extension and we denote its Galois conjugation also by
o. Let A < Endg(V) be an embedding that is equivariant for the Galois conjugation o
on A and the adjoint involution of J; on End(V). In other words,

Ji(a, )y=Ji(,0(a)), aecA.

Let ¥4 be a generator of the inverse different of Ag/E( and let JIA :VxV — A be the
A/Ap-hermitian form characterized by the property that

tra/g 0 9aJ{ = J1.

Note that for an O4-lattice A C V, the dual lattice AV with respect to the form J; is
also the dual of A with respect to JlA. In particular, (V, ]lA) is an odd hermitian space.

The action of A by quasi-endomorphisms on Xg, (1,,—1) makes it into a framing
object X4, E,.(1,n—1y for NAO/EO,(LVV*IN where n =dn’. We also define Xy, (1,v—1) 1=
C(Xp/Ep.(1,n'—1)), Where C is the functor from Theorem 3.3. We set Y 4o/k, := Oa, ®OE0
YEg, with respect to ¥4 as in Definition 4.7 and set Ya, := C(Y4,/£,). There is an
isomorphism

HomY% (Y £y, X£y.(1.n-1)) = Hom (Y a,/E,» Xag/Eo,(I—=1))s  J > ida, ® j

which is an isometry with respect to JlA on the left and the natural form on the right.
Via C, these hermitian spaces are also isometric to Hom% (Y ag, Xag,(1,0/=1))-

The point is now that any regular semi-simple, adjoint-stable and artinian pair (x, j) €
Endg (V) x V such that x is A-linear gives rise to two AFL identities, one for the base
field Eg and one for Ag. We denote by (AFL(x, j)g,) the one for Ng, (1,,—1) where the
A-action does not play a role. We denote by (AFL(x, j)4,) := (AFL(C(x), C(ida, ® j)))
the one for Ny, (1,n/—1). Our main result is the following theorem and its corollaries.

Theorem 9.1. Let (x,j) € Endg(V) xV be a regular semi-simple, adjoint-stable and
artinian  pair such that Oa C Oglx]. Then (x,j) is also regular semi-simple,
adjoint-stable and artinian when viewed over Ay and the two identities (AFL(x, j)g,)
and (AFL(x, j)a,) are equivalent.

Proof. Let us keep the notation L(x, j), t(x, j), M(x, j), d0(x, j), Int(x, j), etc. for the
setting over Eg. We denote by L(x, j)4, t(x, j)4, M(x, j)*, d0(x, j)4, Int(x, j)4, etc. the
respective notions for the setting over Ag. It is clear that (x, j) is also regular semi-simple
and adjoint-stable when viewed over Ag since O4[x]j = Og[x]j by assumption.
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Comparison of the analytic sides of (AFL(x, j)g,) and (AFL(x, j)a,):
Any x-stable Og-lattice A C V is automatically an O4[x]-lattice. In particular, L(x, j) =
L(x, j)*. Similarly, the involutions 7(x, j) and 7(x, j)4 agree since they only depend on
the Rosati involution on E[x] = A[x] and j. This implies that

M(x, j) = M(x, )™

Let f be the inertia degree of Ag/Ep. Then M(x,j); =% if fti and M(x, j)si =
M (x, j)l’f‘. Note that f is odd since we assumed that Ao ®f, E is a field. In particular,
(=)} = (=1)/" and hence
00(x, j) =Y (=DHIM(x, jil = £ Y (=DilM(x, pi1 = f-00(x, ™.
i€Z i€Z
Comparison of the geometric sides of (AFL(x, j)g,) and (AFL(x, j)a,):
By Remark 4.6, the cycle Z(x) C Ng, 1,n—1) can be identified with f copies of Z(x)4,

where Z(x)4 := Z(C(x)) is the corresponding cycle in Nay.(1.w—1)- By Remark 4.4, this
identification is compatible with the formation of KR-divisors and hence

;
ZonZp ][z nzg?,

i=1

where again Z(j)4 = Z(C(ida, ® j)) is the respective cycle in Na, (1,,/—1y. It follows that
(x, j) is also artinian when viewed over Ay and

Int(x, j) = flnt(x, j)™.

The theorem follows. O

We now translate this back into statements about the AFL in the original formulation
from Sections 6 and 7.

Corollary 9.2. Let x € u(J1)% be reqular semi-simple and artinian of the form

[) .

__ X ]
X = . .
(—J* )

Let Ao/Ep be a field extension such that A := Ao ®k, E is again a field, together with an

embedding O4 — Og[x"] that is equivariant for the Galois conjugation o on O4 and the

adjoint involution * on Op[x"]. Let VA := W @ Au? be the hermitian A-vector space with
A b,A

form J :=J" @ 1.

(1) Then x can also be viewed as an element of u(JlA)?S and there is an equivalence

(Ofle/ B v,y ux) € (af[A/Ao,(VA,JlA),uA,x)'

(2) In particular, if dima(W) < 2, then (aflg, g, (v, 1,),ux) holds.

