
Laser and Particle Beams

cambridge.org/lpb

Research Article

Cite this article: Kaur D, Sharma SC, Pandey
RS, Gupta R (2020). Weibel instability
oscillation in a dusty plasma with counter-
streaming electrons. Laser and Particle Beams
38, 8–13. https://doi.org/10.1017/
S0263034619000776

Received: 13 October 2019
Revised: 21 November 2019
Accepted: 15 December 2019
First published online: 17 January 2020

Key words:
Dusty plasma; electromagnetic; instability;
oscillation; streaming

Author for correspondence:
R. Gupta, Department of Physics, Swami
Shraddhanand College, University of Delhi,
Alipur, Delhi-110 036, India. E-mail:
rubyssndu@gmail.com

© The Author(s) 2020. Published by Cambridge
University Press

Weibel instability oscillation in a dusty plasma
with counter-streaming electrons

Daljeet Kaur1, Suresh C. Sharma2, R.S. Pandey1 and Ruby Gupta3

1Amity Institute of Applied Sciences, Amity University, Sector-125, Noida, Uttar Pradesh 201313, India;
2Department of Applied Physics, Delhi Technological University, Delhi 110042, India and 3Department of Physics,
Swami Shraddhanand College, University of Delhi, Alipur, Delhi 110 036, India

Abstract

We investigate the Weibel instability (WI) in a dusty plasma which is driven to oscillation by
the addition of dust grains in the plasma. Our analysis predicts the existence of three modes in
a dusty plasma. There is a high-frequency electromagnetic mode, whose frequency increases
with an increase in the relative number density of dust grains and which approaches instability
due to the presence of dust grains. The second mode is a damping mode which exists due to
dust charge fluctuations in plasma. The third mode is the oscillating WI mode. The dispersion
relation and the growth rate of various modes in the dusty plasma are derived using the first-
order perturbation theory. The effect of dust grain parameters on frequency and growth rate is
also studied and reported.

Introduction

A general property of the dusty plasma system is the spontaneous self-excited oscillation of
organized or random motion. This may lead to new instabilities in the presence of dust grains
or influence the characteristics of plasma instabilities without dust. Weibel instability (WI) is
one such electromagnetic instability which converts the kinetic energy of streaming electrons
in plasma into magnetic energy capable of sustaining a collisionless shock. WI is important for
an understanding of the energetic electromagnetic emissions of gamma-ray bursts and super-
nova explosions. WI mainly occurs due to the current neutralization of the beam-plasma inter-
action (Guskov, 2005; Velarde et al., 2005; Zhou and He, 2007) and generates growing
electromagnetic vibrations. WI for the first time was observed by Weibel (1959) in 1959, taking
bi-Maxwellian electron distribution function, and further a wide range of anisotropic plasma
distributions had been studied. Fried (1959) gave a simple explanation of the instability as the
superposition of many counter-streaming beams which resembles the two-stream instability.

Pokhotelov and Balikhin (2012) concluded that the frequency of the instability varies pro-
portionally to the electron temperature anisotropy when observed in plasma with a non-zero
external magnetic field. The WI in strongly magnetized microwave-produced plasma has been
reported by Ghorbanalilu (2006). The effect of magnetic field on WI was examined by Ji-Wei
and Wen-Bing (2005), where they have observed that the strong background of magnetic field
stabilizes the WI in electron-ion plasmas. The study of space charge in the current filamenta-
tion has been conducted by Tzoufras et al. (2006), and the generation of the magnetic field was
observed via the WI in interpenetrating plasma flows by Huntington et al. (2015). An exper-
imental study of filamentation due to the WI in counter-streaming laser-ablated plasmas has
also been conducted by Dong et al. (2016). The important feature of WI is that it can make the
ordinary waves unstable in the presence of temperature anisotropy, and this character of the
instability has been investigated by many researchers in their work (Furth, 1963; Hamasaki,
1968; Davidson, 1983; Bashir and Murtaza, 2012; Ibscher and Schlickeiser, 2014; Treumann
and Baumjohann, 2014).

