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Abstract

It was observed recently in work of Bez, Buschenhenke, Cowling, Flock and the first
author, that the euclidean Brascamp–Lieb inequality satisfies a natural and useful Fourier
duality property. The purpose of this paper is to establish an appropriate discrete analogue
of this. Our main result identifies the Brascamp–Lieb constants on (finitely-generated) dis-
crete abelian groups with Brascamp–Lieb constants on their (Pontryagin) duals. As will
become apparent, the natural setting for this duality principle is that of locally compact
abelian groups, and this raises basic questions about Brascamp–Lieb constants formulated
in this generality.

2020 Mathematics Subject Classification: 42B37, 44A12, 52A40.

1. Background and results

The euclidean Brascamp–Lieb inequality is a broad generalisation of a range of important
multilinear functional inequalities in mathematics, and takes the form∣∣∣∣∫

H
f1 ⊗ · · · ⊗ fm

∣∣∣∣≤ BL(H, p)
m∏

j=1

‖fj‖Lpj (Hj); (1·1)

here H1, . . . , Hm are euclidean spaces equipped with Lebesgue measure, H is a subspace of
the cartesian product H1 × · · · × Hm, also with Lebesgue measure, and p = (pj) ∈ [1, ∞]m.
We refer to (H, p) as the Brascamp–Lieb data for the inequality (1·1). The expression
BL(H, p), referred to as the Brascamp–Lieb constant, is used to denote the smallest con-
stant in the inequality (1·1) over all input functions fj ∈ Lpj(Hj), and may of course be
infinite at this level of generality. This is one of a number of equivalent formulations of
the Brascamp–Lieb inequality/constant (see [5]), chosen here as it naturally relates to the
elementary Fourier-invariance property∫

H
f1 ⊗ · · · ⊗ fm =

∫
H⊥

f̂1 ⊗ · · · ⊗ f̂m; (1·2)
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here H⊥ denotes the orthogonal complement of H in H1 × · · · × Hm, and f̂j the nj-
dimensional Fourier transform, where nj = dim Hj. This invariance property is a generali-
sation of the basic fact that the euclidean Fourier transform maps convolution to pointwise
multiplication, and has of course been used by many authors in a variety of contexts – see,
for example, [1, 5, 16, 24]. Recently a corresponding notion of duality within the set of
Brascamp–Lieb data was established in [5].

THEOREM 1.1 (Fourier duality [5]). If H is a subspace of H1 × · · · × Hm and 1 ≤
p1, . . . , pm ≤ ∞, then

BL(H, p) = BpBL(H⊥, p′), (1·3)

where

Bp =
m∏

j=1

⎛⎝ p
1/pj
j

(p′
j)

1/p′
j

⎞⎠nj/2

(1·4)

and p′ = (p′
j); here p′

j denotes the conjugate exponent to pj.1

Theorem 1·1 tells us that, up to an explicit factor depending only on n1, . . . , nm and p, the
map

(H, p) 
−→ (H⊥, p′) (1·5)

is a constant-preserving involution on the set of Brascamp–Lieb data. In what follows we
shall refer to (H, p) and (H⊥, p′) as dual data, and (1·5) as the duality map.

One immediate consequence of Theorem 1·1 and the Fourier invariance property (1·2) is
the “Fourier–Brascamp–Lieb inequality”∣∣∣∣∫

H
f1 ⊗ · · · ⊗ fm

∣∣∣∣≤ BL(H, p)
m∏

j=1

A
−nj/2
pj ‖̂fj‖

Lp
′
j (Hj)

, (1·6)

where An/2
p : = (p1/p/(p′)1/p′

)n/2 denotes the best constant in the classical n-dimensional for-
ward and reverse Hausdorff–Young inequalities [2, 9]. Depending on where the exponents pj

lie relative to 2, the inequality (1·6) may be tighter than (1·1) for non-gaussian inputs fj. An
instance of this observation was implicitly used by Ball in his work on volumes of sections
of cubes [1].

Perhaps the clearest benefit of Theorem 1·1 (and our forthcoming Theorem 1·2) is that
it allows one to switch between a Brascamp–Lieb datum and its dual, which may be rather
more transparent; see [4] and [5] for an example of this. Perhaps the simplest interesting
example is the duality between the data associated with Young’s convolution inequality and
Hölder’s inequality, which goes some way to explain the nature of the constant Bp in (1·3).
We elaborate on this and a variety of other examples in Section 2.

1 There is a minor technical point here that arises if pj = ∞ for some j, and the jth projection map from H to
Hj (or later on Gj) is not surjective. In this case the L∞ norm should be interpreted as the supremum rather
than the essential supremum. We refer to the discussion of Fubini’s theorem and its dual in Section 2 for a
simple example.
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Theorem 1·1 may be proved rather quickly using some quite heavy-duty machinery: one
combines the Fourier-invariance property (1·2) with an application of Lieb’s theorem [21]
on the exhaustion of BL(H, p) by centred gaussian functions fj, along with the elementary
fact that the Fourier transform maps centred gaussians to centred gaussians. We refer to [5]
for further explanation.

The Fourier-invariance property captured by (1·2) is naturally generalised to the context
of locally compact abelian (LCA) groups. Here H is taken to be a closed subgroup of G1 ×
· · · × Gm, with each Gj a LCA group, and H⊥ the subgroup of the dual group Ĝ1 × · · · × Ĝm

given by

H⊥ = {χ ∈ Ĝ1 × · · · × Ĝm:χ(h) = 1 for all h ∈ H}.
Defining BLG(H, p) to be the best constant in∣∣∣∣∫

H
f1 ⊗ · · · ⊗ fm

∣∣∣∣≤ BLG(H, p)
m∏

j=1

‖fj‖Lpj (Gj), (1·7)

it is natural to ask whether

BLG(H, p)<∞ ⇐⇒ BLĜ(H⊥, p′)<∞ (1·8)

in full generality. Of course the specific constants BLG(H, p) and BLĜ(H⊥, p′) depend on
how the Haar measures implicit in (1·7) are normalised. There is no canonical choice of
normalisation for the Gj or H, although once chosen, the normalisations for the Ĝj and H⊥
are naturally prescribed by insisting that Plancherel’s theorem on Gj holds with constant
1, and that the forthcoming abstract Fourier-invariance property (4·14) holds for H with
constant 1. In the setting of discrete groups – the focus of this work – it is natural (and
conventional) to assign counting measure to G and H, and correspondingly require that the
measures on the compact groups Ĝ and H⊥ are normalised to have mass 1.

In light of Theorem 1·1, the basic structure theory of locally compact abelian groups (see
[19, theorem 24·30]) suggests an explicit quantitative form of (1·8). In particular, since each
factor Gj is isomorphic to Rnj × Gj,0, where Gj,0 has a compact open subgroup, it seems
natural to expect that

BLG(H, p) = BpBLĜ(H⊥, p′), (1·9)

with Bp given by (1·4).
In this paper we consider the validity of (1·9) in the particular context of (finitely-

generated) discrete groups Gj. Here of course the euclidean factor in Gj is trivial for each j, so
that the constant appearing in (1·9) is 1. It should be pointed out that multilinear functionals
of the form

(f1, · · · , fm) 
−→
∫

H
f1 ⊗ · · · ⊗ fm, (1·10)

which arise frequently in the setting of euclidean spaces Gj =Rnj , are also common in dis-
crete settings. For discrete (usually finite) groups Gj they appear in additive combinatorics
in the form of higher order (or Gowers) inner products – see Tao [26]. In such discrete con-
texts the Fourier invariance property (1·2) also plays an important role, and this dates back at
least to the celebrated work of Roth [24] on the existence of arithmetic progressions of length
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three in subsets of Z. For torsion-free discrete groups (integer lattices) such multilinear func-
tionals also naturally arise in induction-on-scales arguments within harmonic analysis (for
example in [3]), and in optimisation-theoretic aspects of communication theory (see [13]).
We refer to Section 2 for some interpretations of (1·9) in a selection of settings.

