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Abstract

This paper presents an investigation of self-focusing of a q-Gaussian laser beam and its effect on harmonic generation in a
preformed collisionless parabolic plasma channel. In the presence of a g-Gaussian laser beam, the carriers get redistributed
from high field region to low field region on account of ponderomotive force as a result of which a transverse density
gradient is produced in the channel which in turn generates plasma wave at pump frequency. Generated plasma wave
interacts with the incident laser beam and generate higher harmonics of the incident laser beam. Moment theory has
been used to derive differential equation for the spot size of laser beam propagating through the channel. The
differential equation so obtained has been solved numerically. The effect of the intensity of laser beam, deviation of
intensity distribution of laser beam along its wave front from Gaussian distribution, plasma density and depth of
channel on beam width of laser beam and harmonic yield has been investigated. The effect of order of higher

harmonic on harmonic yield has been also investigated.
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1. INTRODUCTION

The nonlinear interaction of highly intense laser beams with
plasmas has recently received significant attention of a
number of theoretical as well as experimental researchers
due to its relevance to a wide range of applications including
plasma based accelerators (Tajima & Dawson, 1979; Singh
et al., 2010a; Modena et al., 2002; Hora et al., 2000), laser
plasma channeling (Borisov et al., 1992; Monot et al.,
1995; Gibbon et al., 1995; Singh et al., 2010b), X-ray
lasers (Amendt et al., 1991; Eder et al., 1994; Faenov
et al., 2007), XUV beams (Burnett et al., 1989), super con-
tinuum generation (Corkum et al., 1986; Ting et al., 1996),
and fast ignition schemes for inertial confinement fusion
(Tabak et al., 1994; Deutsch et al., 2008; Hora, 2007; Seifter
et al., 2009). In all these applications, it is highly desirable
that the laser beam propagate extended distances (many Ray-
leigh lengths) into plasma at high intensity and directionabil-
ity. In the absence of an optical guiding mechanism, the
propagation distance is limited to approximately to a Ray-
leigh (diffraction) length, due to diffraction divergence. In
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conventional optics, diffraction of laser beam can be prevent-
ed either by using optical fibers or relying on nonlinear self
focusing. Laser propagation in a medium is often character-

A2K2 .
—+); where @ is laser fre-
0

quency and k, is propagation constant. Refractive guiding
can occur when the transverse (radial) profile of the dielectric
constant is peaked along the propagation axis. When this con-
dition is satisfied, the phase velocity v,(= %) becomes smaller
on axis (r = 0) as compared to off axis and as a result phase
fronts of the optical field become curved such that the laser
beam focuses toward the axis. A plasma wave guide (chan-
nel) is formed by tailoring the transverse profile of the elec-
tron density N,(r) such that %\f >0, ie., §$<0. When
intense laser beam propagates through such a plasma chan-
nel, various parametric instabilities such as self focusing,
higher harmonic generation (HHG), stimulated raman scat-
tering (SRS), stimulated Brillouin scattering (SBS), compton
scattering, etc., come into play. However, self focusing con-
tinues to be a subject of great fascination due to its relevance
to a wide range of applications including X-ray lasers, HHG,
electron acceleration. The laser beams, having non-uniform
intensity distribution along its wavefront, leads to change
in dielectric constant of plasma by producing non-uniform
redistribution of plasma electrons. In collisionless plasma,

ized by dielectric constant e(:



