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A pair of bouncing geometric Brownian motions (GBMs) is studied. The bouncing GBMs
behave like GBMs except that, when they meet, they bounce off away from each other.
The object of interest is the position process, which is defined as the position of the latest
meeting point at each time. We study the distributions of the time and position of their
meeting points, and show that the suitably scaled logarithmic position process converges
weakly to a standard Brownian motion as the bounce size § — 0. We also establish the
convergence of the bouncing GBMs to mutually reflected GBMs as 6 — 0. Finally, applying
our model to limit order books, we derive a simple and effective prediction formula for
trading prices.
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1. INTRODUCTION

Consider two particles, A and B, moving on the real line. Initially, particle A is to the right
of B. The motion of each particle follows a geometric Brownian motion (GBM) until they
meet. Once they meet, particle A instantaneously jumps to the right by an amount dictated
by a bouncing size parameter 6 > 0, and particle B moves to the left by the same amount at
the same time. The two particles then continue their motions according to their GBMs until
they meet again, and this process continues for ever. We define a continuous time position
process {Ps(t);t > 0} as follows: the state of the position process at time ¢ is the position
of the last meeting of the particles at or before time t. We study the structure of the
position process, and show that a suitably scaled and centered logarithmic position process
converges to a standard Brownian motion (BM) as § — 0. The trajectories of the particles
are referred to as the bouncing GBMs, denoted by {As(t);t > 0} and {Bs(t);¢t > 0}. It
is shown that the time between consecutive meetings of the bouncing GBMs is inverse
Gaussian (IG) distributed, and the change between positions of consecutive meeting points
follows a normal inverse Gaussian (NIG) distribution (see Definition 3.1 for the definitions
of IG and NIG distributions). Using these distributions, assuming we can observe position
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process, but not the original bouncing GBMs, we use the method of moments to estimate
the parameters of the model and show that the estimators are consistent and asymptotically
normal.

We also study the convergence of the bouncing GBMs as § — 0 and show that their
limits are two mutually reflected GBMs. Mutually reflected GBMs can be constructed from
mutually reflected BMs (the detailed construction is given in Section 2). Mutually reflected
BMs have been studied by Burdzy and Nualart [12], and a related model of mutually
reflected Brownian balls have been studied by Saisho and Tanaka [30]. Of these two papers,
the one by Burdzy and Nualart is more relevant to our model. They study two Brownian
motions in which the lower one is reflected downward from the upper one. Thus the upper
process is unperturbed by the lower process, while the lower process is pushed downward (by
an appropriate reflection map) when it hits the upper process. We use a similar construction
in our mutually reflected GBMs, except that in our case both processes reflect off of each
other in opposite directions whenever they meet. We assume that the reflection is symmetric,
which will be made precise in Section 2.

One application for this model arises in the study of limit order books (LOBs). A LOB is
a system that a financial market uses to record all the orders sent to the market from sellers
and buyers. Essentially, there are three types of orders, as listed below, can be submitted
to the LOB.

e Limit orders: A limit order is an order which buys or sells an asset at a specified
price or better.

e Market orders: A market order is an order which buys or sells an asset at the best
available price in the market.

e Order cancellation: An order cancellation is used to cancel a limit order in the LOB.

The order book organizes the orders by their prices and by their arrival times within each
price. The market bid price is the highest price of the limit buy orders, and the market ask
price is the lowest price of the limit sell order. The market ask price cannot be less than the
market bid price. The difference between the market ask and bid prices is called the spread.
When a market order arrives, or a limit buy (resp. sell) order arrives with price at least
equal to the market ask (resp. bid) price, the spread momentarily dips to zero, and a trade
occurs. The two matched orders are removed from the LOB immediately, and the spread
increases to a wider size. (We ignore the order sizes and assume that all orders are of size
one in this simplified discussion.) Clearly, the market ask price is always above the market
bid price, and when they momentarily become equal, a trade occurs instantaneously, and
they separate again. Between two consecutive trading instances, the market ask and bid
prices fluctuate due to new arrivals, cancellations, and so on.

There is an extensive literature in statistics and probability on the study of LOBs. In
particular, Markov models have been developed in Abergel and Jedidi [1], Bayraktar et al.
[5], Cont and De Larrard [14], Cont and Larrard [15], Cont et al. [16], Horst and Kreher
[19], Horst and Paulsen [20], Kruk [26], to name a few. In such models, point processes are
used to model arrival processes of limit and market orders, and the market bid and ask prices
are formulated as complex jump processes. To simplify such complexity, one tries to develop
suitable approximate models. Brownian motion type approximations are established, for
example, in Abergel and Jedidi [1], Bayer et al. [4], Bayraktar et al. [5], Cont and Larrard
[15], and the law of large numbers is recently studied in Horst and Kreher [19], Horst and
Paulsen [20].

It is clear that the stochastic evolution of the market ask and bid prices is a result of
complex dynamics of the trader behavior and the market mechanism. However, we focus
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on the following three important features of a LOB: (i) just before a trade occurs, the
spread momentarily becomes zero; (ii) right after a trade, the spread becomes positive; (iii)
between two consecutive trades, the market ask and bid prices change stochastically. To
capture these features, we model the market ask and bid prices as two bouncing GBMs As
and Bs such that (i) a trade occurs when the two prices become equal to each other; (ii)
right after the trade, the two prices will jump away from each other with a jump size §; (iii)
between two consecutive trades, the two prices change according to independent GBMs.
Thus we can think of the market ask price as particle A and market bid price as particle B.
The meeting times of this particle correspond to the trading times, and the position process
corresponds to the trading price process, which records the most recent trading price. To
the best of our knowledge, this is the first work to model the market ask and bid prices
using GBMs. Some relevant work on modeling market bid and ask prices are Bayer et al.
[4], Cont and Larrard [15], Horst and Paulsen [20], all of which model the market ask and
bid prices as jump processes, and then study their scaling limits. In Cont and Larrard [15],
a random step function is derived as the scaling limit of the market bid price, where the
function jumps when a volume process of orders reaches a certain boundary. In Horst and
Paulsen [20], it is shown that the scaling limits of the market ask and bid prices are coupled
ordinary differential equations, and later on, in Bayer et al. [4], under a suitable scaling, the
price processes follow coupled stochastic differential equations.

