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Abstract  We explain three methods for showing that the p-adic monodromy of a modular family of
abelian varieties is ‘as large as possible’, and illustrate them in the case of the ordinary locus of the
moduli space of g-dimensional principally polarized abelian varieties over a field of characteristic p. The
first method originated from Ribet’s proof of the irreducibility of the Igusa tower for Hilbert modular
varieties. The second and third methods both exploit Hecke correspondences near a hypersymmetric
point, but in slightly different ways. The third method was inspired by work of Hida, plus a group
theoretic argument for the maximality of ¢-adic monodromy with £ # p.
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1. Introduction

Let p be a prime number, fixed throughout this note. Our central question is how to
show that the p-adic monodromy of a modular family of abelian varieties is large.
Some clarification is called for.

e A ‘modular family of abelian varieties’ will be interpreted as a subvariety Z of a
modular variety M of PEL type over an algebraically closed field k D I, defined by
fixing some invariant for geometric fibres of the Barsotti-Tate group A[p™] — M
with prescribed symmetries attached to the universal abelian scheme A — M.

e Example of such invariants include the p-rank, Newton polygon, or the isomor-
phism type of the Barsotti-Tate group with prescribed symmetries. Typically such
a subvariety Z is stable under all prime-to-p Hecke correspondences on M; more-
over any two geometric fibres of A[p>°] — Z are isogenous via a quasi-isogeny which
preserves the prescribed endomorphisms and polarizations.

o The étale sheaf of such quasi-isogenies gives rise to a homomorphism p, = pp,z from
the fundamental group of Z to the group of Q,-points of a linear algebraic group
G over Q,, defined up to conjugation. Often the target of the p-adic monodromy
homomorphism p,, is an open subgroup of G(Q,). We abuse notation and denote
this target group by G(Z,).
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e The expectation is that the p-adic monodromy is ‘large’; or ‘maximal’. In other
words, the image of p is expected to be equal to the target group G(Z,), or equal
to an open subgroup of G(Z,) if we are less ambitious.

The first example of maximality of p-adic monodromy is a theorem of Igusa in [18],
when Z is the open dense subset of the modular curve corresponding to ordinary elliptic
curves. See part (i) of Remark 2.3 for the statement of Igusa’s theorem and part (ii)
for comments on generalizations of Igusa’s method based on local p-adic monodromy.
For generalizations to higher-dimensional modular varieties, the best-known examples in
chronological order are the ordinary locus of a Hilbert modular variety and the ordinary
locus of a Siegel modular variety.

In the second example, Z is the open dense subset of a Hilbert modular variety Mg
attached to a totally real number field F', which classifies ordinary abelian varieties with
endomorphisms by Op. The target of the p-adic monodromy homomorphism p, r is
the group (Op ®z Z,)* of local units. Ribet showed that p, r is surjective (see [24]
and [10]). Ribet’s method in [24] and [10] is global and arithmetic in nature; it uses
Frobenii attached to points over finite fields of the moduli space Mp.

In the third example, Z is the ordinary locus of a Siegel modular variety Ay ,, and
the p-adic monodromy is equal to GL4(Z,). See Theorem 2.1 for the precise statement
and [11] and [12] for proofs. The proofs of Theorem 2.1 in [11] and [12] are based on
considerations of local p adic monodromy (see Remark 2.3).

In this article we explain three methods for proving the maximality of p-adic mon-
odromy. Instead of pushing for the most general case with each method, we choose to
illustrate the methods for the third example above, when Z is the ordinary locus in the
Siegel modular variety Ay . In other word, we offer three proofs* of Theorem 2.1. Each
method can be applied to more general situations, such as a leaf or a Newton polygon
stratum in a modular variety of PEL-type. See §6 for the case of a leaf in a Siegel
modular or the ordinary locus of a modular variety of quasi-split PEL-type U(n,n). See
also [7, § 5] for more information about the irreducibility of non-supersingular leaves and
the maximality of their p-adic monodromy in the case of Siegel modular varieties.

The first of the three proofs of Theorem 2.1 generalizes of an argument of Ribet
in [24] and [10] to the situation when the target of the p-monodromy representation is
noncommutative. The other two proofs follow a common thread of ideas, in that they
both use Hecke correspondences with a given hypersymmetric point (in the sense of [6])
as a fixed point; these Hecke correspondences form the local stabilizer subgroup H,, of the
given hypersymmetric point. In the second proof one applies the local stabilizer subgroup
H,, of a hypersymmetric point o to a modular subvariety B 3 x with known p-adic
monodromy to produce many subvarieties of Z with known p-adic monodromy. In the
third proof one examines the action of the local stabilizer subgroup of a hypersymmetric
point xy on a tower of finite étale covers of Z which defines the p-adic monodromy
representation pz; the result is that the image of the local stabilizer subgroup H,, is
contained in the image of the p-adic monodromy. The second proof was sketched in

* In the second proof we assume that p > 2.
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[5]. The third proof was inspired by Hida’s work on p-adic monodromy in [14] (see
also [16]) and drew on an argument in [4]. The three proofs are explained in §§3, 4
and 5, respectively. Sketches of the ideas of the proofs can be found at the beginning of
these sections. In §6 we indicate how the methods in this article can be applied to show
the maximality of p-adic monodromy groups in various situations, including the ordinary
locus of the modular variety of quasi-split PEL-type U(n, n) and leaves in Siegel modular
varieties.

If we compare the above three methods for proving maximality of p-adic monodromy,
the second and the third methods using Hecke correspondences have the aura of a ‘pure-
thought proof’; this is especially true for the third method. Since the last two methods
depend on the existence of ‘hypersymmetric points’ in Z, there are situations when they
do not apply, while Ribet’s method is not burdened by such restrictions (see Remark 6.1).
Together these three methods support the contention that ‘p-adic monodromy of a mod-
ular family of abelian varieties is easy’.*

2. Notation

2.1. Let p be a prime number. Let A(fp) = HQ# Q¢ be the ring of finite prime-to-p adeles.
Denote by Z(,) the subring of Q consisting of all rational numbers whose denominator is
prime to p.

Let n > 3 be a positive integer, (n,p) = 1. Let Agfg be the moduli space over F,
of g-dimensional ordinary principally polarized abelian varieties in characteristic p with
symplectic level-n structure.

Let A[p™Jey — A% be the maximal étale quotient of the Barsotti-Tate group A[p>] —
A%d attached to the universal abelian scheme A — A%9: it is an étale Barsotti-Tate

g,n g,n?
group of height g over Agfg.
Let xo = [(Ao, Ao, 10)] be an E,—pointff Agrd, where )g is a principal polarization

of an ordinary abelian variety Ag over F,, and 7y is a level-n structure on Ag. Let
To = Tp(Ag[p™]es) be the p-adic Tate module attached to the maximal étale quotient
Ap[p™]et of the Barsotti-Tate group Ag[p>] attached to Ag. Notice that Ty = ZJ non-
canonically.

Let

Pp = Pp,Agrd - ™1 (A, o) = GL(To) = GL,(Z,)

g,n?’

be the p-adic monodromy representation defined by the base point xq of Agf;;‘. If we view
m(Agfg, 7o) as a quotient of the Galois group G 4, ,, of the function field of .Agfg, then p,
corresponds to the limit of the natural actions of G 4, ,, on the generic fibre of the finite
étale group schemes A[p"]e; — Agfﬂ, m € N. See §2.4 for another definition of p-adic
monodromy.

Theorem 2.1. The image of the p-adic monodromy homomorphism p,, Agrd is equal to
GL(Ty) = GL4(Zy).

