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We consider the infinite multiplicity of entire solutions for the elliptic equation
Au+ K(z)e" + pf(xz) = 0 in R™, n > 3. Under suitable conditions on K and f, the
equation with small p > 0 possesses a continuum of entire solutions with a specific
asymptotic behaviour. Typically, K behaves like |z|¢ at co for some £ > —2 and the
entire solutions behave asymptotically like —(2 + £) log |z| near co. Main tools of the
analysis are comparison principle for separation structure, asymptotic expansion of
solutions near oo, barrier method and strong maximum principle. The linearized
operator for the equation has two characteristic behaviours related with the stability
and the weak asymptotic stability of the solutions as steady states for the
corresponding parabolic equation.
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1. Introduction

In this paper, we study the elliptic equation
Au+ K(z)e" + pf(xz) =0, (1.1)

where n > 2, A =" ((9%)/(82?)) is the Laplace operator, y > 0 is a parameter,
and f as well as K is a locally Holder continuous function in R™\ {0}. By an
entire solution of (1.1), we mean a weak solution in R™ satisfying (1.1) pointwise
in R™ \ {0}. Recent studies in [1,2, 5, 6] considered the existence of a continuum of
positive entire solutions to the equation

Au+ K(x)uP + pf(x) =0 (1.2)

when p is sufficiently large. The positive entire solutions are stable under a topology
determined by the asymptotic behaviour near infinity. Hence, an interesting ques-
tion is to ask the existence of stable entire solutions to (1.1). The purpose of the
paper is to establish the existence and look for a suitable topology for the stability.
In order to construct such entire solutions, we make use of entire solutions of the
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homogeneous equation
Au+ K(x)e" =0. (1.3)

The method needs detailed information on the asymptotic behaviour of entire
solutions of (1.3). We first study the radial version of (1.3),

Upp + r ur + K(r)e* =0 (1.4)

with r = |z|, under the following condition:

K(r) is continuous on (0, 00),

(Kr) K(r) 2 0 and K(r) # 0 on (0,0),

/0 rK(r) dr < oo,

From now on, we assume that (Kr) contains the radial symmetry of K. It is
well-known that (1.4) with u(0) = « € R has a unique solution u € C?(0,¢) N C[0, &)
for small € > 0. By u,(r) we denote the unique local solution with u,(0) = a. The
typical equation of (1.4) is

Au + clz|fe” =0 (1.5)
where ¢ > 0 and £ > —2, and its radial version is

Uy + =y erlet = 0. (1.6)
T

We denote by T, (r) the solution of (1.6) with @, (0) = «. It is easy to see that (1.6)
has the scale invariance by

Ta(r) = o+ Tp(e™/ @H17), (1.7)
and the invariant singular solution is
Ue(r) := —(2+ ) logr +log(2 + £)(n — 2) — log c.

We call this behaviour the self-similarity. For every «, u, has the asymptotic
self-similarity, that is, U, (r) = U.(r) +o(1) at oco. See [9] for the asymptotic
behaviour when ¢ =1 and ¢ = 0. The result holds even for (1.4) if K satisfies
r~¢K(r) — ¢ at co. The following assertion in [4, theorems 1.1, 1.2] explains the

existence and the asymptotic behaviour under the condition:
(M) r—“K(r) is non-increasing in (0, 00) for given £ > —2.

THEOREM A. Let n > 2 with £ > —2. Assume that K satisfies (Kr) and (M). For
every a, (1.4) has an entire solution u, such that uy(r) + (2 + ¢)logr is bounded
below. If r=*K(r) — ¢ at oo for some ¢ > 0, then u, has the asymptotic behaviour

lim |uo(r) — log 7(2 +0n—2)

Tlim | =0 (1.8)
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The next question is whether the entire solutions are stable in a proper sense or
not. For (1.5) with ¢ = 0, the stability was studied in [10] which is motivated by
the work in [8] for Lane-Emden equation

Au+uP =0. (1.9)

In [8], the separation of positive solutions for (1.9) is a basic tool for the stability. If
n > 10 + 44, (1.6) has the separation structure. Namely, any two distinct solutions
have no intersection point. In [4, theorem 1.5, proposition 4.1], (M) for (1.4) turns
out to be a sufficient condition to maintain the separation property.

THEOREM B. Let ¢ > —2. Assume that K satisfies (Kr) and (M). Then, (1.4) has
an entire solution for each o« € R. Moreover, entire solutions have the following

property.

(i) For 2 <n<10+4L, if r*K(r) — c at oo for some ¢ > 0, then two entire
solutions uq and ug of (1.4) with a < 3 intersect infinitely many times.

(ii) Formn > 10+ 44, any two entire solutions of (1.4) do not intersect each other.

For case (ii), it is known in [4, theorem 1.5] that the supremum of regular solutions
is a singular solution.

THEOREM C. Letn > 10 + 40 with £ > —2. Assume that K satisfies (Kr) and (M).
Then, (1.4) possesses a singular solution U satisfying

(2—|—€)(n—2).

’u.(,(’r‘) U(T) <
€ <¢ = r2K(r)

(1.10)

Moreover, U is the monotone upper limit of entire solutions as o T co.

Theorems A, B and C motivate the present work to analyse further the sep-
aration property of entire solutions. In particular, we focus on entire solutions
satisfying (1.8). The separation structure in (ii) is clarified by analysing the asymp-
totic behaviour. In order to describe the asymptotic behaviour of solutions at oo,
we introduce the following two numbers

(n—2) —+/(n—2)(n—10 — 4¢)
2

)\1 = )\1(%, E) =

and

Do = Ao(n, ) = (n—2)+ \/(n—22)(n— 10 — 40)

Note that A\; and Ay are the two real roots of the quadratic polynomial P(z) =
22— (n—2)z+ (£ +2)(n — 2) if and only if n > 10 + 4. Then, \; < Aq.
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Setting

i (ua(r) — log %#) if n>104 44,
D(a,r) := ) (1.11)
i (logr) ™! (ua(r) —log %) if 0 =10+ 4¢,

we observe that D(a,r) converges to a continuous function D(«) as r — oo under
the integral condition

/ IrtK(r) —cfr7 M dr < oo (1.12)
1

for some ¢ > 0. For example,
K(r)=cr + O(r* 1 (logr)™?) mnear oo

for some 6 > 1. When u,, satisfies (1.8), (1.12) is sufficient for the existence of D(«).
Moreover, (1.12) is also a necessary condition for any entire solution u, to have the
limit D(«) provided that r~“/K(r) > ¢ on (0, 00).

THEOREM 1.1. Let n > 10 + 4¢ with £ > —2. Assume that K satisfies (Kr) and
r=¢K(r) = ¢ on (0,00) for some ¢ > 0. Then, (1.12) is a necessary and sufficient

condition for any entire solution us of (1.4) to be such that D(«,r) has finite limit
D(a).

The function D(«) for (1.6) exhibits the relation
D(a) = e~(@)/C+0)M D0y < o (1.13)

due to (1.7). In the context of theorem B for n > 10 + 4¢ and (1.8), the behaviour
of the limit D can be described in detail. In particular, D(«) is strictly increasing
as o increases.

THEOREM 1.2. Let n > 10 + 40 with £ > —2. Assume that K satisfies (Kr) and
(1.12) for some ¢ > 0. Then, there exists a* € (—o0, +00| such that for each o < a*,
(1.4) has an entire solution u, satisfying (1.8) and ug < uq for f < a < o*. More-
over, D(a,r) converges to a continuous and strictly increasing negative function
D(a) in a € (—o0,a*) as r — oo. In addition, if K satisfies (M), then o = 400.

The continuity of D overcomes the lack of compactness due to the space R™.
Each solution obtained in theorem 1.2 is identified by the value of D when it is
strictly increasing. These two properties enable us to establish the existence of a
continuum of entire solutions even for (1.3) without any sign condition of K in
compact regions, and even when K is not radially symmetric.

THEOREM 1.3. Let n > 10 + 4¢ with £ > —2. Assume that K satisfies
(K1) K(x)=0(|z|?) at x =0 for some ¢ >0 and o > —2,

(K2) |z|~*K(z) = c+ O(Jz| = (log ||) %) near co for some ¢ >0 and 6 > 1.
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Then, (1.3) possesses a continuum C of entire solutions with (1.8). Moreover, there
exists an infinite subset S C C such that any two in S do not intersect.

More generally, we consider the existence for the inhomogeneous equation. The
corresponding radial equation is of the form

n—1

Upp + up + K(r)e" + pf(r) =0. (1.14)

We denote by u, (1) the solution of (1.14) with u, +(0) = . In order to regard
(1.14) as a perturbation of (1.4), we impose the following hypotheses on K and f:

(KR) K (r) is continuous on (0,00) and [, r|K(r)| < oc;
(fR1) f(r) is continuous on (0,00) and [, 7|f(r)] < oc;
(fR2) f(r) = O(r~ 1+ (logr)~%) near co for a constant ¢ > 1.