mailto:arvinder6@lycos.com
https://doi.org/10.1017/S0263034614000639

622

this redistribution of carriers take place on account of ponder-
omotive force that displaces electrons from high field region
to low field region. Generation of higher harmonics of elec-
tromagnetic radiations in laser produced plasmas and labora-
tory plasmas is an important nonlinear process and has
engaged the attention of a number of researchers due to its
practical significance for many applications. Harmonic gen-
eration in laser plasma interaction has been studied extensive-
ly both experimentally as well as theoretically (Prashar et al.,
1992; Rax et al., 1992; Malka et al., 1997; Singh et al.,
2011a; 2011b; Kant et al., (2004; 2011; 2012); Rajput
et al., 2009). There are number of mechanisms through
which one can generate higher harmonics of laser beam in
plasmas. These mechanisms include resonance absorption
(Erokhin et al., 1969), parametric instabilities (Bobin,
1985), transverse density gradients associated with light fila-
ments (Stamper et al., 1985), ionization fronts (Brunel,
1990), photon acceleration (Wilks et al., 1989), through ex-
citation of plasma wave (Sodha et al., 1978; Prashar et al.,
1992; Singh et al., 2011a; 2011b). The most common mech-
anism for HHG in plasmas is through the excitation of
plasma wave at pump frequency by the laser beam. The pro-
cess of HHG has strong influence on the nature of laser prop-
agation through the plasma. It allows the penetration of laser
power to over dense region and can provide valuable diag-
nostics information not only on plasma parameters such as
local electron density, density gradients, expansion velocity,
etc., but also on the presence of large electric and magnetic
fields and plasma waves. (Teubner & Gibbon, 2009). This
phenomenon presents new opportunities for applications
such as nonlinear optics in the extreme ultraviolet region,
photoelectron spectroscopy, and opacity measurements of
high-density matter with high temporal and spatial resolution
(Huillier et al., 2003).

Most of the theories of HHG are based on the assumption
of a uniform laser beam or laser beam having Gaussian dis-
tribution of intensity along its wavefront. Since most of the
laser beams used in experiments have non-uniform distribu-
tion of intensity along its wavefront, therefore it is necessary
to take into account this non-uniformity in theory of HHG. A
laser beam is usually assumed to be characterized by Gauss-
ian intensity distribution function along its wavefront. In con-
trast to this picture, Patel et al. (2005), measured the intensity
profile for the Vulcan petawatt laser and found that intensity
profile of the laser beam was not exactly Gaussian but was
having deviation form Gaussian distribution. Further investi-
gations of the laser beam spot profile of the Vulcan laser in
Rutherford Appelton Laboratories by Nakatsutsumi et al.
(2008), suggests that the beam intensity is characterized by
function of the form

2
F) =FO)1 +-5)7, (1)
qry

where the values of relevant parameters g and ry can be ob-
tained by fitting the experimental data. Since, for a given
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power of laser beam, the average square of electric vector in
the wavefront is much higher for g-Gaussian distribution
than that for Gaussian distribution, the magnitude of generated
harmonics is much higher in case of g-Gaussian irradiance. To
the best of authors knowledge, no theoretical investigation on
HHG by self focusing of g-Gaussian laser beams in preformed
plasma channels has been carried out. This gives strong moti-
vation for the study of HHG in preformed plasma channels by
taking into consideration the deviation of intensity distribu-
tion of laser beam from Gaussian distribution.

In the present paper, electron plasma wave has been con-
sidered as a source for the generation of higher harmonics
of the laser beam propagating through preformed collision-
less plasma channel. In Section 2, moment theory has been
developed to describe the evolution of spot size of
g-Gaussian laser beam propagating through preformed colli-
sionless plasma channel. In Section 3, source term for HHG
has been setup. In Section 4, equation for yield of higher har-
monics has been derived for g-Gaussian laser beam. In Sec-
tion 5, detailed discussion of the results has been presented.

2. SELF FOCUSING OF LASER BEAM

Consider the propagation of an intense laser beam of fre-
quency oy and wave vector ko having nonuniform intensity
distribution (g-Gaussian) along its wavefront, through a pre-
formed collisionless plasma channel having parabolic elec-
tron density distribution (Esarey et al., 1997)

2

N.(r) = N.(0) + AN, o )
ch
where N,(0) is the electron density on the axis of the channel,
AN,= N, (rs) — N, (0) is the depth of channel. The initial
intensity distribution of the laser beam along its wavefront
at z =0 is given by (Sharma & Kourakis, 2010)

* 2 P\

Ey.Ey|,—o = Eoo(l + q_ré> s 3)
where ry is the spot size of the laser beam at z = 0 and ris radial
co-ordinate of the cylindrical co-ordinate system. The param-
eter ‘g’ describes the deviation of the intensity distribution of
the laser beam from the Gaussian intensity distribution. As the
value of g increases, the intensity distribution of the beam con-
verges toward the Gaussian distribution and become exactly
Gaussian for g = . For z > 0, we assume an energy conserv-
ing g-Gaussian ansatz for the laser intensity.