Our main result for the bouncing GBM model says that under a suitable scaling, the
logarithmic trading price process converges to a standard Brownian motion as § — 0. Using
these asymptotics, we derive a simple and effective prediction formula for trading prices in
Section 5. It is interesting to see that we get an asymptotic GBM model for the trading
prices in the limit. The GBM model captures the intuition that the rates of returns over
non-overlapping intervals are independent of each other, and has been extensively used to
model stock prices since the breakthrough made by Black and Scholes [8], Merton [27]. Thus
our model of bouncing GBMs provides another justification for the GBM model of trading
prices. Another interesting observation is the logarithmic returns between consecutive trad-
ing times are NIG distributed. In fact, empirical studies show that NIG distributions provide
an excellent fit for the logarithmic returns of assets (see Brander—Nielsen [9,10], Rydberg
[29]), and such a model is proposed in Barndorff-Nielsen [2].

Our bouncing GBM model is also related to asset-liability management (ALM). BM
and GBM models have been used for stochastic controls in ALM (see Decamps et al. [17]
and references therein). The asset and liability values are modeled as two GBMs constrained
in an allowable set A = {(x1,22) € Ri s Mxe < 1 < Aoxao}, where Ay and Ay are constants
satisfying 0 < A1 < A2. Roughly speaking, inside the allowable set A, the asset and liability
value processes evolve according to two GBMs, and when they reaches the boundary of A,
an ALM strategy steps in to keep them in A. Consider the special case when Ay = co. We
model the asset and liability value processes as bouncing GBMs (As, )\1_185), and they will
always lie in A. Thus the bouncing GBM model provides a simple static control policy for
ALM in this special case. Under such a control policy, whenever the liability value is about
to exceed the asset value, a fixed amount (a function of §) of funds is provided to prevent
it happening. The exact analysis of bouncing GBMs in our work can be used to analyze
business performance, for example, the next time that liability value threatens to exceed
the asset value, and the value level when it happens.

It will be seen that the logarithmic position process of the bouncing GBMs is a renewal
reward process (see Lemma 3.6). Renewal reward processes are also called continuous time
random walks (CTRWs) in literature related to physics and finance. CTRWs were first
introduced by Montroll and Weiss [28]. The process-level limit theorems for coupled CTRWs
are studied in Becker—kern et al. [6], where they assume that the meeting times and meeting
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points are “coupled”, that is they are not independent. The asymptotic distributions of
CTRWs are studied in Kotulski [25]. We note that the logarithmic position process in our
model is a coupled CTRW. However, this process is not covered by the limit theorems in
Becker—kern et al. [6], although a similar process is studied in Kotulski [25] but for a fixed
time ¢.

The rest of the paper is organized as follows. In Section 2, we introduce our bouncing
GBM model in detail, where we also define a pair of mutually reflected GBMs that is
shown to be the limit of the bouncing GBMs as the bouncing size parameter § approaches
0. All the main results are summarized in Section 3, including the distributions of times
and positions of meeting points, and the asymptotic behaviors of the logarithmic position
process. In Section 4, the estimators of the model parameters are derived using the method
of moments. Section 5 is then devoted to the application of bouncing GBMs in a limit order
book. In particular, we use an asymptotic GBM model obtained in Section 3 for trading
prices, from which we derive a simple and effective forecasting formula. We also apply the
formula to real data, and show that the estimated J parameter is indeed very small, and
hence the asymptotic results are applicable, and work very well over short time horizons.

We use the following notation. Let (2, F, P) denote a complete probability space satisty-
ing the usual conditions. All the random variables and stochastic processes are assumed to be
defined on this space. The expectation under P will be denoted by E. Denote by R¥ the K-

dimensional Euclidean space. For y € RE let |y| = \/Zszl y?. For a real number z, define
1 = max{x,0} and 2= = max{0, —z}. Similarly, for a real function f defined on [0, o),
define f*(t) = max{0, f(t)} and f~(t) = max{0,—f(t)}, ¢ > 0. Denote by C([0,oc); R¥)
the space of continuous functions defined from [0, c0) to R¥ with the uniform topology, and
D([0,00); RE) the space of RCLL (right continuous with left limits) functions defined from
[0,00) to R with the Skorohod .J; topology. A stochastic process X with values in R¥ will
be regarded as a random variable with values in D([0, 00); R¥). All stochastic processes in
this work will have RCLL sample paths. Convergence in distribution of random variables
X" to X will be denoted as X™ = X. For a R¥-valued random variables X, denote by
fx () its density function. If Y is another R¥-valued random variable, we use fx(-|Y = y)
to denote the conditional density function of X given that Y = y.

2. BOUNCING GBMS

The bouncing GBMs are denoted by {(As(t), Bs(t));t > 0}. Roughly speaking, As and Bs
behave like independent GBMs except that when they are about to meet, they bounce off
away from each other. More precisely, let A5(0) and Bs(0) be two positive random variables
satisfying As(0) > Bs(0), and let ¢ be a strictly positive constant called the bouncing size
parameter. For ¢ > 0, we first define BMs X, and X, as follows. For ¢ > 0,

Xo(t) = pat + 0o W (t),
Xp(t) = upt + oWy (1),
where W,,, W, are independent standard BMs independent of A5(0) and Bs(0), and pi4, s €

R and 04,04 € (0,00) are the drift and volatility parameters. We assume that g, < .
Define

Ds(t) = In(A;(0)) + Xa(t) — In(B5(0)) — X (t), t=0.

We note that {D(;( );t >0} is a BM with drift u, — up, < 0, variance o2 + o7, and initial
value In(As5(0)) — In(Bs ( )) > 0. For n > 1, define the following stopping times: Ty = 0,
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and
Ts, =inf{t >0: Ds(t) = —2(n —1)d}. (1)

It is clear that E[Ts,] < 00, T5n > Tsn—1 and Ty, — oo, almost surely, as n — co.
For t > 0, define

NE

As(t) = As5(0) exp {Xa(t) + ) (n— 1)51{t6[T5,n1,T5,n)}} , (2)

n=1

hE

n

Bs(t) = Bs(0) exp {Xb(t) - (n— 1)51{te[Ta,n1,T5,n)}} : (3)

1

We observe that the processes As and Bs have initial values A5(0) and Bs(0), respectively,
and for t € [0,T51),

As(t) = Ag(O)eX“(t) — eln(Aa(O))'i‘Xa(t)’ Bs(t) = Bé(o)exb(t) — In(Bs(0)+Xu (1)

From (1), the stopping time T5 1 is the first time that In(A5(0)) + X, and In(Bs(0)) + X,
become equal, and so it is also the first time that As and Bs become equal. Define the
position of the first meeting point to be

P51 = Ag(Tg’l—) = Bg(T(s’l—) = A(;(O)QXG(TL;,I) = Bg(O)eXb(T‘M).

According to the definitions in (2) and (3), right at the time Tj1, As and Bs will separate
in the following way.

Ag(Ts51) = Psae® > Ps1, Bs(Ts1) = Psie ™ < Ps1.