Proof. Part (1) is a combination of Lemma 8.14 and Theorem 9.1. Part (2) follows since
the AFL has been proven for n < 3. O

The same arguments imply an analogous result for the group version.
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Corollary 9.3. Let g € U(Jy)s be regular semi-simple and artinian with integral
characteristic polynomial.5 Let Ao/Ey be a field extension such that A = Ag ®k, E is
again a field, together with an embedding O4 — OEglg] that is equivariant for the Galois
conjugation on A and the adjoint involution on Oglg]. We assume that Jl"‘(u, u) € O;\(o’
where JIA 1s the lifted hermitian form.

(1) Then g is also an element of U(JIA)rS and there is an equivalence

(AFLE/E),(v,00).ug) & (AFLy p0 (v jt)ug)-

(2) In particular, if dimy (V) < 3, then the AFL for g, (AFLg gy, (v, 1;).u,g), holds. O

Let us now formulate the variant for v(JlA (u,u)) > 1. As in Lemma 8.18, we raise the
dimension by 1 for this.

Corollary 9.4. Assume that ga,+1 > n. Let g, Ag, A and the embedding Op — Og[g]
be as in the previous corollary, but let v(JlA(u, w)>=>1. Let VA= V@A, u :=u+i
and extend JIA to a hermitian form JIA’ti on VA by defining i LV and JlA’ﬁ(uA, ut) = 1.

Let P € Alt] be the characteristic polynomial of g as A-linear endomorphism of V and
let a € A' be such that P(a) # 0 modulo wa, where wa is a uniformizer of A. Define
gA € U(JlA’ﬁ) as

g = (%,) e End(VH).

(1) Then gt e U(J]A’ﬁ)rS is reqular semi-simple with respect to VA = )t @® Au?,
artinian with respect to u? and there is an equivalence

(AFLE/E.(v.0)ug) < (AFLA/AO’(VA!]1A~ﬁ)’uA’gA)'

(2) In particular, if dimg (V) < 2, then the AFL for g, (AFLE/E, (v, J,).u,g), holds. O

Proof. Part (1) is a combination of Lemma 8.18 and Theorem 9.1. Part (2) follows since
the AFL has been proven for n < 3. O

9.2. Multiplication by an étale algebra A/E

Theorem 9.5. Let (x, j) € Endg(V) xV be a regular semi-simple, adjoint-stable and
artinian pair. Assume that there exists a product decomposition Og[x] = Ro x Ry that is
stable under *. Let V. = Vi x V| be the corresponding decomposition of V and let (xo, jo)
respectively (x1, j1) denote the components of (x, j) in Vy respectively Vi. We assume
that Jily, is even, which implies that Ji|v, is odd.

Then the two identities (FL(xo, jo)) and (AFL(x1, j1)) tmply the identity (AFL(x, j)).

Proof. Computation of the analytic side of (AFL(x, j)): Any x-stable lattice A C V is a
product A = Ag x A where A; C V; is an x;-stable lattice. A special case is L(x, j) =

6This ensures that OFlg]l is stable under the adjoint involution. Note that both sides of
(AFLE/Ey,(v,J1).u,g) vanish if the characteristic polynomial of g is not integral. So this is not a serious
restriction.
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L(xo, jo) X L(x1, j1). Furthermore, t(x, j) = t(xg, jo) X t(x1, j1), and, hence, there is a
bijection

M(xo, jo) x M(x1, ji) — M(x, j)

(Ao, A1) —> Ao X A
which induces a bijection
[T Mo, jok x M(x1, jii = M(x, jm.
k+I=m

This implies the relation
O(x, j; ) = O(xo, jo; 8) - O(x1, j13 ). (9.1)
Taking the derivative and using the vanishing part of the FL, Lemma 8.11, we get
90 (x, j) = O(xo, jo) - 90 (x1, j1).

Computation of the geometric side of (AFL(x, j)): Let Og x O C Rg x R; be the
Ofg-algebra generated by the non-trivial idempotent. Using Proposition 4.14, we get

Z(Op xOf) = ]_[ Spf O | xspro; Neg.(1m-1)s
{AoCVo | Aj=Ao}

where ny = dimg(V(). By Remarks 4.4 and 4.6, this description is compatible with the
formation of Z(x) and Z(j), and we get

ZONZ() = 11 Spt O | xspro; (N Z().
{Ao | Aj=A0,x0A0C A0, jo€A0}

This implies

Int(x, j) = I(xo, jo) - Int(x1, j1)
which finishes the proof of the theorem. O
Remark 9.6. Let us assume that the characteristic polynomial of x is integral. Then an
inclusion O x O — Og[x] exists if and only if this polynomial has two different prime

factors modulo p. Implicitly, this was already used in [18, Section 8].

We conclude this paper with three corollaries. For this, we take up the notation from
Sections 6 and 7.

Corollary 9.7. Let x € u(Jl)?S be reqular semi-simple and artinian, of the form

b .