Electromagnetic wave fluctuations are a subject of great attraction in the field of dusty
plasma. Dahamni et al. (2005) have studied the excitation of electromagnetic waves via WI,
in the presence of counter-streaming dust beams and agglomeration of dust grains. Dust
kinetic Alfven and acoustic waves in a Lorentzian plasma (Rubab et al., 2009), Kinetic
Alfven wave instability in an unmagnetized dusty plasma (Rubab et al., 2011) has been studied
to study the effect of dust on these waves. Dispersion relation using many particle distribution
functions for investigation on ordinary-wave WI in space plasmas has been derived by Rubab
et al. (2016).

In this paper, we investigate the role of dust grains on electromagnetic wave modes gener-
ated via WI due to counter-propagating electrons. The instability analysis has been carried out
in the following section. We have obtained the response of streaming electrons by fluid treat-
ment and the expression for the growth rate of electromagnetic instability by first-order per-
turbation theory. The Results and Discussion and Conclusion are presented in the final two
sections, respectively.
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Instability analysis

We consider a dusty plasma comprising of two types of electrons
that possess drift velocities y0ẑ and −y0ẑ, respectively, with ions
and dust particles. The equilibrium density of ions is ni0, of
dust grains is nd0, and that of electrons is ne0. The charge,
mass, and temperature of the electrons, ions, and dust particles
are denoted by (−e, me, Te), (e, mi,Ti), and (−Qd0, md, Td), respec-
tively. Initially, there is no external electric and magnetic field (E0
= B0 = 0). At equilibrium, the electrons acquire a thermal velocity
vte = (Te/me)

1/2.
A dusty plasma is unstable to a magnetic field perturbation

B1ŷ with a wave vector k along the x-axis. We assume that
the electromagnetic perturbation due to the magnetic field
�B1 = ŷB1 exp(ivt − ikx) and the electric field associated with it
is given by �E1 = ẑ E1 exp(ivt − ikx).

The electron’s response to the above field can be given by the
fluid equation of motion

∂�y

∂t
+ (�y · ∇)�y = − e�E

me
− e

cme
�y× �B (1)

and the equation of continuity

∂n
∂t

+ ∇ · (n�y) = 0, (2)

where n = ne0 + ne1 exp(iωt− ikx) and �y = y0ẑ + �y1 exp(ivt − ikx).
In Eq. (1), the pressure term is neglected. Neglecting the pres-

sure term can be justified as the phase velocity of the wave is
greater than the electron thermal velocity i.e., v/k ≫ vte

( )
. On

linearization, from Eqs (1) and (2), the perturbed density for elec-
trons is obtained as follows:

ne1 = −ne0k2xeE1y0
imev3

, (3)

where we have used �B1 = (c�k× �E1/v). Perturbed dust grain den-
sity can also be obtained from Eq. (2) by replacing ne0 by nd0, e by
−Qd0 (for negatively charged dust grains), υ0 by υd0, and me by
md as nd1 = (nd0k2xQd0E1yd0/imdv

3).
But nd1 = 0 as υd0 = 0, that is, the dust grain number density

will fluctuate only if they have an equilibrium velocity in plasma
or the dust grains are mobile.

Whipple et al. (1985) and Jana et al. (1993) have expressed the
dust charge fluctuation in terms of an equation:

dQd1

dt
+ h1Qd1 = −|Ie0| −ne1

ne0

( )
, (4)

where we have considered ni1∼ 0 in the present analysis due to a
high-frequency regime, η = |Ie0|e/Cg(1/Te + 1/Ti− eϕg) (dust
charging rate), Ie0 is the equilibrium electron current collected
by dust grains, Qd1 = (Qd−Qd0) (perturbed dust grain charge),
Cg = a+ a2(l−1

De ) (dust grain’s capacitance), a is the dust grain
radius, and λDe is the electron Debye length. The expression for
dust charge fluctuation in Eq. (4) can be rewritten as follows:

Qd1 = |Ie0|
i(v+ ih) −ne1

ne0

( )
. (5)

Putting the value of ne1 from Eq. (3) in Eq. (5), we obtain the
perturbed dust grain charge as follows:

Qd1 = |Ie0|
(v+ ih)

y0k2xeE1
mdv3

. (6)

Using Poisson’s equation ∇ · �E1 = 4pnd0Qd1, we obtain

∇ · �E1 = v2
pe

by0
(v+ ih)

k2xE1
v3

, (7)

where ωpe = (4πne0e
2/me)