* In contrast, the important question on the semisimplicity of p-adic monodromy of an ‘arbitrary’
family of abelian varieties in characteristic p seems inaccessible at present.
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Remark 2.2. The special case of Theorem 2.1 when g = 1 is a classical theorem of Igusa
n [18]. See Theorem 4.3 on p. 149 of [19] for an exposition of Igusa’s theorem.

Remark 2.3.

(i) Igusa’s proof uses the local monodromy at a point of A; ,, which corresponds to a
supersingular elliptic curve. In this case the image of the local p-adic monodromy
is already equal to the target group Z) of the p-adic monodromy representation.

(ii) Ekedahl’s proof in [11] shows that the p-adic local monodromy at a superspe-
cial point of A, (i.e. a point which corresponds to the product of g copies of
a supersingular elliptic curve) is already equal to GL4(Z,). This is an exact gen-
eralization of Igusa’s proof. In [11] Ekedahl used curves of genus two instead of
abelian varieties, but it is clear that one can also use deformation theory of abelian
varieties. See [21] for the case of Picard modular varieties, and [1] for deformations
of p-divisible groups with large local p-adic monodromy. There is one disadvan-
tage of the Igusa—Ekedahl method: substantial effort is required when one uses this
method to compute the p-adic monodromy of a subvariety Z defined by p-adic prop-
erties of the universal Barsotti—Tate groups. The work is in constructing explicit
local coordinates of this subvariety Z at a basic point z and the computation of
the Galois group of suitable finite extensions of the function field of the formal
completion of Z at z.

(iii) The proof in [12] is also based on local monodromy. It uses the arithmetic com-
pactification theory to show that the p-adic local monodromy at a zero-dimensional
cusp of the minimal compactification of A, , is equal to SLy(Z,). This method
applies to fewer situations for two reasons. First, the modular variety M may be
proper, i.e. the boundary of M may be empty. Even when the modular variety
has a boundary, the Zariski closure of the modularly defined subvariety Z may not
intersect the boundary of M. Secondly, when the boundary of M is not empty,
the local monodromy at the boundary may be still be ‘too small’. For instance
in the case of a Hilbert modular variety Mg, over Fp with (n,p) = 1, the local
monodromy at a cusp in the minimal compactification of Mg, is the p-adic com-
pletion of the subgroup of units in O which are congruent to 1 modulo n.* Notice
that the image of the local monodromy at a cusp is contained in the subgroup
Ker(Np/q : (F®Qp)* — Q) of the target group (F®Qy)* of p,; this ([F: Q]-1)-
dimensional subgroup is the target group of the local p-adic monodromy. A priori,
the dimension of the local p-adic monodromy group at the cusps of a Hilbert mod-
ular variety Mg, may be smaller than [F : Q] — 1, the dimension of its target; it
is equal to [F': Q] — 1 if and only if the Leopoldt conjecture holds for F'!

2.2. In the rest of this article, we will take the base point xo = [(Ag, Ao, 70)] of Agfﬂ to
be of the form Ay = F; X Spec(F,) " " X Spec(F,) F1, where Fj is an ordinary elliptic curve

* This is what the argument in [2] shows. The statement in [2] about the p-adic monodromy of a
Hilbert modular variety is wrong.
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over F,,, and ) is the g-fold product of the principal polarization of Ey. Let E1[p°]mu
(respectively, F1[p™]e) be the multiplicative part of Ey[p™] (respectively, the maximal
étale quotient of Fy[p™]). Let T := T, (E1[p™]et), which is a free Z,-module of rank one.
Then Tg := T, (Ag[p™]et) is the direct sum of g copies of T, and GLz,(Ty) is canonically
isomorphic to GLy(End(T)) = GL4(Z,).

Let O = End(E;) and K = End(F;) ®z Q. So End(Ay) (respectively, End(Ag) @z Q)
is canonically isomorphic to My (O) (respectively, My (K)). It is well known that K is an
imaginary quadratic field, and O is an order of K such that O ®z Z, = Z,, X Z,. The two
factors of O®zZ, correspond to the action of O on E1 [p™]muit and Eq[p™]e;, respectively.
Via the above isomorphisms, the Rosati involution * attached to the principal polarization
of \g corresponds to the involution C +— *C on M,(0) and My(K). On My (0O ®7 Z,) =
M, (Z,) x My(Z,), the Rosati involution is (Cy,Cs) — (*Ca,'Ch), (C1,Cs) € My(Z,) %
M, (Z,).

Denote by H the unitary group attached to the semisimple Q-algebra End(Ag) ®z
Q = My(K) and the involution *. The reductive linear algebraic group H over Q is
characterized by the property that

H(R) = {z € (End(Ap) @z R)* | z - *(z) = *(z) - x = 1}.
Under the natural isomorphism End(Ag) ®z Q = M (K) and the isomorphism

End(Ap) ®z Qp = My(Qp) x My(Qp)

induced by K ®g Q, — Q, x Q,, H(Q) is identified with the set of all matrices C' €
Mg (K) such that C - %(C) = %(C) - C = 1d,, and H(Q,) is identified with the subset of
all pairs (Cy,C2) € My(Q,) x My(Q,) such that Cy - *Cy = Id, = C5 - *C;. The second
projection from M, (O®zZ,) to My(Z,) induces an isomorphism pr : H(Q,) — GL,(Q,).
We abuse notation and write H(Z,) for the compact open subgroup pr—!(GLy(Z,)); it
is the set of all elements 3 € H(Q,) such that 5 induces an automorphism of Ag[p>].
Denote by H(Z,)) the subgroup H(Q) N H(Z,) of H(Q). The image of H(Z(,)) in H(Z,)
is a dense subgroup of H(Z,) for the p-adic topology.

2.3. Two features of the base point zg deserve attention.
(1) The abelian variety Ag is hypersymmetric in the sense that
End(Ap) ®z Q, = End(Ap[p™]) ®z, Qp-
See [6] for more discussion on the notion of hypersymmetric abelian varieties.
(2) The order End(Ap) of the semisimple Q-algebra End(4p) ®z Q is maximal at p.

In view of (1) above, this means that End(Ag[p>]) is a maximal order of the
semisimple Qp-algebra End(Aq[p>]) ®z, Q.
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2.4. Remarks on the definition of p-adic monodromy

Let (B,pu) — S be a principally polarized abelian scheme over an irreducible normal
F-scheme S such that all fibres of B are ordinary abelian varieties. Let sy be a geometric
point of S. When B is ordinary, one can define the p-adic monodromy of B — S to be
the homomorphism (S, s0) = GLz, (Tp(Bs,[p™]et)) attached to the smooth Z,-sheaf
T,(B[p™]et) over S, where By, is the fibre of B — S at s¢. There is an equivalent
definition which works for more general situations, such as when (B,u)[p™] — S is
fibrewise geometrically constant. Let G := Aut((Bs,, tts,)[p°°]). Consider the sheaf

7= Isﬂsperf«Bsov MSO)[pOC]v (Bv :u) [pOOD7

which is a right G-torsor over the perfection SPe™ of S. Notice that B[p>] splits uniquely
over SPef as the direct product of its maximal toric part B[pgS, ] and its maximal étale
quotient B[p]. Then the p-adic monodromy pg,g : 1 (S, s0) — G is the homomorphism
from 7 (SP™ | 50) = 71 (S, so) to the profinite p-adic Lie group G attached to the G-torsor
T

We indicate why the two definitions are equivalent. Let Z’ be the subsheaf of the étale
sheaf Isom ¢ (B, [p™Jtorics B[P™Jtoric) X s Isomg (B, [p™]et, B[p™]et) which are compatible
with the polarizations us,[p™] and u[p]. Let I/, := Isomg(Bs,[p™]et, B[p™]et). The
subgroup G’ consisting of all elements of Aut(Bs, [p™]toric) X Aut(Bs,[p™]et) which are
compatible with the polarizations is naturally identified with G.