Starting from 75, the processes As and Bs evolve again as two independent GBMs
with initial values P57le5 and P(;Je_‘s. Their next meeting time is equal to the first time
A5(0)eXeMF9 and Bs(0)eXe(M~9 meet, which by (1) is exactly T 2. Recursively, for n > 1,
the stopping time T}, will be the nth meeting time of As; and Bjs, and the position of the
nth meeting point is defined as

Ps = As(Ts5n—) = Bs(Ts,n—), (4)

and the bouncing GBMs at T}, move to
As(Tsn) = Psne® > Ps,, Bs(Tsn) = Pspe™® < Ps,. (5)
Right after T} ,, the processes As; and Bs evolve as two independent GBMs with initials
P@ne‘s and P(;me_‘s until they meet again at Tj,41. The construction of (Tj,,Ps,) is
illustrated in Figure 1, and the dynamics of a trajectory of (As, Bs) are shown in Figure 2.
In the following proposition, we identify the limit of (As, Bs) as § — 0. Assume that
(A5(0), B5(0)) converges to (A(0), B(0)), almost surely, as 6 — 0, where (A(0), B(0)) is a

positive bivariate random vector. We first define a pair of mutually reflected BMs (Y, Y})
as follows. For t > 0, define

Yo (t) = n(A(0) + Xa(t) + 3 L(), (6)
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FIGURE 1. The construction of 751, Ps 1,752, and Ps 2.
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FIGURE 2. A sample path of the bouncing GBMs (As, Bs), where As(0) = 50, Bs(0) = 10,
fa = —2,1p = 2,04 = 0p = 1, and & = 0.005.
Yy (t) = In(B(0)) + X, (t) — 5 L(1), (7)

where {L(t),t > 0} is the unique continuous non-decreasing process such that

(i) L(0) =

(ii) L(t) can increase only when Y, (¢) — Y;(t) = 0, that is,

/ Liv, ()—vy(t)>0ydL(t) = 0.
0

Noting that In(A(0)) > In(B(0)), with the process L satisfying (i) and (ii), it is clear that
Y, (t) — Y3(¢t) > 0 for all ¢ > 0. The existence and uniqueness of {L(t),t > 0} follow from Sko-
rohod lemma (see Karatzas and Shreve [23], Lemma 3.6.14). In fact, L(¢) has the following
explicit formula

L(t) = sup D~ (s), (8)

0<s<t
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where

D(s) =In A(0) + X, (s) — In B(0) — X(s), s > 0.
Roughly speaking, the processes Y,(t) and Y, (¢) behave like two independent BMs when
Y. (t) > Y3 (t), and whenever they meet, the process Y, (¢) will be pushed up, while Y (¢) will
be pushed down, so that Y, (¢) > Y;(¢) for all t > 0. Here we assume the pushing effect for
Y, (t) and Y3(t) are the same, and thus we have 1/2 before the regulator process L(t) in

both (6) and (7).
Finally, A(t) and B(t) are defined as

A(t) = ¥ (9)
B(t) = ¥ ®, (10)

Thus A(t) and B(t) behave like two independent GBMs when A(t) > B(t), and whenever
they become equal, they will be pushed away from each other such that A(t) > B(t) for all
t>0.

PROPOSITION 2.1:
(i) Assume that (As(0), B5(0)) = (A(0), B(0)). Then for 6 >0 and n € N,
A(Tsn) = B(Ts )
(ii) Assume that (A5(0), B5(0)) = (A(0), B(0)). Then for § >0 andt >0,
As(t) > A(t), and Bs(t) < B(t).
(iii) Fort >0, almost surely,

As (t)

. B(t)
ogszt A(t)

sup
o<s<t Bs(t)

— 1, and —1, asd—0.

ProOOF: In (i) and (ii), under the condition that (As(0), Bs(0)) = (A(0), B(0)), we have
Ds(t) = D(t) for t > 0. For (i), we note that

In(A(t)) — In(B(t)) = In(A(0)) + X,(t) + 3 L(t) — In(B(0)) — Xp(t) + 1 L(t) = D(t) + L(t).
Thus it suffices to show that

D(Ts,) = —L(Ts,,).
Now observe that T50 =0 and Tj, =inf{t > 0: D(t) = —2(n — 1)d}, which yields that

D(Ts,,) = —2(n — 1), and D(t) > —2(n —1)¢ for t € [0,T5,,). Thus from (8), L(T),s) =
2(n—1)4, and so (i) follows. To show (ii), we note that for t & [Ts,—1,Ts5n),
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D(t) > —2(n —1)d, and at the time T5,,—1, D(T5,-1) = —2(n — 2)d. It follows that for
te [Tﬁ,n—l,Té,n),

L(t) = oiligt D™ (s) € [2(n — 2)d, 2(n —1)J), (11)

from which we have

illts((lft)) - ; Lie(Ts 1, T5,) €XP {(” —1)6 — ;L(t)} € (1,€°],

and

Bs(t) e 1 5
B = 3 Mmoo (= D5+ 310 € )

For (iii), define a pair of mutually reflected GBMs (As, B5) with initial (A5(0), Bs(0)) as
follows.

As(t) = 45(0) exp {Xa@) n 1L5<t>} 7

Ba(0) = B5(0) exp {Ya(0) ~ 3Ls(0)}.

where similar to (8),

Ls(t) = Os<ugt Dy (s).
_s_

Similar to the proof of (ii), we have

As(t)

. 1
A ! —1)6 — =Ls(t) y € (1,€%,
T = 2 e e 08 gL f € (16T

which yields

As(s)
sup — —
o<s<t As(s)

Now consider the functional, which defines L and Ls. Denote it by ®, and then for ¢ > 0,

and
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Next we note that ® : C(]0,00); R) — C([0,00);R) is Lipschitz continuous (cf. Dupuis and
Ishii [18]), that is, there exists a constant ¢ € (0, 00) such that for 1, zs € C([0,00);R) and
t>0,

sup |D(z1(s)) — @(x2(s))| < ¢ sup |21(s) — 22(s)].
0<s<t 0<s<t

As a result, we have supg< <, |As(s) — A(s)| — 0 almost surely. It follows that as § — 0,

As(s) As(s) As(e) ~ AG)
T Aa(s) ozt <A<s> ' 1>

infossgt A(S)

< sup
o<s<t As(s

and

(5)
As(s) | (infogsgt [As(s) ~ As)] 1) .
(5) ’

SUPp<s<t A(s)

which yields that

As(s
R L
Similarly, it can be shown that for ¢ > 0,
Bl(s
S, Bg((S)) — 1, asd — 0.
|
3. MAIN RESULTS
The object of interest is the position of the latest meeting point. To formulate it, we let
Usir =I(Psni1/Psn)s Vsnt1 = Tsne1 — Tsn, n 2> 1,
Usqi =InPsy, Vsi=Ts;1.
Define for ¢t > 0,
N;5(t) = max{n >0:T;,, <t}, (12)

which gives the number of times As and Bs meet each other up to time ¢. Now the position
of the latest meeting point at time ¢ can be formulated as

Pg(t) = P5,N5(t)a fOI‘ t Z T§71. (13)

Fort > Tj1,let Z5(t) = In(Ps(t)), and so Z5(t) = Zgi(lt) Usn. When 0 <t < T 1, we simply
let Zs(t) = 0. Thus we have

N(;(t

)
Zs(t) = > Usm, (14)
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with the convention that 22:1 Us,n = 0. Our goal is to establish a scaling limit theorem
for Z as § — 0, and develop an asymptotic model for real financial data.