EZ r2 -4
* __ 00
%%_FOUWJ’ @

where f is the dimensionless beam width parameter. The
slowly varying electric field E of the pump beam satisfies
the wave equation

2
V2E — V(V.E) + %eE —0. (5)
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In the Wentzel-Kramers-Brillouin approximation, the polari-
zation term V (V.E) of Eq. (4) can be neglected, which is
justified when

1,
—|=Vilnel < 1. (6)
w; €

Under this approximation wave Eq. (4) reduces to
(1)2
V’E +—2€eE =0, (7
C
and

€ = eo + DEE]). 8)

Here, €y = €l,.—¢ is the axial dielectric constant of the channel
and O(EyEy) is the off axial part of the dielectric function.
Due to non-uniform intensity distribution along the wavefront
of the laser beam the plasma electrons experience ponderomo-
tive force and hence get displaced from high field region to
low field region, as a result the effective dielectric constant
of the plasma get modified. The modified dielectric constant
of the plasma channel is given by Sodha et al. (1976)

EZ r2 -4
g (1)
e=1 ——’z’e f qrof

s )
Wy
o2 BEG
eozl—w—’;"e , (10)

0

2 2\
u)2 ,BL(Z)O wz w2 2 7ﬁigo<1+ r2 )
CD(EOEO*):—"Oe 7o (_P0+ﬂ%)e f qrf?
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where

[4TtN,(0)e?

Wpo =y ——
m

[4TAN, ¢*

Wpeh = m p

62
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B

e and m are electronic charge and mass, 7} is equilibrium
temperature of plasma and K, is the Boltzmann constant.
Taking E in Eq. (7) as

E = Ey(r, z) exp [{wot — koz}]ex, 12)

we get the following quasi optic equation

dE 2
—2uky —2 + viE0+wL¢EO =0, (13)
dz c2
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2 .
where we have neglected the term ‘ii—fz" by assuming that var-
iations in the z-direction are slower than those in radial direc-
tion. Eq. (13) can be written as

dEy 1

ld—z—z—koViEo + PE, (14)

where P = 2%4" Now from definition of second order
moment, the mean square radius of the beam is given by

én f;o r2EyE rdrd

<a®> = SRS .
o o rEoE§drd®

15)

Following procedure of Lam et al. (1977), we get the follow-
ing differential equation governing the evolution of mean
square radius of the laser beam with distance of propagation.

&P <a®> 4L, 4 oo
* . 1
—d22 = —10 — I_o L Io O(EoE )rdrd® (16)

Where [ and I, are the invariants of Eq. (13)

21 oo
I = j j |Eo|*rdrd, 17)
0 0
21 poo l
L= j j W(NiEolz — F)rdrd9, 18)
0 0 0
where,
1 E0E]
F(EoE]) = EJ P(EoEg)d(EOEL), (19)
0
and
* EoE} P(EoEY .
O(E)E}) = [w — 2F(EyE] )]. (20)

From Egs. (4),(15), and (17) it can be shown that

1 -1
I = nr§E§0<1 - —) , @n
q

-1
<a’> = r§f2<1 —g) . (22)

Using Egs. (11), (17)—=(22) in (16), we get

ﬁ#(i)z_ (“é) (1_3) 1 (1%) (1_9

a8 F\dE) = (1+1) Iz
q

2 .2 2 .2 2 .2
wpch o fT + B E2 wp() o T + wpch o ﬁ B
2 1 W\" 23 2 2

(23)
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where & = (z/kor3) is the dimensionless propagation dis-

tance, and

E2 -
o O\ P ;’0(1+x>
lej x<1—|—7> e f dx,
0 q
E?
o0 X —2q—1 _B_;)O(H_E>
Tzzj x<1+—) e [ 4/ dx,
0 q
e
o —2¢—-1 ——— 14—
T3:j x2<1+5> e f? dx.
0 q

Initial conditions of plane wavefront are df =0andf=1at
& = 0. Eq. (23) describes the evolution of the spot size of a
g-Gaussian laser beam with dimensionless distance of prop-
agation as it propagate through a preformed collisionless
plasma channel.