The projection G’ — GL(T,(Bs,[p™]et)) is an isomorphism because the principal
polarization ps, identifies Bs,[p™]toric as the dual of B, [p™]et. Similarly, the nat-
ural projection map Z' — I/, is an isomorphism. Moreover, the homomorphisms
pz : m1(S,80) = G' = G and pg;, 2 m1(S, 50) = Aut(Bs,[p™]er) = G attached to Z' and
T!, are equal. Notice that the homomorphism pz: : m1(S, s0) = G’ = GL(T,(Bs, [p>]et))
is nothing but the p-adic monodromy representation coming from the action of the Galois
group of the function field x(S) of S on the p-power torsion points B[p™](x(S)*2). On
the other hand, because the étale topology is insensitive to nilpotent extensions, the
homomorphisms pz : 7 (S,s0) — G and pz : m(S,s0) — G are equal. So the two
definitions are equivalent.

3. Ribet’s method revisited

3.1. Sketch of idea

The goal of this section is to prove Theorem 2.1 using Ribet’s method in [10,24]. Since
the target of the p-adic monodromy homomorphism for the ordinary locus of Hilbert
modular varieties is commutative, it was often thought that Ribet’s method would have
difficulty producing information beyond the abelianized p-adic monodromy. This is not
the case at all. Indeed Ribet’s method can be used to compute the p-adic monodromy
of leaves in a Hilbert modular variety Mp,, for instance, where the target of the p-adic
monodromy homomorphism may be non-commutative (see [7, Theorem 4.5]).

The proof of Theorem 2.1 in this section consists of a few lemmas in group theory,
followed by the body of the proof in §3.3. For instance Lemma 3.2 says that a suit-
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able congruence condition modulo p? on the characteristic polynomial of a semisimple
conjugacy class in GLg(Z,) ensures that the reduction modulo p of such a semisimple
conjugacy class is a non-trivial unipotent conjugacy class in GLy(F,). According to these
lemmas, we only need to show that the image of p contains certain congruent classes
modulo p?, in the case g = 2.

The basic idea of the proof is as follows. Suppose we have two g-dimensional ordinary
principally polarized abelian varieties A;, Ay over a common finite field Fy, then the
‘difference’ Fr 4, - Fr;x; gives an element of the geometric fundamental group m; (Agfg, Zo),
and its image under the p-adic monodromy homomorphism p, gives a conjugacy class
of GLy(Zy). See Remark 3.5 for further discussion about Frobenius at closed points. Of
course there is ambiguity when one tries to form the difference between two conjugacy
classes, but if we restrict ourselves to the case when the action of Fr4, modulo p% lies
in the centre of GL4(Z/pNZ), then the difference gives a well-defined conjugacy class in
GL,(Z,) modulo p».

There is a technical difference with [24] and [10]: we use Honda—Tate [17,26-28] to
produce abelian varieties over finite fields with real multiplications, instead of using [8],
which depends on Honda—Tate. One reason for this choice is to emphasize that Ribet’s
method applies to more general situations where the abelian varieties involved may not
be ordinary.

3.2. Reduction to the case g = 2

The notation here is as in §2.1. Recall that the target of the p-adic monodromy p
is GL(T,(Ao[p™])) = GL4(End(T)) = GL4(Z,). The group GL4(Z,) contains many
copies of ‘standardly embedded’ GL2(Z,) in block form. For any 1 < ip < jo < g,
the associated standardly embedded GL2(Zy) consists of all elements (a;;) € GL4(Z,)
such a; = 1 if i # ig,jo, and a;; = 0 if ¢ # j and (4,7) # (%0,J0), (Jo,%0); denote
by H; this standardly embedded subgroup of GL4(Z,). In Lie theory these ‘standardly
embedded’ SLy are called ‘root subgroups’. It is easy to see that the g — 1 standardly
embedded subgroups Hyy g},..., Hig_14} of GLy(Z,) generate GLy(Z,) for any g > 2.
A standardly embedded GL2(Z,) inside GL4(Z,) can be realized in terms of geometry
of moduli spaces as follows. If we fix a level-n structure for the elliptic curve E; over
F,, then for each subset J C {1,2,..., g} with two elements of the form J = {j,j + 1}
where j is an integer with 1 < j < g — 1, we have an embedding iy : Az, — Ay, such
that the image of mi (A$"y, s2) under p, : m (AY, 9) — GLg(Z,) is contained in the
subgroup of J-blocks of GL4(Z,) which is isomorphic to GL2(Z,,). Here s, denotes the -
point of Agfg which corresponds to the abelian surface Ey xg, oc(F,) FE4 with the product
principal polarization pu; X @y and product level-n structure 77 x n;. This embedding i ;
is defined by the family (E1,p1,m1)7 7 x (4, A\, n) X (E1, p1,m)? 71 over Az, where
(A, X\, n) — As ,, denotes the universal principally polarized abelian scheme with level-n
structure over Ajg ,,. It is clear that the image of the composition

Wl(Ag,rga s2) = m1(Ag,n, o) L GLy(Zyp)
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is contained in the J-block subgroup GL4(Z,), and this image subgroup is naturally iso-

morphic to the image of the p-adic monodromy representation m(Agfg, s2) = GLo(Zp).

Therefore, it suffices to prove Theorem 2.1 in the case when g = 2. This reduction step to
ord

the case g = 2 using the ‘standardly embedded copies of A3, in Agfﬂ’ already appeared
in [11].

Remark. Although not needed in this article, we note that it is possible to define the
‘standard embedding’ iy : Ay, < A, , for any subset J C {1,..., g} with two elements,
as follows. Suppose that J = {ig,jo}, 1 < ig < jo < g. Consider the principally polarized
abelian scheme (B, Ag,np) = (A4,\,n) x (E1, u1,n1)9~2 over Az ,. Change the level-n
structure ng : Bln] = (Z/nZ)*" = (Z/nZ)™ x (Z/nL)"™ $0 T(1,2} {is.jo}» WheTe T(1 2y 1 5}
is the symplectic automorphism of (Z/nZ)" x (Z/nZ)" induced by the permutation
01,2}, {i0,j0} of {1,...,n} which sends 1 to ig, 2 to jo, and 0{1,2} (1) < 0'{172}(]') if3<i<
Jj < g. The resulting triple (B, A, T{1,2} {io.jo} © 18) defines the standard embedding ;.

Lemma 3.1. Denote by A the subgroup of GLa(Z,), isomorphic to Zy XL, , consisting of
all diagonal matrices in GLy(Z,,). Let o : GLo(Z,) — GL2(F,) be the natural surjection
given by reduction modulo p. Let H be a closed subgroup of GL2(Z,) which contains the
subgroup A such that wo(H) = GLa(F,). Then H = GL2(Z,,).

Proof. Denote by D the subgroup of My (F),) consisting of all diagonal 2 x 2 matrices with
entries in F,. Denote by Uy, the subgroup 1+ p™M3(Z,) of GL2(Z,) for every positive
integer m. A simple calculation show that Ma(IF,) is generated by Ad(GL2(F,)) - D, the
set of all GLo(IF,)-conjugates of D. The last statement implies that the composition

is surjective for every m > 0. Hence H surjects to GLy(Z/p™Z) for every m > 0, and
Lemma 3.1 follows. O

Lemma 3.2. Let A be an element of GLa(Z,) such that tr(A) =2 (mod p?), det(4) = 1
(mod p) and det(A) # 1 (mod p?). Then the image A of A in GLy(F,) is conjugate to
(31). In other words, A is a non-trivial unipotent element in GLa(F,).