We present the main results in the rest of this section. In particular, it is shown that
(Usn, Vsn),n > 2, are ii.d. random variables (see Lemma 3.2), and Us,, follows a NIG
distribution and Vs, is IG distributed (see Corollary 3.3). Using these results, it is clear
that {Zs(t),t > 0} is a renewal reward process, and the scaling limit theorem is established
in Theorem 3.8.

3.1. Distribution of (Us,y, Vs,n)

We first derive the joint distribution of (Us ,,, Vs ) for each n > 1. To derive the marginal dis-
tributions of V,, and U,,, we introduce the following definitions of IG and NIG distributions
(cf. Sephardi [31]).

DEFINITION 3.1:

(i) An IG distribution with parameters a; and as has o density function

a1 (a1 - agl‘)z
flz;a1,a2) = —= ———, >0,
(JJ ay ag) G exp{ o } x

which is usually denoted by 1G(ay, asz).

(ii) A random variable Y follows a NIG distribution with parameters a, B, i, with
notation NIG(a, 3, i, 0) if

Y|X =z~ N(i+ Ba,x), and X ~1G(9, \/m)-

The density function of Y is given as

f(y;a, B3,k

)

R N ) (VTG i)

5 1+ (y— /o)

where K1(z) = 1/2 [;° e~ )/2q¢ is the modified Bessel function of the third kind
with index 1.

The joint distribution of (Us,,Vs,) is given in the following lemma. Note that
(Us,1, Vs,1) will not depend on ¢ if the initial values A5(0) and Bs(0) are independent of §.

LEMMA 3.2:

(i) Assume As(0) = e, Bs(0) = €®, and a > 3. Then for t >0 and x € R, the joint
probability density function (PDF) of (Usa, Vs1) is given by

f(UJ,I»VJ,l)(x7t) =

. {[Ub/da(l’a#at)+0a/0b(xﬁubt)]2+[a5(#b#a)ﬂ2

27t204,0% 2(02 + o)t
(15)
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In particular, V51 follows an IG distribution with the following density function

__a=B f la=B— (m—p)t]?
s (1) = 2ﬂ<ag+ag>tse’{p{ e SRET D

and given V51 =t, Us1 is normal distributed with mean

(02a+02B) + (o7 pa + o2 )t
02+ o}

and variance
2 2
lopierns
2 2°
Og + Ub

(ii) The sequence (Us., Vsn)n>2 is an i.i.d. sequence, which is independent of (Us1, V1)
and has the same distribution as described in (i) with « =6 and 3 = —0.

PrOOF: For t > 0, let

Xa(t) a fal ana(t))
X(t) = = .
0= (xt) = (3)+ (ar) = (ot
Then V5,1 and Us,; are the time and position of the first meeting point of X, and Xj,. Let
0 = arctan(o,0; '), and define

[ cos® sin@\ (ot 0\ 1 ob/0a  Ta/Ob
M= (sin@ cos@) ( 0 ab1> o /62 + o2 < -1 1) (a7)

where the last equality follows from the identities that

cosf= 20 gng=-—_29 (18)

Now for t > 0, define
X(t)=MX(t)
= (ao;tcost + Boy ' sin® — aoytsing + Boy, ' cosd)

+ (uaaa cos 0 + ppo, Lsind — poo;'sind + U0y cos 9)

n W,(t 0059+Wb( ) sin 6 )
—W,(t) sin @ + Wy (t) cos 0
Let
a= aaa_l cosf +ﬂa;1 sin 6,
b= —aoa_l sin 6 + ﬁa;l cosf,
fia = pha0, ' cos B + ubab_l sin 6,
fiy = —j1q0, Fsinf + b0y ! cos,
B, (t) = W,(t )6050+Wb( )sin,
By(t) = —W,(t) sin @ + Wy (t) cos 6.
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In particular, B, and Bb are independent standard BMs. Next from (17), we note that the
second component of X (t) is equal to (=X, () + X,(t))/\/02 + o7, which yields that
Vsp =inf{t > 0: X,(t) = Xp(t)}
=inf{t>0:X(t) € {(z,y) : y = 0}}
=inf{t > 0: By(t) + it = —b}.

Using Girsanov theorem, and from (5.12) in Karatzas and Shreve [23], Chapter 3.5.C, the
density function of Vs, is given by

7 I 2

_ a—p ox {_[a_ﬁ_(ﬂb—ﬂa)tP
(02 t o) T 202 + o)t

}dt, t>0.

We next note that

i+ f1aVsa1 + Ba(Vs1)
oa b cosb —‘rO'b_l sinf’

Us1=Xa(Vs1) = X (Vs1) =

and B, and Vs are independent. The joint density function of (Us1, Vs,1) is then given as
follows: For z € R and t > 0,

f(U5,17V5,1)(x7t)
= fU(;,l(lezS,l = t)fVé,l(t)

= f[(er/latJrBa (t)]/[a;l cos 9+a;1 sin 0] (x)fvé,l (t)

o, cosh+ o, tsin { (o7 cosO + o, P sin)x — a — jigt)?
exp{ —

\/% 2% }fvé,l(t)
- 2F { [00/00(x = @ — pat) +0u /0@ — B — pt)[*+]a = B — (uy — uam?}

27t20,0y 2(02 + o)t

where the last equality follows from (18). This proves (i). For (ii), we observe that for
te0,Tsne1—Tsn),n=1,2,...,

Xon(t)
Xpn(t)

In(As(t +Ts5.)) — In(As(Ts5.—)) = Xo(t + Ts.0) — Xo(Ts.n) + 9,
In(Bs(t + Tg,n)) — ln(B(s(Tg’n—)) = Xp(t+ Tgyn) — Xb(Tg’n) — 9.