X
X = . .
(—J* )

Assume that there exists an embedding O x Op — Og[x"] that is equivariant for the
factor-wise Galois conjugation and the adjoint involution of Jlb. Let W = Wy x Wy be the
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corresponding decomposition of W and assume that Ji|w, is even. Let xg, x;’, Jjo and jp be
the components of x” and j. For i =0, 1, form the vector space V; := W; @ Eu;, where
u; is some additional vector. We extend the form J1b|Wl. to a form Ji; on Vi by defining

(uj,u;j) =1 and u; L W;.
X i
xi = _l;i*

Then the element
lies in w(J1;)% and the identity (AFLE/E. (v, 11 1)uy.xy)  tmplies  the identity
(AFLE/Eq, (v, J1).u.x)-

Proof. The FL (FL(x;, jo)) holds by Lemma 8.6. Then (AFL(x, j1)) implies (AFL(x", j))
by Theorem 9.5. Lemma 8.14 yields the translation into the Lie algebra version of the
AFL. U

Corollary 9.8. Let g € U(Jy)s be reqular semi-simple and artinian. Assume that there
exists an embedding O x Op — Oglg] that is equivariant for the factor-wise Galois
conjugation and the adjoint involution of Jy. Let V = Vyx V| be the corresponding
decomposition of V and assume that Jily, is even. Let go and g1 be the components
of g and let ug and u; be the components of u. Assume that the identity (FL(go, jo))
holds.

(1) If Ji(uyi,up) € (920, then the identity (AFLE/EO,(Vl,Jllvl),ul,gl) implies the AFL for
8, (AFLE gy, (v.J).u,g)- In particular, (AFLEg g, (v,5))ug) holds if dim V| <3 or if g is
minuscule in the sense of [18].

(2) Assume that g, +1 > n and that v(Ji(ur,u1)) > 1. We define V| := V1 ® Eii; and
uy :=ur+i. We estend Jily, to a hermitian form J{ on V| by defining iy L Vi and
(u/l, u’l) = 1. We choose an elementa € E' such that P(a) % 0 modulo p, where P denotes
the characteristic polynomial of g1 on Vi. We set

gri=(4)eUvup

where the block matriz decomposition is with respect to V{ =V @ Eiiy.
Then (AFLE/EO’(Vf’J{)’“ﬁvgﬂ) implies (AFLE /gy, (v,J)),u,¢) - In particular, (AFLE/E) (v, 7)) .u.g)
holds if dim V| < 2.

Proof. Part (1) follows from Theorem 9.5 and Lemma 8.15 and the fact that the AFL
has been proven in the minuscule case and in the case n < 3.
Part (2) follows from Theorem 9.5 and Lemma 8.18. O

The case of a general finite étale Ag/Eg follows with an inductive argument. We
decompose Ay into fields
A() = 1_[ AO,i
iel

and set A := A9Qpg, E as well as A; 1= Ao, Q, E, all with Galois conjugation o :=
id®o. Let O4 be the ring of integral elements in A.
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Any embedding A < End(V) that is equivariant for the Galois conjugation of A and
the adjoint involution of Ji on V induces an orthogonal decomposition V = [];c; Vi. Just
as in Definition 4.12, we call an index i even if there exists a self-dual Oy;-lattice in V;.
Otherwise, we call i odd. Note that since V itself is odd, there is an odd number of odd
indices. Also note that if i is odd, then A; is necessarily a field.

Corollary 9.9. Let g € U(Jy)ss be reqular semi-simple and artinian. Assume that there
exists an embedding O 4 — Oglg] that is equivariant for the Galois conjugation and the
adjoint involution of Ji. Let V = [];c; Vi be the corresponding decomposition of V and
let (gi)ier and (u;)ie; be the components of g and u.

(1) If there is more than one odd index, then both sides of (AFLE/E,. (v, 1),u,q) vanish.
(2) Otherwise, let ip € I be the unique odd index and let us assume that (FL(g;, u;)) holds
for i #ig. Let us take up the notation from Theorem 9.1 for the factor Vi,. Then

(AFL(gio, uig))a;, = (AFLE/Eq (V. Jp)u.g)-
Aj
(3) Under the assumption J, " (u;y, ui,) € (’)XOJ_O, we get

(AFL A /80,10 Vigo Il tig i) = (AFLE/Eo,(v.11)u.)-

Proof. First note that (AFLg/E (v,5),u,¢) iS equivalent to (AFL(g, u)) by Lemma 8.15
and we work with this simpler version. We first prove Part (1). For the geometric side,
note that Z(g) C Z(O4). So if there is more than one odd index, then Z(g) C Ngy,(1,n-1)
is empty by Lemma 4.13.

On the analytic side, we use the idempotents [[;.; O C Oa C Oglg] to get a product
decomposition just as in formula (9.1),

0(g,u;8) = [ [ OCai, uis 5).

iel

Taking the derivative and using the vanishing part of the FL, Lemma 8.11, we get that
00 (g, u) = 0 if there is more than one odd index.
Part (2) follows from Theorem 9.5 by an induction argument and from Theorem 9.1.
Part (3) is then an application of Lemma 8.15. O

Part 111
Appendix on strict formal O-modules

10. Introduction

Let O be the ring of integers in a p-adic local field with uniformizer 7. Let R be a m-adic
O-algebra. In [1], Ahsendorf constructs an equivalence of categories

{strict formal O-modules over R} = {nilpotent O-displays over R}. (10.1)
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We refer to [2] for more information. By Lau [11], there is a good notion of duality on the
right-hand side. This defines good notions of duality and polarization on the left-hand
side. By definition, there is also an equivalence

{strict formal O-modules over R} = {nilpotent displays over R with strict O-action]}.
(10.2)

This equivalence has the advantage that one can forget the O-action on both sides to
read off the underlying p-divisible group and its display. This is not possible in (10.1).
The aim of this appendix is to identify the correct notion of duality on the right-hand
side of (10.2).