Proof. Since the characteristic polynomial of A is equal to T2 — 2T + 1 € F,[T], A is
either equal to (§9) or is conjugate to (}1). In particular, after conjugating A by a

suitable element of GL2(Z,), we may and do assume that

. 1+ pa b
c 14 pd

for suitable elements a, b, ¢,d € Z,. The assumptions on A imply that a+d =0 (mod p)

and be € pZ; . The fact that bc € pZ; implies that A is either an upper-triangular
non-trivial unipotent matrix or a lower-triangular non-trivial unipotent matrix. O

We choose and fix a generator b of the cyclic group IF;Z. Denote by f(T) the charac-
teristic polynomial of b over IF,,.
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Lemma 3.3. Let A be the subgroup of all diagonal matrices in GLa(F,). Let H be
a subgroup of GLy(F,) containing A. Assume that H contains a non-trivial unipotent
element 4 of GL2(F,), and also an element v € GLy(F,) such that f(v) =0 in Ma(F,).
Then H = GLy(F,).

Proof. The assumptions on H implies that it intersects non-trivially with every conju-
gacy class of GLa(F),). It is a standard exercise in group theory that if a subgroup S of a
finite group G intersects non-trivially with every conjugacy class in G, then S = G. O

Remark 3.4.

(i) The point of Lemma 3.2 is that, by imposing congruence conditions on the charac-
teristic polynomial of a semisimple element of GL2(Q,) which belongs to GL3(Z,,),
one can make sure that the reduction of this element is a non-trivial unipotent ele-
ment of GLy(F,). Of course this is a general phenomenon in the context of reductive
group over local fields and not restricted to GLs.

(ii) The author claims no novelty whatsoever about Lemmas 3.1, 3.2 and 3.3. As pointed
out by the referee, similar statements already appeared in Lemma 5 and Lemma 1
of [25].

3.3. First proof of Theorem 2.1 As explained in § 3.2, it suffices to prove the case
when g = 2. Choose an identification of GL(Ty) with GL2(Z,). Moreover, Igusa’s
theorem implies that the image of the p-adic monodromy homomorphism p, contains
a conjugate of the subgroup A of diagonal matrices in GLy(Z,): Consider the stan-
dard embeddmg i: .A1 X Spec(F,) Afd — Ag. The image of the restriction of p, to
m (A X Spec(F,) ASd, zo) is (a conjugate of) A by Igusa and the functoriality of 7.

Let H be the image of p,, and let H be the image of H in GL2(F,). By Lemmas 3.1
and 3.3, it suffices to show that H contains a non-trivial unipotent element i € GL2(F})
and also an element ¥ such that f(v) = 0 in My(F,).

Choose a quadratic polynomial f(T) € Z[T] such that f(T) splits over R and
f(T) = f(T) (mod p). Choose a quadratic polynomial g(T") € Z[T] such that g(7T') splits
over R and that g(T) = T? — 2T + 1 + p (mod p?). Let Fy = Q[T]/(f(T)) and let
Fy = Q[T]/(9(T)); they are the real quadratic fields defined by f(T') and g(T') respec-
tively. Let ay be the image of 7" in Fy and let a4, be the image of 17" in Fj,. Choose a
positive integer ny such that (ny,np) = 1 and every element of the strict ideal class group
of F} is represented by an ideal of O Fy which divides n;O Fy- Similarly, choose a positive
integer ng such that (ng, np) = 1 and every element of the strict ideal class group of Fy is
represented by an ideal of Op, which divides naOF,. Choose a suitable power ¢ = p” of p
such that Agr;j, M‘};rdn, ./\/lOrd are all defined over Fy. Here Mord (respectively, Mord n)
denotes the ordlnary locus of the Hilbert modular Surface with level-n structure attached
to the real quadratic field Fy (respectively, Fy;). The p-adic monodromy representation
pp attached to the modular variety .Aord over F, extends to a homomorphism pa“th
from the arithmetic fundamental group 7r1( ‘2“;1 JE, z) to GL(Ty) = GL2(Z,). Analogous

ord

statements hold for the Hilbert modular surfaces M Pron and /\/lord Replacing r by a
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suitable multiple if necessary, we may and do assume that ¢ = 1 (mod n?n3), where nj
is the least common multiple of n; and ns.

Apply the argument in [10,24]: choose an element by € O, such that b; = ay (mod p)
and by =2 (mod n?n?). Also, choose an element by € OF, such that by =1 (mod p) and
by = 2 (mod n?n?). For s sufficiently large, the quadratic polynomials T2 — ;T + ¢° €
Fy[T] and T? — boT + ¢° € Fy[T) define ¢°-Weil numbers 7y, 72 in totally imaginary
quadratic extensions Ki, Ky of Fy such that K; ®g Q, = (Ff ®q Qp) X (Ff ®g Qp)
for i = 1,2. Moreover, the image of m; in exactly one of the two factors is congruent
to b; modulo p. The congruence condition modulo n?n? guarantees that (m; — 1)/(nn1)
is integral, i.e. it is an element of Ok,, ¢ = 1,2. Therefore, we obtain abelian varieties
Ay, Ay over Fys with endomorphism by Op,. The finite étale group schemes A;[n] over
Fgs is constant because (m; — 1)/n is integral. Changing A, by a suitable Fgs-rational
Op,-linear isogeny, we may assume that the polarization sheaf of A; is trivial for i = 1, 2.
So We obtain F4s-points of Agrf} R, The difference Fry, - Frz1 of their ¢°-Frobenius gives
an element of the geometric fundamental group of A3"S whose image in GLy(F),) is a root
of the irreducible polynomial f(T) over F,. Hence H contains an element o such that
F(5) = 0 in My(F,).

A similar argument shows that the image of p, contains an element of GL2(Z,) whose
characteristic polynomial is congruent to g(T') modulo p?. So H contains a non-trivial
unipotent element by Lemma 3.2. We conclude that H = GL2(Z,) by Lemma 3.3. (]

Remark 3.5. At the end of the second-to-last paragraph of the proof in §3.3, the
statement that the ‘difference’ of two Frobenius elements at closed points gives an element
of the geometric fundamental group is a consequence of the following general fact.

Let G1, G2 be Barsotti-Tate groups over F,, and consider the natural action of
Gal(F,/F,) on the set

I :=Isomg (G1 Xspec(r,) X Spec(Fp), G2 Xspec(r,) * Spec(Fyp)).

Then the action of the arithmetic Frobenius element ¢ = ¢4 on I is given by
aHFer/quaoFra/F forallael.
q

Notice that in the above formula the partial compositions a > Frg,/F, o« and
ao Frai /F, are quasi-isogenies but not elements of I.
The above assertion can be seen from the following diagram

B
Gl ><Spec Spec( ) - G2 ><Spec Spec( )

Idg, Xol lldcz Xo

G X Spec(Fy) SpeC(FP) — Ga XSpec(Fy) SpeC(FP)
Frg, xIdg, l

Gl XSpcc(IFq) SpeC(Fp) - GQ XSpcc(IFq) SpeC(FP)

lFrGl x1dg,
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where 3 and (' are defined by the requirement that the diagram commutes. By
definition of the Galois action on I, we have ?a = 3. On the other hand, the
composition Frg, X Ide oldg, xo is equal to the absolute g-Frobenius morphism for
Gi Xspec(r,) Spec(Fy). The commutativity of the diagram implies that 3’ = 3. We have
proved the assertion.