1/2 is the electron plasma frequency, and
β = (|Ie0|/e)(nd0/ne0) is the dust plasma coupling parameter. Using
the charge neutrality condition (Prakash and Sharma, 2009), the
dust plasma coupling parameter β can be written as b =
0.397(1−(1/d))(a/vte)(mi/me)v2

pi, and h=10−2vpe a/lDe
( )(1/d),

where η is the time scale of delay.
Using the charge neutrality condition, we obtain the following

equation:

− eni0 + ene0 + Qd0nd0 = 0 or
nd0
ne0

= (d− 1) e
Qd0

, (8)

where δ = ni0/ne0 is the relative density of negatively charged dust
grains in plasma.

The wave equation can be written using Maxwell’s equations as
follows:

∇2�E1 − ∇(∇ · �E1) + v2

c2
�E1 = − 4piv

c2
�J1z, (9)

where J1z is the net perturbed current density.
For plasma electrons propagating in one direction, current

densities are obtained by using Eq. (2) as

�Je1x = −n0e
2E1

kxv0
miv2 and �Je1z = −n0e

2E1 1
miv 1+ k2xv

2
0

v2

[ ]
.

Analogous expressions may be written for the perturbed cur-
rent density of plasma electrons moving in other direction.
Since the x-component of current density is proportional to υ0;
therefore, they cancel each other in net current density.
However, the z-component is proportional to υ0

2, thus giving
the net perturbed current density as follows:

�J1 = −2ne0e
2E1

1
imev

1+ k2xy
2
0

v2

[ ]
. (10)

Putting the value of �J1 from Eq. (10) and ∇ · �E1 from Eq. (7),
we can rewrite Eq. (9) as follows:

∇2�E1 +∇ v2
pe

by0
(v+ ih)

k2xE1
v3

[ ]
+ v2

c2
�E1 = − 4piv

c2
�J1. (11)

Further, solving Eq. (11), we obtain the following equation:

v4 − (k2xc2 + 2v2
pe)v2 − 2v2

pek
2
xy

2
0 =

ib
(v+ ih)v

2
pe
k3xy0c

2

v
. (12)
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In the absence of dust δ(= ni0/ne0) = 1, that is, β→ 0, then Eq.
(12) transforms into

(v2 − v2
+)(v2 − v2

−) = 0,

where

v2
+ = (k2xc

2 + 2v2
pe)+

2v2
pek

2
xy

2
0

(k2xc
2 + 2v2

pe)
(13)

and

v2
− = −2v2

pek
2
xy

2
0

(k2xc
2 + 2v2

pe)
. (14)

Equation (14) of ω− corresponds to the usual dispersion rela-
tion of the WI. Now, we rewrite Eq. (12) in the presence of dust as

(v2 − v2
+)(v2 − v2

−)(v+ ih)v = ibv2
pek

3
xy0c

2 · (15)

Further, we solve Eq. (13) under three limits:
Case I: Solving Eq. (13) for ω = ω+ + Δ1, we get the following

equation:

D1 = ib
v2
pek

3
xy0c

2

2v+(v2+ − v2−)(v2+ + h2)

+ bh
v2
pek

3
xy0c

2

2v2+(v2+ − v2−)(v2+ + h2) ·

where Δ1 is a small mismatch in the frequency due to dust
particle.

Therefore, the growth rate corresponding to ω = ω+ + Δ1 is

G1 =Im(D1)

= bv2
pek

3
xy0c

2

2v+(v2+ − v2−)(v2+ + h2) ·
(16)

Case II: Again, solving Eq. (14) for ω = −iη + Δ2, we get the
following equation:

D2 =
−bv2

pek
3
xy0c

2

h (v2+ + h2) (v2− + h2) · (17)

where Δ2 is the damping mode arising due to dust grain charge
fluctuation.

Case III: Solving for ω = ω− + Δ3, we get the following
equation:

D3 =
bhv2

pek
3
xy0c

2

2v2−(v2− − v2+)(v2− + h2)

+ ibv2
pek

3
xy0c

2

2v−(v2− − v2+)(v2− + h2) . (18)

where Δ3 is a small mismatch in the frequency due to dust
particle.