Our main theorem is the following:

THEOREM 1.2 Let m ≥ 1, p = (pj) ∈ [1, ∞]m, and G1, . . . , Gm be finitely-generated
abelian groups. Then,

BLG(H, p) = BLĜ(H⊥, p′) (1·11)

for all subgroups H of G1 × · · · × Gm.

An immediate consequence of Theorem 1·2 is the inequality

∣∣∣∣∫
H

f1 ⊗ · · · ⊗ fm

∣∣∣∣≤ BLG(H, p) min

⎧⎨⎩
m∏

j=1

‖fj‖Lpj (Gj),
m∏

j=1

‖̂fj‖
Lp

′
j (Ĝj)

⎫⎬⎭ ,

which, provided pj < 2 for at least one j, constitutes a “Hausdorff–Young improvement” of
the standard discrete Brascamp–Lieb inequality given by (1·7).

Overview of the proof of Theorem 1·2
In brief, our approach to Theorem 1·2 amounts to establishing a good understanding of

both BLG(H, p) and BLĜ(H⊥, p′), and connecting them via a discrete form of the Fourier–
invariance property (1·2).

For finitely-generated groups G (the subject of Theorem 1·2) the constant BLG(H, p) is
already quite well-understood – see the forthcoming Theorem 4·1 due to Christ [12]. In
particular, if BLG(H, p) is finite, then it may be achieved by testing on fj of the form χ�j ,
where χ�j is the indicator function of a finite subgroup �j of πj(H); here πj:G1 × · · · ×
Gm → Gj is the jth coordinate map.

A similar result for BLĜ(H⊥, p′) is, however, not readily available, and we establish this
with the forthcoming Theorem 4·2. In particular, we show that if BLĜ(H⊥, p′) is finite,
then it may be achieved by testing on fj of the form χ�j where now �j is a subgroup of
π̂j(H⊥) which contains its maximal torus; here π̂j denotes the jth coordinate map from
Ĝ1 × · · · × Ĝm to Ĝj.

To connect these descriptions of BLG(H, p) and BLĜ(H⊥, p′), as Theorem 1·2 requires,
we appeal to a discrete form of the Fourier invariance property (1·2), along with the fact that
one of the two classes of indicator functions above is the Fourier transform of the other. So
far, this approach is similar to that taken for Theorem 1·1 in the euclidean setting. However,
Theorem 1·2 presents difficulties beyond Theorem 1·1 due to the absence of a suitably strong
form of Lieb’s theorem in the discrete and compact settings. While it is true that we have
access to suitable extremisers in both of those settings, these special functions fj alone are not
sufficient to test for the finiteness of the Brascamp–Lieb constant in either case (in contrast
with the role of gaussians in the euclidean setting). As a result the equivalence of finiteness
property (1·8) (a qualitative form of Theorem 1·2) needs to be established before we can
begin.
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Structure of the paper

In Section 2 we describe a variety of examples aimed at illustrating the action of the dual-
ity map (1·5). In Section 3, as preparation for our proof of Theorem 1·2, we establish (1·8)
in the euclidean setting (a qualitative form of Theorem 1·1) without appealing to Lieb’s the-
orem. We also take the opportunity here to make some further structural observations about
the duality map in the euclidean setting without recourse to Lieb’s theorem. In Section 4 we
apply the ideas from Section 3 to establish (1·8) for finitely-generated groups (the aforemen-
tioned qualitative form of Theorem 1·2), which combined with Theorems 4.1 and 4.2 leads
to Theorem 1·2. We prove Theorem 4·2 in Section 5. Finally, in Section 6 we comment on
some further lines of enquiry, including Brascamp–Lieb inequalities on non-abelian groups,
and the duality map in the broader setting of Lorentz–Brascamp–Lieb inequalities.

2. Brascamp–Lieb data and their duals: some examples

Here we describe some examples of Brascamp–Lieb data (H, p) and their duals (H⊥, p′),
most of which may be naturally formulated in the general setting of LCA groups
G1, . . . , Gm.

Fubini’s theorem. The very simplest example is when H = G1 × · · · × Gm and p1 = · · · =
pm = 1, where the inequality becomes an identity with BL(H, p) = 1, and merely amounts to
Fubini’s theorem. In this case H⊥ = {0} and p′

j = ∞ for each j, and so the dual Brascamp–
Lieb inequality amounts to the trivial statement that

|f1(0) · · · fm(0)| ≤ ‖f1‖∞ · · · ‖fm‖∞.

Young’s convolution and Hölder’s inequalities. For proper subgroups H, identifying
BL(H, p) is of course a much more delicate matter. An important example is Young’s
convolution inequality on a LCA group G, which corresponds to the subgroup

H = {(x1, · · · , xm) ∈ G × · · · × G:x1 + · · · + xm = 0} (2·1)

and exponents satisfying

1

p1
+ · · · + 1

pm
= m − 1, 1 ≤ p1, · · · , pm ≤ ∞. (2·2)

In this case

H⊥ = {(x1, · · · , xm) ∈ Ĝ × · · · × Ĝ:x1 = · · · = xm}
and 1/p′

1 + · · · + 1/p′
m = 1, so that the dual data is that of the m-linear Hölder inequality

and thus BL(H⊥, p′) = 1. For discrete groups G it is also well known that BL(H, p) = 1, in
accordance with Theorem 1·2. In fact much more is known in the case of Young’s data (data
satisfying (2·1) and (2·2)) – indeed for quite general LCA groups G the conjectural identity
(1·9) follows quickly from the work of Beckner [2].

Higher order inner products. Other interesting examples may be found in additive combina-
torics in the form of bounds on higher order analogues of classical inner products. Following
[26], for a locally compact abelian group G and natural number k, the Gowers inner product
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Gk((fω)ω∈{0,1}k ) on G is defined by

Gk
(
(fω)ω∈{0,1}k

)=
∫

Gk+1

∏
ω∈{0,1}k

C|ω|fω(x +ω · h) dμ(x) dμ(h1) · · · dμ(hk),

where ω= (ω1, . . . ,ωk) ∈ {0, 1}k, |ω| =ω1 + · · · +ωk, C f = f̄ is the complex conjugate
map, and μ is the normalised Haar measure on G. This gives rise to the celebrated uniformity
norm ‖f ‖Uk(G): =Gk((fω)ω∈{0,1}k )1/2k

by setting fω = f for all ω. The Gowers inner product
is an example of a Brascamp–Lieb form (1·10) corresponding to the group H = Hk(G) given
by

Hk(G): =
{

y = (yω) ∈ G{0,1}k
: yω = x +ω · h, x ∈ G, h ∈ Gk

}
.

The uniformity norms were first introduced by Gowers [18] to study Szemerédi’s theorem
on a finite abelian group, and the notion was extended to locally compact abelian groups by
Eisner and Tao [17]. Interpreting the dual data (Hk(G)⊥, p′) is also straightforward in this
setting, indeed

Hk(G)⊥ =
{

x = (xω) ∈ Ĝ{0,1}k
:
∑
ω∈F

xω = 0 for any face F of {0, 1}k
}

.

