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Abstract

This paper aims to consider the meaning of the dismal theorem, as presented by Martin
Weitzman [(2009) On modeling and interpreting the economics of catastrophic climate
change. Review of Economics and Statistics 91, 1-19]. The theorem states that a standard
cost-benefit analysis breaks down if there is a possibility of catastrophes occurring. This
result has a significant influence on debates regarding the economics of climate change.
In this study, we present an intuitive similarity between the dismal theorem and the St.
Petersburg paradox using a simple discrete probability distribution.
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1. Introduction
1.1. Motivation

Weitzman (2009) presented the ‘dismal theorem’, which states that a standard cost-
benefit analysis may break down if there is a possibility of catastrophes occurring. In
particular, the theorem states that owing to a fat-tailed distribution, the stochastic dis-
count factor, which corresponds to a willingness to pay for an infinitesimal certain
transfer to the future, can be infinite if there is a risk of catastrophic damage. Weitzman
(2009) illustrated this problem in the context of climate change: catastrophic damage is
assumed to be associated with a very low level of consumption due to high greenhouse
gas concentrations.! This result has caused much debate in the field of the economics of
climate change; Wagner and Weitzman (2016) presented general discussions on this sub-
ject.Indeed, many researchers have examined the meaning and significance of the dismal
theorem (Millner, 2013; Arrow and Priebsch, 2014; Weitzman, 2014). In addition, some
researchers have provided simplified versions of the theorem (Nordhaus, 2009; Pindyck,
2011; Horowitz and Lange, 2014; Weitzman, 2014).

1Originally Geweke (2001) showed the dismal theorem, but he did not provide an application to climate
change. Weitzman (2009) connected the result with the economics of climate change.
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The purpose of this paper is to present an intuitive similarity between the dismal
theorem and the St. Petersburg paradox, which is a well-known critique of the expected
value theory.? The paradox is about a simple game. Toss a coin repeatedly until tails
appears for the first time and then stop. If tails appears on the nth toss, then the player
gets 2" dollars. The expected monetary value associated with the game can be extremely
large, although with probability 1, the player will get a finite sum as the result of this
game. Bernoulli (1954) found a resolution of this paradox by introducing expected util-
ity theory. However, as shown by Menger (1934), this does not fully resolve the paradox.
Even if an individual follows the expected utility hypothesis, there is some ‘risky game’
that causes a similar paradoxical consequence.’> We show that a result similar to the dis-
mal theorem can be obtained from a variation of the St. Petersburg paradox or Menger’s
paradox.

Because the St. Petersburg paradox is very simple and well-known, our argument
employs only very elementary mathematics. Although continuous probability distribu-
tions are employed in existing versions, a geometric distribution - which is discrete —
is employed in our formulation. The point is that the geometric distribution in the St.
Petersburg paradox can be regarded as a type of fat-tailed distribution, and that the dis-
tribution is a natural representation of independent trials. Moreover, as in Weitzman’s
dismal theorem, our result employs a utility function with constant relative risk aver-
sion. This class of utility functions is quite common in most fields of applied economics.
Also, we generalize our result by utilizing a result obtained by Seidl (2013) with regard to
the St. Petersburg paradox. We clarify conditions under which the dismal-theorem-like
result holds. Thus, our results can be useful for understanding the mechanism behind
the dismal theorem, although the dismal theorem and our result are not mathematically
the same.

1.2. The dismal theorem

Here we briefly review Weitzman’s dismal theorem. We consider a model with two
periods: the present and the future. There is a representative agent whose welfare is
dependent on consumption levels in these periods. The current consumption level is
fixed, and thus it is normalized at 1. The future consumption level is a random vari-
able, which is given by C. The agent has a constant relative risk aversion (CRRA) utility
function as a periodic utility function:

U(C) = 11_7;. (1)
Then, given a discount rate 8 € (0, 1), social welfare is given by
W = U(1) + BE[U(C)].
The stochastic discount factor S is defined as:

¢ BEIU'©)
O

This value represents the marginal willingness to pay for future consumption obtained
by sacrificing current consumption. Given the CRRA form, we have $ = SE[C™?].