We make use of two classes M1(c) and M (c) to verify the separation structure for
(1.14). The first class M I(c) is the set of K with (Kr) which satisfies (1.12) for some
¢ > 0. The second class M(c) is the subset of MI(c) whose element satisfies (M)
also. Set D, («) as the limit D, (o, r) defined in the same way as in (1.11) where
Uq is replaced by 1, q-

THEOREM 1.4. Let n > 10 + 4¢ with £ > —2. Assume (KR), (1.12) for some ¢ > 0
and (fR1,2). Then, there exists p* > 0 with the property that for fized 0 < p < p*,
there exists an interval I, = (o, Bu), —00 < ay < B, < 400, such that for each
£el,, (1.14) has an entire solution u, ¢ satisfying (1.8), and any two solutions
among them are separated. Moreover, the limit D, () is a continuous and increas-
ing function in o € I,. If K is bounded above by a function K in M(c), then
D, is strictly increasing. If K >0 and f > 0, then a, = —oco. In addition, if K
satisfies (M), then (3, = 400, and (1.14) has a singular solution U, described by
the monotone upper limit of u, o as a1 +00 and (1.10) holds for u, . and U,.

Infinite multiplicity for the non-radial inhomogeneous equation improves theorem
1.3.

THEOREM 1.5. Let n > 10+ 4¢. Assume that K satisfies (K1), (K2), and f
satisfies

(f1) f(z) =O(|=|") at x =0 for some T > —2.
(f2) f(z) = O(|lz[~M1*? (loga])~") near oo

for a constant 9 > 1. Then, there exists ji. > 0 such that for every p € [0, ), (1.1)
possesses a continuum C of entire solutions satisfying (1.8).

This paper is the counterpart of several works for the equation with the non-
linearity of Ku? type. When known arguments for Ku? type can be applied properly
to (1.3) and (1.1), we state the arguments and the corresponding results. This paper
is organized as follows. We first consider the nonexistence of positive solutions
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on bounded domains, and the existence of local solutions for given intervals in
§ 2. In § 3, we present a comparison principle which plays a fundamental role in
verifying separation of solutions for (1.14) when K has not one sign. We explain
the separation structure under (M). In § 4, we describe the asymptotic behaviour
of solutions of (1.4) under (1.12). In § 5, we study the infinite multiplicity for (1.3)
and (1.1). In order to establish theorem 1.5, we analyse further the asymptotic
behaviour. The solutions obtained in theorem 1.5 are characterized by D. This
makes it possible to confirm the existence of a continuum of solutions. theorem 1.1
and a part of theorem 1.3 are verified in § 5.1 while theorems 1.2, 1.4 and 1.5 are
proved in § 5.2. Finally, we study the stability property in § 6. The asymptotic
behaviour suggests a weighted L°° norm for the weak asymptotic stability.

2. Preliminaries

We first consider a necessary condition for the existence of positive solutions to the
equation

Au+e"+ f(x) =0 (2.1)

on bounded domains. The following result shows that (2.1) cannot have positive
solutions on a given bounded domain if f is sufficiently large.

LEMMA 2.1. Let Q # () be a bounded domain with C? boundary such that

-1 if 0<#6, <1,

inf f(z) 2 {91(log91 1) i 6> 1, (22)

where 01 is the first eigenvalue of —A on Q with zero Dirichlet boundary conditions.
Then, (2.1) does not possess any positive solution in €.

Proof. Let 1 be the corresponding first eigenfunction which is positive and
normalized by [, ¢1 = 1. Multiplying (2.1) by ¢; and integrating, we have

0
01/’&@14-/ u%:/ﬂpl—i—/e“@l
Q 9 v Q Q

where v is the unit outward normal to 9. Then, using ((9p1)/(0v)) < 0 on 9N
and Jensen’s inequality, we obtain

. i1
0 > inf — — “
ez = [ f e

> uéff(x) + exp </Q ug01> .

If 0 < 0; < 1, then 015 — e® < —1 for s > 0. Hence, infq f(z) < —1. If §; > 1, then

1gff(x) < max (015 —€°) =01 (logby — 1),

which contradicts (2.2). O
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Now, we study the local existence of (1.14) with (KR) and (fR1). Let wu, ()
denote the unique local solution with wu, (0) = a where it exists and belongs to
C?(0,6) N C[0,¢) for small € > 0. We present the proof on the existence of local
solutions in a given interval.
THEOREM 2.2. Let R >0 and 0 < & < 1. Assume that continuous functions K and
f on (0, R) satisfy (KR) and (fR1), respectively. For each u > 0, there exists & < 0
such that for each oo < &, (1.14) has a radial solution u, o on (0, R) and (2 — &)a <
Up,a(r) < o on [0, R].
Proof. For given a@ < 0 and 0 < £ < 1, setting a space

Sr:={ueC[0,R]|(2-&a<u<a},

we consider a nonlinear operator T from Sg to C[0, R] b

T(u)(r) = a—Ti(u)(r), (2.3)

where for r € [0, R],

/ - 1/ L (K (1)e® + puf (1)) di ds.

Changing the order of integration gives that

r n—2
T =~ | t{l—(ﬁ) }(K(t)e“+uf(t)) a4

and thus,

T (W)l € —— / (1K) + (1)) dr. (25)
In order to have T'(Sr) C Sg, we need the inequality

1

n —

R
5 | RO+ lr) de < €~ e (2.6)
0
We may regard (2.6) as the inequality of the form
Aet® + Bu< —(1—8)a, (2.7)

which holds for o near —oo. Combining (2.3) and (2.5), we have (2 —§)a <
T(u)(r) < {a and T'(Sg) C Sg. If a is near —oo, we may choose 0 < ¢ < 1 such
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that

1 R
T (u2) = T(u1)]| < m/ te**| K (t)| dt [|uz — wa]] < 6[Juz — w .
- 0

Hence, T is a contraction mapping in Si and thus 7" has a unique fixed point u,,.
In other words, 1, satisfies

i(r) = o — /0 /O (i)nl (K(0)e=® + uf(t)) dds.

Then, it is easy to see that 4, is also a solution of (1.14) on (0, R) with 4, (0) = .
Hence, we have @, = u,,q, which completes the proof. O

REMARK 2.3. Let « be given. By (KR) and (fR1), the operator norm of 7} in (2.4)
can be arbitrary small on [0, R] if R > 0 is sufficiently small. Then, we apply the
contraction mapping principle to 7'. Hence (1.14) has a local solution u,, on (0, R).
For r > 0 sufficiently small, we have

) == [ " (K (s)ee 4 uf(s)) ds,

)] < [ TR ) d,

where u), ,(r) = ((d)/(dr))uua(r). Then, (KR) and (fR1) imply that lim, o

ruy, o(r) = 0. In addition, if

r—0 r—0

lim rl_"/ s"1K(s)ds =0 = lim rl_"/ s" 1 f(s)ds,
0 0

then u), ,(0) = 0. We use the notation v instead of u, whenever some subscripts

are employed to specify u.

Let R(a) be the supremum of R > 0, where u,, satisfies the result of theorem 2.2
in B(R). It follows from (2.7) that R(a) — oo as & — —o0. Indeed, (2.7) holds for
a near —oo, even if A, B in (2.7) are very large. We state the fact separately in the
following lemma.

LEMMA 2.4. R(a)) — 00 as o — —o0.

3. Separation

In this section, we consider the separation of solutions of (1.14). By @, with 44(0) =
a, we denote the solution of the equation

Upp + u, + K(r)e" =0, (3.1)

where K satisfies (Kr). Separation of solutions for (1.14) may follow from the
existence of two separated solutions of the homogeneous equation. We refer the
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reader to the arguments in [2, lemma 4.1]. For the sake of completeness, we provide
the proof.

LEMMA 3.1. Assume that K and f satisfy (KR) and (fR1), respectively, and K <
K, and moreover, for some & > (3 there exist two entire solutions Ug, tg of (3.1)
satisfying ug(0) = B, e(0) =& and tg < Ue. If for o <n < B, uq and u, are the
solutions of (1.14) satisfying u, < tg in (0, R,) for some R, > 0, then u, < u, in
(0, Ry).

Proof. Suppose that u, meets u, at some 0 < R < R, and wy := u, — u, is positive
in [0, R). Then, w; satisfies

Aw1 + k1w1 =0 in B(R),
wy > 0in B(R) and wl\ag(R) =0,

where
b= K" < Feun
Uy — Ug
in B(R). We note w}(R) < 0. On the other hand, we have wy := @¢ — g > 0 in
[0,00) and wy satisfies

Awsg + kows =0
in R™, where

.,eﬂi—eﬂﬁ ~
kQ ::Kf>K€uﬁ.
Ue — Upg

It follows from Green’s identity that

wnp R w] (R)wo(R) = / (waAwy — wi Aws)
B(R)

> / (/CQ — kl)wlwg > 0,
B(R)

where w,, denotes the surface area of the unit sphere in R”. We reach a contradiction,
wi(R) > 0. Hence, u, cannot touch w,, in (0, R,)). O

In general, lemma 3.1 leads to partial separation, that is, any two solutions in
a special set of initial data do not intersect. The whole separation needs stronger
conditions. For instance, when (1.4) has the whole separation on (—oo,+00), it
follows from theorem 2.1 in [5] that if (1.14) with f > 0 has an entire solution w,, o
with u,,4(0) = a, then uy o < Uy and uyo < Uy < Uy, < uy for any a < 8 < 7.
The monotonicity of entire solutions in initial data implies the existence of a singular
solution.

THEOREM 3.2. Letn > 10 + 40 with ¢ > —2. Assume that K satisfies (Kr) and (M)
while f is continuous on (0,00), f > 0,20 and rf(r) is integrable near 0. Then,
for every p >0 and o € R, (1.14) has an entire solution u, o with u, (0) = a.
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Moreover, any two solutions of (1.14) do not intersect each other, and for each
>0 there exists a singular solution U, which is the monotone upper limit of
entire solutions as « T +00 and satisfies

2+0(n-2)

gtna () < Uur) < e (3.2)

Furthermore, U,, is monotonically decreasing as | increases.