In the context of § 3.3, consider the sheaf 7 := ISOmAgrd,perf(<A507 Aso ) [P°°], (A, N)[p™])

over the perfection Agfﬁvperf of A" asin §2.4. Let s; be the closed point corresponding to
the principally polarized abelian varieties (A4;, \;), 4 = 1, 2. Then we obtain two conjugacy
classes Fr;li -Fra,, i = 1,2, in the image of the arithmetic fundamental group 1 (A",
both lying above the arithmetic Frobenius element ¢,. So the image of the geometric
fundamental group w1 (AS" X spec(r,) Spec(Fp)) contains the conjugacy class Fry, - Fr;i.

That this ‘difference’ is well defined modulo p" has been explained in §3.1.

4. Hecke translation of Shimura subvarieties

4.1. Notation and sketch of idea

We follow the notation in §2.2. In addition, we assume that p > 2. See Remark 4.2 for
the case when p = 2.

The idea of our second proof of Theorem 2.1 is as follows. The unitary group H attached
to the semisimple algebra End(Ag) ®z Q = My(K) with involution gives rise to Hecke
ord with 24 as a fixed point. The product of g copies of the modular

g,n
curve A$'d is diagonally embedded in A% as a subvariety B. The image p,(m1 (B, z¢)) of

1,n g,n
the fundamental group of B under p,, is the subgroup D of diagonal matrices in GL,(Z,),

D = (Z,')?. Take an elementdfy € H(Z)). Such an element vy gives rise to a prime-to-p

correspondences on A

which has zg as a fixed point; the image of B under this
ord such that pp, (w1 (v - B,20)) is equal
to Ad(y) - A, the conjugation of D by the image of v in GL,(Z,). An exercise in group
theory tells us that subgroups of the form Ad(y) - D generate GL4(Z,). This proof was

sketched in [5].

Hecke correspondence on Ag™,

Hecke correspondence is a subvariety v - B in A

4.2. Second proof of Theorem 2.1 when p > 2

Let B be the product of g copies of A, ,, diagonally embedded in A, ,. Recall that
F, is an ordinary elliptic curve over Fp, Ap is the product of g copies of Ej, and
Ao is the product principal polarization on Ag. We have O ®z Z, = Z, X Zp, cor-
responding to the natural splitting of E;[p®°] into the product of its multiplicative
part E1[p™]mut and its maximal étale quotient Fj[p™]et. So we have an isomorphism
End(A4g) = My(0O), and a splitting End(Ag) ®z Zp = My(Zy,) x My(Zy) corresponding
to the splitting of Ag[p>°] into the product its multiplicative and étale parts. Denote by
pr: (End(Ay) ®z Zp)* — GL(Ty) = GL4(Z,) the projection corresponding to the action
of End(Ap) ®z Z, on the étale factor Ag[p™Je; of Ag[p™]. The Rosati involution * on
End(Ay) interchanges the two factors of End(Ag)®zZ,. Recall that H denotes the unitary
group attached to (End(Ap) ®z Q, *); in particular H(Z,) is a compact open subgroup
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of H(Q,) isomorphic to GL(Ty) under the projection map pr. Moreover, the image of
H(Z(y)) in H(Z;,) = GL(Ty) is dense in H(Z,).

By Igusa’s theorem in [18], the p-adic monodromy group of the restriction to B, i.e.
p(Im(my (B, zo) = m1(Ag.n,x0))), is naturally identified with the product of g copies of
Z) diagonally embedded in GL(To) = GLg(Z,). Denote by D this subgroup of GL(Ty).

Lemma 4.1. The image of the p-adic monodromy homomorphism

Pp : 7T1(.Aord afo) — GL(T())

g,n’

is a closed normal subgroup of GL(To) which contains the subgroup D = (Z,)?.

Proof of Lemma 4.1. Every element u € H(Z,)) defines a prime-to-p isogeny from Ag
to itself respecting the polarization A\g. Such an element u € H(Z(,)) gives rise to

e a prime-to-p Hecke correspondence h on A, ,, having xo as a fixed point, and
e an irreducible component B’ of the image of B under h such that B’ 5 xo.

By the functoriality of the fundamental group, the image of the fundamental group
m (B, zo) of B in m (Agfg,:ro) is mapped under the p-adic monodromy representation
p to the conjugation of D by the element pr(h) € GL(Ty). In particular, p(m; (Agfg, Zo))
is a closed subgroup of GL(T() which contains all conjugates of D by elements in the
image of pr : H(Z,)) — H(Z,) = GL(Ty).

Recall that the image of H(Z,)) in H(Z,) is a dense subgroup. So p(m (A, z0)) is
a closed normal subgroup of GL(Ty) = GL4(Z,) which contains the subgroup D of all
diagonal elements. (Il

4.3. End of the second proof

An exercise in group theory shows that the only closed normal subgroup which contains
the subgroup of all diagonal matrices in GLy(Z,) is GL4(Z,) itself. Let N be such a
normal subgroup. Then N contains all matrices of the form h-u-h=1-u=! = (Ad(h)-u)-
w1, where h € D is a diagonal matrix in GL4(Z,) and u is an upper triangular unipotent
matrix in GLg(Zy). Since p > 2, not every element of Z; is congruent to 1 modulo p,
therefore N contains all upper triangular unipotent matrices in GL4(Z,). Similarly N
contains all lower triangular unipotent matrices in GL4(Z,). These unipotent matrices
and D generate GLy(Z,). O

Remark 4.2. When p = 2, the smallest closed normal subgroup of GL,4(Z2) which
contains the group D of all diagonal matrices in GL4(Z2) is the principal congruence
subgroup U; of GLy(Z2) of level 1, i.e. the subgroup consisting of all matrices in My(Zs)
which are congruent to Id, modulo 2. In other words, the 2-adic monodromy generated
by the fundamental group of the Hilbert modular variety attached to F = Qx---xQ and
its Hecke translates by the stabilizer at zq is equal to the principal congruence subgroup
Uy of GL4(Z2). One way to get the full target group GLg4(Zs) is to use Hecke translates
of the Hilbert modular variety attached to a totally real number field F with [F: Q] = g
which is not totally split above p.
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Remark 4.3. In the proof of the key Lemma 4.1 it is important to know the image
of the fundamental group 71 (B’, z¢) under the p-adic monodromy representation p, ‘on
the nose’; knowing it only up to conjugation is useless. One function of the chosen base
point x¢ is to help identifying the subgroup p,(m1(B’,x¢)) of GL4(Z,); this is possible
because B’ passes through xg. The crucial property of Ay that End(A4g) is large allows
us to construct many subvarieties of the form B’. The fact that End(Ap) is so large that
the Z,-points of the unitary group attached to (End(Ay), *) is already isomorphic to the
target GLg4(Z,) of the homomorphism p has the following consequence. Subgroups of the
form py,(m1(B’, z0)) generate a normal subgroup of GLy(Z)).