From the strong Markov property of Brownian motions, { X, ,,(t);t > 0} and { X}, (t);t > 0}
are independent Brownian motions with the initial values § and —¢, and the same drifts
and volatility parameters as X, and Xj. Furthermore, they are independent of Fr, , , where

Fy = o{(Xa(s), X(5)),0 < s < t1. (19)

Thus if we let T, and L,, denote the time and position of the first meeting point of X’a,n and
Xp.n, then {(L,,T5,),n=1,2,...} is an i.i.d. sequence, which is independent of (Us 1, Vs.1),
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and has the same distribution as (Us1,Vs,1) with o = ¢ and § = —¢. Finally, noting that
Xo(T5n) — Xo(Ts,n) = —2(n — 1), we have that
T, =inf{t > 0: Xon(t) = Xpn(t)}

=inf{t >0: X, (t + T§7n) = Xa(Tsn) + 06 =Xp(t + T57n) — Xb(T57n) -0}

= inf{t >0: X, (t+ Tg’n) — Xp(t + Tgyn) = —2715}

= T5,n+1 - T5,n

= ‘/(s,na
and

En = an(fn—) = ln(Ag(T§7n+1—)) — 1D(A§(T57n—)) = 11’1(P57n+1) — ID(P57n) = U57n.

To summarize, we have shown that {(U, 5, Vis),n =2,3,...} is an i.i.d. sequence, which
is independent of (V51,Us1), and has the same distribution as (Vs1,Us1) with o = § and
B=—s. |

Using the above definitions, we have the following conclusion on the marginal
distributions of (U, V,,),n > 1.

COROLLARY 3.3:

(i) Assume As(0) = e, Bs(0) = e?, and a > 3. Then

a—f3 Mo — Ha
V‘S’l ~1G 2 2’ 2 27
\/aa + T \/Ua + Oy
and
i [ DUEF AR ot + 0?0} + ok (o~ Bowon
81 o202 ’ 0202 024027 02402 '
a“b a”b a b a b

(ii) Formn > 2, Vs, and Us,, follow the same IG and NIG distributions as described in
(i) with o =6 and 8 = —0.

Let (Us,Vs) be a generic random variable with the same joint distribution as

(Usn, Vsn),n > 2. Next, we find the moment generating function of (Us, Vs), which will
be used in the proof of Theorem 3.8 and Section 4.

LEMMA 3.4: There exists h > 0 such that the moment generating function of (Us, Vs) exists
for |(s,t)] < h, and is given by

¢5(s,t) = E [exp{sUs + tVs}| = exp{[20(s,t) — 5]}, (20)

where

(1o — pa + s0%) — \/(,ub — pta + 502)° — (02 4 02)(s202 + 2t + 2s/1)

0(s,t) =
(5.1) o2

(21)
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In particular, the first two moments of (Us, V) are given below:

25 (o + fha
E(Vs) = , E(Us) = M’
Hbo — Ha Mo — Ha
202 2)s 2 1202 2,.2)s
V(IT(V:;) _ (aa + Ub)3 , VGT(Ug) _ (:u‘bo—a + /J'agb)
(1o — fta) (16 — f1a)
2 2 eral)
Cou(Us, V) = 20T ¥ 1a%)0 C;b) :
(,LLb - /La)

Furthermore, for k,1 € NU{0} and k41 > 1, there exists some constant ¢y such that

E(UV5)

5 — ¢, asd — 0. (22)

PrOOF: Assume As(0) = e and Bs(0) = e~°. Then (Us1, Vs1) has the same distribution
as (Us, Vs). Let

1
Ya(t) = exp {GIXa(t) - (91,Ua + 29%02> t} )

1
Yp(t) = exp {92Xb(t) - (92/% + 295‘%%) t} )

where 6 and 6y are arbitrary real numbers. Then {Y,(¢);t > 0} and {Y,(¢);¢t > 0} are
independent, and {(Y,(t),Ys(t));t > 0} is an {F;};>0 martingale (see the beginning of
Section 5 of Chapter 7 in Karlin and Taylor [24]), where F; is defined in (19). In fact,
{Y,(t)Y,(t);t > 0} is also an {F; };>0 martingale. Indeed for 0 < s < ¢, by the independence
of Y, and Y3,

E(Ya()Ys(t)|Fs) = E([Ya(t) — Ya(s)][Yo(t) = Yo(s)]|Fs) + E(Ya(t)Ys(s)|Fs)
+ E(Yy(t)Ya(5)|Fs) — E(Ya(5)Ys(s)|Fs)
=0+ Yy (s) E(Ya()[Fs) + Ya(8)E(Y5 ()| Fs) — Ya(s)Ys(s)
= Yo (5)Y3(s).

Also note that Vs 1 is an {F; }1>¢ stopping time with finite mean and variance. The optional
stopping theorem yields

ElYa(Vs1)Ys(Vsa)] = E[Ya(0)Y5(0)].

Plugging the expressions of Y, and Y} into the above equation, and noting that X,(V5s1) =
Xy(Vs,) = Us,1 yields that

1 1
E {exp {(91 +602)Us 1 — (91ua + 59%02 + Oy, + 29%05) ‘/5,1}} =exp{[f1 — 02]0}.
Let

01 + 92 =S,
0110 + %0%02 + a1, + %0%03 = —t.

https://doi.org/10.1017/50269964818000463 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000463

ON BOUNCING GEOMETRIC BROWNIAN MOTIONS 605

Solving 0, and 65 in terms of s and ¢, we obtain

(o — pa + s03) £ \/(ub — pta + 503)" — (02 + 07)(s207 + 2t + 2513

2 2
oy +op

91(8,15) =

O2(s,t) = s — 01(s,1).

Letting s = 0, and noting that Vj; follows IG distribution (see (16)), the moment generating
function of Vs, is known to be

2
(5 — 11a) =/ (5 = 1a)? = 24(02 + 02)
o2 + 05

E(exp(tVh)) = )
Thus the solutions of 6 (s, t) should be (s, t) in (21), and the moment generating function
o(s,t) of (Us,Vs) is given by (20). To compute the moments, we first need some simple
results about 6(s,t) as follows.

6(0,0) = 0,
00(s,t) 1 00(s, 1) W
I N T A N A .