This is manifestly isomorphic to

HKk(Ĝ, ≤ k − 2): =
{

x = (xω) ∈ Ĝ{0,1}k
:
∑
ω∈F

( − 1)|ω|xω = 0 for any faceF of {0, 1}k
}

,

known as the Host–Kra group (see [26]) of Ĝ. In the case of finitely-generated groups G,
Theorem 1·2 therefore establishes that

BLG(Hk(G), p) = BLĜ(HKk(Ĝ, ≤ k − 2), p′). (2·3)

Remark. The identity (2·3) and its analogue for euclidean spaces provided by Theorem
1·1 offer an alternative perspective on the question of Lebesgue space bounds for the
Gowers inner products. Here the literature appears to be rather incomplete. In [17] the
authors showed that BLG(Hk(G), p)<∞ when pω = pk: = 2k/(k + 1) (and specifically that
BLG(Hk(R), p) = 2k/(k + 1)(k+1)/2 for pω = pk), and certain off-diagonal Lebesgue bounds
were later established by Neuman [22]. We note that if pω ≥ 2 for each ω then the inequality
BLĜ(HKk(Ĝ, ≤ k − 2), p′) ≤ BLG(Hk(G), p) is an elementary consequence of the abstract
form of the Fourier invariance property (1·2) (see (4·14)) followed by the Hausdorff–
Young inequality. Theorem 1·2 therefore reduces the task of bounding BLG(Hk(G), p) to
the (ostensibly simpler if pω ≥ 2 for all ω) task of bounding BLĜ(HKk(Ĝ, ≤ k − 2), p′).

We refer to [5] for some further examples of Brascamp–Lieb data and their duals arising
in euclidean harmonic analysis and PDE.

3. Structural properties of the duality map: elementary arguments in the euclidean setting

The main purpose of this section is to provide an elementary proof (in particular, avoiding
Lieb’s theorem) of the equivalence of finiteness of the euclidean Brascamp–Lieb constant
under the duality map (1·5). As indicated in the introduction, this may be viewed as a
preparatory step towards the more abstract framework of Section 4, where suitably strong
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analogues of Lieb’s theorem are unavailable. Throughout this section H1, . . . , Hm and H ≤
H1 × · · · × Hm denote euclidean spaces with Lebesgue measure, and p = (pj) ∈ [1, ∞]m.

THEOREM 3.1

BL(H, p)<∞ ⇐⇒ BL(H⊥, p′)<∞
We stress that Theorem 3·1, which is a qualitative version of Theorem 1·1, follows rel-

atively quickly if one is prepared to appeal to Lieb’s theorem, as is apparent on inspecting
the short proof of Theorem 1·1 in [5]. Our elementary proof of Theorem 3·1 relies on a
finiteness characterisation of the Brascamp–Lieb constant BL(H, p) established by Carbery,
Christ, Tao and the first author in [6, 7]; see also the earlier work of Carlen, Lieb and Loss
[11] in the so-called rank-1 case (where dim Hj = 1 for all j). This states that BL(H, p)<∞
if and only if the scaling and dimension conditions

dim H =
m∑

j=1

dim Hj

pj
, (3·1)

dim V ≤
m∑

j=1

dim (πjV)

pj
(3·2)

hold for all subspaces V of H. Here πj:H1 × · · · × Hm → Hj is the jth coordinate projection.
Importantly, the proof of this finiteness criterion provided in [7] is elementary, involving
only linear algebraic identities and induction on the dimension of H – in particular, it does
not appeal to phenomena firmly tied to the underlying euclidean structure, such as Lieb’s
theorem.

Proof of Theorem 3·1. Let n = dim H and nj = dim Hj for 1 ≤ j ≤ m. Since (H⊥)⊥ = H
and (p′)′ = p, it is enough to prove that (H⊥, p′) obeys the scaling and dimension conditions
(3·1) and (3·2) under the assumption that BL(H, p)<∞. The scaling condition (3·1) for
(H⊥, p′) is immediate from that for (H, p) since

dim H⊥ =
m∑

j=1

nj − dim H =
m∑

j=1

(
nj − nj

pj

)
=

m∑
j=1

nj

p′
j
. (3·3)

In order to establish (3·2) for (H⊥, p′), let W be an arbitrary subspace of H⊥. By (3·3), the
dimension condition (3·2) for the datum (H⊥, p′) is equivalent to

m∑
j=1

dim (πjW)⊥ − dim W⊥ ≤
m∑

j=1

dim (πjW)⊥

pj
. (3·4)

Here πj = πj|H⊥ , and W⊥ and (πjW)⊥ are the orthogonal complements of W and πjW,
respectively; that is, W ⊕ W⊥ = H⊥ and (πjW) ⊕ (πjW)⊥ = Hj. To conclude it therefore
suffices to construct a subspace V of H satisfying

dim V ≥
m∑

j=1

dim (πjW)⊥ − dim W⊥, (3·5)
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dim (πjV) ≤ dim (πjW)⊥, j = 1, . . . , m, (3·6)

since (H, p) obeys (3·2) by the finiteness of BL(H, p). These considerations naturally prompt
the choice

V = (π1W)⊥ × · · · × (πmW)⊥ ∩ H.

Clearly V is a subspace of H and satisfies the relation (3·6). It is also straightforward to
show that V satisfies (3·5), since U: = (π1W)⊥ × · · · × (πmW)⊥ is a subspace of W⊥ ⊕ H,
the orthogonal complement of W in the whole space H̃: = H1 × · · · × Hm. Indeed, for u ∈ U
and w ∈ W, 〈u, w〉H̃ =∑m

j=1〈πju, πjw〉Hj = 0, since πju ∈ (πjW)⊥. Thus we have

dim V = dim U + dim H − dim (U + H)

≥ dim U + dim H − dim W⊥ − dim H

=
m∑

j=1

dim (πjW)⊥ − dim W⊥,

as claimed. Here the inequality is due to the elementary fact that U + H ≤ W⊥ ⊕ H.
There are other structural properties of Brascamp–Lieb data that are natural to investigate

under the duality map (1·5). For example, a datum (H, p) is referred to as simple if there is
no non-trivial proper subspace V of H such that (3·2) holds with equality. If (H, p) is simple,
then it was established in [6] (again, see also [11]) that it has a unique gaussian extremiser
(modulo elementary scalings), provided all of pj are finite.

PROPOSITION 3.2 If p ∈ (1, ∞)m then simplicity is preserved under the duality map, that
is, (H, p) is simple if and only if (H⊥, p′) is simple.

Proof. Assume that (H, p) is simple. From the proof of Theorem 3·1, it is enough to show
that for any non-zero proper subspace W of H⊥ there is strict inequality in (3·4); that is,

m∑
j=1

dim (πjW)⊥ − dim W⊥ <
m∑

j=1

dim (πjW)⊥

pj
. (3·7)

Now, we have already shown that there is a subspace V of H such that (3·5) and (3·6) hold,
and so if this subspace is non-zero and proper, then (3·7) is evident from the simplicity of
(H, p). Therefore it is enough to deal with the hypothetical possibilities that V = {0} or H.
For the case V = {0} we consider a dichotomy. If dim (πjV)< dim (πjW)⊥ for some j, then
(3·7) is immediate as 1/pj �= 0. Alternatively, if dim (πjV) = dim (πjW)⊥ for all j, then the
right-hand side of (3·5) equals − dim W⊥, which is nonzero by assumption. Thus equality
in (3·5) is impossible, which yields (3·7). For the case V = H, by (3·6) and the surjectivity
of πj|H which follows from (3·1) and (3·2), we have

nj = dim (πjV) ≤ dim (πjW)⊥ ≤ nj,

and πjW = {0} for all j. This contradicts the assumption that W �= {0}, and so V = H cannot
occur.