More precisely, our results are the following. For each finite and totally ramified
extension @ C O of rings of integers in p-adic local fields, we define the Lubin—Tate
O'-frame Lorj0(R) and prove the equivalence

{strict formal O’-modules over R} = {nilpotent Ly /0 (R)-windows}.

Depending on the existence of certain units, this equivalence is compatible with duality;
see Lemma 11.2. To prove this compatibility, we reinterpret the construction of Ahsendorf
in [2, Definition 2.24] as a base change along a morphism of frames

Loo(R) — Loyo(R).

11. Strict O-modules and duality

11.1. Windows and duality

We work with the definitions of O-frames and O-windows from [2, Section 3] but keep the
terminology of Lau [11] concerning strict and not necessarily strict morphisms of frames.
We now recall the definition of the dual O-window.

Let A= (S,I,R,0,6) be an O-frame and let P = (P, Q, F, F) be an A-window.
Choose a normal decomposition P = L@ T, Q = L@ IT and consider the linearization

F:=(FOQF):5Q,5(L®T) —> P. (11.1)
Let PV := Homg(P, S) and QY :={¢ € PV | ¢(Q) C I}. We define the A-window
PY = (PY, QY. FY. FY)

through the operator (F¥)~! and the normal decomposition P¥ = LY@ TV, QY =LV &
TV; see [2, Lemma 3.6].

Definition 11.1. The A-window PV is the dual A-window of P.

It is clear that dualizing is an anti-equivalence of the category of A-windows and that
there is a canonical identification (PV)Y = P coming from the canonical identification
(PV)V Z P.

Let

a: A— A =" I',R 0,6
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be a u-morphism of frames for some unit u € §’, i.e., ua o6 =6’ oa. lf u =1, ie., if o is
a strict morphism, and if P = (P, Q, F, F) is an A-window, then

ax(PY) = (axPY), (11.2)

up to the identification P¥Y ®g S = (P ®s S)Y. To treat the case of general u, first recall
that the base change along the u-morphism

($,1,R,0,6) — (S, I, R, 0,uc)
is given by
(P,Q,F,F)— (P, Q,uF, F).

Lemma 11.2. Let o : A= (S,I,R,0,6) — (§',I',R',0',6’) be a u-isomorphism and
let € € S be a unit such that o(e)e™' =u. Let P = (P, Q, F, F) be an A-window. Then
multiplication by & defines an isomorphism

ax(PY) = (.P)".

Proof. Choose a normal decomposition P=L®T, Q=L@®IT and consider the
linearization F as in (11.1). Then the window s (PY) (resp. (axP)Y) corresponds to
the normal decomposition P¥Y = LY@ TV, QV =ILY ®T" and the operator

(1 o ) a(FY)~! (resp. (" 1)a(FV)_1) .
It is clear that multiplication by ¢ defines an isomorphism. O

Definition 11.3. Let P; = (P;, Q;, Fi, F}), for i = 1,2, 3, be three A-windows. We define
BiHom(P; x P3, P3)

to be the set of S-bilinear forms (, ) : P; x P, —> Pj3 such that (Q1, Q2) C Q3 and such
that

(Fiq1, F292) = F3(q1,92),  q1 € Q1,92 € Qa.
Note that A (or rather just the quadruple (S, I, o, 6)) is an A-window over itself.

Lemma 11.4. Let P = (P, O, F, F) be an A-window. Then the canonical pairing {, ):
P x PV — S defines an element in BiHom(P x PV, A).

Proof. This can be checked after choosing a normal decomposition P =LH T, Q =
L@ IT. Let F be the linearization of F @ F as in (11.1). The relation (Q, QV) C I holds
by definition of QY. Now, e.g., if ¢ € L and £&gY € ILY, then

(F(q), F¥(£9")) = (F(g), 6 (£)F )V (g"))

=3()o(g.q")) (11.3)
=6((q.59")).
The other cases for g and gV are checked analogously. O
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Proposition 11.5. Let P; = (P;, Q;, F;, F}), fori=1,2, be two A-windows. Then pullback
of the canonical pairing defines an isomorphism
Hom(Pj, Py) = BiHom(P; x P, A).

This isomorphism is functorial in both Py and P> and compatible with base change along
morphisms of O-frames A — A'.
Proof. The canonical map is injective since it is induced from the analogous isomorphism
on underlying S-modules,

Homg(P, Py') —> BiHoms(Py x Py, S).

To prove surjectivity, we consider a homomorphism f : Py — P,’ such that the induced
bilinear form ( , ): Py x Pp —> S lies in BiHom(P; x P;, A). We claim that f is a
homomorphism of A-windows.