0%0(s,1) 2toi  PO(s,)|  _ pdod+plod
8t2 s=t=0 (/Jfb - NJ(L):37 652 s=t=0 (/Jfb - #G)ZS ’
920(s, t) _ oa 4 paoy  3P0(s,t) _ 3(o2m + oppa) (02 + 0F)
ds0t s=t=0 (PJb - /ua)g ’ ot20s s=t=0 (Mb - Ma)5 '
Therefore,
00(s,t) 0
BVG) = 0| = gren{[200s) ~ 0} caumo
20
Mo — Ha )
Similarly, we obtain
Kb — Ha
452 9( g2 2
E(Vf) _ d (Ua + O-b)(s

(o — pa)® (16 — pa)’
0 (pa +pm)®  2(ppos + paop)d

E(Us*) =
(15 = p1a)® (15 = pta)”
26 o) 2 2 4 pao?)o
B (UsV;) = (1o + u2) (1og + 1 C;b) .
(o — ta) (o — Ha)
Finally, for k,1 € NU {0} and k +1 > 1, (22) follows by noting that
6k+l¢(s t) oF+!
Eysly _ ’ _ _
EUsVs) = Gt |, ) (qb(s,t) EREY (20(s, 1) s)) - + 0(9),
where 0(d) — 0 as 6 — 0. [ |
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Let a = 6 and 8 = —§, and define for t > 0,

[t/6]
Ts5(t) = Ts,11/5) = Z Vs ks
k=1
and
2_52)51t/8 20 2LTt 2_354_20’_‘_3 Vs
In P |1/5) — (op—02)d(t/ Jg-i{;l(fgg +og ) Ts(t) Lt/6] Usk — (0p—02) iglfog o2 1) Vo
Ss(t) = —
o20i k=1 o3oh
cites 72+07

The following lemma shows that as 6 — 0, (T, Ss) converges weakly to an (IG, NIG) Lévy
process. Following Example 4.3 in Barndorff-Nielsen et al. [3], the (IG, NIG) Lévy process
can be defined by considering a two-dimensional Brownian motion (X,Y’) with zero initial
value, drift vector (v, 0), and identity covariance matrix. Let 7(¢) be the first time X reaches
the level (t, and define £(t) = Y (7(¢)). Then {(7(t),&(t));t > 0} is a bivariate Lévy process.
Noting that 7(1) ~ IG(¢,7), and £(1) ~ NIG(~,0,0, (), the Lévy process {(7(t),&(t));t > 0}
is thus called an (IG, NIG) Lévy process with parameters v and (.

LEMMA 3.5: As § — 0, (Ss,Ts) converges weakly in D(]0,00);R?) to an (IG, NIG) Lévy
process with parameters 2(o2 + o2)™Y? and (up — pa) (02 + o) ~1/2.

PROOF: Tt is clear that (75, Ss5) has independent increments. Note that both IG and NIG
distributions are closed under convolutions. From Lemma 3.2 and Corollary 3.3, Ts(t) follows
IG(26(t/5|(02 + 0)~2, (uy — pa) (02 + 02)~1/2), and given that Tjs(t) = =, Ss(t) follows
the normal distribution with mean 0 and variance x. For convenience, let

¢ =2(02+ 1) "M%, = (ko — pa) oz +0p) 72, Gs(t) = 26t/8) (o + o) 2.

From Example 4.3 in Barndorff-Nielsen et al. [3], the characteristic triplet of (T5(t), Ss5(t))
is ((7¢5(¢),0),0,115), where the Lévy measure IIs has the following density function

ms(z,y) = (1) eXp{—1 (72w+ ‘f)} r >0,y eR.

T 2ra? 2

Conversely, still from Example 4.3 in Barndorff-Nielsen et al. [3], the (IG, NIG) Lévy process
with parameters ¢ and 7§ at time ¢ has characteristic triplet ((3(t,0),0,1II), where the Lévy
measure I has the following density function

Ct L/, 9
w(x,y):QmQ exp | —5 7230—1—; , x>0,y €R.

Tt is clear that the §-dependent characteristic triplet of (75, Ss) converges to the character-
istic triplet of an (IG, NIG) Lévy process with parameters ¢ and 7, as § — 0. Noting that
(Ts, Ss) is a semimartingale of independent increments, from Theorem VII.2.52 in Jacod
and Shiryaev [22], the lemma follows. [ |
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3.2. Asymptotics of {Zs(t);t > 0}

In this section, we study the behaviors of the {Zs(t);t > 0} process as either ¢ — oo or
d — 0. First from Corollary 3.3, it is clear that for each d, {Z5(t);t > 0} is a renewal reward
process, and we summarize it in the following lemma.

LEMMA 3.6: For 6 >0, {Zs(t);t > 0} is a renewal reward process and {Ps(t);t >0} is a
semi-Markov process.

The next result from Brown and Solomon Brown and Solomon [11] characterizes the
asymptotic first and second moments of Zs(t) as t — oo, and is also helpful to identify the
proper scaling in Theorem 3.8.

PROPOSITION 3.7 (Brown and Solomon Brown and Solomon [11]): As t — oo, we have
E(Zs(t)) = mt + O(1),
Var(Zs(t)) = st + O(1),
where
m=g(ta+m), s=1(on+0p), (23)

and O(1) represents a function of t, which is bounded as t — co.

PrOOF: From Brown and Solomon [11], we have the following results for a renewal reward
process generated by {(Us.n, Vsn),n > 1}:

E(Z5(t)) = mt + O(1),

and
Var(Zs(t)) = st + O(1),
where
m — EUs)
E(Vs)’
and
o E(V#)E(Us)? _ 2E(UsVs)E(Us) E(U})
E(V5)? E(V5)? E(Vs)’

Using the results of Lemma 3.4 in the above equations, we get (23). u

The main result of this section is the following theorem. For ¢ > 0, define

Zg(t) _ 5Z5(t\/;%— mt’

where m and s are as given in (23).

THEOREM 3.8: Assume that E[In(A5(0)) — In(Bs(0))]? < co. Then the process Zs converges
weakly to a standard Brownian Motion as § — 0 in D([0,00); R).
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ProOF: Consider an arbitrary nonnegative sequence {0, }.,>1 such that é,, — 0 asm — oo.
Define for m,n > 1,

~ﬁ’L,n =V 5m(U§m,n - E(Uéwun))’
Vm,n =V 5m(V5m,n - E(Vém,n))'

We note that for each m, {(ﬁmyn, Vm,n), n > 2} is an i.i.d. sequence. Furthermore,

L) L5
m ~ 2 2 2 2 2t m _ 2 2 2 ¢
Var(Ty ) — M and 3 Var(Vin) — L%g s T o
ot (116 — pta) = (16 — pa)

We claim that {(Uyn.n, Vinn),m > 1,1 < n < [t/52,]} satisfies Lindeberg condition, that is,
for any € > 0,