Remark. There are Brascamp–Lieb data (H, p) with pj = ∞ for some j such that
(H, p) is simple but (H⊥, p′) is not. For example if H = {(x, 0, −x):x ∈R} ⊂R2 ×
R, p1 = ∞ and p2 = 1. Then (H, p) is simple and its dual data (H⊥, p′) is given
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by H⊥ = 〈{(1, 0, 1), (0, 1, 0)}〉 ⊂R2 ×R. Note that for W = 〈{(1, 0, 1)}〉 it follows that
dim W = dim π1(W)/p′

1 + dim π2(W)/p′
2, and hence (H⊥, p′) is not simple.

Of course statements about the duality map (1·5) involving gaussian-extremisability, or
gaussian near-extremisability (such as Lieb’s theorem itself) are strongly tied to the context
of euclidean spaces, and so are less relevant for the purposes of this paper. However, for
completeness we provide such a statement whose proof, which appeals to Lieb’s theorem,
is implicit in [5].

PROPOSITION 3.3 If (fj) is a gaussian extremiser for (H, p) then (̂fj) is a gaussian extremiser
for (H⊥, p′).

It should be remarked that the Fourier transform does not in general map all extremisers
for (H, p) to extremisers for (H⊥, p′). One simply has to look to Fubini’s theorem for an
example – see Section 2.

4. Proof of Theorem 1·2
We begin by establishing suitable finiteness criteria for the Brascamp–Lieb constants

when the underlying groups are either finitely-generated or the duals of such. From there
the elementary argument used in Section 3 may be adapted to first establish a qualitative
form of Theorem 1·2, referring only to the invariance of finiteness of the Brascamp–Lieb
constant under the duality map (a discrete analogue of Theorem 3·1). Upgrading this quali-
tative statement to Theorem 1·2 then relies on an analogue of the Fourier-invariance property
(1·2) for LCA groups.

Throughout the section, the Gj denote finitely-generated abelian groups, as in the state-
ment of Theorem 1·2. Consequently, Gj ∼=Znj × Fj and Ĝj ∼=Tnj × F̂j for a nonnegative
integer nj and a finite abelian group Fj. Here Tnj ∼=Rnj/Znj is the nj-dimensional flat torus.
If H is a subgroup of G1 × · · · × Gm, then H is also isomorphic to Zn × F for some non-
negative integer n and a finite abelian group F. We refer to n as the rank of H. We denote
by πj:H → Gj the jth component map; strictly speaking this is the jth component map πj

restricted to H, although we gloss over this distinction for the sake of notational simplicity.
Following the usual conventions in this context, we equip Gj and H with counting measures
μGj and μH , respectively.

An appropriate finiteness criterion for BLG(H, p) was established by Carbery, Christ,
Tao and the first author in [7]. Under this finiteness condition an explicit expression for
BLG(H, p) was then obtained by Christ, Demmel, Knight, Scanlon and Yelick [14] and
Christ [12]. These are summarised in the following theorem.

THEOREM 4.1 ([7, 12, 14]). Let H be a subgroup of G1 × · · · × Gm. For 1 ≤ pj ≤ ∞,
BLG(H, p) is finite if and only if

rank V ≤
m∑

j=1

p−1
j rank πj(V) (4·1)

for every subgroup V of H. In addition, if BLG(H, p) is finite,

BLG(H, p) = max
V≤H

|V|
m∏

j=1

|πj(V)|−1/pj , (4·2)

where the maximum is taken over all finite subgroups V of H.
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Of course the finite subgroups in (4·2) are the subgroups of the torsion subgroup of H,
and so if H is torsion-free then BLG(H, p) may only take the values 1 and ∞.

We now turn our attention to a similar theorem in the context of the duals of finitely-
generated abelian groups. Let S be a subgroup of Ĝ1 × · · · × Ĝm and let π̂j:S → Ĝj be the
jth component map. Again, as is standard in this context, we equip S and Ĝj with Haar
measures μS and μĜj

, respectively, so that μS(S) =μĜj
(Ĝj) = 1. It is reasonable to expect

that a sufficient condition for the finiteness of BLĜ(S, p) is similar to that for the so-called
localised Brascamp–Lieb constant established in [7, theorem 2·2] in the euclidean setting,
and this is indeed the case. In what follows F: = S/m(S) and Fj: = Ĝj/m(Ĝj) are the quo-
tients of S and Ĝj by their maximal tori m(S) and m(Ĝj) respectively, and φj:F → Fj is the
homomorphism induced by π̂j:S → Ĝj (that is, φj(x +m(S)) = π̂j(x) +m(Ĝj)).

THEOREM 4.2 Let S be a closed subgroup of Ĝ1 × · · · × Ĝm. Then for 1 ≤ pj ≤ ∞,
BLĜ(S, p) is finite if and only if for every closed subgroup W of S

codimS (W) ≥
m∑

j=1

p−1
j codimĜj

(π̂j(W)). (4·3)

In addition, if BLĜ(S, p) is finite, then

BLĜ(S, p) = max
�≤F

|F|−1|�|
m∏

j=1

(
|Fj|−1|φj(�)|

)−1/pj
, (4·4)

where the maximum is taken over all subgroups � of F.

The expressions (4·2) and (4·4) are of course structurally very similar. We clarify that
the cardinalities in (4·4) are the Haar measures of subsets of the finite groups F and Fj

(thought of as compact groups and so given total mass 1), while the cardinalities in (4·2) are
Haar measures of the appropriate finite groups (thought of instead as discrete groups, and so
assigned counting measures).

Theorem 4·2 complements work of Bramati [10], who studied the Brascamp–Lieb
inequality on tori as a special case of the Brascamp–Lieb inequality on compact homo-
geneous spaces. Postponing the proof of Theorem 4·2 until Section 5, it remains to use
Theorems 4.1 and 4.2 to prove Theorem 1·2. We begin by establishing some elementary
lemmas.

LEMMA 4.3 Let G be a finitely-generated abelian group.

(i) If V is a subgroup of G then

dim V⊥ = rank G − rank V; (4·5)

(ii) if W is a subgroup of Ĝ, the dual group of G, then

rank W⊥ ≤ dim Ĝ − dim W, (4·6)

with equality if W is closed.
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Proof. Beginning with (i), since V is a closed subgroup of G, we have V̂ ∼= Ĝ/V⊥. Hence
by the quotient manifold theorem [20, Theorem 7·10],

rank V = dim V̂ = dim Ĝ − dim V⊥ = rank G − dim V⊥.

Statement (ii) follows from (i) and the Pontryagin duality theorem. Indeed, for any closed
subgroup W of Ĝ, equality in (4·6) follows from (4·5) and (W⊥)⊥ = W. In general, the
inequality (4·6) follows by applying this identity to W, the closure of W.

LEMMA 4.4 Let Gj be a LCA group for each 1 ≤ j ≤ m. For any subgroup V of G1 ×
· · · × Gm,

(π1V)⊥ × · · · × (πmV)⊥ ⊂ V⊥.

Here, as usual, πj is the projection of V onto the jth component Gj.

Proof. Set G = G1 × · · · × Gm, and for x ∈ G and γ ∈ Ĝ write x = (x1, · · · , xm) and γ =
(γ1, . . . , γm) with xj ∈ Gj and γ ∈ Ĝj. If γ ∈ (π1V)⊥ × · · · × (πmV)⊥ then

γ (x) =
m∏

j=1

γj(xj) = 1 for any x = (x1, . . . , xm) ∈ V ,

since γj(xj) = 1 for any xj ∈ πj(V). Hence γ ∈ V⊥.

Proof of Theorem 1·2. We first verify that

BLG(H, p)<∞ =⇒ BLĜ(H⊥, p′)<∞. (4·7)

By Theorem 4·2 it is enough to prove (4·3) for any closed subgroup W of H⊥;
equivalently

m∑
j=1

p−1
j codimĜj

π̂j(W) ≥
m∑

j=1

codimĜj
π̂j(W) − codimH⊥ W. (4·8)

For such a W we set

V = (π̂1W)⊥ × · · · × (π̂mW)⊥ ∩ H.