5. Hecke correspondence and p-adic monodromy

5.1. Notation and sketch of idea

We keep the notation that was used in §2.2. Fix a positive integer m > 0. Consider
the finite étale cover mp,m : Agnm — ,A"rd over F, with Galois group GL4(Z/p™Z),
where Ay n.m is the moduli space which classiﬁes ordinary g-dimensional principally
polarized ordinary abelian varieties (A, A\) with a level-n structure, plus an isomorphism
Y 1 (Z)pmZ) =5 A[p™]et, and the map 7, sends (A4, \,n,v) to (4, \,n). We have the
prime-to-p towers Ay ,,p).m = (Ag,nbim)ver and Agrs(p) = (A%, )ber, where the index-
ing set I consists of all positive integers such that (b,p) = 1. Moreover, we have a natural
morphism 7, from the tower .Ag n(p);m to the tower Aord(p) which is compatible with
Tn;m- The group SpQG(A(p )) operates on the two towers, and 7, is SpQG(A(p )) -equivariant.
The Spyy(A; )) action induces prime-to-p Hecke correspondences on Ay ..., and Agf;i,
and the finite étale morphism ., is Hecke equivariant.

The statement of Theorem 2.1 is equivalent to the assertion that Ay ,.n is irreducible
for every m > 0, since Agfﬁ is known to be irreducible. It suffices to show that any two
points y1, y2 € Ag n:m above the base point z¢ belong to the same irreducible component
of Ag ;m- Choose an element h € H(Z,)) = H(Q) N H(Z,) such that h;, ;0tp1 = 1bo. Here
1y (respectively, ;) is the isomorphism (Z/p™Z)9 = Ag[p™]et attached to y; (respec-
tively, y2), and hy ¢t is the automorphism of Ag[p™]ct induced by the element h € H(Z(,)).
Such an element h exists because H(Z,)) is dense in H(Z,) for the p-adic topology.

Let h(P) € HZ?é (Q¢) be the finite prime-to-p component of h. Then y; belongs to
the image of y, under the prime-to-p Hecke correspondence given by h(®). Now one can
apply (the argument of) the main result of [4] to conclude that y; and ys lie on the
same irreducible component of A .. This finishes the sketch of the third proof of
Theorem 2.1. The actual proof consists of Lemma 5.1 and Proposition 5.2: it is clear that
together they imply Theorem 2.1.

5.2. We recall the notion of abelian varieties up to prime-to-p isogenies. Denote by
AV, the category of abelian varieties over k such that morphisms are homomorphisms
of abelian varieties. Recall that an isogeny a : A — B between abelian varieties is said
to be prime-to-p if Ker(a) is killed by an integer N not divisible by p. Denote by QLQ],(f )
the category of abelian varieties over k£ up to prime-to-p isogenies, obtained by AUy
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by formally inverting all prime-to-p isogenies. The latter category has the same objects
but more morphisms: Let A, B be abelian varieties over k. Then HoQO@)([A] [B]) :=
Homy (A, B) ®z Z (). Composition of morphisms in le(p ) is defined in the obvious way.
In the above [A] (respectively, L ]) denotes the image of A (respectively, B) under the
obvious functor 7 : AWV, — Ql‘B We will use this notation when we want to consider
an abelian variety as an object in QLQ](p

An alternative definition of morphlsms in 91‘1]( P)
in Ql‘B(p is a diagram of the form ; ozl P A— A1 2 Bin AV, Where o 1s a prlme -to-
p isogeny and ﬂl 1s a homomorphism from A; to B. Two arrows 31 ozl CAES A LiNy>
and ﬁgaz t AR Ay 2, B are equal if and only if there exists prime-to-p isogenies
Aq Ay, As 225 Ay such that Broyr = P20 72 Composition of arrows in Ql‘Z](p)
defined, because for every diagram A1 ﬁ—> B &% By in A, where 71 is a prime-to-p
isogeny, there exists a diagram A, <— As 25 By such that B10 P2 =1 0.

1s as follows. A morphism from A to B

5.3. Hecke correspondence on Ay .,

We explaln the action of the group Sp2g( Scp)) on the tower .Ag n(p);m; the action of
Spag (A )) on Aord (p) 18 similar but simpler. See §§5, 6 of [20] for further discussion
of prlme to-p Hecke correspondences on the prime-to-p tower of modular varieties of
PEL- -type. It is clear that the projective system .Ag n(p);m 1 isomorphic to the projective
system Ag7(p),m = (Ag,~N;m) Ner, where the indexing set I’ consists of all integers IV such
that N > 3 and (N, p) = 1. We will describe geometric points of the tower .Ag (p);m and
the action of Sp2g(A( )) on geometric points of Ag (p)sm

Let k D F,, be an algebraically closed field. We fix an 1somorph1sm x: 2P = Z(p)(l)
over F,. Also we fix a ‘standard symplectlc palrmg (-,-) : (ZP)29 x (ZP))29 — 7,P)
given by the formula {(v1,v2), (w1, ws2)) = Y1 - wy — g - w1, for vy, ve, wy,ws € (Z(p))g.
The set .Ag (p);m (k) of k-points of the pro- -IF,-scheme Ag (p);m is the set of isomorphism
classes of quadruples (A, \,7P), ), where (A, A) is a principally polarized g-dimensional
ordinary abelian variety,

n® (AP 7,2 = T](Qe/Z0)* = T] Ale<] =: Alnon-p)]
L#p L#p

is a symplectic isomorphism, and ¢ : (Z/p™Z)9 = A[p™]e; is an isomorphism. In the
above, the principal polarization A induces a compatible system of pairings

-1
A[N] x A[N] — (Z/NZ)(1) *— Z/NZ, (N,p) =1,
while the standard pairing (-, -) on (Z(p))29 induces a compatible system of pairings
(,IN: (NT'Z/Z7)* x (N"'Z/2)* — Z/NZ,

in the sense that
(Nov, Now) n, = (v,w)n,n, (mod Nyp)
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for all v,w € ((N2N1)71Z/Z)?9. 1dentifying A[N] with Hy(A,Z/NN) for (N,p) =1, a
prime-to-p level structure P) as above gives rise to symplectic isomorphisms

7 (ZW)29 =5 Hy (A, ZP)
and
7 (AP0 = (A, AP).

We will use a slightly different description of the set of geometric points of Agy(p);m. Let
k = k*2 O F, be as above. Then the set of k-points of .A m 18 in natural bijection with
the set of all 1somorphlsm classes of quadruples ([A], A, 7, 1/1) Where [A] is a g-dimensional
ordinary abelian variety regarded as an object of le )\ is a principal polarization
on [A! (as an object QIQT( ), i.e. a separable polarlzatlon on A as an object in AYy),
7 (A p))29 = Hy(A,A p)) is a symplectic isomorphism, and ¢ : (Z/p™Z) = A[p™]e; is
an isomorphlsm

In the second description of Ag (»),m (k) above, more symplectic isomorphisms 7 are

allowed, because 77 is not required to come from an isomorphism
i (ZWP)29 =5 Hy (A, ZP);

this is compensated by the fact that there are more isomorphisms in the category Ql%](f )
than in the category 2AUy. An isomorphism from ([A1], A1, 71,%1) to ([As], )\Ng, 72, w2)~ is
a prime-to-p isogeny « : A1 — Ao such that aofj; = s, a0ty = 1 and atodgoa = A;.