] L5t
E (Uvzz,nlﬂﬁm,ﬂze}) — 0, and Z E (Vi}nl{‘vmm@e}) — 0, asm — oo. (24)
n=1

,7
£Y
Sl\)‘f‘

Il
—

n

We will prove (24) at the end of this proof. Thus from Billingsley [7], Theorem 18.2, letting
J L5%]

U (t) = 0m7n, and v, (1) = Z me
1 n=1

,_
>
Sm‘w

n

then
(U V) = W, as m — oo.
where W is a two-dimensional Brownian motion with drift 0 and covariance matrix
2 Hpog + Haoh  10g + [1a07
(o — pra)® \Ho0a + paoy oo top )
Next from Iglehart and Whitt [21], Theorem 1 and Jacod and Shiryaev [22], Corollary 3.33,
if

Non(t) = (B(Vs,, 1)) (Ném (t/0m) = cwﬂ(t>

Vo)

20, \** (fo — pa)t

= _ N, ey ——
</~Lb - Na> ( o (8/0m) 267, ) 7

then (U, Vi, Non) = (Wi, Wa, —Ws) as m — oo, where Wy and W are the first and second
components of the Brownian motion W. Finally, we note that

. 3/2 B
Zs (1) = % [um (02, N5, (t/6m)) + ZZJ_FZZ (’””’ 5 ““) Nm(t)l .

Furthermore, observing that

0 Ns,, (t/0m) = o7,

, as m — 00,

Nm(t) + (lffb - ,ua)t _ (:U’b - lffa)t
(E(Vs,,1))3/2 207, 2
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we have that

Jo () Walllm = 1)/ (2)) ) + (o + )/ G = 120)) (s = 110)/(2))* W)
. i |

and it is easy to check that the weak limit on the right-hand side is a standard Brownian
motion. Consequently, Zs converges weakly to a standard Brownian motion as 6 — 0. At
last, we give the proof of the claim given in (24). The proofs for Vm,n and Um’n are similar,
and we only consider f/m,n. We first note that from Lemma 3.4,

E(Va, 1]A(0), B(0)) = In A(0) — lnB(O)7

o — Ha
n —In 02 4 o2
Var(Vs,, 1| A(0), B(0)) = 1240 (Mlb 19;2)))3( 24op)

and using conditional expectations, we have that for some by € (0, c0),
Var(Vs,,.1) = E(Var(Vs,, 1|A(0), B(0))) + Var(E(V5,, 1| A(0), B(0)))
< bo (E[In(A(0)/B(0))] + E[ln*(A(0)/B(0))]) < co.

Next using Markov inequality, Holder’s inequality and (22), we have for some ¢y € (0, 00),

L)

Z E( Vi L (17, |>e})
B(V2 [52%@ P(|Vino| > €)

< 6mVar(Vs, 1 LSJ\/E )e2E(V2 ,)

<6, Var(Vs, 1) +e€ " [52‘} 53{2\/E[(V5m,2 — E(Vs,, 2))4Var(Vs,, 2)

S 5mVar(V5m71) + € ’752 —‘ 63/2 /CQ(S%,L

— 0, as m — oo.

Remark 3.9: We note that

Zs(t) = \/EZA(;(&) +mt, ¢ >0,

From Theorem 3.8, for small §, we will use the following asymptotic model for logarithmic

trading prices Zs(t) in Section 5:
\/§W(5t) + mt, (25)

where {W(t);t > 0} is a standard Brownian motion. We note that (25) is normal distributed
with mean mt and variance st.
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4. PARAMETER ESTIMATIONS

We assume that the process {Ps(t);t > 0} is observable, while {(A4s(t), Bs(t));t > 0} may
not be publicly observable (e.g., the market ask and bid processes may be accessible to
the brokers and dealers, but not to common traders). The question becomes how to find
the parameters of {(As(t), Bs(t));t > 0} by observing {Ps(t);t > 0}. In this section, we will
estimate the parameters i, iy, 04, 0p, and d using the method of moments.

Suppose that the sample data for the time and position (¢;, p;) of the ith meeting point
are given for ¢ = 1,2,...,n. Let

Uy = lnpl, v = t17 and ui+1 = hl(piJrl/pi), 1]7;+1 = ti+1 —ti7 Z 2 1

Then the sample data are given by {(u;, v;)}" . Let

n n n 2 n

n
(] U v; U% ViUg

T = E —, T2 = E —, T3 = E — T4 = E — I5 = E .
n n n n n

i=1 i=1 i=1 i=1 i=1

We aim to derive explicit estimators of the five parameters pi,, pp, 04, 0p, 6 using moment
estimations. Define the estimators of g, py, 04, op, 0 as follows.

o =V = (Ayya —vs)/(W2) .. i+ VY — (yiys —ys)/(y2))
Mg = 2 y My = D) ’

oo =/ (v — i) (B — i), 67 = \/(Bgws — wa) (B — ),

0" = () — fig)z1,

(26)

where

2T9 T3 — x% T4 — x% Ty — T1T2
nw=—">Y=— " Y= —— Ya=—_
r x X T

For convenience, denote © = (puq, b, 0a, 0p, 0) and or = (ﬂg,ﬂ;},&g,&g,&n). Let g: R®> —
R® be the differentiable function such that

0" = g(w1, 72,73, 74,75).
Note that g can be uniquely determined by (26) and has an explicit expression.

LEMMA 4.1: The estimators ©™ are well defined, that is,

4 Y1Yys — Y Am Am An Am ~Am AM
ﬁ—(1;”zm<m—%wwymaz&<%m—mwfwmza 27)

and as n — oo, almost surely,

6" - o, (28)

Furthermore, \/ﬁ(@”—G) converges weakly to a five-dimensional normal distribution
with zero mean and covariance matriz Vg(0©)X, where ¥ is the covariance matric of
(Vs,Us, V2, U2, UsVs), and Vg is the gradient of g.
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PRrROOF: For convenience, we omit the superscript n for the estimators of g, up, 04, op, and
0. Using the moments in Lemma 3.4, we consider the following equations.