Clearly V is a subgroup of H, hence by (4·1),

rank V ≤
m∑

j=1

p−1
j rank πj(V). (4·9)

Since πjV ⊂ (π̂jW)⊥, by Lemma 4·3 we see that

rank πjV ≤ dim Ĝj − dim π̂jW = codimĜj
π̂jW,

and so
m∑

j=1

p−1
j rank πj(V) ≤

m∑
j=1

p−1
j codimĜj

π̂j(W).
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In order to conclude (4·8) it therefore suffices to show that

rank V ≥
m∑

j=1

codimĜj
π̂j(W) − codimH⊥ W.

To do this we first write

rank V = rank U + rank H − rank (U + H),

where U = (π̂1W)⊥ × · · · × (π̂mW)⊥. Notice that (U + H) ⊂ W⊥ by Lemma 4·4 and the
assumption that W ⊂ H⊥. From this we have

rank V ≥
m∑

j=1

rank (π̂jW)⊥ + rank H − rank W⊥

=
m∑

j=1

codimĜj
π̂jW − codimH⊥ W

+ dim H⊥ − dim W + rank H − rank W⊥

=
m∑

j=1

codimĜj
π̂jW − codimH⊥ W,

as required. Here we also used that dim H⊥ − dim W + rank H − rank W⊥ = 0, which
follows from Lemma 4·3.

We now establish the converse of the implication (4·7) by very similar reasoning. By
Theorem 4·1 it suffices to show that (4·1), or equivalently

m∑
j=1

rank πjV

p′
j

≤
m∑

j=1

rank πjV − rank V , (4·10)

holds for all V ≤ H. As before, we set

W = (π1V)⊥ × · · · × (πmV)⊥ ∩ H⊥.

Since W is a closed subgroup of H⊥, by Theorem 4·2 we have

codimH⊥ W ≥
m∑

j=1

1

p′
j
codimĜj

π̂jW. (4·11)

By Lemma 4·3, we have

dim π̂jW ≤ dim (πjV)⊥ = rank Gj − rank πjV ,

and so
m∑

j=1

1

p′
j
codimĜj

π̂jW =
m∑

j=1

1

p′
j
( dim Ĝj − dim π̂jW) ≥

m∑
j=1

rank πjV

p′
j

.

Moreover, using Lemmas 4.4 and 4.3, we obtain

codimH⊥ W = dim H⊥ − dim W

≤ dim
(
H⊥ + ((π1V)⊥ × · · · × (πmV)⊥)

)− dim
(
(π1V)⊥ × · · · × (πmV)⊥

)
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≤ dim V⊥ −
m∑

j=1

dim (πjV)⊥ =
m∑

j=1

rank πjV − rank V .

The required inequality (4·10) now follows from (4·11) and the above two inequalities.
Now that we have established the equivalence of the finiteness of BLG(H, p) and

BLĜ(H⊥, p′), we may appeal to the expressions (4·2) and (4·4) and complete the proof of
Theorem 1·2. We assume, as we may, that Gj =Znj × Fj for some finite abelian group Fj, so
that Ĝj =Tnj × F̂j. This will suffice as all integral expressions involved in the definitions of
BLG(H, p) and BLĜ(H⊥, p′) are invariant under taking compositions with the natural group
homomorphisms.

It remains to establish (1·11) assuming that BLG(H, p), or equivalently BLĜ(H⊥, p′),
is finite. This will be a direct consequence of an abstract form of the Fourier-invariance
property (1·2), along with the fact that there exist extremisers f = (fj) and g = (gj) for the
data (H, p) and (H⊥, p′), respectively, taking the form

fj = χ{0} ⊗ χAj and gj = χ
T

nj ⊗ χBj , (4·12)

where Aj and Bj are subgroups of Fj and F̂j, respectively. Here we are appealing to both (4·2)
and (4·4).

Let fj: = |Aj|−1/pjχ{0} ⊗ χAj be such an extremiser for the data (H, p), that is

BLG(H, p) =
∫

H
f1 ⊗ · · · ⊗ fm(x)dμH(x). (4·13)

Next we appeal to the abstract Fourier–invariance property (see for example [15, Theorem
3·6·3]) ∫

H
f1 ⊗ · · · ⊗ fm(x)dμH(x) =

∫
H⊥

f̂1 ⊗ · · · ⊗ f̂m(γ )dμH⊥(γ ), (4·14)

where the Fourier transform f̂j is given by

f̂j(γj) =
∫

Gj

fj(xj)γj(xj)dμGj(xj).

Standard reasoning reveals that f̂j = |Aj|1/p
′
jχ

T
nj ⊗ χA⊥

j
and ‖̂fj‖

Lp
′
j (Gj)

= 1, and so

∫
H⊥

f̂1 ⊗ · · · ⊗ f̂m(γ)dμH⊥(γ) ≤ BLĜ(H⊥, p′).

Combining this with (4·13) and (4·14), we conclude that BLG(H, p) ≤ BLĜ(H⊥, p′). A very
similar argument, involving extremisers for (H⊥, p′) of the form gj = χ

T
nj ⊗ χBj , leads to

the reverse inequality BLĜ(H⊥, p′) ≤ BLG(H, p). We leave this to the reader.

Remark. As we have seen, if the underlying abelian groups are finitely-generated, or the
duals of such, an extremiser always exists whenever the Brascamp–Lieb constant is finite.
In particular, the Fourier transform maps extremisers of the form fj = χ�j({0}×Aj) for (H, p) to
extremisers of the form gj = χ	j(T

nj×Bj) for (H⊥, p′); here �j:Znj × Fj → Gj (resp. 	:Tnj ×
F̂j → Ĝj) is a homomorphism and Aj (resp. Bj) is a subgroup of Fj (resp. F̂j). Notice that,
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when fj is an extremiser for (H, p) with ‖fj‖Lpj (Gj)=1,

BLG(H, p) =
∫

H⊥
f̂1 ⊗ · · · ⊗ f̂mdμH⊥ ≤ BLĜ(H⊥, p′),

by the Fourier-invariance property (4·14), and that equality must hold here thanks to (1·9).
Consequently f̂j is an extremiser for (H⊥, p′).

5. Proof of Theorem 4·2
Our proof of Theorem 4·2 will follow the induction argument of [7]. Since the dual of a

finitely-generated abelian group is isomorphic to the product of a torus and a finite group,
Theorem 4·2 may be restated as follows.

THEOREM 5.1 Suppose that G ∼=Tn × F and Gj ∼=Tnj × Fj for some finite groups Fj,
F, and integers nj, n ≥ 0. Let μG and μGj be the Haar probability measures of G and Gj,
respectively. Let φj:G → Gj be a group homomorphism for each j. Then for 1 ≤ pj ≤ ∞
there is a finite constant C> 0 such that∫

G

m∏
j=1

fj ◦ φj(x) dμG(x) ≤ C
m∏

j=1

‖fj‖Lpj (Gj) (5·1)

if and only if

codimG (W) ≥
m∑

j=1

p−1
j codimGj (φj(W)) (5·2)

for every closed subgroup W of G. In addition, if (5·1) holds with a finite constant, then the
smallest constant is given by

max
W⊂F

|F|−1|W|
m∏

j=1

(
|Fj||�2

j (0, W)|−1
)1/pj

,

where the maximum is taken over all subgroups W of F. Here�j = (�1
j ,�2

j ):Tn × F ∼= G →
Gj ∼=Tnj × Fj coincides with φj:G → Gj up to isomorphism.

We note that since Theorem 5·1 is intended to be applied to the dual of a finitely-generated
group, its choice of Haar measure normalisation is consistent with the conventions discussed
in the introduction.