We indicate how to go from the second description of figy(p);m(k:) to the first description
of Ag7(p);m(k). Let ([A], N, 7, 1) be a quadruple as in the previous paragraph. Then there
exists an abelian variety B over k and a prime-to-p-isogeny « : B — A, both defined
up to unique isomorphisms, such that a='7 : (AEc ))29 — Hy(B, A(p )} induces an isomor-
phism 7 : (Z®)29 =5 Hy (B, Z®) and an isomorphism 7® : A(p{/Z(p) 29 = Blnon-p).
Moreover, Ap := al o Ao« is a principal polarization of B as an abelian variety. Let
g = a~to1p. Then the quadruple (B, \p, n®), ¥ p) is well defined up to unique isomor-

phism and gives a point of A (k) according to our first description.

g,(p);m

The right action of Sp,, (Agcp)) on Am(p);m(k) is quite easy to describe in terms of the

second description: an element ~ € SpQQ(ASfJ)) sends a point [([A], X, 7],)] € fl%(p);m(k)
to the point [([A], A\, 0 v,)]. Things are a bit more complicated with the first descrip-
tion. Let [(A, X, 7 )] be a point of A p)m(k) according to the first description.
Let 7 : ()29 = Hy (A, Z®)) and 7 : (A (f ))29 = Hy(A, A )) be the symplectic isomor-
phisms attached to 7. There exists an abelian variety B over k£ and a prime-to-p isogeny
a: B — A, unique up to unique isomorphisms, such that

atofony: (Agcp))Qg = Hl(B,A;p))
induces symplectic isomorphisms

ip 1 (20)% = Hy(B,2P) and 7% : (AY/2)% = Blnon-p].
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Then Ap := a' o Ao« is a principal polarization of B. Let ¢ := a~! o). Then
[(B, )\B,ng’),wg)] is well defined, and is the image of [(4, \,n®), )] under ~.

Lemma 5.1. Notation as above. Recall that zo = [(Ao,No,n0)] € ATa(Fy,), Ag =
FEq x---x Eq, \g Is the product principal polarization on Ay, and 1 is a level-n structure
on Ag. Let y1 = [(Ao, Ao, M0,%1)], y2 = [(Ao, Ao, M0,12)] be two F,-points of .} (o).
Let h be an element of H(Z,)) such that hye; 0 Y1 = 13, where hy o denotes the
automorphism of Ag[p™]et induced by h. Then ys belongs to the SpQQ(A;p))—Hecke orbit
of y1 on the GLy(Z/p™Z)-cover Ag nam of AJ5.

Proof. The element h € H(Z,)) is a prime-to-p isogeny from Ay to itself which
respects the polarization Ag. Let n(® : (Agcp ) /Z(p))Zg =5 Ap[non-p] be a symplectic iso-
morphism which extends 9. Let 7 : (A;p ))29 =5 Hy (Ao, Agcp )) be the symplectic isomor-
phism attached to n®). The F,-point [([Ao], \o, 7, ;)] of the tower flg,n(p);m lies above
the F,-point y; of Ay ,.m, @ = 1,2. Here we have followed the notation in §5.3, and [Ao]
is the object in 2[‘1]%’) attached to Ayp.

By definition, the prime-to-p isogeny h induces an isomorphism from ([Ag], Ao, 7, %1)
to ([Ao], Ao, h(P) 0 ij,4hy). Since hP) o7 =77~ (7= - hP) - 7}), we see from the definition of
prime-to-p Hecke correspondences on Ay ., that y; belongs to the image of y, under the
prime-to-p Hecke correspondence induced by the element 7= - h(P) . 7 € SpQg(Agcp )). O

Remark. A prominent feature of the above argument is the similarity to the product
formula: if one changes the prime-to-p level structure 77 by the prime-to-p component
h(P) of a ‘rational element’ h € H(Z(y)) and the p-power level structure ¢ by the p-adic
component hy, of h, one gets back to the same point of Ag (,).m-

Proposition 5.2. Notation as in §5.1. Let z1, 22 be two Fj,-points of Ay y.mm which
belong to the same Sp2g (Agcp))—Hecke orbit on Ag p.m. Then z and zy belong to the same
irreducible component of the smooth Fp—scheme Agnim.-

Notation as in Lemma 5.1. We offer two proofs: one by quoting [4], the other by
explaining the relevant part of the argument in [4].

Proof A. By Proposition 4.5.4 of [4], z; and 23 belong to the same irreducible component
of the smooth F,,-scheme A, ,,.,,,. We need to explain why quoting [4] is legitimate. In [4],
the subvariety W is assumed to be a subscheme of A, ,,, while in the present situation
Ag.nim is a finite étale cover of A%"S. However one can examine the argument in [4] and
convince oneself that the same proof works in the present situation. ([

Proof B. Let ¢1,...,¢,. be distinct prime numbers, all different from p, such that z;
and zp belong to the same Gp-Hecke orbit on Ay ,.m, where G denotes the prod-
uct group G :=Spy,(Qr,) X -+ X Spyy(Ay,). Let L= [T;_, 4. Consider the L-adic
subtower Ag nrooim = (Agpizm)jen of the tower (Ag npim)sen—pn, and let m(A) =
l'glj 7o(Ag.nri;m) be the inverse limit ~of the set of irreducible components of Ay ,, 1.1,
The group G, operates on the tower Ag ,15.m, inducing the G'r-Hecke correspondences

on Ay nim.
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Since Ay n.m is a finite étale cover of .Agfg, the image of the L-adic monodromy rep-

resentation attached to the universal abelian scheme over Ay ., is an open subgroup of

G, hence my(A) is a finite set. The action of the group G on A defines a natural action
of G, on m(A).
By [4, Lemma 3.1], every subgroup of finite index in G, is equal to G, itself. Therefore,

G, operates trivially on the finite set mo(.A). So 21 and 25 belong to the same irreducible
component of Ay n.m. O

Remark. The above proof of Theorem 2.1 was inspired by Hida’s work on p-adic mon-
odromy in [14].

6. Remarks and comments

Remark 6.1. Let I' be a finite-dimensional semisimple Q-algebra, and let Op be an
order of I'. Recall that an Op-linear abelian variety (A, ) over F, is I’-hypersymmetric
if
Endor (A) Qz Q;D = EndOF@ZZp (A[poc]) ®Zp QP

(see [6, Definition 6.4]). Let M be a modular variety of PEL-type over F, with Or
as the ring of prescribed endomorphisms. Then there may exist a Newton stratum Z
(respectively, a leaf) on M with no I'-hypersymmetric point. This happens when M is a
Hilbert modular variety M g associated to a totally real number field F, I' = F, and Z
is a Newton stratum in Mg (or a leaf in Mg) such that every point of Z corresponds to
an Op-linear abelian variety with some but not all slopes equal to % Then the methods

in §§4 and 5 do not help in proving maximality of p-adic monodromy for Z C Mg, while
the method in §3 does (see [7, §5] and also 6.2).

6.1. We indicate how the methods in §§4 and 5 can be used to prove the maximality of
p-adic monodromy, or equivalently the irreducibility of the Igusa tower, for the ordinary
locus of a modular variety of quasisplit U(n,n) type. This irreducibility statement is
useful for constructing p-adic L-functions for GL(n) (see [13]). It is a special case of [14,
Corollary 8.17] (see also [15, §10]). We refer to [13], [14] and [15] for more information
on the U(n,n) type modular variety and related algebraic groups.

6.1.1. Notation

Let K be a totally imaginary extension of a totally real number field F' such that
p is unramified in K and every prime ideal p in Op splits in K. Let m > 3 be an
integer relatively prime to p. The modular variety M = Mg uy(n,n),m over F, classifies
quadruples (A — S,¢, A, n), where S is a scheme over F),, A — S is an abelian scheme of
relative dimension 2n[F : Q], ¢ : O — Endg(A) is a ring homomorphism, A : A — A' is
a principal polarization such that the Rosati involution induces complex conjugation on
K, and 7 is a level m-structure. Moreover, one requires that the Kottwitz condition in [20]
is satisfied for the quasisplit U(n,n) PEL-type for K/F. Under the present assumptions

on K and p, the last condition for ordinary abelian varieties can be made explicit as
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follows. Suppose that A — S is ordinary, i.e. the Barsotti-Tate group A[p>°] — S is an
extension of étale Barsotti-Tate group by a multiplicative Barsotti-Tate group. Then
the Kottwitz condition means that the Barsotti-Tate group A[pS°] — S has relative
dimension n[K,, : Q,] and height 2n[K,, : Q,] for every place w of Ok above p.