3. PLASMA WAVE GENERATION

The non-uniform g-Gaussian intensity distribution of the laser
beam along its wavefront produces a transverse density gradient
in the channel by exerting non-linear ponderomotive force on
the electrons and hence displaces electrons from the high field
region to the low field region. This density gradient in turn gen-
erate plasma wave at pump frequency. The plasma wave gener-
ated by the laser beam is governed by equation of continuity,
equation of motion, equation of state and Poisson’s equation.

o 24

a(];] Y o VL )+ Lop, +N <o _orNv=0. (@5
% = constant, (26)

VEy = 41(ZNoi — N,)e, 27)

where, v and P,, respectively, are velocity and pressure of
electron fluid v is degrees of freedom, Z is charge state of
ions and Ny, is density of ions.

Using linear perturbation theory in which the physical quan-
tities (V,, v) are expanded up to first order term about their equi-
librium value, we get equation of plasma wave as follows

—@2n+ V2,V + @2n = S ngVE. (28)
m

For g-Gaussian laser beam solution of this wave equation
gives the higher harmonic source term

q
E 2 \(—3-D
= 2o - <1+ - 2) . Q9
m rgf? <w2 _ 2 —w2&> qrof
0 — KoVin " No
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4. HIGHER HARMONIC GENERATION

The wave equation governing the electric field E; of /th har-
monic is given by

tS)

n

2
Wm+—awm—% Eo. (30)

1o
where ® ; = lo  is frequency of /th harmonic and €, is the ef-
fective dielectric constant at /th harmonic frequency. From
the above equation we get expression for field E; of Ith har-
monic as

2
W, n EO
E="Ll——" . 31
' g (k- PR S
Now the Ith harmonic power can be written as
2n oo
Pl = j J E[El* rdrde, (32)
o Jo
also, the power of initial pump beam is given by
2 oo
o Jo

Defining /th harmonic yield as

Py
Y, =
Py
2
8 KTy @ @y, 1\ (%)
= 5 a3 2 (T )e H, (34
(P = 1)* me* rywi,owiy f q
where

X —2q-2
H=|(1+=
q
PO T R 2
pc(go_'_ pchOr()fZ

ch
22 22 2 2 2
{wor 0_ %" €oVin (“’por 0

2
2 2 2
W T T N
Wolo _ Wolg S0%m _ { Zp00 , [ Zpch®0 | [ 10 ) (2, | Y0

xdx

c

5. DISCUSSION

Egs. (23) and (34), respectively, describe the variation of di-
mensionless beam width parameter fand harmonic yield Y; of
a g-Gaussian laser beam with dimensionless distance of
propagation &. These equations have been solved numerically

2 2
w570

for following set of parameters; g = 3.0, BE%O =0.50,
w2 12\ /2

=6.0, ( ey °)< 0) 0.60, wp = 1.78 x 10" rad sec™ !,
ch

A =1.06 um, ro = 15 pm, r,; = 150 um, T, = 10°K and for

different values of g, normalized intensity BE%O, normalized

plasma density and normalized depth of channel. Effect of
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order of harmonicity on harmonic yield has been also
analyzed.

The first term on the right-hand side of Eq. (23) represents
diffractional divergence of the laser beam and the second
term that arises due to radial inhomogeneity of plasma chan-
nel and pon-deromotive force exerted by the laser represents
non linear refraction of the beam. Relative magnitude of
these two terms determines the focusing/defocusing behav-
ior of the beam.

Figure 1 describes the variation of magnitude of diffraction
term at (§ = 0) in Eq. (23) with g. It is observed that with in-
crease in the value of g vacuum diffraction of the laser beam
increases linearly and then almost saturates for higher values
of g. This is due to the fact that with increase in the value of g
the intensity of the beam shifts toward the axial region of the
wavefront and the divergence of axial rays is stronger as com-
pared to off axial rays.