Proof. By the algebraic invariance of the statement of Theorem 5·1 it suffices to assume
that G =Tn × F and Gj =Tnj × Fj for each j.

We first prove the necessity of (5·2) using a Knapp type example. Let W be a nontrivial
subgroup of G, 0< r � 1 and let fj be the characteristic function of {xj ∈ Gj:dist(xj, φj(w)) ≤
r for some w ∈ W}. Then

‖fj‖pj

Lpj (Gj)
� rdim Gj−dim φj(W) = rcodimGj (φj(W)).
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Since
∏m

j=1 fj ◦ φj(x) = 1 whenever dist(x, w) ≤ cr, for some w ∈ W and constant c> 0,∫
G

m∏
j=1

fj ◦ φj(x)dμG(x) � rdim G−dim W .

Inequality (5·2) follows on letting r → 0.
We now turn to the sufficiency of (5·2). Without loss of generality we may assume that

1 ≤ pj <∞ for all j = 1, . . . , m, since the terms j with pj = ∞ have no effect on the estimate
(5·1). Observe first that, by (5·2) applied with W = G, we have dim φj(G) = dim Gj for all j.

We first deal with the case that G and the Gj are connected, that is G =Tn and Gj =Tnj ,
and argue by induction on n.

If n = 1 then clearly dim Gj ∈ {0, 1} for each j. Neglecting, as we may, those factors for
which dim Gj = 0, and noting that ‖fj ◦ φj‖Lp(G) = ‖fj‖Lp(Gj) for all p otherwise, the estimate
(5·1) (with constant C = 1) follows quickly from (5·2) by Hölder’s inequality.

We now fix n> 1 and assume that the estimate (5·1) holds with C = 1 under the assump-
tion (5·2), whenever dim G< n. We first deal with the case that there is a non-trivial
connected closed subgroup W � G such that codimG (W) =∑m

j=1 p−1
j codimGj (φj(W)). We

call such W a critical subgroup of G. Since W is closed and connected, the quotient group
G/W is also equivalent to a torus. Clearly dim W and dim G/W are both less than n.
Denoting by μW and μG/W the associated Haar probability measures, and applying the
quotient integral formula, we have∫

G

m∏
j=1

fj ◦ φjdμG =
∫

G/W

( ∫
W

m∏
j=1

fj ◦ φj(x + y)dμW (y)
)

dμG/W (ξ ).

For each ξ ∈ G/W we fix a representative xξ ∈ G of ξ and define fj,ξ (yj) = fj(yj + φj(xξ )) for
yj ∈ φj(W). Then if y ∈ W

fj ◦ φj(xξ + y) = fj(φj(y) + φj(xξ )) = fj,ξ ◦ φj|W (y),

where φj|W is the restriction of φj to W. Note that φj|W is a homomorphism of W onto
Uj: = φj(W). Further, for any closed subgroup of W the inequality (5·2) holds with respect
to φj|W , since W is critical. Thus the induction assumption yields∫

G

m∏
j=1

fj ◦ φj dμG ≤
∫

G/W

m∏
j=1

‖fj,ξ‖Lpj (Uj) dμG/W (ξ )

=
∫

G/W

m∏
j=1

( ∫
Uj

fj(yj + φj(xξ ))pjdμUj(yj)
)1/pj

dμG/W (ξ ). (5·3)

Here μUj is the Haar probability measure on Uj. We now define a group
homomorphism ϕj:G/W → Gj/Uj by ϕj(ξ ) = φj(xξ ) + Uj, ξ ∈ G/W, and set Fj(ξj) =
‖fj( · +xj)‖Lpj (Uj) for any ξj ∈ Gj/Uj containing xj ∈ Gj. Then the right-hand side of (5·3)
may be written as ∫

G/W

m∏
j=1

Fj ◦ ϕj(ξ )dμG/W (ξ ).

https://doi.org/10.1017/S0305004121000608 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004121000608


402 JONATHAN BENNETT AND EUNHEE JEONG

We claim that

codimG/W V ≥
m∑

j=1

p−1
j codimGj/Uj ϕj(V) (5·4)

holds for any closed subgroup V of G/W. Accepting this momentarily, since dim G/W <

dim G, and applying the induction assumption again, we have∫
G/W

m∏
j=1

Fj ◦ ϕj(ξ )dμG/W (ξ ) ≤
m∏

j=1

( ∫
Gj/Uj

( ∫
Uj

fj(xj + yj)
pjdμUj(yj)

)
dμGj/Uj(ξj)

)1/pj

=
m∏

j=1

‖fj‖Lpj (Gj).

Here the last equality follows from the quotient integral formula. Combining this with (5·3),
we obtain the desired estimate (5·1).

It remains to prove (5·4). For a closed subgroup V of G/W we write V= q−1(V), where
q:G → G/W is the quotient map. Since V =V/W and ϕj(V) = φj(V)/Uj,

codimG/W V = codimG V,

by the quotient manifold theorem. Hence (5·2) implies that

codimG/W V ≥
m∑

j=1

p−1
j (codimGj φj(V))

=
m∑

j=1

p−1
j

(
dim Gj − dim ϕj(V) − dim Uj

)

=
m∑

j=1

p−1
j codimGj/Uj ϕj(V),

by a further application of the quotient manifold theorem.
We next consider the case where each connected closed proper subgroup W of G gives

rise to strict inequality in (5·2). In this case we define a closed convex set C by

C =
{

t ∈ [0, 1]m:codimG W ≥
m∑

j=1

tj codimGj φj(W),

for all connected closed subgroups W
}

.

By multilinear interpolation it is enough to show that for any extreme point t ∈ C,∫
G

m∏
j=1

fj ◦ φj dμG ≤
m∏

j=1

‖fj‖L1/tj (Gj)
. (5·5)

If t is such a point then it satisfies at least one of the following: (i) there is a proper connected
critical subgroup W of G with respect to t; (ii) at least one of the tj is equal to 0; (iii) m = 1.
From the above argument we see that (5·5) holds for the first case. In the third case we
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have ‖f1 ◦ φ1‖L1(G) = ‖f1‖L1(G1), and so (5·5) holds. In the second case we simply appeal to
induction on the number of components m. Hence (5·5) holds for all extreme points t of C.

We now deal with the case where G is not connected. In what follows we write
(y, z) ∈Tn × F, (yj, zj) ∈Tnj × Fj and φj(y, z) = (φ1

j (y, z), φ2
j (y, z)) ∈Tnj × Fj for all 1 ≤ j ≤

m. Since each φ2
j is continuous it depends only on the variable z, and so for convenience

we redefine it as a function on F. For a nonnegative measurable function fj on Tnj × Fj and
z ∈ F we let gj,z(yj) = fj(yj + φ1

j (0, z), φ2
j (z)) for each yj ∈Tnj . Since

fj(φj(y, z)) = fj(φ
1
j (y, 0) + φ1

j (0, z), φ2
j (z)) = gj,z(φ

1
j (y, 0)),

we have ∫
G

m∏
j=1

fj ◦ φj(x)dμG(x) = 1

|F|
∑
z∈F

∫
Tn

m∏
j=1

gj,z(φ
1
j (y, 0))dy.

Here dy is the usual Lebesgue measure on Tn. The function ψj( · ): = φ1
j (·, 0) is a homomor-

phism of Tn into Tnj , and dim φj(W × {0}) = dimψj(W) for any closed subgroup W of Tn,
and hence (5·2) is satisfied with respect to the data (Tn, Tnj ,ψj). Applying the case we have
already established (for connected G), we have that

1

|F|
∑
z∈F

∫
Tn

m∏
j=1

gj,z(ψj(y))dy ≤ 1

|F|
∑
z∈F

m∏
j=1

( ∫
T

nj
|fj(yj + φ1

j (0, z), φ2
j (z))|pjdyj

)1/pj

= 1

|F|
∑
z∈F

m∏
j=1

( ∫
T

nj
|fj(yj, φ

2
j (z))|pjdyj

)1/pj
.