Proof. The separation of solutions follows from theorem B(ii) and [5, theorem 2.1].
Moreover, we have w,, .o = Upy,,o for po > gy > 0. Then, the bound for u, , in
(3.2) follows from (1.10) in theorem C. Combining (3.2) and the fact that r—*K(r)
is non-increasing, we have

_U;L,a“’) = r"1*1 /0 (K(s)e e + puf(s))s"ds

gW/ n=3ds 4 nll/oruf(s)s"_lds

rnl

:2+/z / o £(s 53)

Hence, u“ . 1s bounded on any compact subset of (0,00), uniformly with respect
to a € R and consequently, {u, } is equicontinuous on any compact subset. Since
Uy, is monotonically increasing in «, it follows from the Arzela-Ascoli theorem
that U, (r) := lima— 4o Uy o (r) is well-defined and continuous on (0, 00). Consider

the equation

n—1 w
o= ——u uo,fKe e — i f. (3.4)

21 r

It follows from (3.2) and (3.3) that u]; , is bounded uniformly in o on any compact
subset of (0,00). The Arzela-Ascoli theorem implies that there is a subsequence of
{a} such that w), . converges umformly on any compact subset of (0,00). Then,
U, is differentiable on (O oo) and w), . — U}, uniformly on any compact subset of
(0,00). Then, by (3.4), uj, , converges also uniformly on compact subsets. Hence,
U,, is differentiable on (0, oo) and uy ,  — U}/ uniformly on any compact subset of
(0,00). By (3.4) again as j — o0, U, is a singular solution of (1.14). For s > p1 > 0,
we have uy,, o = U, o for every a and thus U, > U,,,. Since vy, < uq and U, < U
where u, and U are the solutions of (1.4), (3.2) for U, follows from (1.10), and the
proof is complete. O

Theorem 3.2 is the second part in theorem 1.4. The first part of theorem 1.4
requires several observations to obtain the asymptotic behaviour under extra con-
ditions of K and f near oco. In particular, D, («) defined by the limit of D, (a,r)
as r — oo is useful in identifying u, .

4. Asymptotic behaviour

We begin by reviewing the asymptotic behaviour of entire solutions to (1.6) with
c=1. Let V(t) = Un(r) —logb/r***, t =logr, with b= (2+¢)(n —2). Then, V
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satisfies that
Vit +aV; —b(1 —e") =0, (4.1)
where a =n — 2. For £ =0, Tello in [10, lemma 2.1] studied (4.1) to obtain the

asymptotic behaviour when n > 10. The following result for £ > —2 and n > 10 + 4¢
is the corresponding asymptotic behaviour.

LEMMA 4.1. Let n > 10+ 4¢. Let U, be an entire solution to (1.6). Then, the
following limit D(«),

P (ﬂa(r) ~log %&”ﬁ’)) if n>10+ 40,
D(a) = lim

(4.2)
77 | (log )t (Talr) — log SEE)if 0 =10+41,

exists and (1.13) holds.

See the arguments in [8, theorem 2.5] for the proof. Moreover, for each «, (1.6)
has a super-solution bigger than but close sufficiently to %, in the following sense.

PROPOSITION 4.2. Let n > 10 + 4¢ with ¢ > —2. Then, for each «, there exists a
radial super-solution ul(r) of (1.6) such that wt(r) > Us(r) for r € [0,00) and
UL (r) —Ua(r) = O(r=>2) as r — oc.

See [8, theorem 4.1] and [10, proposition 4.1] for the construction. Now, we study
the existence of D(«) to improve lemma 4.1.

LEMMA 4.3. Letn > 10 4+ 40 with ¢ > —2. Assume that K satisfies (KR) and (1.12)
for some ¢ > 0. Let u,, be a solution of (1.4) satisfying (1.8). Then the limit D(«)
exists. This is valid for any solution of (1.4) near oo satisfying (1.8).

Sketch of the proof. Setting W(a,t) = uq(r) —logb/r>** +loge, t = logr, we see
that

Wit + aWy + bW + bg(W) + h(eh)e eV =0, (4.3)
where h(r) := b/c(K(r) — er’) and

g(s)i=e*—1—5s= %s2 +0(s%)

for s near 0. In order to conclude lemma 4.3, we argue in the same way as in the
proof of [1, lemma 3.4]. Here, (4.3) is compared with [1, (3.1)]. More precisely,
when u, satisfies the equation Au+ KuP =0, [1, (3.1)] is obtained by setting
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W(a,t) = r"™uq(r) — L, t = logr, so that

Wit + (n—2 = 2m)W; + c(p — 1)LP W + cg(W) + h(eh)e ™™ (W + L)? =0,
(4.4)
where h(r) := K(r) — cr® and
1 pp—1) 5 5 3
g(s):=(s+ L)’ —LP —pLP™ s = 5 LP72s% 4+ 0O(s”).

The constant coefficients and the last term in the left-hand side of (4.4) can be
changed as in (4.3) under (1.12). Then, the proof of [1, lemma 3.4] works for (4.3)
to verify the existence of D(«). In fact, lemma 4.3 is true for any solution of (1.4)
near oo satisfying (1.8). O

Importantly, D(a) has the following integral representation.

PROPOSITION 4.4. Let n > 10 + 4¢ with £ > —2. Assume that K satisfies (KR) and
(1.12) for some ¢ > 0. Every entire solution u, of (1.4) satisfying (1.8) has the
integral representation

-1 o0 b
D = 2 eta _ ) — | —14+
(o) o /0 [r e b—>b (ua og CT2+Z):| r dr

formn > 10444,

> b
D(a) = —/0 [rQKe“‘* ~b—b (ua —log CTH)] ro ity

forn =10+ 4¢.

Sketch of the proof. Proposition 4.4 is verified in the similar way as in [1, (3.11)
and (3.13)], where the analogous result for Ku? is obtained.
Case 1. Let n > 10 + 4¢. Then, D(a,t) = eM'W (o, t) holds
Dy + (Ay — A1) Dy + eMt [bg(W) + h(et)e4tew] =0. (4.5)

Integrating (4.5) over [t, +o00) and letting ¢ — —oo, and, we obtain that

_ +oo
D(a) = 5 _1)\ / eMs [bg(W) + h(es)e%sew] ds
2= M

— 00

N B log — “Hhg
_)\27)\1 o T e — 00— Ua_OgW r T.

Case 2. Let n = 10 + 4. Then, D(a,t) = t~'e**W (a,t) satisfies

At

t

¢ [bg(W) + h(e)e e ] = 0. (4.6)

2
Dy + ZDt +
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Integrating (4.6) and reasoning similarly as in [1, (3.13)], we obtain that

_ e A1s s\, ,—¥ls W
D(a) = / e*® [bg(W) + h(e®)e e ] ds

— 00

o b
— 7/0 {ﬂKe“a —b—b <ua — log W)] Ay

This completes the proof. ]

We perturb K only in a compact region and find two solutions of (1.4) near oo
with the same limit D. One is a solution of (1.4) in R™ and the other is a solution of
(1.4) only near oco. Then, the asymptotic behaviour of the difference of two solutions
plays a crucial role in analysing the stability. For our convenience, we use (3, to
denote distinct solutions of (1.4) near oo in the following assertion.

LEMMA 4.5. Let n > 10 + 4¢ with ¢ > —2. Assume that K satisfies (Kr) and (1.12)
for some ¢ > 0. If ug and u, are two solutions of (1.4) near oo satisfying (1.8)
such that ug > uq and D(B) = D(«), then

lim 72 (ug(r) — ua(r)) = d

7—00

for some d > 0.

The arguments reveal that r*? is the mazimal weight to define the distance
between two separated solutions near oo by a weighted uniform norm. Namely, it
is impossible for two separated solutions ug and wu, satisfying (1.8) to have the
asymptotic behaviour, 72 (ug(r) — ua(r)) = o(1) at co. See the proof of [1, lemma
3.6] for the details. Here, we provide the proof briefly.

Proof. Setting W (a,t) := uq(r) — logb/r?>** 4+ logc, t = logr, we see that W, (t) :=
W(a,t) satisfies (4.3). Set ¢(t) := D(8,t) — D(a,t). Let G(8, ) :=bg(Wg) —
bg(Wy) and Y (B3, a) := eV5 — We.

Case 1. Let n > 10+ 4¢. Then, D(a,t) = e*!W(a,t) holds (4.5) and ¢(t) =
Mt (Wi(t) — Wa(t) = eMt(ug(r) — ua(r)) satisfies that

+oo
(o =Aplt) = =)+ [ [MG(B.0) + e ne 05, 0)] s

“+o0
< —pi(t) +c/ [1+6<A1*5>S|h(65)|} e 1% (s) ds.
t

Since ¢(t) — 0 as t — +oo, we see that for given e > 0,
(A2 — AD)p(t) < —py(t) + ee Mt (4.7)

if ¢ is large enough. Multiplying (4.7) by e(*2=21)t and integrating over [T',¢] with
T large, we have

O(e=P2=20t) i Ny < 2\,
g&(t) = O(te_(AQ_Al)t) if )\2 = 2)\1,
O(B_Alt) if Ao >2)\
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near +o0o0. We make use of these decay estimates again to obtain that

O(e=P2=2t) if - Ny < 3)\q,
o(t) < o(te= X220ty if Ny = 3)q,
0(672>‘1t) if Ay > 3.
After finite iterations, we conclude that ¢(t) = O(e~(*2=*1)!) near +oc. In other

words, ug(r) —uq(r) = O(r=*2) at oo. In order to derive a finer asymptotic
behaviour, we consider the function I'(a,t) := e*2!W (a, t). Then, I'(a,t) satisfies

Ty — (Ao — ATy + e [bg(W) + h(et)e_“ew] = 0.
The difference (t) := I'(8,t) — I'(a, t) is represented by

P(t) = C1(T) + Co(T)eP2=2)!