Figure 2 describes the variation of dimensionless beam
width parameter f with normalized distance of propagation
& for above mentioned set of parameters and for different
values of g = 3,4,00 From Figure 2, it is observed that with
increase in the value of ¢ there is decrease in the extent of
self focusing of the laser beam as well as decrease in focusing
length. This is due to the fact that with increase in the value

of g the magnitude of diffractive term in Eq (23) increases as
a result of which the diffractive term dominate over refractive
term. So, increase in g leads to decrease in the extent of self
focusing of the laser beam.

Figures 3, 4, 5 describe the variation of beam width param-
eter fagainst the normalized distance of propagation  for dif-
ferent values of normalized intensity of laser beam viz.

2 . L Whorg

BEgo = 0.50, 0.55, 0.60, normalized plasma density —25— =

2 2
6.0,6.5,7.0, normalized channel depth (2% 0)( ) = 0.60,

Initial magnitude of diffraction term
o s o o o e o
(5] £ o [=2 ~I o w

o
()

0.1 L : . .
0 20 40 60 80 100
q

Fig. 1. Variation of magnitude of diffraction term at & =0 in eqn.(25)
against g.
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Fig. 2. Variation of beam with parameter f against the normalized distance
of propagation & for different values of q viz. ¢ —uﬁ ﬁz oo and at fixed values
of the following set of parameters BEZ, = = 6.0,

2 )’2 2
Open’o — 0.60.
c2 rch

0.65, 0.70, respectively, for above mentioned set of param-
eters. From Figures 3, 4, 5 it is observed that with increase in
the intensity of the laser beam, plasma density, and depth of
channel there is increase in self focusing of the laser beam as
well as decrease in focusing length. This is due to the fact that
with increase in intensity of laser beam, plasma density, and
depth of channel, nonlinear refraction dominate over natural
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Fig. 3. Variation of beam width parameter f against the normalized

distance of propagation & for different values of normalized intensity

of laser baeam viz. BE%O = 0.50, 0.55, 0.60 and at fixed values of ¢ =3,
2

W2, 12\ /2 w27
240 (2) 0.60. 5% = 6.0.
c Ten
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Fig. 4. Variation of beam width parameter f against the normalized
distance of propagation & for different values of normalized plasma

wﬁorg . 2
5 = 6.0,6.5,7.0 and at fixed values of g =3, BEjy =
c

(1)2, r2 2
0.50, <#) (’TO> = 0.60.
C Yen

diffraction which leads to increase in extent of self focusing
of the laser beam as well as to decrease in focusing length.
Figures 6 and 7 describe the variation of second harmonic
yield Y, against the normalized distance of propagation & for
different values of ¢ = 3, 4, and oo, respectively, for above
mentioned set of parameters. From Figures 6 and 7, it is ob-
served that with increase in the value of g there is decrease in
harmonic yield. This is due to the fact that harmonic yield is

density viz.

(@, 1 fO)(r,fr,)=0.60
1.1+ {:r)mnrnfc)?(rnfrch)2=0.65
(o, rf6)(rr, )'=0.70
] \\ .//' "\\

0.0 “"-. ;

0.8—-
07
D.G-
0.5—-
0.4;

0.3 4

Fig. 5. Variation of beam width parameter f against the normalized distance
of propagation & for different values of normalized depth of channel viz.

LAY 2
')72 (T()) = 0.60, 0.65,0.70 and at fixed values of g =3, BEg =
c 2,

2 2
w5070

c2

0.50, =6.0.
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Fig. 6. Variation of second harmonic yield Y, against the normalized
distance of propagation & for different values of q viz. ¢=3,
4 and at fixed values of the following set of parameters PEgy = 0.50,
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very sensitive to the extent of self focusing of the laser beam.
Greater is the extent of self focusing of the laser beam higher
is transverse density gradient in the focal region and hence
higher is the harmonic yield.

Figure 8 Depicts the variation of second harmonic yield Y,
against the normalized distance of propagation & for different
values of normalized intensity of laser beam BE<2)0 =0.50,
0.55, 0.60 and for above mentioned set of parameters. It is
observed that with increase in intensity of laser beam there
is increase in harmonic yield. This is due to the fact that in-
crease in intensity of the incident laser beam enhances the

2.50E-007
Pt AN N
2.00E-007 % SN //
/ "\\ / N
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Fig. 7. Variation of second harmonic yield Y, against the normalized dis-
tance of propagation & for ¢ = oo and at fixed values of the following set of

0 2 02 )
parameters BEZ, = 0.50, 220 — 6.0, [ 20 (%’) = 0.60.