20
T1 = = ’ (29)
Mo — Ha
5(f + fia
LI R (30)
b — Ha
452 2(62 + 62)6
T3 = — — (Aa Ab)3 (31)
(Ub - ﬂa) (,ub - Ua)
0%(fra + )* | 21362 + 1267)d
4= — — + - — (32)
(Mb - Ma) (Mb - Na)
20%(fip, + fia) . 2(02 + f1a62)d
Is = = 2 - .3 . (33)
2(fip — fla) (A = fia)
Next we solve the above equations for fi,, iy, G4, Op, § in terms of T, k=1,2,...,5. Let
21‘2 R “
Y1 = —— = [+ lUa
o
T3 — 1} 62+ 67
y2 = = - = )
1 (,ub - Ma)
_ a3 [i36s + 1307
Ys = = ~ \2
1 (/’Lb - Ma)
T5— x1T2 w0 + [la0p
Y1 = = rah
1 (Mb - //fa)

We then note that
y% 4T Ys

~ ~ N2
= (fip — .
o = (i fia)

Letting fip > fiq, We obtain

= V1= V3 — A(y1ya — y3)/ (y2))

o 2
oy VY — (s — y3)/ (v2))
Mo = 9

and

Ga = (Ya — fay2) (fi — fla),

&5 =/ (wy2 — ya) (jiv — fla),
8 = (jip — fia)71.
To see the above estimators are well-defined, we only need to show (27). We first note that

1(y1y4 yS) 1

2 2 2 2 2

— Ta — X — fzx To(xs — T122 x(xs — .
yl yz SUI(.'L‘3 - :L‘l) I::E2( ? 1) ! ( ! ) 1( )]
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It is clear that

2N Z?:l viz - Z?:l Ui

.1]3—.%‘1: n2

> 0.

We next note that

22(x3 — 22) — 22129 (25 — T110) + 22 (24 — 23)

> 2$1£C2\/($3 — 22) (24 — 23) — 2x122 (25 — T122)

= 2212a(y/ (23 — o) (w4 — 23) — (25 — 2122))

XU (z (mf) (z <m>2>

B (ZUiApi DY EW))

n n n

_ 227% DU \/Z(Uz‘ =S vi/n)* 3 (u; — Y ui/n)? 3 (Zviui DL Zui)

n n n n n

S g2V Dt (E(Ui — 2 vi/n) (ui = Yui/n) (ZWM Y Zm))

n n n n
=0.
This shows the first inequality in (27). To show the last two inequalities in (27), we observe
that
2 4 _
R SR V4 ( (y12y4 y2))/(2)) (- 2222),
2 4 _
e —ya = y2v/y7 — (( (y12y4 y3))/(y2)) (y4 B y12y2> .

Hence it suffices to show

3 (v7 — (4(y1ya — y3))/(12))) Y112\ 2
4 = (y4 - T) '

After simplifying above inequality, it suffices to show that y2y3 > y3. Note that

Y213 > Ui
is equivalent to
(z3 — 27) (x4 — 23) > (25 — T122)?,

and the latter one is proved above. This completes the proof of (27). Next from the con-
struction of the estimators, we see that they are the unique solutions of (29)—(33). Using the
strong law of large numbers and the continuous mapping theorem, we have (28). Finally,
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the central limit theorem for © follows immediately from Delta method (cf. Casella and
Berger [13]) and the central limit theorem for (z1,zs,...,x5), that is,

Vnl(z1, 22, 3,24, 75) — E(21, 22,3, 24, 75)] = N5(0,%),

where ¥ is the covariance matrix of (Vs, Us, VE, U2, UsVs). [ |

5. APPLICATION IN LOBS

In this section, we apply our model to a LOB as described in the introduction. We aim to
forecast the trading price movement over a short period. We develop an asymptotic GBM
model for trading prices as follows. As in Section 4, suppose that the sample data for the
time and price (¢;, p;) of the ith trade are given for i = 1,2,...,n. Let

uy =Inpy, vy =t1, and wir1 =mn(piy1/pi), Vi1 =tig1 —t;, 0> 1

We first estimate the parameters g, iy, 0a,0p, and 0 as in (26), and use the estimators
iy, iy, 0, and 7' to compute m and s by substituting jiq, p, 04, 0p With fy, gy, 67,67,
respectively, in (23). Typically, the estimator 6" is small (see Figures 6-9) and so from
Theorem 3.8, we approximate Z(t) by a N(mt, st) random variable. Hence the prediction
formula for In P(¢t) — In P(0) is

Sn nn t
(:ua _; Hy ) , (34)

and the upper and lower bounds are chosen to be
G+ i)t 3VICEP RGP (i)t 3G GO (g

2 2 ’ 2 B 2

We next apply the above formulas to real data. Here we select the stock SUSQ (Susque-
hanna Bancshares Inc). The data are chosen from 01/04/2010 9:30AM to 01/04/2010
4:00PM, including the trading prices and trading times. The unit of trading prices is dollars
and the unit of the difference of consecutive trading times is seconds. We perform the back
test to evaluate the performance of the prediction. To be precise, we predict the logarithmic
trading price at each trading time using the 10-minute data l-minute before the trading
time. For example, observing that there is a trade at 10:34:56, we then use the data from
10:23:56 to 10:33:56 to estimate the parameters and predict the logarithmic trading price
at 10:34:56, and the last trading price during the time interval from 10:23:56 to 10:33:56
is regarded as P(0). At the same time, we calculate the upper and lower bounds of the
prediction at that trading time. We note that even though the drift and volatility parame-
ters in the asymptotic model (25) is constant, the estimated parameters for predictions are
actually time-varying. We compare this predicted logarithmic trading prices with the real
trading prices in Figure 3. We do a similar prediction for each trading time but using the
10-minute data 2-, 5-, 10-minute before the trading time respectively. The comparisons are
shown in Figures 4-6. In each of these figures, there are four curves. The curves at the top
and bottom are the upper and lower bounds given by (35). The two curves in the middle
are the predicted logarithmic prices, which are computed by (34), and the real logarithmic
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FicUure 3. Predictions of trading prices using 10-minute data 1-minute before each trading
time.

1.84 T = : :
real logrithmic price
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FIGURE 4. Predictions of trading prices using 10-minute data 2-minute before each trading
time.

prices. We note that these two curves stay very close, especially in Figure 3. Define

1 price - Predicted pri
Relative error (RE) = Rea me}i lre.lc ec pree.
eal price

For the predictions 1-, 2-, 5-, 10-minute into the future, the maximum absolute REs are
0.0055, 0.0058, 0.0080, 0.0152, respectively. We see that the prediction 1-minute into the
future provides very good forecasting, and the accuracy of the prediction deteriorates as we
try to predict farther into the future, which is to be expected. We note that our asymptotic
model is obtained when § is small. We present the values of 6" for all four predictions
in Figures 6-9, and observe that all values are O(1072). Thus it is reasonable to use the
asymptotic results in the regime 6 — 0.
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FIGURE 5. Predictions of trading prices using 10-minute data 5-minute before each trading

time.
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FIGURE 6. Predictions of trading prices using 10-minute data 10-minute before each

trading time.
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FIGURE 7. Values of §" when using 10-minute data 1-minute before each trading time.
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FIGURE 10. Values of " when using 10-minute data 10-minute before each trading time.
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