1
A2 — M\

+ /t [emG(ﬁ,a) + e“f”Sh(eS)T(ﬁ,a)} ds

T

ePa=A)t pt
- ﬁ/ {e’\lsG(ﬂ,a)+e(’\1’z)sh(es)’f(ﬂ, a)} ds.
2 — A1 T

Since e =22t (t) = p(t) — 0 as t — 400, we have

() = C1(T) + /T [20G(8,0) + P20y T(8,0)] ds

A2 — A
e(Ag—)\l)t

+o0 \ )
+ ﬂ/t [e SG(B,0) + e h(e®)Y (8, a)} ds.  (48)

Combining (1.12) and the fact that ¥ (¢) = O(1) at +o0o, we observe by (4.8) that

+oo
/ e G(B,a)ds < oo,
T

Hence, 1)(t) converges to a constant d as t — +o00 and

,(/)(t> =d- 1 /+DO |:6>\23G<ﬁ a) + e(AQ—Z)Sh(BS)T(ﬁ Oé):| ds
= NN ) ) s
6()\27)\1)1: o~ Ars (A1—20)s s
+ H/t [5G (B,0) + X0 h(e)T (B, )] ds.

Suppose %(t) — 0 as t — +oo0, i.e., d = 0. Then, we have 1(t) = o(e~*1*) at +oc.
Repeating the process with finer estimates, we can show that for any positive integer
q, P(t) = o(e= ™) at +oo. In other words, ug(r) — uq(r) = o(r=?27%1) at oo.
In particular, for some & > 0, ug(r) — un(r) = o(r?=""°) at co. However, this is
impossible since ug — u, is a positive superharmonic function near oco.
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Case 2. Let n = 10 + 44. Then, D(a,t) = t~'e**W (a,t) holds (4.6) and o(t) =
t=reMt (ug(r) — ua(r)) satisfies that

+oo
Pt =—lt)+ [ [GBa) +e V(e T (B 0] d
t)+ C/+Oo [1 + e(’\l_e)s|h(es)\] se M3 (s) ds
< —@i(t) + ete Mt (4.9)

It follows from (4.9) that for given e > 0, (tp); < ete=*1! for ¢ large. Then for
large T,

t
o(T) + et / se" M5 ds.

T

p(t) <

Hence, ¢(t) = O(t™1) at oo and ug(r) — ua(r) = O(r~*1) at co. We observe that
PY(t) =Mt (W5 — W,) = eM¥(ug — u,) is represented by

Y(t) = C(T) + Co(T)t
+ /t s [e’\lsG(&a) + e(’\l_g)sh(es)’f(ﬁ,a)} ds

T

—t /T t [e)‘lsG(ﬁ, a) + e(’\l_é)sh(es)T(ﬁ,a)} ds

Since t~11)(t) = ¢(t) — 0 as t — +oo, we have

t

Ql)(t) = Cl(T) +/ S |:e>\1SG(ﬁ,a) + e(/\l—l)sh(es)“f(ﬁ,a)} ds

T

+t / o {e’\lsG(ﬁ,a) + e(’\l_e)sh(es)’f(&a)} ds. (4.10)
t

Combining (1.12) and the fact that () = O(1) at +o00, we observe by (4.10) that

—+oo
/ 5eM°G(B, a) ds < oo.

T

Hence, ¥(t) converges to a constant d as ¢ — 400 and

vy =d- [ s a(B.0) + 40 he)1(8,0)] ds

it [“[ma(ﬁ @) + MO T(5,0)] ds
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Suppose ¥ (t) — 0 as t — +oo, that is, d = 0. Let € > 0 be given. Then,

+oo +oo
P(t) < C [/t seMSe™2M54)(5) ds +/t 51703 p(e®) e 5 4h(s) ds}

—+o0 —+o0
+ Ct [/ e)‘lse_%lsw(s) ds + / e()‘l_e)s|h(es)|e_>‘181/)(s) ds}
t t
< cte M?

for t large. Hence, 1(t) = o(te~™!) at +o0. Applying this finer estimate, we have
P(t) = o(t2e~2M?) at +oo. Similar arguments as in Case 1 lead to a contradiction.
O

REMARK 4.6. Assume that ¢(tf) — 0 and ¢(t) — d as t — +o0.
For n > 10 4 4¢, we have by (4.8),

eP2=2A)T

+oo
S [ e et (o,0] ds
2 A1

T

(T) = C(T) +

which implies that

+o00o
d=1(T) + AQiAl/T [eMSG(ﬁ,a) +e(’\2_2)sh(es)T(ﬁ7a)} ds

e2=A)T

+o0o
S / (M9G8, ) + €Or0on(ey1(3,a)] ds. (4.11)
2 T A1

T
For n = 10 4 44, we have by (4.10),
+oo

H(T) :01<T>+T/

[5G (B,0) + D5 n(e)T (5, 0)] ds,
T
which implies that

+oo

d:¢(T)+/

s |:€/\18G(ﬂ, OZ) 4 e(Al*@)Sh(es)T(ﬁa Oé):| ds
T

- :r/;oo {e)‘lsG(ﬁ,oz) + e“l*f)Sh(eS)T(ﬁ,a)} ds. (4.12)

5. Infinite multiplicity

In this section, we establish the existence of infinitely many entire solutions of (1.1)
with the asymptotic behaviour (1.8).

5.1. Homogeneous equation

In order to find out how (1.4) under (1.12) possesses infinitely many entire solu-
tions satisfying (1.8), we adopt similar arguments as in [2, 5, 6]. For our convenience,
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we fix a family {u,} of separated radial solutions of (1.6) indexed by a € R such
that @, (0) = «, G, is monotonically increasing in o and

lim (U, (r) — log 2+0n=2)

Tim. | =0, (5.1)

It follows from proposition 4.2 that for each a € R, there exists a super-solution
US> 1, of the equation Au + |x|e" = 0 satisfying

Fo(r) =05 (r) =T (r) = O(r™™?) as r — occ. (5.2)
and
AF, < —|z|(e% — e") < —|z|'e™ F,.

Now, we prove infinite multiplicity of solutions in the radial case, and reveal the
structure of partial separation.

PROPOSITION 5.1. Let n > 10+ 4¢ with € > —2. Suppose that K satisfies (KR),
(1.12) for some ¢ > 0. Then, there exists a constant o = o*(K) such that for
each o € (—o0, "), equation (1.4) possesses an entire solution u, with u,(0) = «
satisfying (1.8) and any two of them do not intersect.

Proof. Let ¢ = 1 for simplicity. For all 3, (1.4) has a unique local solution ug. First,
we claim that for given [ negatively large, there exists ¥ =7(5) < 8 such that
u < ug for every v < 7.

Suppose to the contrary that for any v < 3, there exists 4 < y such that w5 (r) :=
ug(r) —us(r) > 0 on [0, Ry) but ws(R5) = 0 for some R5 > 0. Then, ws satisfies

Awsy = f\x|eeaff + Ke*v

in B(R5). Fix o > 3. Applying Green’s identity, we have

OF, Ows
0 S/ (w~ 2 Faw) :/ ws AF, — F,Aws
oB(ry) \ | O or B(Rw( ! v

</ {—|x|zeﬂawaFa + |z|e™ F, — Ke“"Fo}
B(

5

</ {—|m|eeﬂaw@Fa + \x|€eﬂﬁw§Fa + (|x\é _ K)e“ﬁFa} 7
B(R5)

hence

/ [e¥ — e8] |z|fws Fy < / (\m|e - K) e""F,.
B(Rs) B(Rs5)

It follows from theorem 2.2 that for any 7 negatively large, 3/2% < uy < 1/2% on
[0,1]. Hence, for v negatively large and thus, for negatively large ¥ < 7, we may
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assume that Rs > 1 and wy > ug(1) — 1/2% in B(1). Then, we have

(Uﬁ(l) - 1&) / |z[* [e%e — "] F, < / (|l — ), e"i Fy
2/ o B(R3)

</ (K —|z|)_e™ F,
B(Rs)

g/ (Kf |x|z)76HﬁFa,

where ki = max(£k,0). Combining (5.1), (5.2) and (1.12), we observe that the
last integral is finite. However, the left-hand side goes to oo as ¥ — —oo. This
contradiction verifies the claim. Therefore, there exists ¥ = 7(3) < § such that u, <
ug for all v < 7.

For § € R, let Ig be the set of v < 7(3) satistying
§(—'y)/ |z|* [e" — €] Fg > / (K — |x\5)+ e Fya. (5.3)
4 B(1) B(R,)

Note that (K — |z|%) e% F converges pointwise to 0 as 7 — —oco and by (5.1),
(5.2) and (1.12),

(K — [a')se™ Fy < |K — [2l'|c™ Fy € L'(R").