Note that φ2
j :F → Fj is a homomorphism of finite groups, and the induced measure on Fj

from μGj is normalised counting measure for each j. Thus, applying Theorem 4·1 we have

1

|F|
∑
z∈F

m∏
j=1

( ∫
T

nj
|fj(yj, φ

2
j (z))|pjdyj

)1/pj

≤ |F|−1BLG(H, p)
m∏

j=1

( ∑
zj∈Fj

∫
T

nj
|fj(yj, zj)|pjdyj

)1/pj

= |F|−1BLG(H, p)
( m∏

j=1

|Fj|1/pj
) m∏

j=1

‖fj‖Lpj (Gj),

where H = {
(φ2

1(z), . . . , φ2
m(z)):z ∈ F

}
is a subgroup of F1 × · · · × Fm. Combining all of the

above estimates, we obtain∫
G

m∏
j=1

fj ◦ φj(x)dμG(x) ≤ C(φ, p)
m∏

j=1

‖fj‖Lpj (Gj)

with the constant C(φ, p) given by

C(φ, p) = max
{
|F|−1|W|

m∏
j=1

(
|Fj|−1|φ2

j (W)|
)−1/pj

:W is a subgroup of F
}

.
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Now it remains to show that C(φ, p) is the smallest constant for (5·1) if (5·1) holds with
a finite constant. By Theorem 4·1 there are subgroups �j of Fj, 1 ≤ j ≤ m, such that h = (hj)
with h

pj
j = |Fj||�j|−1χ�j is an extremiser of the Brascamp–Lieb inequality associated with

(H, p), that is to say

∑
z∈F

( m∏
j=1

hj ◦ φ2
j (z)

)
= BLG(H, p)

m∏
j=1

( ∑
zj∈Fj

hj(zj)
pj
)1/pj

.

Let us set fj: = χ
T

nj ⊗ hj on Tnj × Fj. Then ‖fj‖Lpj (Gj) = 1 and∫
G

m∏
j=1

fj ◦ φj(x)dμG(x) = |F|−1
∑
z∈F

( m∏
j=1

hj ◦ φ2
j (z)

)

= |F|−1BLG(H, p)
m∏

j=1

|Fj|1/pj

= C(φ, p)‖fj‖Lpi (Gj).

Hence C(φ, p) is the smallest constant for (5·1).

Remark. By the lifting lemma it is possible to find a sufficient condition for the finiteness
of the Brascamp–Lieb constant appearing in the statement of Theorem 5·1 from that for the
so-called localised Brascamp–Lieb constant in [7, theorem 2·2], avoiding the above argu-
ment. Indeed, when G =Tn, Gj =Tnj and φj is surjective, there exists a linear transformation
ψj:Rn →Rnj such that qj ◦ψj = φj ◦ q, where q:Rn → Tn and qj:Rnj →Tnj are the quotient
maps. So, for any non-negative measurable function fj on Tnj , the inequality (5·1) coincides
with ∫

[− 1
2 , 1

2 )n

m∏
j=1

gj ◦ψj(x) dx ≤ C
m∏

j=1

k
−1/pj
j ‖gj‖Lpj (Rnj ).

Here gj = f̃j|Bj where f̃j is the periodic extension of fj and Bj =ψj([ − 1/2, 1/2)n). Since

Bj is a kj-fold covering of Tnj for some kj ≥ 1, we have that ‖gj‖pj

Lpj (Rnj )
= kj‖fj‖pj

Lpj (Tnj )
.

Hence, by [7, theorem 2·2], (5·1) holds with finite C> 0 if (5·2) holds for any subgroup
of the form W = q(V) ⊂Tn for some subspace V of Rn. However, this reduction to the
localised Brascamp–Lieb inequality does not appear to easily provide information on the
precise Brascamp–Lieb constant, as is required by Theorem 5·1.

6. Further lines of enquiry and remarks
6.1. Finiteness of the Brascamp–Lieb constant on general LCA groups

As mentioned in the introduction – see (1·8) and (1·9) – it seems natural to expect that
Theorems 1.1 and 1.2 have a common generalisation to the setting of arbitrary LCA groups.
Given our approaches to Theorems 1.1 and 1.2, the natural first step would be to establish a
finiteness criterion for the Brascamp–Lieb constant at this level of generality.

6.2. The Brascamp–Lieb inequality on noncommutative groups

While the definition of the Brascamp–Lieb constant BLG(H, p) given in (1·7) readily gen-
eralises to general locally compact groups, the complexities in defining the Fourier transform
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in this setting make the prospect of establishing an associated Fourier duality principle of
the form (1·8) (for example) appear rather unclear. However, analogues of Theorems 4.1
and 4.2 remain quite plausible. We illustrate this with the following theorem in the case of
general finite groups.

PROPOSITION 6.1 Let Gj be a finite group, j = 1, . . . , m, and H be a subgroup of G1 ×
· · · × Gm. Assume that Gj and H are equipped with the counting measures μGj and μH,
respectively. For p = (pj) ∈ [1, ∞]m, we have

BLG(H, p) = max
Vj⊂Gj

∣∣∣ ∫
H

(a1χV1) ⊗ · · · ⊗ (amχVm)dμH

∣∣∣, (6·1)

where the maximum is taken over all subgroups Vj of Gj and aj = |Vj|−1/pj , j = 1, . . . , m.

Remark. The Brascamp–Lieb constant (6·1) is given by

BLG(H, p) = max
{∣∣∣ m⋂

j=1

π−1
j (Vj)

∣∣∣ m∏
j=1

(|Vj|)−1/pj :Vj is a subgroup of Gj

}

= max
{
|V|

m∏
j=1

(|πj(V)|)−1/pj :V is a subgroup of G
}

.

Before proving Proposition 6·1, we introduce some convenient notation. For each 1 ≤ j ≤
m, let G and Gj be finite groups, ϕj:G → Gj be homomorphisms, and

BL(ϕ, s;f) =
∫

G

∏m
j=1 fj(ϕj(x))sjdμ(x)∏m

j=1 (
∫

Gj
fj(xj)dμj(xj))sj

.

Here ϕ = (ϕj), s = (sj) ⊂ [0, 1]m, f = (fj), and all integrals are with respect to the counting
measures μ and μj on G and Gj, respectively. The mapping BL(ϕ, s; · ) is often referred to
as the Brascamp–Lieb functional, and

BL(ϕ, s): = sup
f�=0

BL(ϕ, s;f) (6·2)

the Brascamp–Lieb constant for the data (ϕ, s). Proposition 6·1 may now be restated as
follows.

PROPOSITION 6.2 Let G and Gj be finite groups. Then

BL(ϕ, s) = max
f

BL(ϕ, s;f),

where the maximum is taken over fj = ajχ�j , where �j is a subgroup of Gj, and aj > 0.

In the remainder of this section we prove Proposition 6·2. The key ingredients are an
abstract form of an inequality of K. Ball (see [6] for the euclidean version) and properties of
iterated convolutions of a function on a finite group (the forthcoming Lemma 6·4).

PROPOSITION 6.3 (Ball’s inequality). We have

BL(ϕ, s;f)BL(ϕ, s;g) ≤ BL(ϕ, s)BL(ϕ, s;f ∗ g),

where f ∗ g = (fj ∗ gj).
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As in the euclidean case, Ball’s inequality guarantees that a convolution of extremisers of
the Brascamp–Lieb functional is also an extremiser – see [6].