Therefore, the growth rate corresponding to ω = ω− + Δ3 is

G3 =Im(D3)

= bv2
pek

3
xy0c

2

2v−(v2− − v2+)(v2− + h2) ·
(19)

Equation (17) corresponds to the oscillations of WI. Further
solving Eq. (17) in the limit of the negligible decay rate of dust
charge fluctuations, that is η≈ 0, and using Eqs (13) and (14),
we obtain the frequency of WI oscillation as

bkxc3

4



2

√
vpey

2
0

. (20)

The usual expression of WI ( Chen, 2006), which is obtained
from Eq. (14), is

g =



2

√
vpe(y0/c)

[1+ 2v2
pe/k

2
xc

2]1/2
. (21)

This growth rate approaches saturation on electron cyclotron
frequency and is set to oscillation [cf. Eq. (20)] due to the pres-
ence of dust grains in plasma with a frequency proportional to
dust coupling parameter β and inversely proportional to electron
streaming velocity. The electric and magnetic fields associated
with the instability are 90° out of phase, and the growth of mag-
netic field results in the filamentation structure of WI.

Results and discussion

The dusty plasma parameters used for the calculations are: ion
plasma density ni0 = 108 cm−3, electron plasma density ne0 =
0.1 × 108−1 × 108 cm−3, mass of dust grains md = 1012 mp (for
1 µm grain assuming a mass density of ∼1 g/cm3), temperature
of ions and electrons Ti≈ Te≈ 0.2 eV, dust density nd0 = 1 ×
104 cm−3, mi/me = 7.16 × 104 (potassium), and the average size
of the dust grain a = 2 µm. Using Eq. (19), we have plotted the
growth rate G3 (s−1) as a function of perpendicular wave number
kx (cm−1) for different values of d = ni0/ne0 (relative density of
negatively charged dust grains) (cf. Fig. 1). It is observed that
the WI grows in the direction of increasing perpendicular wave
number. In the present work, we have considered two types of
electrons that possess drift velocities y0ẑ and −y0ẑ . The perturbed
magnetic field exerts a force (−e

c�y0 × B1) (along + x-axis) on the
first type of electrons and force (+e

c�y0 × B1) (along – x-axis) on
the second type of electrons. The electrons acquire a velocity in
the x and −x directions, respectively. Since B1 is a function of x,
this velocity has finite divergence (∇ · y1 = 0) and gives rise
to density perturbation. The density perturbations of the two
types of electrons are out of phase by 180°. They couple
with y0ẑ and −y0ẑ, respectively, to produce a current-
�J1(1) = −n1e�y0 + (−n0e�y1) due to the first type of electrons and
�J1(2) = n1e�y0 − noe�y1 due to the second type of electrons in the
z-direction. Total current density in plasma is given by Eq. (10).
This current produces the magnetic field in the y-direction,
enhancing original magnetic field perturbation. Thus, the pertur-
bation grows with time at the expense of kinetic energy of the
counter-streaming electrons. The density of dusty plasma in this
scenario of counter-streaming electrons rises due to the combined
effect of electron two-stream instability and electron-capturing
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tendency of dust; hence, electromagnetic wave generated due to
WI becomes unstable and grows which is also observed by Ross
et al. (2013) in which they have taken counter-streaming plasma
flows. In our case, the growth rate with a perpendicular wave
number in the presence of dust resembles with one observed by
Huntington et al. (2015) in the absence of dust.

Again, using Eq. (19), Figure 2 is plotted which shows the var-
iation of growth rate G3 (s−1) as the function of the parallel wave
number kz (cm

−1) for different values of δ = ni0/ne0. It is inferred
from Figure 2 that the growth rate of unstable mode decreases as
the parallel wave number increases. This shows that the growth
rate of instability decreases in the direction of self-generated mag-
netic field (Huntington et al., 2015) because dust and ion in the
plasma get excited in the direction of magnetic field but being
heavy and stationary they oscillate at their places, hence reducing
the energy of electromagnetic plasma wave along the direction of
counter-streaming electrons or self-generated magnetic field. This
decrease in the growth rate of unstable mode in the direction of
parallel wave number, and an increase in the direction of the per-
pendicular wave number is also reported by Lazar et al. (2008).