Hence, Ig D (—o00,7g) for some 73 since the right-hand side of (5.3) goes to 0
as 7 — —oo by the Dominated Convergence theorem while the left-hand side is
bounded below by a positive constant which is irrelevant to v when ~ is negatively
large. It follows from lemma 2.4 that there exists 4 < g such that for all v < 7,
and u,(r) > 3/2y on [0,1]. For negatively large v < 4 so that u,(r) > 3/2y for
0 <r <1, we claim that there exists 77 < v such that w, > w, in R". Suppose by
contradiction that there exists 4; < 4 such that for each n < 41, W, (r) = us, (r) —
Uy(r) > 0 in [0,7,) for some 7, > 0 and 0, (r,) = 0. From Green’s identity,

0< / (i) AFy — Fyliby)
B(ry)
< / [—|2|“bye™ F + Ke'n Fg — || e™ F) . (5.4)
B(ry)
Then, it follows from (5.4) that

[ty e =] By < [ [lalfie™ — faff(er - ™) Fy
B(ry) B(ry)
<[ Rem —fafem —foff (e — €] Fy
B("‘n)

< / (K - |x|€)+ e Fa.
B(ry)

Since u, is monotonically decreasing to —oo as 7 decreases to —oo and thus u, —
—oo uniformly on [0, R] for any fixed R > 0, we may assume that r,, > 1 and Wy, (r) >
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3/241 —n = 3/4(—41) in By if n < 9/4% and 7 is negatively large enough. Then,
we have

1 [ el e e Ba< [ (K falf), e,
4 B(1) B(R,)
which is impossible because 4; € Iz. Therefore, for each 3, there exist 8 > v >
n satisfying u, < u, < ug in R™. Repeating the arguments, we find a decreasing
sequence {u., } of entire solutions and a decreasing sequence {c;} going to —oo as
i — oo such that u,, > Us, > u,,,, in R" for each 7 > 1.

In order to deal with the case that K has not non-negative near oo, we consider
the equation

-1
Upr + nTur + Ky (r)e* =0, (5.5)

and denote by ul (r) the local solution of (5.5) with u}(0) = a € R. From (1.12),
we observe K € MI(c) since

o0 o0
/ |7“_€K+(r) — c|1"_1+’\1 dr < / \r_éK(r) — c|7“_1'Ml dr < oo.
1 1

Applying the previous arguments to (5.5), we obtain a decreasing sequence {ugr of
entire solutions of (5.5) and a decreasing sequence {3;} going to —oo as i — oo such
that uZ > g, > ugﬂ in R™ for each ¢ > 1. By the separation property of solutions
U, of (1.6), there exists 7; such that ug > ug; > u,, in R™. Then, it follows from
lemma 3.1 that u,) < u¢ in R” for any n < ¢ < v;. Therefore, we conclude that there
exists a* such that u, is monotone with respect to o € (—o0, &™), which completes

the proof. O

In addition to the assumptions of proposition 5.1, if K > 0 and [ satisfies (fR1)
and f > 0, then (1.14) with ¢ > 0 has the following structure of partial separation.
If f < a < a*(K), then any two solutions u, 3 and u, . do not intersect.

Now, we are ready to prove theorem 1.1.

Proof of theorem 1.1. Suppose (1.12) for some ¢ > 0. Let u, be an entire solution.
Then, u, < U, by combining the separation property of #, and a comparison argu-
ment in [5, theorem 2.1]. Then, the second argument of proposition 5.1 implies
that u, > ug for some 8 < «, and the existence of D(«) follows from lemma 4.3.
Conversely, we assume that D(«) exists. Then, it follows from proposition 4.4 that
the existence of D(«) is equivalent to

+oo
/ e [bg(W) + h(e®)e “e™] ds < oo,

where W and g, h are defined in (4.3). Since g(W) > 0 near 400 and h > 0, we
observe that

“+o0
/ heM =05 ds < 0o

which is a translation of condition (1.12), and the proof is complete. (]
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By combining proposition 5.1 with a comparison argument, we establish a more
general result for (1.3). Let n > N >3 and = = (21,72) € R" Y x RN, Assume
that K(z) = K(x1,22) = K(x1,7r) is a function of variables x; and r = |xa].
Moreover, we assume the following condition.

(K3) inf,, cgn-~ K(21,7) and sup,, cga—~ K(x1,7) are bounded below and above
by locally Holder continuous functions Ki(r) and Ks(r) on (0,00), respec-
tively, satisfying [, r|K;(r)|dr < oo for i =1,2.

Hence, Ki(|z2]) < K(z) < K3(]zz2]). Then, proposition 5.1 derives the following
result.

THEOREM 5.2. Let n > N > 10+ 4¢ with £ > —2. Assume that locally Holder
continuous function K(x) = K(x1,29) = K(x1,|z2]) in R™\ {0} satisfies (K1),
(K3), and for some constant ¢ > 0,

oo
/ Ir K(r) —clr M dr <00, i=1,2.
1

Then, (1.3) possesses infinitely many entire solutions satisfying

2+0)(n-2)

=0 5.6
clwo|2tt (5.6)

lim [u(ml,xg) —log

|| —00
uniformly in x1 € RN and any two of them do not intersect.

Proof. We first consider (1.4) with K = K; in the subspace RV, N > 10 + 4/. Then,
it follows from proposition 5.1 that for each i = 1, 2, there exists a family J; = {u.;}
of ordered entire solutions satisfying (1.8). More precisely, there exists ~;* such
that solutions in J; are indexed by v € (—00,~;*). Moreover, (1.6) has a family
I; = {t,;} of countable ordered entire solutions such that for each @, in I, there
exist two solutions in J; which are separated by ., and « can be chosen to be
negatively large. By making use of the separation property of entire solutions of
(1.6), we may choose v > a > 3> & >n > p > ¢ such that

Uy 2 > Ug,2 > U1 > Ug1 > Uyl > Up2 > Us2 in RV.

Setting uq i () = uq (X1, 2) = Uq,i(|z2]) and K;(z) = K;(z1, 22) = K;(Jz2]) in R™
for i = 1,2, we have

Uy > Ugq > Use in R™

Obviously, u, 2 and wue 1 are super- and sub-solution of (1.3) in R™, respectively.
Then, the standard barrier method verifies the existence of an entire solution of
(1.3). Repeating this process, we construct infinitely many ordered entire solutions
satisfying (5.6). O

A direct consequence of theorem 5.2 is the following assertion.

https://doi.org/10.1017/prm.2018.98 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.98

Stable entire solutions 1391

COROLLARY 5.3. Let n > N > 10+ 4¢ with ¢ > —2. Suppose that locally Holder
continuous function K(x) = K(x1,29) = K(x1,|x2|) in R™\ {0} satisfies (K1),
(K3) and there exists ¢ > 0 such that

Ki(r)=cr* + O (logr)™%) at oo, i=1,2,

for some constants ¢ >0 and 6; > 1, where A\ = A\(N,£). Then, the same result
as in theorem 5.2 holds.

When n = N, we observe the existence of § in theorem 1.3. However, the existence
of a continuum C of solutions needs more detailed information about the asymptotic
behaviour. The existence of C follows from theorem 1.5 with =0 in § 5.2.

5.2. Inhomogeneous equation

In this section, we study infinite multiplicity for the inhomogeneous equation
(1.1). Here we argue similarly as in [6, § 4]. Under the assumptions on K as in
proposition 5.1, equation (1.4) with n > 10 + 4¢ and ¢ > —2 has a family {us} of
radial solutions indexed by a € (—oo,a*] for some a* < oo such that u,(0) = «
and wu, is monotonically increasing with respect to «. For o < o*, set W(a,t) :=
o (1) —log(((2 4+ £)(n — 2))/(cr?t?)), t = logr and

D(a,t) := eM'W(a,t) = D(a,r) for n > 10 + 4,

D(a,t) ==t 1MW (a,t) = D(a,r) for n =10 + 4.

From the proof of proposition 5.1, we observe that for each a € (—oo,a*],
there exist v < a and > a such that u, < u, <TUg in R™ and thus, ue(r) —
log(((2 4 £)(n —2))/(cr***)) — 0 as r — oo. Moreover, it follows from (4.2) and
(1.13) that for fixed —oo < a < o*, D(a,t) are uniformly bounded above and
below near +oo on [a,a*]. For all « € [a,a*], there exists M = M(a) such that
for t € [0, +00),

[W(a,t)| < Me=™t  forn > 10+ 44 (5.7)
and
W (a,t)| < Mte=t for n =10 + 4¢. (5.8)

For fixed —oo <t < +00, D(a, 1) is continuous with respect to a.. The next obser-
vation is that D(«,t) converges uniformly on [a,a*] as t — +oco. We verify this
under condition (1.12).

LEMMA 5.4. Assume (5.7) and (5.8) for n > 10+ 4¢ and n = 10 + 44, respectively.
For given —oco < a < a*, D(«,t) converges uniformly on [a,a*] as t — 4o0.