The relation f(Ql) C sz follows immediately from the relation (Q1, Q2) C I. We still
have to show f(Fiq1) = F,'(f(q1)) for all g1 € Q1. For this, we compute for all g» € Q2,

(f(F1q1). Faga) = (F1q1, Fago)
=0(q1,92)
=0(f(q1),q2)
= (Fy/ f(q1). F2f (2).
Now F; : Oy —> P, is a o-linear epimorphism and ( , ) is S-bilinear. This implies
(f(F1q), p2) = (FY (f (@) p2), p2 € Pa,
which proves szf(ql) = f(Fiq1). O

In terms of the pairings, the isomorphism from Lemma 11.2 corresponds to scaling the
form o, (, ) by el

(11.4)

Definition 11.6. Let P = (P, Q, F, F) be an A-window. A principal polarization is an
isomorphism A : P —> PV such that AV : P = (PY)¥ —> PV equals —A. Equivalently, a
polarization is an alternating perfect pairing A(, ) € BiHom(P x P, A).

11.2. Strict O-modules and duality

Let us fix a uniformizer 7 € O. We refer to [5, Section 1.2] for the definition and properties
of the relative Witt vectors.
Definition 11.7. For any O-algebra R, we define the Witt O-frame”

Wo(R) = (Wo(R), Io(R), ", V)

over R as follows. The ring Wp (R) is the ring of relative O-Witt vectors of R with respect
to . The ideal Ip(R) is the augmentation ideal

I0(R) :=ker(Wo(R) —> R)

"There is no need to write the Verschiebung as a superscript in the appendix.
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and ' (resp. V) denotes the Frobenius (resp. the Verschiebung with respect to 7).
Windows over Wp(R) are also called O-displays over R; see [2].

Definition 11.8. Let R be an O-algebra. A strict O-module over S = Spec R is a pair
(X, t) where X/S is a p-divisible group and ¢ : O — End(X) an action such that O acts
on Lie(X) via the structure morphism O — Og. A strict O-module is called formal if
the underlying p-divisible group is formal.

Recall that, by Zink [25] and [10] (in the absolute case O =Z,) and the extension by
Ahsendorf [2] (in the general case), there is an equivalence of categories

{strict formal O-modules/S} = {nilpotent O-displays/S}

whenever 7 is nilpotent in R.

Definition 11.9. Let X = (X,t) be a strict formal O-module over S with associated
O-display P.

(i) X is called biformal if the dual O-display PV is also nilpotent.

(ii) The dual of a biformal strict O-module X is the strict O-module associated with the
dual of its O-display PV.

(iii) A polarization (resp. principal polarization) of the biformal strict O-module X is an
isogeny (resp. an isomorphism) A : X —> X" such that 1Y = —A.

Remark 11.10. The restriction to biformal strict O-modules is necessary since we only
work with O-displays instead of Dieudonné O-displays. See [2, Section 4] for the definition
of the dual group in the general case.

Remark 11.11. Note that the definition of the Verschiebung V on Wn(R), and hence the
definition of the dual O-display (resp. the dual strict O-module), depends on the choice
of the uniformizer .

Recall the following results from [2, Section 3]. To any strict formal O-module, there
is associated a crystal Dy on the category of O-pd-thickenings. We denote by Dy (S”)
its value at an O-pd-thickening S —> S’. As in the case of p-divisible groups, there
is a Hodge filtration F C Dx(S), and deformations of X along O-pd-thickenings are in
bijection with liftings of the Hodge filtration.

Now assume that X is biformal. It follows from the definitions that there is a perfect
pairing

Dx(S) x Dxv(S) — Oy
Furthermore, the Hodge filtration F C Dy (S) is the orthogonal complement of the Hodge
filtration F¥ C Dxv(S) of the dual O-module. In particular, if > : X — XV is a principal
polarization, then the induced bilinear form on Dy is alternating and the Hodge filtration

8Being biformal is equivalent to the slopes 0 and 1 not occurring in the slope filtration of (the relative
O-isocrystal of) X at every geometric point of S.
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F C Dx(S) is a Lagrangian subspace. Deformations of (X, A) along an O-pd-thickening
are then in bijection with liftings of the Hodge filtration as a Lagrangian subspace.

12. The totally ramified case

12.1. Lubin—Tate frames

Let O'/O be a finite, integrally closed and totally ramified extension of degree e and
choose a uniformizer 7’ € O'. For any O’-algebra R, we consider the ring @’ ® » Wo (R).
We denote the O'-linear extension of the Frobenius by o :=ideoy ® . We also define

Jor(R) :=ker(O' @ Wo(R) — R).

Our aim now is to define a o-linear epimorphism & : Jo/(R) — O’ ®p Wo(R) that
makes
(O'®0 Wo(R), Jo(R), R, 0, 6)

into an O’'-frame such that strict formal @’-modules over R are equivalent to windows
over that frame.

Definition 12.1. Let R be a w-adic O’-algebra. A Lubin—Tate O-display over R (for the
extension @) is an O-display (P, Q, F, F) over R equipped with a strict O’-action such
that P is free of rank 1 over O’ @ Wp(R).

The strictness implies that O = Jo/(R) P. We will usually choose a generator of P and
hence consider O-displays of the form

(O ®0 Wo(R), Jo(R), F, F).

Here, O’ acts naturally on O’ ® Wo(R) and both F and F are o-linear.

Remark 12.2. (1) The definition could be extended to P being only locally free of rank
1 over O’ @ Wo(R). But we will not need this.

(2) Let u € O’ ®o Wo(R) be a unit and let (P, Q, F, F) be a Lubin-Tate O-display
over R. Then also (P, Q,uF, uF) is a Lubin—Tate O-display.