2 2
C C Yen
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Fig. 8. Variation of second harmonic yield Y, against the normalized dis-

tance of propagation & for different values of normalized indensity of laser

beam viz. BE3, = 0.50, 0.55, 0.60 and at fixed values of the following set
2 2

w2, r? 2 [
of parameters (# (rT()) =0.60, ¢ =3, P70 _ 0.
c

2
ch ¢

self focusing of the laser beam which further enhances the
harmonic yield.
Figures 9 and 10 describe the variation of second harmon-
ic yield Y, against the normalized distance of propagation
20t

& for different values of normalized plasma density w’z — =

2 2
6.0, 6.5, 7.0 and normalized depth of channel ( 24" ) (22) =

Teh

0.60, 0.65, 0.70, respectively, for above mentioned set of

0.0014 _
2_
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Fig. 9. Variation of second harmonic yield Y, against the normalized dis-

tance of propagation & for different values of normalized plasma density viz.
2 2

W57
L 02 0 _ 6.0, 0.65, 0.70 and at fixed values of the following set of parame-
c
wZ }’2 2
ters BEZy = 0.50, ¢ = 3, ( s °> (’TO) = 0.60.
rch
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Fig. 10. Variation of second harmonic yield Y, against the normalized dis-
tance of propagation & for different values of normalized depth of channel

. Dpen (2) r(z) . .
viz. | ——— |7 ) = 0.60, 0.65, 0.70 and at fixed values of the following
c 2,
2 2

2 _ _4 Ypo’0 _
set of parameters BEpo = 0.50, ¢ =3, —— = 6.0.
c

parameters. It is observed from Figures 9 and 10 that with in-
crease in the plasma density and depth of the channel there is
increase in harmonic yield. This is due to the fact that with
the increase in plasma density and depth of channel, self fo-
cusing of the laser beam increases and therefore the trans-
verse density gradient becomes very steep in the focal
region, which leads to increase in amplitude of plasma
wave and hence harmonic yield.
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Fig. 11. Variation of second harmonic yield Y; against the normalized dis-
tance of propagation & for different values of harmonicity viz. [=2, 3, 4

2 2

w2, w2, r?
and at fixed values of (”;0 (%0) =0.60, g =3, pCO2 0 = 6.0, BE3, =

ch

0.50.
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Figure 11 depicts variation of harmonic yield Y, against the
normalized distance of propagation & for different orders of
harmonicity / = 2,3,4 and for above mentioned set of param-
eters. It is observed from Figure 11 that harmonic yield de-
creases with the increase in order of harmonicity. This is
due to the fact that harmonic yield Y; of Ith harmonic is in-
versely proportional to (* — 1)%. Therefore, with increase
in the value of order of harmonicity there is decrease in har-
monic yield.

CONCLUSION

In the present work, Self-focusing of g-Gaussian laser beam in
collisionless plasma channel and its effect on higher harmonic
generation has been studied by moment theory approach. Fol-
lowing important conclusions are drawn from present analysis.

o Diffraction divergence of axial rays is stronger as com-
pared to off axial rays.

o Self focusing of g-Gaussian laser beam increases with
decrease in g as well as with increase in intensity of
laser beam, density of channel and depth of channel.

e Harmonic yield increases with decrease in q.

e Harmonic yield increases with increase in intensity of
laser beam, density and depth of channel.

e Harmonic yield decreases with increase in order of
harmonicity.

Harmonic generation is a useful diagnostic tool for filamen-
tation. We know that filamentation in the underdense plasma
corona of the fusion pellet destroy the symmetry of energy
deposition on the target and therefore uneven compression
of the target takes place, which leads to the premature end
of the implosion. Moreover higher harmonic generation
allows the penetration of laser power to overdense region
of plasma corona of the fusion pellet. Therefore, the results
of the present investigation are useful to understand the phys-
ics of laser induced fusion.
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