Proof. Setting W (a,t) := uq(r) —log(((2 + £)(n — 2))/(cr?*4)),t =logr, we see
that W satisfies (4.3).
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Case 1. Let n > 10 + 4¢. Then, D(a,t) = e**W (a,t) satisfies (4.5) and
(DyeP2mA)t), — et [bg(W) + h(e)e "], (5.9)
where g(s) = 1/2s2 + O(s®) for s near 0. Integrating (5.9) over [T,t] with T > 0,

we have

Dy(a,t) = e~ Pa=A)t {e“rM)TDt(a,T)

- /t e [bg(W) + h(e*)e e ] ds} . (5.10)
T

It follows from (5.7) that for any 0 < € < min{A1, A2 — A1} and for some M; > 0,

t t
e()‘l_)\2)t/ ce’\25|g(W(s))| ds < e(/\1—/\2)t/ CMle()\z—%\l)S ds
T T

t
< che_Et/ e~ M98 4 (5.11)
T
which goes to 0 as t — +o00. From (1.12), we have

t t
e()\lf/\z)t\/ e(}\g*f)8|h(es)‘ ds — 6(}\17}\2)t/ e()‘27/\1)86(/\17£)s|h(68)| dS
T T

S/ ePM1=03 | p(e®)| ds < oo.
T

Hence, the function

t
F(t) i= Pt / eP270% h(e%)] ds
T

is bounded and F’(t) = (\; — Xo)F(t) + e =9 h(e!)|. Then,

(A2 — A1) /Tt F(s)ds = F(T) — F(t) + /Tt ePM1=03|n(e®)| ds (5.12)

+oo

< F(T) +/ P03\ (%) | ds < 0.
T

and thus, F is integrable near +oo. Therefore, from (5.12), F(t) converges as t —

400, which combined with the integrability of F' near +oco implies that
lim F(t) =0. (5.13)

t——+oo

Hence, by (5.7), (5.10), (5.11) and (5.13), D:(c,t) converges uniformly to 0 on
[a,a*] as t — +oo. Integrating (4.5) over [T, ], we see that

(A2 — A1) (D(a, t) — D(e, T)) = Dy(er, T) — Dy(ax, t)
- /t M [bg(W) + h(e®)e e ds.
T

Then, it follows immediately that D(«,t) converges uniformly on [a, o*] as t — +o0.
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Case 2. Let n = 10 + 4£. Then, D(a,t) = t~1eM!W (a,t) satisfies (4.6) and

(t°Dy); = —te™ [bg(W) + h(e')e '] . (5.14)

Integrating (5.14) over [T, ¢] with T' > 0, we have

t
tDy(a, t) =71 {Tth(a,T) - / 5eM°[bg(W) + h(e*)e e"] ds} . (5.15)
T
First, note that from (5.8),
¢ ¢
til/ bse 1 s|g(W)|ds < til/ cMyse 1% ds (5.16)
T T

for some My > 0. Second, letting
t
G(t) =t / 5e®1=0%|h(e*) ds,
T
we have G'(t) = —t~1G(t) + eP1=9!|h(e')|. Then,
t t
Glt) — G(T) = —/ 571G (s) ds +/ eM1=05 ()] ds. (5.17)

T T

Hence, we have

—+oo —+oo
/ Gs) 4 < G(T) +/ ePM1=03|p(e®)] ds < oo, (5.18)

T S T

which implies that by (5.17), G(t) converges as t — 400 and thus, to 0 by (5.18)
again. Thus, from (5.8), (5.15) and (5.16), tD;(«,t) converges uniformly to 0 on
[a,a*] as t — 4o00. Multiplying (4.6) by ¢ and integrating over [T, t], we have

D(a,t) = D(a,T) + TD¢(a, T) — tDy(cx, t)

_/teAls [bg(W)+h(€s)€7£s€W] ds.
T

Therefore, D(c,t) converges uniformly on [a, a*] as t — +oo. |

It follows from lemma 5.4 that the limit D(«) of D(a,t) as t — +o00 is continuous
in .

PROPOSITION 5.5. Let n > 10 + 40 with £ > —2. Suppose the assumptions of propo-
sition 5.1. Then, D(a) :=lims— 100 D(a,t) is continuous for o negatively large.

Moreover, D(a) — —00 as o — —00.

Proof. Let a < a*. Given ¢ > 0, we choose ¢ sufficiently large so that |D(y) —
D(~,t)] < e/3 for all v € [@ — 1,a*]. In any fixed compact region, entire solutions
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ug of (1.4) are close uniformly to u, if 5 is sufficiently close to . Hence, we may

choose 0 < § < 1 such that |D(«,t) — D(5,t)] < &/3 if |« — 8| < 6. Then, we have
[D(a) = D(B)| < |D(er) = D(a, t)| + [D(ev, t) — D(B,t)| + [D(B8,1) = D(B)| <e.

This implies the continuity of D. It follows from (1.13) for (1.6) that D(«) — —o0
as a — —o0. O

We are now ready to prove theorem 1.2.

THEOREM 5.6. Let n > 10 + 4¢ with ¢ > —2. Assume that K satisfies (Kr), (M)
and (1.12) for some ¢ > 0. Then, as r — oo, D(a, 1) converges uniformly on any
compact subset of (—oo,00) to a continuous and strictly increasing negative function

D(«a). Moreover,

lim D(a) =—-o00 (5.19)
ox— — 00
and
lim D(«) = D(o0) <0, (5.20)
a—00
where
240)(n—2
lim, o (UK(T) ~log W) if n>10+ 40,
cr
D(c0) =

2 —2

where Uk is the singular solution obtained in theorem C. If K;, K1 < Ks, satisfy
the assumptions, then Uk, > Uk,.

Proof. Let § > «a. By (1.10), we observe that

e's — elle

r?Ke" —e"] — blug — us] = <r2K - b) [ug — uq]

< (r?Ke"s —b)[ug — ua)

< 0.

Ug — Uy

The integral representation of D in proposition 4.4 shows that D(3) > D(«). Since
r~¢K(r) > ¢, it follows from [5, theorem 2.1] that u, < 7, for each a. Hence, (1.13)
implies (5.19) and (5.20). From (1.13), we see that

2+0)(n-2)

Uk (r) —log poxY;

as r — 0o. By lemma 4.3, D(c0) exists and D is continuous on (—oo,0]. Let
Uq,k; (1) denote the solution of (1.4) with K = K; and uq k,(0) = a. By simi-
lar arguments as in [5, theorem 2.1], we conclude that ua, x, > Ua,K,, and thus,
Uk, 2 Uk,. O
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Now, by the proofs in lemma 4.3 and proposition 4.4 under

/00 |f(r)|rt T2 dr < oo, (5.21)
1

we derive the integral representation for D, («) for solution u, o. Then, the argu-
ments of theorem 5.6 implies that D, (c) is strictly increasing as long as solutions
are ordered and r2Ke%m < b holds.

PROPOSITION 5.7. Let n > 10 + 4¢ with £ > —2. Assume that (KR) and (1.12) for
some ¢ >0, and (fR1), (5.21). If u, o is an entire solution of (1.14) satisfying
(1.8), then D, () exists and u, o has the integral representation

1 S b
Du(Oé) = P /0 |:’["2K6umoz + /J’I“Qf —b—1b (uu,a _ IOg CT2+[>:| T_1+>\1 dr

form > 10+ 44,

= b
Dy(or) = —/0 {rQKe““va +pur’f—b—b (uu,a —log cr2+£)] PGy

form =10+ 44.

In addition to the existence of D, (3) and D, («) for some 3> o, if uup > uy o
and r*Ke"n5 < b, then D,(8) > D,(a).

If D, (o) ezists for o in a range under (5.7) and (5.8) in the range forn > 10 + 44
and n = 10 + 44, respectively, where D,(c,t) and W, (a,t) are defined in the same
manner with w, o, then D, (c) is continuous in the range.

We use (3, a to denote two solutions of (1.14) near co. The following result is an
extension of lemma 4.5 for (1.14).

LEMMA 5.8. Letn > 10 + 4¢ with ¢ > —2. Assume (KR), (1.12) for some ¢ > 0 and
that K is non-negative near oo, and (fR1), (5.21). If u, g and uy, o are two solutions
of (1.14) near oo satisfying (1.8) such that u, g > u, . and D,(B) = D,(a), then

lim 72 (upp(r) —uua(r) =d

for some d > 0.

REMARK 5.9. Suppose that K € M(c) for some ¢ > 0. If K < K, the proof of propo-
sition 5.1 shows that there exists an entire solution @ of (1.4) with K such that
U > ugq in R™ for all a0 negatively large, where solutions are obtained in proposition
5.1. Since r2Ket < r2Ke® < b, arguing as in the proof of theorem 5.6 we see that
D(«) is strictly increasing for « negatively large. For equation (1.14), this is valid
for all & € I,,, where I, is chosen properly. For example, K(r)=crtifr*K(r) <ec.
More generally, if r~“ K (r) is bounded above and sup,.. ;.o s K (s) — casr — oo,
then we may set K (r) = r'sup, .. s *K(s) for r > 0.