(3) Let F : Jo/(R) — O’ ®o Wo(R) be any o-linear epimorphism. Then there is at
most one way to define a o-linear endomorphism F of O’ ® » Wy (R) which satisfies the
identity

FEx)=V'EFx), §e0'®0lo(R), x € O ®0 Wo(R), (12.1)

where V denotes the O'-linear extension of the m-Verschiebung to O’ ®¢ In(R). It is
given by
F(x) = F(V(1)x)

and it is now a condition that the so-defined F satisfies the relation (12.1) for all &. It is
enough to check this for x = 1 in which case the condition becomes

FE =V '&FD)=VI©®OFWVQ1), &0 ®0IloR). (12.2)
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Proposition 12.3. Let R be any w-adic O -algebra.

(1) For any Lubin-Tate O-display
(O'®0 Wo(R), Jor(R), F, F),

the element k == F(7' @ 1 —1®[7']) is a unit.

(2) For every unit k € O' @0 Wo(R), there exists a unique Lubin—Tate O-display
(0" ®0 Wo(R), Jo(R), F, F)

such that F(n' @ 1 —1®[7']) = k.

Zink [25, Proposition 26] proves part (2) in the case O = Z, and mw-torsion-free R. The
proof carries over to the case of general 0. Applying this result with R = O’ and using
base change, we get the existence of Lubin—Tate O-displays for all r-adic O’-algebras R.
Applying (2) of Remark 12.2, we get the existence for all units k. So we are left with
proving (1) and the uniqueness assertion from (2).

Proof of Proposition 12.3, part (1). Let us show that « is a unit. For this, recall the
following lemma from [25]. It follows from the fact that W (R) is I (R)-adically complete.

Lemma 12.4. Let R be a w-adic O'-algebra. Then an element u € O’ @ Wo(R) is a unit
if and only if its image in
O'/7")y®0 (R/7)
is. O
In particular, we can check that « is a unit at geometric points R/x’ —> k. But then

O'®o Wo(k) = Wor (k)

is a complete discrete valuation ring with uniformizer 7’ and residue field k. The element
7' ®1—1® [x'] maps to a generator of Joy (k) = ' Wer (k). In particular, it is sent to a
unit by (the base change to k) of F. This finishes the proof of part (1). O

Lemma 12.5. There exists an element 0 € O’ @0 Wo(O') with the following two
properties:

(i) 6Jo (O C O ®p Ip(O).

(ii) The image of 0 under O’ @p Wo(O) — O' @0 Wp(O'/n') = O has valuation

e—1.
Proof. First note that for any m-adic O’-algebra R, the ring O’ ®» Wo(R) has the
Wo (R)-basis ‘ _
191, (@)Y ®1-1®[x'], i=1,...,e—1.
In particular,
Jo(R)=0'®0Io(R)+ (' ®@1 -1 [ DO ®0 Wo(R).

Thus, the first condition is equivalent to (' ® 1 —1 Q@ [7']) € O ®p Ip(O'). If 8 denotes
the image of 6 in O’ ®» O, then this is equivalent to

o' ®1—1®@7x") =0.
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Informally, we define @ as the fraction
Nn'®1—-1Q Nr’
TRl -1Qn’
where N7’/ denotes the norm of 7’ with respect to the ring extension O'/Q. This does

not make sense as stated since the numerator vanishes and the denominator is a zero
divisor. The precise definition is as follows. Let

e 0 ®p0,

(@) + a1 () + +air’ + (—1D)Nn' =0
be the Eisenstein equation of 7’. Then we set

e—1

_(ﬂ/)e®l_l®(ﬂ/)e
Tl-1Qn’

' (ﬂ/)i R1-1® (n,/)i

— " el-1Q7n
1=

(=% :=

where each summand is understood as a geometric series. Let § € O’ ®» Wn(O') be any
lift of 8. Then 6 satisfies (i) by construction and we are left with verifying (ii).
Consider the quotient

B:0 @0 Wo(0O) — O'®0 Wo(O'/n') — O @0 (Wp(O' /1)) /7).

Then 6 satisfies (ii) if and only if 8(0) # 0 and 7'8(0) = 0. Now note that (O’ ®p
In(0")) = 0, and, hence, B factors through O’ ® O'. Tt is easy to see that the image of
0 in O'®o (Wo(O'/n')/m) satisfies these two properties. O

Lemma 12.6. Let 0 be an element as in Lemma 12.5 and let V denote the O'-linear
extension of the Verschiebung to O’ @ Wo(R). Then

v9ier' ®@1-1®[x'])
18 a unit in O’ Qo Wo(O').