Proof. By homogeneity it is enough to prove Proposition 6·2 when
∫

Gj
fjdμj =

∫
Gj

gjdμj =
1 for each j. Now, by the translation-invariance of the measures,

BL(ϕ, s;f)BL(ϕ, s;G) =
∫

G

∫
G

m∏
j=1

fj(ϕj(y))sjgj(ϕj(xy−1))sjdμ(x)dμ(y)

=
∫

G

∫
G

m∏
j=1

fj(ϕj(y))sjgj(ϕj(x)ϕj(y)−1)sjdμ(y)dμ(x)

=
∫

G

∫
G

m∏
j=1

hx
j (ϕj(y))sjdμ(y)dμ(x),

where hx
j (z) = fj(z)gj(ϕj(x)z−1). Hence

BL(ϕ, s;f)BL(ϕ, s;G) ≤ BL(ϕ, s)
∫

G

m∏
j=1

(∫
Gj

hx
j (zj)dμj(zj)

)sj

dμ(x)

= BL(ϕ, s)
∫

G

m∏
j=1

(fj ∗ gj(ϕj(x)))sjdμ(x)

= BL(ϕ, s)BL(ϕ, s;f ∗ G).

LEMMA 6.4 Let G be a finite group with the counting measure. Let f be a non-negative
function on G with ‖f ‖L1(G) = 1 and f (
) = f ∗ · · · ∗ f be the 
-fold convolution of f with
itself. Then there is a subgroup � of G and a positive integer k◦ such that f (
k◦) converges to
1/|�| χ� as 
→ ∞. Here χ� is the characteristic function of �.

Proof of Proposition 6·2. Clearly, BL(ϕ, s) ≥ sup BL(ϕ, s; f), for any f = (ajχ�j). It suf-
fices to prove that the reverse inequality also holds. Note that fj:Gj → [0, ∞) is an element
of [0, ∞)nj , where nj is the cardinality of Gj, hence the set {fj:Gj → [0, ∞):‖fj‖pj = 1} is
compact. Hence the Brascamp–Lieb constant

BL(ϕ, s) = sup
‖fj‖L1(Gj)

=1
BL(ϕ, s;f)

is always finite for any 1 ≤ pj ≤ ∞, and an extremiser f exists. Let f be an extremiser with

‖fj‖L1(Gj) = 1. Let us set f(
) = (f (
)
j ), with f (
)

j the 
-fold convolution of fj. Since each fj is

non-negative, we apply Lemma 6·4 to obtain �j ⊂ Gj and kj ∈N such that f
(
kj)
j converges

to |�j|−1χ�j as 
→ ∞. Note that f(
k1···km), 
 ∈N, are extremisers of the Brascamp–Lieb
functional by Ball’s inequality. Letting 
→ ∞, BL(ϕ, s) = BL(ϕ, s;g), where gj = |�j|−1χ�j

for each j.
It remains to verify Lemma 6·4, which follows by a routine application of the ergodic

theorem for a random walk on a finite group – formulated in an appropriate abstract setting
in [25, proposition 9·9·6]. Here we appeal to the following simplified statement.
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THEOREM 6.5 ([25]). Suppose G is a finite group. Let g be a nonnegative function on G
with ‖g‖L1(G) = 1 and set �= {x ∈ G:g(x)> 0}, the support of g. Then g(k) → aχG as k →
∞ if and only if there exists k ∈N such that G =� · · ·� with k-factors. Here ‖aχG‖L1(G) =
1 and g(k) is the k-fold convolution of g.

Proof of Lemma 6·4. We fix x◦ in the support of f and let C(f , G) be the collection of
subgroups of G containing �x−1◦ : = {xx−1◦ ∈ G:f (x)> 0}. Clearly C(f , G) is nonempty since
G ∈ C(f , G). Suppose that � is the smallest subgroup of G contained in C(f , G). We claim
that it suffices to show that

lim

→∞ f (
) = 1/|�| χ� (6·3)

when x◦ is the identity element of G. To see this suppose that x◦ is not the identity element,
and observe that we can find a positive integer k◦ such that xk◦◦ is the identity, since G is
finite. Note that f (k◦)(xk◦◦ ) �= 0. This gives (6·3) with f (k◦) instead of f , as required.

We now show (6·3) when x◦ is the identity element. Since the support of f is contained in
�, f = f |� is a normalised function on the finite group �. So, if there is a positive integer 
◦
such that the 
◦-fold product

� · · ·�= supp f (
◦) = �,

then (6·3) follows from Theorem 6·5. Thus matters are reduced to finding such an 
◦. By the
smallness assumption on �, it is straightforward to see that

|supp f (
)|< |supp f (2
)| ≤ |�|, (6·4)

whenever�
: = supp f (
) is a proper subset of �. Indeed, since the identity element belongs
to �
, we have that �
 ⊂�
+1 and |�
| is increasing. So, if (6·4) did not hold, we would
have �
 =�
�
, and so �
 would be a proper subgroup of � containing the support of f ,
contradicting the smallness of �. Thus from (6·4) and the finiteness of �, we find a positive
integer 
◦ such that �
◦ = �.

6.3. Fourier duality for the Brascamp–Lieb inequality on Lorentz spaces

There are further generalisations of the classical Brascamp–Lieb inequality that permit
duality statements of the type we present in this paper. The so-called Lorentz–Brascamp–
Lieb inequality, which also encompasses fractional integral inequalities (such as the
Hardy–Littlewood–Sobolev inequality), is a clear example. Let us denote by BL(H, p, r)
the smallest constant C for which∣∣∣∣∫

H
f1 ⊗ · · · ⊗ fm

∣∣∣∣≤ C
m∏

j=1

‖fj‖Lpj ,rj (Hj) (6·5)

holds for all fj ∈ Lpj,rj(Hj). Here, as in the classical situation, the Hj are euclidean spaces and
H is a subspace of H1 × · · · × Hm. The exponents p = (pj) ∈ (1, ∞)m, r = (rj) ∈ [1, ∞]m

and Lpj,rj(Hj) is the standard Lorentz space. Finiteness of BL(H, p, r) for general (Lorentz–
Brascamp–Lieb) data was studied by Christ [23], proving that if (H, p) is simple (in that it
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admits no proper critical subspace) then (6·5) holds whenever

m∑
j=1

1

rj
≥ 1. (6·6)

For the opposite direction, Bez, Lee, Nakamura and Sawano [8] showed that if the Lorentz
refinement (6·5) holds then necessarily the scaling and dimension conditions ((3·1), (3·2))
and (6·6) hold. It was also observed in [8] that (3·1),(3·2) and (6·6) are not sufficient for
(6·5), leaving the question of finiteness in (6·5) open in general.

Combining these results with Theorem 3·1 we obtain a simple duality property for
Lorentz–Brascamp–Lieb data.

COROLLARY 6.6 Let H ⊆ H1 × · · · × Hm and let pj ∈ (1, ∞) and rj ∈ [1, ∞] for each 1 ≤
j ≤ m. If rj ≤ min{pj, p′

j} for all j, then BL(H, p, r) is finite if and only if BL(H⊥, p′, r) is
finite. In addition, when (H, p) is simple, BL(H, p, r) is finite if and only if BL(H⊥, p′, r) is
finite, without restriction on the rj.

In particular, Corollary 6·6 applied with rj = 1 establishes a duality between certain
measure-theoretic statements. Namely, for pj ∈ (1, ∞),

|H ∩ (A1 × · · · × Am)|�
m∏

j=1

|Aj|
1
pj for any Aj ⊂ Hj

if and only if

|H⊥ ∩ (A1 × · · · × Am)|�
m∏

j=1

|Aj|
1

p
′
j for any Aj ⊂ Hj.
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