The continuity of D(a) plays a crucial role in establishing the following multi-
plicity result. The characteristic function y g of E is defined by xg(z) =1ifx € E,
and 0if v € E.
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THEOREM 5.10. Let n > 10 + 4¢ with ¢ > —2. Assume that K and f satisfy (K1)
and (f1) respectively. Suppose that

K+ (X101 + 7’2MX[1,00))F+ >0 (5.22)
and

/ IrtK* £ 72 Fy —cfr 1M dr < 0 (5.23)
1

for some ¢ >0, where K~ (r):= minj,—, K(z), K*(r):=max, -, K(z), A\ =
A1(n, £), Fi(r) = max,—{£f(x),0}. Then, there exists . > 0 such that for every
€ [0, 1), (1.1) has a continuum of entire solutions with the asymptotic behaviour

(240)(n—2)

|rc1|i£>noo [u(m) — log ppER: =0. (5.24)
Proof. We consider the following homogeneous problems
-1
v+ Ly (KE £ HE)e = 0 in (0,00), v(0) = a, (5.25)
r

where H*(|z|) = Fy(|z|) in B(1) and H*(|z|) = |z|***Fy(|z|) in R™\ B(1). We
may consider only the case that K~ — H~ #Z cr! # KT + HT and f # 0 because
the other cases can be handled similarly. By v} and v, , denote the solutions of
(5.25) with KT + H* and K~ — H~, respectively. From proposition 5.1, there
exists a* such that for each a € (—oo, a*], there exist entire solutions v¥ of (5.25)
which increase as « increases and are located below uy for some 6 > a*. Moreover,
for given o € (—o0, o], there exist nn < v < & < « such that @, < v, <Tg < vl in
R™. Define v, = sup { 8 € (n,a) | vy < v} in R™}. Obviously, v < vf. Then, the
strong maximum principle with (5.22) implies that vy, < v in R"™. By lemma 5.4,
we may set

(2—|—€)(n—2)}

D™ (74) := lim 7 [v;a (r) —log poxY;

and

cr2+t

o (2+€)(n—2)}

2+ 0)(n — 2)]

= log r {UV“ (r) = log cr2tt

and

A1
Fo) e Tm - + 2+0)(n—-2)
D7 () := lim {v (r) — logw
if n = 10 4 4¢. Then, it follows from proposition 5.5 that D~ (7,) = DT («). Indeed,
if D™ (7o) < DT (a), then v, < v} near co. Hence, the continuity of D~ implies
that there exist R > 0 and 6§ > 0 such that if 0 < -7, <d and (B < «, then
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vg (r) <vd(r) for r € [R,00). Since vy is monotonically decreasing to v, as (3
decreases to 7, and vy — v} uniformly on [0, R], there exists 7, < 71 < 0 such
that vJ, < v} in R™ which contradicts the definition of ~,.

Fix ay € (—o0,a*]. For simplicity, assume a* < 0. By proposition 5.1, there
exist 71 < Yo, and 7y < ag < 27y such that u,, < v;az < vi‘z < Uy, < Uy, < v;al
in R™. Since D(«) in (1.13) for @, is strictly increasing as « increases, we
have D™ (74,) = DT (a2) < D™ (7a,) = DT (a1). The continuity of DT implies that
D ([ag, 1)) D [DF(az), DF(ay)]. We apply (1.8) to find p* satisfying putf, <
H¥exp(vg,), p~ f- < Hexp(v], ). For each 0 < p < min{yu™, "}, we conclude
by the super- and sub-solution method that for every « € [ag, 1], equation (1.1)
possesses an entire solution U(p,) satisfying vy, < U(pa) < v(‘; in R™, and moreover,

. 2+0)(n—-2)
lim {u(u’a)(x) — log T =0.

|z|—o00

Every u(,,q) is characterized by the asymptotic behaviour

. 2+4)(n—2
Dyfa) = lim o] [uw) () —Tog W} — D*(a)
if n > 104 4¢ and
. |z M 2+0)(n-2)
D = 1 — log -2 — pt
w(@) |x\1£>noo log |z| U0 (%) — log c|x|2+e (a)

if n = 10 + 4¢. The continuity of D,,(«) follows from the continuities of D*(«). O

If f satisfies (£2), then (5.23) is equivalent to
/ IrtKE — clr M dr < o0 (5.26)
1

Moreover, (K2) implies (5.26). Then, (5.22) is redundant since K in (5.22) can be
replaced by KI. Hence, theorem 1.5 is a special case of theorem 5.10.
The radial version of theorem 5.10 is as follows.

THEOREM 5.11. Let n > 10 + 40 with ¢ > —2. Assume that K and [ satisfy (KR)
and (fR1) respectively. Suppose that

K+ (xp0,11 + T2+£X[1,oo))f+ 20 (5.27)
and
/ r K £ 2 fy —cfr M dr < oo (5.28)
1

for some ¢ > 0, where f+ = max(£f,0) and \y = \1(n,£). Then, there exists u* > 0
with the property that for fited 0 < p < p*, there exists an interval I, = (o, 8,),
—o00 < ay < B, < 400, such that for each & € 1, (1.14) has an entire solution u,, ¢
satisfying (1.8), and two solutions among them are separated. Moreover, the limit
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D, () is continuous and increasing in « € I,,. If K is bounded above by a function
in M(c), then D, () is strictly increasing in o € I,.

REMARK 5.12. In theorems 5.10 and 5.11, we utilize (5.22) and (5.27) to employ
the strong maximum principle. In order to verify the existence in theorem 5.11,
we combine comparison arguments in [5, theorem 2.1] with proposition 5.7 rather
than the barrier method. The above proof even without (5.22) shows that there
exist finitely many ordered entire solutions of (1.1) with (5.24) as long as u > 0
sufficiently small. Then, the number of solutions for (1.1) is arbitrary large as
p — 0 while (1.3) possesses countably many ordered entire solutions with (5.24).
The separation property in theorem 5.11 follows from lemma 3.1 with K=K+
(X101 + r2+éX[1,oo))f+ € MI(c). When K is non-negative near oo, we may choose
K=K, + (Xj0.1] + 77X [1,00)) [+ € MI(c). On the other hand, if f satisfies (fR2),
then this choice also works since (1.12) implies (5.28), which is the assertion of
theorem 1.4. Hence, for these two cases, we can remove (5.27) in the assumptions
of theorem 5.11.

THEOREM 5.13. Let n > 10 4+ 4¢ with ¢ > —2. Assume that K and f satisfy (KR)
and (fR1) respectively. Suppose that K is non-negative near oo and satisfies (5.28)
for some ¢ > 0. Then, the result of theorem 5.11 holds.

6. Stability
Now, we apply our results to the Cauchy problem

{ut =Au+ K(z)e" +pf(x) in R™x (0,T),

u(z,0) = ¢ in R™ (6.1)

where T"> 0 and ¢ #Z 0 is a bounded continuous function in R™. It is known
that there exists T = T[¢] > 0 such that (6.1) has a unique solution u(x,t;¢) in
CELR™ \ {0} x (0,7)) NC(R™ x [0,T)) which is bounded in R" x [0,7"] for all
T’ < T[¢]. Define weighted L norms as follows: For A > 0, § > 0, let

_ (1 + |2
||1/’H(>\,0) = :;1]151 mw(@ )

where 1 is a continuous function in R™. We say that a regular steady state u, of
(6.1) is stable with respect to the norm ||-||(y gy if for every e > 0, there exists § > 0
such that for ¢ satisfying ||¢ — ua||(x,6) < 9,

[[u(, 85 0) — uall(r0) <€

for all ¢t > 0; uq is weakly asymptotically stable with respect to || - [[(x,6) if uq is
stable with respect to || - [[(x,9) and there exists 6 > 0 such that for ¢ satisfying
|6 — uall(r,0) <9,

Jim [[u(-,t0) = all g = 0
— 00

for all M < A. A special family of super- and sub-solutions surrounding a given
solution may derive the weak asymptotic stability. For example, assuming theorem
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B(ii) and (1.12), we construct a sequence of pairs of super-solutions u+ > 1, and
sub-solutions u,, ; < uq of (1.4) surrounding u, such that all limits DjE () of the
functions deﬁned similarly as in (1.11) have the same limit D(«) as u,. Then, the
topology is induced by the following asymptotic behaviour.

PROPOSITION 6.1. Let n > 10 + 4¢ with £ > —2. Assume that K satisfies (Kr), (M)
and (1.12) for some ¢ > 0. For each « E R, there exist a super-solution ul (r) and a
sub-solution uy, (r) of (1.4) such that ul > us > u; on[0,00) and uf (r) —u; (r) =
O(r=?2) as r — .

See lemmas 4.3 and 4.5 for the proof of the asymptotic behaviour. Here, we
explain how to construct super- and sub-solutions in a general setting. For our
convenience, we use u, instead of u, o to denote solutions of (1.14) with p fixed.

PROPOSITION 6.2. Suppose the hypotheses of theorem 5.11 or theorem 1.4 with
0K >0 and (fR2). For oy, <n<a<&<f3,, there exist a super-solution ul
and a sub-solution uy, of (1.14) such that u, < u; < us < ul < uge in R™.

Proof. Let H be a smooth radial function with compact support such that 0 £ H #
K,0< H < K and supp(H) C supp(K). Consider the problem

n—1
uT’I"+

ur + (K(r)+ H(r))e" + puf(r) =0, u(0)=a. (6.2)

Let @, be the solution of (6.2). Let o, < a < § < ,. Suppose that for o < § <
&, there exists R >0 such that g > u, in [0,R) and ag(R) = uq(R). Then,
supp(H) N B(R) # 0. Since H is small enough, R is arbitrarily large. Hence,
we may assume that supp(H) C B(R). Let Ry =sup{r > 0| ag(r) —ua(r) >
(B —a)/(29)} for i large. For H; and Ha, 0 < Hy < Ha, satisfying the above con-
ditions, let ¢ g, and g g, for § < ¢ < be solutions of (6.2) with H = H; and
H, respectively. By the same way as in [1, lemma 2.3] with W, := ug — u¢, we have
ue, i, < ue and Wy = ¢ g, — Ug g, > 0. See [5, theorem 2.1] for the ideas of the
arguments. Hence, we derive g g, > g, m, by taking ¢ — 3. Therefore, we may
assume that supp(H) C B(R1) by choosing i sufficiently large and H sufficiently
small. Then, supp(H) C B(R;) C B(R). Now, setting ws := g — u, we have