Figure 3 shows the growth rate G3 (s−1) as a function of dust
grain size a (cm) for different values of δ keeping all the other
parameters [cf. Eq. (19)] the same as used for plotting Figure 1.
The modification in the growth rate of instability is due to the
presence of a large number of dust particles, as the electron-
capturing tendency of these particles and dust charging process
(Barkan et al., 1994) change the rate of energy transfer between
plasma wave and dust particles. This effect of dust grains on the
ambient plasma wave has been observed by many researchers in
their work. It is observed in Figure 3 that the growth rate of unsta-
ble mode first increases, and after acquiring the highest value, it
becomes constant for all the values of δ. The growth rate value
increases because on adding the dust grains in ambient plasma
or by increasing the size of dust grains, the freely moving counter-
streaming electrons approach them, raising the surface potential
of particles of dust, as a result average dust grain charge Qd0

also increases which helps the instability to grow; hence, the
enhancement in its growth rate is observed. This result is qualita-
tively similar to the results of Sharma and Sugawa (1999), Prakash
et al. (2013), and Prakash et al. (2014). The transfer of energy
from counter-streaming electrons accelerated by a self-generated

magnetic field to an electromagnetic wave via dust particles mod-
ifies the growth rate of instability. It is also observed in Figure 3
that when the size of dust grain becomes greater than 1.5 × 10−4

cm, the growth rate becomes almost constant for all the values
of δ. The reason for this is that on further increasing the size of
dust grains, the average dust grain charge leads to saturation, as
dust grain grabbed enough number of electrons. Also, the plasma
system becomes stable because strong self-generated magnetic
field overpowers the growth rate (Rubab et al., 2016).

Using Eq. (19), we have plotted the growth rate G3 (s−1) with
respect to perpendicular wave number for different values of
the velocity of electrons (υ0) say 2× 107, 4× 107, 6× 107, and
8× 107 cm/s, taking δ = 3 and dust grain size a = 1.5 × 10−4 cm
(cf. Fig. 4). It is observed that the growth decreases first decreases
and after acquiring the lowest value it starts increasing gradually

Fig. 1. Growth rate G3 (s−1) as a function of perpendicular wave number kx (cm
−1) for

δ = 2, 3, 4, and 5.

Fig. 2. Growth rate G3 (s−1) as a function of parallel wave number kz (cm
−1) for δ = 2,

3, 4, and 5.

Fig. 3. Growth rate G3 (s−1) as a function of the size of dust grains a (cm) for δ = 2, 3,
4, and 5 with kx = 0.5.
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and goes to its maxima for all the values of υ0. As the velocity of
electrons increases, the efficiency of instability to convert the
kinetic energy of the system to magnetic energy takes the energy
of electrons to least and the growth rate of plasma wave becomes
minimum. The magnetization of dusty plasma due to WI via
counter-streaming electrons sharply increases the acceleration
and hence the energy of electrons which stimulate them and
then increase the growth rate.

Moreover, using the same Eq. (19), the variation in the growth
rate of instability G3 (s−1) with respect to δ (δ = 1 is for without
dust as β = 0) by taking y0 = 4× 107 cm/s and a = 1.5 × 10−4

cm is plotted as Figure 5, and we found that it is increasing
with a relative density of negatively charged dust particles (δ).
Our results are qualitatively similar to the work done in the
field of dusty plasma (Barkan et al., 1994; Chow and

Rosenberg, 1995; Sharma and Sugawa, 1999; Sharma et al.,
2012; Prakash et al., 2014). This is because of the electrons shield-
ing nature of dust grains that helps in increasing the capacity of
counter-streaming electrons to transfer their kinetic energy
acquired by magnetization of dusty plasma to WI.

Conclusion

The counter-propagating electrons in an unmagnetized dusty
plasma have the capability of generating electromagnetic waves
via WI. In the present work, along with the growth rate of
instability, a damping mode with frequency (−bv2

pek
3
xy0c

2)/
(h (v2

+ + h2) (v2
− + h2)) is observed, which is mainly due to a

well-known dust charge process in the dust plasma system. It is
found that the growth rate of unstable mode increases with dust
grains’ size and with increasing perpendicular wave number; how-
ever, it saturates for higher values of dust grain size. The negatively
charged dust grains contribute to enhancing the growth rate when
observed for different velocities of streaming electrons. Our work
may be beneficial in studying the effect of dust particles in the mag-
netotail region of planetary magnetospheres (Lui et al., 2008).
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