Let M°™ be the locus of M over which the universal abelian scheme is ordinary; it is an
open dense subscheme of M. Let 2o = [(Ao, to, Ao, 10)] € M°™(F,) be an F,-point of the
ordinary locus M°™. Let % be the Rosati involution on Endo, ez, (Ao[p>]) attached to
the polarization \g. The central (O ®z Z;)-algebra End (o, @z,)(Ao[P™|mult) is isomor-
phic to Hv|p M, (Ok ®o, OF,), where v runs through all places of F' above p. Similarly
End(o, ez,)(Ao[p™]et) is isomorphic to [],, My (Ox ®o, OF,).

6.1.2. Denote by v the map

End (o, 9z,)(A40[p™]) = End(o, 9z,) (Ao[p™|mut) X End(o, 9z,) (Ao[p™]et) = (Ox®zZ))

which corresponds to the map

(HM”(OK R0 OFJ) X (HMn(OK Qo 0@)) = [[(0k @0, Or,)
v|p v|p vlp
defined by

((Bv)v\lﬂ (CU)U\P) = (Okdg(t})Fv <Bv) . o,(d@%pv (Cv>)v|p

for all elements

(Bu)ujpr (Codup) € (HMn«oK o om) . (HMn(OK S0, om).

vlp vlp

Denote by U the group consisting of all elements v € (Endo, gz,(A0[p>]))* such that
u - *ko(u) = #o(u) - u = 1. Let L be the subgroup of U consisting of all elements u € U
such that v(u) = 1. We have a product decomposition

L= HLva L, C (EndOK@)OFU (AO[@zOJO]))Xv
vlp

and L, is isomorphic to the subgroup of GL,(OpF,) x GL,(OF,) consisting of all pairs
(uq v, u2,) with det(uy ) - det(usz,) = 1, for each place v of F' above p.

With the above notation, the p-adic monodromy group for M4 is a continuous homo-
morphism

Pp - 7T1(Mord,$0) — L= HL,U.
Ip
6.1.3. To use the method in §4 or §5 to show that p, is surjective, one needs a point
xg of M°4(F,) such that

Endo, (Ao) ®z Zy = Endo,e,z, (Ao [p™]).
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To see the existence of such a hypersymmetric point, choose an ordinary elliptic curve
FEqy over En a free Og-module N of rank n, and a Og-valued hermitian form ¢ on N
which induces an sesquilinear isomorphism from N to its Og-dual. Let (Agp,to) be the
Ok-linear abelian variety Ag = N ®z Ey, and let \g be the polarization on A induced
by ¢ and the principal polarization on Ey. Choose a level-m structure 79 for (Ao, to, o),
we get a desired hypersymmetric point xq := [(Ag, to, Ao, 70)] in M9,

6.1.4. The relevant group theoretic facts are as follows.

(a) The intersection of the unitary group attached to (End(Ap),*¢) with the derived
group of the quasi-split unitary group GU(n,n) for K/F has good reduction at p,
and the group of Z,-points of this intersection is canonically isomorphic to L.

(b) The derived group of GU(n,n) is simply connected.

6.1.5. The methods of §§5 and 4 can now be applied to the present situation.

(i) The method in §5 is directly applicable in the above setting and gives the surjec-
tivity of the p-adic monodromy homomorphism p,,.

(ii) To use the method in §4, we need a subvariety Z C M°Y with known p-adic
monodromy. Let & — A$%, be the universal elliptic curve over the ordinary locus
of the modular curve A; ,, over F,,. Let Z be the product of n copies of M. Then
the construction in §6.1.3, after choosing an Og-basis of NV, gives an embedding
from Z to M°. By Igusa’s theorem, the image of the restriction to m(Z,zg) of

the p-adic monodromy homomorphism p, is a product [, Dy, where D, is a

vlp
subgroup of L, for each place v of F' above p. This subgroup D, is the subgroup of
all diagonal matrices if we identify D, with a subgroup of GL,,(OF,) x GL,(OF,).
If p > 2, then the only closed normal subgroup of L which contains [],, D, is L

itself. So the method of § 4 implies that p, is surjective when p > 2.

vlp

6.2. We indicate how the three methods can be used to prove maximality of p-adic
monodromy attached to a leaf in A, ,. We refer to [22] for the notion of leaves (see
also [3,7]).

6.2.1. Let n > 3 be a positive integer prime to p. Let C be a non-supersingular leaf in
Ay » over Fp; C is a locally closed subscheme in A ,, which is smooth over Fp such that
C(F,) is the subset of A, (F,) consisting of all elements z = [(Ay, Ay, 12)] € Agn(Fp)
such that (A;[p>], Az[p°°]) is isomorphic to (Ag[p™], Ao[p°°]). Here x is a fixed base point
in C, and (Ao[p™], Xo[p™°]) is the polarized Barsotti-Tate attached to zo = [(Ao, Ao, 10)]-

The p-adic monodromy homomorphism attached to C is a continuous homomorphism

pp = Pp.c : T1(C,x0) = Aut(Ao[p™], A[p™])-
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6.2.2. Let n > 3 be a positive integer prime to p. Let F' be a totally real number field,
let (£, L") be an invertible O p-module with a notion of positivity, and let Mgz o+ ,, be
the Hilbert modular variety over F, as defined in [9]. Let Cr be a non-supersingular leaf
in Mg ¢ o+ (see [3], [29] and [7, §4]). Let zg = (Ao, to, Ao, 7o) be a fixed base point in
Cr, where (Ag, 1) is an Op-linear abelian variety over F,, such that dim(Ag) = [F : Q],
Ao is an (£, LT)-polarization of (Ag, o) as in [9], and 7 is level-n structure.

The p-adic monodromy homomorphism attached to Cg is a continuous homomorphism

Pp = Ppcr - T1(CR, T0) = Auto,ez, (Ao[p™], A[p™]).

6.2.3. The method in §3 can be used to show that the p-adic monodromy homomor-
phism p, ¢, attached to a non-supersingular leaf in a Hilbert modular variety Mg » o+ p
is irreducible. See [7, §4] for details.

We saw in Remark 6.1 that there may not be any F-hypersymmetric point on cer-
tain leaves Crp in Mp , o+ . For such a leaf the target of the homomorphism p, ¢, is
non-commutative, while methods in §§4 and 5 produce only commutative subgroups
contained in the image of p, ¢,

6.2.4. In [7, §5] the method in §4 was used to show that the p-adic monodromy homo-
morphism p, ¢ attached to a non-supersingular leaf C in A ,, is surjective; the surjectivity
of pp,c, explained in §6.2.3 supplies the necessary input data. More precisely, one first
proves the surjectivity of p, ¢ in the case when C is minimal, i.e. when End(Aq[p>°])
is a maximal order in End(4o[p™]) ®z, Qp; a hypersymmetric point g is used as a
base point. See [23] for the notion of minimal Barsotti-Tate groups. The general case is
deduced from the special case when C is minimal.

6.2.5. Let C be a non-supersingular leaf in A, ,, as above. Use a hypersymmetric point
zo in C(F,), as a base point. The method in §5 (Lemma 5.1 and Proposition 5.2) yields
the surjectivity of p, ¢ directly. In this case, the method in §5 is more efficient than the
proof in [7, §5]; the latter uses the methods in §§3 and 4.
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