Awsz + kswz =0 in B(R),
wz > 0 in B(R) and 1U3(R) =0,

where

U3 _ pla ug 21H
hy = K — S LS < Kews 4
Ug — Uq Ug — Ug 00—«

eus

in B(R), and w4(R) < 0. On the other hand, we have w4 := 1y — ue > 0 in [0, 00)
for any £ <y < 3,, and

Awg + kqws =0
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in R", where
Uy _ SUg
l@;::[(ie ¢ > Ke"s.
Uy — Ug
Furthermore, we may choose H satisfying H < ((8 — «)/(2%))K[e¥s~% —1] in
B(R;) Nsupp(K)°. Hence, ks < kg but k3 # k4 in B(R). From Green’s identity,
it follows that

Wy R Ml (R)wy(R) = / (wyAws — w3Awy)
B(R)

> / (k4 — kg)’LU31U4 > 0,
B(R)

which in turn implies that w4 (R) > 0, a contradiction. Therefore, for given a < 3 <
&, ug > uq in R™ if H is chosen suitably. Set ul = ug.
In order to find a sub-solution of (1.14), consider the problem,

n—1

Upp + up + (K(r) — H(r))e" + puf(r) =0, u(0) =a. (6.3)
Let t, be the solution of (6.3). Suppose that for some o, <7< <a < f,,
there exists R > 0 such that ds < u, in [0,R) and Us(R) = us(R). Let Ry =
sup{r > 0 | ua(r) — ds(r) = ((a — 6)/(2%))}. Then, we see that supp(H) C B(R2)
for 4 sufficiently large and H sufficiently small. Setting ws := u, — s, we have

Aws + ksws =0 in B(R),
ws > 0 in B(R) and ws(R) = 0,

where
_ s 2iH
ks = K — + H € — < Ke" + e
Uy — Us Ug — Us a—90
in Br, and wi(R) < 0. We may choose H satisfying H < ((a —6)/(2%)) K [e¥e ~ 4 —1]
in B(R2) Nsupp(K)°. Hence, ks < kg but ks # kg in B(R). From Green’s identity,
it follows that

U

wa R wl (R)wy(R) = / (wiAws — wsAwy)
B(R)

= / (k4 - k’5) WswWy > 0
B(R)

which implies a contradiction, wi(R) > 0. Therefore, we have u, > G5 for n < 6 <
a. Then, it follows from lemma 3.1 that @, < is in R™ and by the same argument
as in [1, lemma 2.3], we have u,, < u,. Set u, = ;. O

We are ready to improve proposition 6.1 by constructing the following family
which explains the topology for the weak asymptotic stability with respect to

1 1lxz.0)-
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THEOREM 6.3. Let n > 10 + 4¢ with ¢ > —2. Assume (Kr), (1.12) for some ¢ >0
and (fR1,2). If K is bounded above by a function in M(c), then for each fived
solution ue, of (1.14) obtained in theorem 5.11 or theorem 1.4, there exist a sequence
{ub7} of radial super-solutions, ul* > ul? > -+ > u,, and a sequence {u;7} of
radial sub-solutions, u; "t < u;? < --- < ug, such that u, is the only solution of
(1.14) in the ordered interval u;” < u, < ul for every j, and

lim uX7 = u,.
Jj—o0

Moreover, there exist two sequences {d7} and {d;7} defined by

d9 = lim 2 (ui’j(r) — ua(r)) (6.4)

a
r—00

such that di is strictly decreasing to 0 and d_7 is strictly increasing to 0 as
j — 00.

Proof. Fix 0 < p < p* and «, < av < ,. From proposition 6.2, (1.14) has a super-
solution g by a suitable choice of H such that g > u, in R". Define

B=min{a < B <E|is > ua )

By the maximum principle, u}! := g > Uq- We may construct a function in M (c)
which dominates K + H. Hence, there exists a continuous function DS})(/B) given
by ug. Since Dsrl) is non-decreasing, D! := DS)(E) = D(«). Indeed, if DS)(E) >
D(«), then by using the continuity of D(+1)(ﬁ)7 we may choose a < 3 < § and
R > 0 such that ug > u, on (R, co) for every < 6 < ﬂ.§ince i3 is monotonically
increasing to iz as [ increases to 3, there exists § < 3 < (3 such that Uz > Ug > Uq
in R™, which contradicts the definition of /3.

It follows from proposition 6.2 that (1.14) has a sub-solution 4s for a suitable
choice of H in (6.3) such that 45 < u, in R™. Define

0 =max{0 < a | U5 < uq }
By the maximum principle, u;!:= s < u,. Similarly, we define D(,l)(d) and
Dz := DM (§). Then, D! = D(a).

For each j, we consider the equations
-1

H{(r)

o+ 2 u'—l—(K(r):tj) e+ uf(r)=0, u0)=a>0. (6.5)

Applying the standard barriers method to (6.5), we obtain a sequence of radial
strict super-solutions of (1.14) uf"* > u}t? > -+ > u, and a sequence of radial strict
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sub-solutions of (1.14) u;* < u;? < -+ < u,. For each j, setting

(2+€)(n—2)>

i (Ugj (r) —log o2+t

A R (2+4)(n—2) . _
™1 (logr) <ua J(r) — log o if n=10+4¢,

if n> 10+ 4,
DI = lim

r—00

we have D} = D(a) = D+ < 0 for all j. Since D(«) is strictly increasing as «
increases, u, is the unique solution of (1.14) satisfying u; ¥ < u, < ul’. Now, we
see that there exists a decreasing sequence {3;} such that 3; = v}/ (0) > a and

wi =0 - 5 [s{i- ()7} (Ko + T2 e 1 us9) as

Since u 7 is monotonically decreasing as j — oo and thus u/ converges uniformly
in any compact subset of [0,00) to a continuous function @ which satisfies that
U > U, and for any r > 0,

i =55 [ {i- () e s as

r

for some 3 > «. Hence, @ = ug. The uniqueness of u, implies that § = «. Similarly,
we observe that u, = lim;_ ug’j. On the other hand, lemma 5.8 implies that
there exist two sequences {d}7} and {d 7} defined by (6.4). It follows from lemma
5.8 again that df7, d_» are strictly decreasing and strictly increasing as j — oo,
respectively. Set

2+0)(n-2)

R , t=logr

WHi(a,t) == ul(r) —log

and Y7 (t) := r*2 (ul 7 (r) — ua(r)).
Case 1. Let n > 10 + 4¢. From (4.11) with sufficiently large T', we have

+oo
b3 = tI(T) + / 2 [bg(W7) — bg(Wa)] ds
A2 — Ay

1 Hoo +.9
/ eP2=0sp (%) (eWu — eW‘*) ds
T

vy
1 oo .
T [ v ) b0 )] s
A2 — A1 T
1 +oo ey
_ (A2=A1)T (A1—0)s s Wil Wa
Y )\16 /T e h(e®) (e e ) ds.

Since u 7 converges uniformly on any compact set of [0, 00), we see that ™7 (T) —
0 as j — oo. The remaining parts are going to 0 also by the Dominated Convergence

theorem. Therefore, df7 — 0 as j — oo. Similarly, d¥ — 0 as j — oo.
Case 2. Let n = 10 + 4¢. Similar arguments with (4.12) lead to the conclusion.
O
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For similar results to theorem 6.3, see [1, theorem 4.2] and [3, theorem 3.1]
which is motivated by [8, theorem 4.1]. In [8], one of the key ingredients is [8,
proposition 2.27] to study a weighted L stability of positive radial solutions of
(1.9). The contents of [8, proposition 2.27] are a comparison principle, monotone
decrease (increase) in time of super-(sub-)solutions and radial symmetry in space of
solutions with radially symmetric initial data. In fact, [8, proposition 2.27] adopts
some results in [11]. See [11, lemma 1.3, lemma 2.6(ii), lemma 2.6(i)] for classical
case and [11, theorem 2.4(i), (ii), theorem 2.3] for more general case. More precisely,
the former and the latter cover the case of K(r) = |z|* for £ >0 and —2 < £ < 0,
respectively. The arguments can be applied to (1.4) under (Kr), and even to (1.14)
under (fR1) as in [7, proposition 4.1] for (1.2). In order to employ the arguments
without substantial changes, we consider only the case that K is non-negative.

THEOREM 6.4. Let n > 10 + 4¢ with £ > —2. Assume (Kr), (1.12) for some ¢ > 0
and (fR1,2) and K is bounded above by a function in M(c). Let a € I, and uy, o
be one of the radially symmetric steady states of (6.1) obtained by theorem 5.11 or
theorem 1.4.

(i) If n =10+ 4L, then u, o is stable with respect to the norm ||-||(x, 1) and is
weakly asymptotically stable with respect to the norms ||-||(x,,0)-

(ii) Forn > 10+ 4L, u, q is stable with respect to the norm ||-|[(x, 0y and is weakly
asymptotically stable with respect to the norm ||-|[(x,,0)-

In particular, theorem 6.3 is essential in verifying the weak asymptotic stability.
See [3,7,8,10,11] for the arguments of the proof. We refer the reader to [7,12]
for further related works for stability questions. The proofs of theorems 5.10 and
1.5 show the following stability even when K and f are not supposed to be radially
symmetric.

THEOREM 6.5. Assume that K > 0 and the hypotheses of theorem 5.10 or theorem
1.5. Let u be one of the steady states of (6.1) obtained in theorem 5.10 or theorem
1.5.

(i) Forn =10+ 4L, u is stable with respect to the norm || - ||, 1)-

(i) Forn > 10+ 4¢, u is stable with respect to the norm || - [|(x,,0)-
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