Proof. This can be checked in O’ ®» Wn(O'/n’) = O'. But here, the Verschiebung V is
multiplication by 7. Using property (ii) from Lemma 12.5, we get the result. O

Proof of Proposition 12.3, part (2). We now prove the uniqueness of a Lubin—Tate
O-display structure
(O'®0 Wo(R), Jo(R), F, F)
with F(r' ®1—1Q[x']) = «.
Note first that « determines F on (7' ® 1 —1® [7'1)O’ @ Wo (R) by o-linearity. Since
Jor(R) = 0' Qo Io(R)+ (' @1 —-1® [ N0 ®0 Wo(R),

we are left with showing that x determines F on O’ ®¢ Ip(R). By the relation (12.2), it
is enough to show that F (1) is determined by «.
Let 0 be as in Lemma 12.5 and set a :=0(n' ® 1 —1®[7']) € O’ ®p I»n(R). Then

Fa)=FO@r' @1—-1®[n']) = @)«

and also
F(a) =V Y a@)FQ).
By Lemma 12.6, V~!(a) is a unit and hence F(1) is determined by «. O
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Definition 12.7. Let R be a m-adic O’-algebra. A Lubin-Tate O'-frame over R is an
O'-frame of the form
(O'®0 Wo(R), Jo(R), R, 0,6),
where & is a o-linear epimorphism satisfying the relation analogous to (12.2),
§(&) =V &5V ).
In other words, ¢ is coming from a Lubin—Tate O-display. For a unit k € O’ ® » W (R),
we denote by
Lo, (R)
the Lubin—Tate O’-frame such that 6 (7' ® 1 — 1 ® [7']) = «. By Proposition 12.3, such a
¢ exists and is unique.

Remark 12.8. By [11, Lemma 2.2], there exists a unique element s € O’ ® » Wp(R) such
that o (&) =s5 (&) for all & € Jo/(R). For the O'-frame Lo/ «(R), this element is s =
ko @1 -1Q[x']).

Example 12.9. (1) We consider the case O’ = O. For any w-adic O-algebra R, the Witt
O-frame Wp (R) is an example of a Lubin-Tate O-frame. It agrees with Lo, ¢ (R), where
e € Wp(R) is the unit

e =V @ —[rnD.

(2) We return to the case of an arbitrary totally ramified extension O'/QO. Let 6 be an
element as in Lemma 12.5. We define ¢ : Jo/(R) — O’ ® Wo(R) as

6(x) =V 1x).
Then for £ € O’ ®p Ip(R),
& =v'05) =@V E) =V IE)F (V)

because of the identity V(1) = V(6(0)). Thus, ¢ defines the Lubin-Tate O'-frame
Lo0,(R), where « is the unit V510’ ®1—-1®([7’']) from Lemma 12.6.

We now consider a tower of extensions O7/O'/O, all totally ramified. We fix
uniformizers 7”, 7’ and 7 in the respective rings. Recall from [5] that for any O’-algebra
R, there is a natural map of O-algebras

a: Wo(R) — Wer(R).

This map is Frobenius equivariant and satisfies ¢ oV, = %Vﬂ/ oa, where V, and V.
denote the respective Verschiebung maps.

Proposition 12.10. Let R be a w-adic O"-algebra and let k € O” @ Wo(R) be a unit.
Then the natural map of O”-algebras

a:0"®0 Wo(R) — O ®0 Wor (R)
induces a strict morphism of O”-frames
Lo 10 (R) —> Lo/ a)(R).

In other words, @« commutes with the o -operators.

https://doi.org/10.1017/51474748020000079 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000079

Relative unitary RZ-spaces and the arithmetic fundamental lemma 297

Proof. Let us consider the Lubin-Tate O-display (0" ®o Wo(R), Jo(R), F, o)
underlying the O”"-frame Lov0,(R). By [2, Proposition 2.23], there exists a
Lubin-Tate O’'-display (0" @ Wor(R), Jo(R), F',&’) over R such that ¢ o6 = ¢’ 0.
The corresponding Lubin-Tate O”-frame then equals Lo» /0 q(c)(R) which proves the
proposition. O

12.2. Windows over Lubin—Tate frames

Proposition 12.11. Let O'/O be a totally ramified extension of rings of integers in p-adic
local fields. Let R be a w-adic O -algebra and k € O’ @ Wo(R) a unit. Then there is an
equivalence of categories

{strict formal O'-modules over R} = {nilpotent Lo, (R)-windows}.

This equivalence is compatible with base change in R and with base change along the
morphisms of O -frames

[‘O’/O,K(R) - LO//@’Q(R)
for intermediate extensions © c O C O'.

Proof. Let X/R be a formal O-module equipped with a strict @’-action ¢: O —
End(X). Let P:=(P,Q,F,F) be its O-display. Then P is naturally an O’ Qo
Wo (R)-module and Jor(R)P C Q. Furthermore, the map F is a o-linear epimorphism
Q —> P. Then there is at most one way to define a o-linear operator F’ : P —> P which
makes (P, Q, F', F) into an Lo, (R)-window, namely

F'(x) =« 'F((r' @1 -1®[7'])x).
We need to verify that this F’ satisfies
F(Ex) =6(E)F' (x), &€ Jo(R), x € P. (12.3)

It is enough to verify this for one single « since all other choices multiply both sides of
the equation by a unit. So we choose

k=V1o@' @1-1x[x']),

where 6 is an element as in Lemma 12.5. In other words, we work with the Lubin—Tate
O'-frame from Example 12.9 (2).

Both sides in Equation (12.3) are o-linear, so it is enough to verify the relation for
E=F'®1—1Q[xn']) or & € In(R). (These elements generate Jor(R) as ideal.) The case
E=(m'®1—-1®[n']) is the definition of F’. In the case & € In(R), we compute

GE)F'(x) = V(06 F'(x)
=o@)V &) F (x)
=0V G F(r' @1 —1® [ )x)
=V I3 EOTTFOR' @1 -1® [7'])x)
=V @& Fx) = FéEx).
In the last step, we used that P is an O-display.

https://doi.org/10.1017/51474748020000079 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000079

298 A. Mihatsch
Thus, we get a functor
{strict formal ©'-modules over R} — {nilpotent Lo /0, (R)-windows}

which commutes with base change in R and in the Lubin-Tate O’-frame.

To prove that this functor is an equivalence, we construct its inverse. Again it suffices to
do this in the special case of k = V1@’ @ 1 — 1 @ [7'])). Given any Lo0,c(R)-window
(P, 0, F', F), we define a o-linear operator F : P —> P by the formula

F(x) = F'(0x).

We only need to check that this defines an O-display, i.e., that F(£x) = V~1(§)F(x) for
all € € In(R). But

FEx) =V O F () =@ V'@ F (x) = VI Fx).
The compatibility with base change along the morphisms of frames a : Lo/, (R) —>

EO’/@,}(R) is clear. Namely, let a,P = (P’, Q, F', F’) be the base change of P and

let P” = (P", Q", F", F') be the ﬁ(’)//@ +(R)-window constructed from the O-display of
(X, ). Then
P'=(O'®5WsR)QP =P’

by [2, Definition 2.24] which relates the O-display of X and its O-display. Furthermore,
the submodules Q' and Q” agree under this identification. Now both F’ and F” are
determined by the condition that they agree with F on the image of Q. Since F’ and F”
are determined by F’ and F”, the windows P’ and P” agree. O

Corollary 12.12. The morphisms of O"-frames from Proposition 12.10
Lono(R) —> Loror o (R)

are all crystalline, i.e., they induce equivalences on their categories of windows.

Proof. This is just a reformulation of the fact that the equivalence in the previous
proposition commutes with the base change along such morphisms of O”-frames. O

13. The unramified case

For completeness, we also include the case of an unramified extension O'/O. Let f be
the degree of the extension. Again, we fix a uniformizer = € O. For a m-adic (’-algebra
R, there exists a unique morphism

O — Wo(R)

that lifts the given morphism (O — R. In particular, there is a direct product
decomposition

O’ o Wo(R) = ]‘[ Wo(R).
Z/f
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Definition 13.1. For a w-adic O'-algebra R, we define the O'-frame
Ao 0(R) = (Wo(R), Io(R), T/, 7/ "y,

Windows over Apr,0(R) are also called f-O-displays; see [2].

In his thesis [1], Ahsendorf constructs a functor
y : {strict formal (’-modules over R} — {nilpotent f-O-displays over R}.
Furthermore, the natural morphism
Wo(R) — Wor(R)
induces a strict morphism of @’-frames
Aorj0(R) — Wor(R)
and thus gives rise to a functor
8 : { f-O-displays over R} — {O'-displays over R}

that is compatible with duality by Lemma 11.2. Ahsendorf proves that the composition
of these functors is an equivalence of categories. We slightly strengthen this result as
follows.

Proposition 13.2. Let R be a noetherian mw-adic O'-algebra. Then the above functors y
and 8 are both equivalences of categories (when restricted to the full subcategories of
nilpotent windows).

Proof. By Ahsendorf, the composition § o y is an equivalence of categories, at least when
restricted to the full subcategories of nilpotent windows. It is hence enough to prove that
either of these functors is an equivalence. It would even be enough to just prove the
faithfulness of §. But for later use, we construct a quasi-inverse for y. For this, we first
recall the construction of this functor.

Let P=(P,Q,F, F) be the O-display of a strict formal (’-module over R. Then the
natural map @' — Wy (R) induces a Z/f-grading

P=@p P
ie/f

such that both F and F are homogeneous of degree 1. The strictness implies that Q =
Qo® P @---® Pr_1. In particular, the restriction F; := F|g, is an F_linear isomorphism
P —> Py fori=1,..., f—1. The f-O-display is now given by

(Po, Qo, F/ =" o Flpy, Fl1gy).

Let us phrase this construction in terms of an O’-stable normal decomposition P =
L & T. The O'-stability is equivalent to the fact that both L and T are compatible with
the grading and hence have the form

L=Loy®Pi®---®Pr_,
T=Tro08---®0.
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Let ®:=F| . ®F|r = @icz/r P be the F_linear automorphism of P associated with the

normal decomposition. We use ®; to identify P;;; with Pl.(F). Hence, the display P
together with its (O'-action can be described as follows. The modules are of the form

2 -1
p=propr"eore.. .0r" ",

2 -1
o=00pr"eprNe. . opr "

and the display structure is given by the normal decomposition

2 f-1
L=LioP"opra..0P" ",
T=Th®0&...00

and the f-linear operator

where ¢ = & 7.

It is now clear how to invert this construction. Given an ’-display P’ = (P’, Q, F', F'),
we set Py := P’ and Qg := Q’. Then we define P and Q by the above formulas. If (P’ =
L' &T’,¢) is a normal decomposition of P’, then we set Lo := L', Ty := T’ and define a
normal decomposition and the operator ® by the above formulas. O
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