2For surveys of this paradox, see Samuelson (1977) and Seidl (2013).
3 Arrow (1974) provided conditions that make the expected value of utilities finite.
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Weitzman’s dismal theorem is stated as follows:* the stochastic discount factor S is
infinite, that is, the expectation does not converge if:

i) o>1;
(ii) y:=log(c) is distributed according to a probability density function (PDF)
h(y [5) =1/s x ¢((y — ) /9)s
(iii) the prior PDF of s is given by p(s) s~k for some positive number k, and n
independent observations of y are given.

Here note that y is interpreted as the growth rate of consumption. A function ¢ is a
normalization function, and s and pu are structural parameters. There is what Weitzman
called ‘structural uncertainty’, i.e., there is uncertainty about s. A finite set of observations
is used to obtain the posterior-predictive PDF of s. Given this setting, it is shown that the
marginal willingness to pay approaches infinity; this implies that the agent is willing to
sacrifice an extremely large amount of current consumption to get a small amount of
future consumption.” The key point of this theorem is that policies are crucially depen-
dent on a catastrophic outcome with a very small probability; even if the probability is
small, the distribution of certain future consumption is fat-tailed. Because of this, the
standard method of cost-benefit analysis breaks down. In the next section, we show a
similar result by using the St. Petersburg paradox.

2. The St. Petersburg paradox and the dismal theorem

The well-known resolution of this paradox is to introduce the expected utility theory.
If the agent has the CRRA utility function given by (1), then the expected utility is
calculated as:

_ 1 1 1-o 1 2(1—0) 1 k(1—0o)
EU_I_O_[Zz + 5200 e 2

[ 427 e ah g
l1—-0o

1 2791 —27")
lim

l—anioo 1—27°

If o > 1, the value of EU is finite.° Thus, the agent avoids participating in this risky
situation if the fee is sufficiently large.

Next we present a result that has a similar property to the dismal theorem, along with
a small modification of the St. Petersburg paradox. Consider another agent who has one
million dollars of wealth. He/she risks losing 50 per cent of the wealth with probability
1/2; 75 per cent with probability 1/(2)%; 87.5 per cent with probability 1/(2)*; and so
on.” That is, the agent loses a fraction 1 — 1/ (2)¥ of the wealth with probability 1/ (2)k

4Millner (2013: 312) concisely presented the dismal theorem. Here, we follow his way of presentation.

°In Weitzman’s original argument, a distinction between pointwise and uniform convergences was
emphasized (Weitzman, 2009: 8 and 11-15). A counterintuitive result can occur because S is pointwise con-
vergent but not uniform convergent. To get a robust political implication of the dismal theorem, specifying
the limiting convergence process is very important.

©This also implies that if o < 1, the expected utility is infinite.

"Here, he/she is a representative agent of the society.
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(we call this situation A). Then, he or she loses a very large amount of wealth with a
very small probability, corresponding to a catastrophe. Here our question is: what share
of his/her wealth should the agent be ready to pay to eliminate this risk? Note that the
expected amount of money associated with this risk is:

1 n 1 + 1 + 1

22 2% 0 26 )
We consider the following utility function, which is a particular case of a class of CRRA
utility functions (where o is chosen to be 2):

1
UlC) = ——.
© C
The expected utility is:
BU=2(-2) 4 (- 4 (=2 4o = (-2 + oo = —00. ()
) 22 23 2k -

Therefore, (2) is the opposite of the St. Petersburg paradox. The answer to the above-
mentioned question is that the agent is willing to pay 100 per cent of the wealth in order
to eliminate the risk (in spite of the fact that the actual loss is almost surely smaller than
100 per cent). This is a dual version of the St. Petersburg paradox, which is in the same
spirit as the dismal theorem.®

The essence of the dismal theorem is obviously related to the dual version of the para-
dox. However, the dismal theorem is about marginal benefit and cost. That s, itis about a
trade-oftf. On the other hand, the dual version is about absolute levels of benefit. Since this
difference is crucial, we introduce a certain trade-off, which shows that classical insights
from the paradox can be applied to resolving the dismal theorem. Here we consider a
marginally more attractive risky situation (situation B). Take a very small number ¢ > 0.
Suppose that if the government pays some cost, then the situation becomes:

(i) 50(1 + ¢) per cent of wealth remains with probability 1/2;
(if) 25(1 + ¢) per cent of wealth remains with probability 1/ 2%
(iii) 12.5(1 + &) per cent of wealth remains with probability 1/23;

and so on. Thatis, (1 + &) /2¥ remains with probability 1/2¥. In each event, the remaining
wealth is increased by 100¢ per cent. This means that the agentloses 100(1 — (1 4 ¢)/ 2Ky
per cent with probability 1/2%. It is easy to see that this change yields an increase of 100s
per cent in the expected amount of money: (1 + ¢)/3. Let EU(¢) be the expected utility
under this situation:

EUG) 1 2 +1 22 +1 23
)= —| —— — | - — | —
2 1+¢ 22 1+¢ 23 1+¢
+ +1 2 +
2k 1+ ¢

8This leading example is shown in an expository work by Cato (2019), which argues practical and philo-
sophical implications of the dismal theorem. In particular, Cato claims that the assumption on utility
functions is associated with a matter of ethics.

https://doi.org/10.1017/51355770X20000121 Published online by Cambridge University Press


https://doi.org/10.1017/S1355770X20000121

Environment and Development Economics 427

Thus the expected value is still infinite. Now we can evaluate the difference between
EU(¢e) and EU in (2) by comparing the kth terms in the two situations:

1 2k 1 P
— =) - = (=28 = .
2k 1+e¢ 2k 1+e¢

EU(e) — EU = oo.

This implies that:

Thus the expected benefit from this small improvement in terms of the expected amount
of money is incredibly large; the agent is willing to pay an extremely large amount of
money to obtain this small improvement from A to B. We note that for any small ¢ > 0,
this carries over. This negative implication of the cost-benefit analysis is roughly and
intuitively similar to that of the dismal theorem. That is, by using extensions of the St.
Petersburg paradox, we get a conclusion similar to the the dismal theorem.

These intriguing similarities between the St. Petersburg paradox and the dismal
theorem are obtained under a general formulation of the CRRA utility function given
in (1). The expected utility under situation A (before paying the cost) is:

_ 1 10—1 1 2(0—1) 1 k(o —1)
EU_I_G[Zz + 532 oot g2 +

1

- — [20—2 422072 4 4 gk20-D) 4 ] .

After paying some cost, the agent can receive an infinitesimal improvement. In this
situation, the expected utility is given by:

1 2072 22((772) 2k2(0‘ —-2)
© l—0o | (1+e)0! + (14¢g)°—! o (14¢)°—! *

Focusing on the kth term in each situation, we obtain the following difference between

the two situations:
2k2(072) 1
A(k) = 1— .
o—1 (1+ &)1
Note that EU(¢) — EU = Ziil A(k). Furthermore, if 0 > 2, then

0<A(l) =AQ)=AB) =A@ =---.

This implies that EU(¢) — EU > oo if ¢ > 2. Then, for any ¢ > 0 and any o > 2, the
value of a small improvement is incredibly large, and thus we have a result similar to the
dismal theorem.’

This argument illustrates that a dismal-theorem-like result can be obtained from an
extension of the St. Petersburg paradox. It is helpful to see how traditional discussions
on the St. Petersburg paradox are associated with recent arguments in the context of

9Weitzman’s formulation also employs the CRRA form. He shows that the dismal theorem holds for
o> 1
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the dismal theorem. Since the work by Menger (1934), the idea that the boundedness of
utilities is crucial for overcoming the St. Petersburg paradox has been discussed. Nord-
haus (2009) discussed the utility function employed in the dismal theorem being one of
the sources of the consequence. He pointed out that a utility level with near-zero con-
sumption is a key factor for the dismal theorem: indeed, the CRRA utility function we
employed is not bounded. More importantly, to derive the dismal theorem, its marginal
utility must be unbounded. Recently Millner (2013) pointed out that the dismal theorem
does not carry over under a class of harmonic absolute risk aversion (HARA) utility
functions, which is defined as:

1—-o
o

where «(1 — 0)/o > 0. Here, suppose that « = —1, = 1, and ¢ = 2. In our frame-
work, it is easy to understand the working of this utility function and how a cost-benefit
method breaks down. Note that if 8 = 0, it corresponds to the CRRA utility witho = 2,
which we used to derive our dismal-theorem-like result. Then we have U(C) = —(1 +
C/2)~!. Note that

1 2k+1 l+e¢ 2k+1
Ul—)=—-——"— and U =— .
(2k> 2K 41 ( 2* ) 2 414

Then, the expected utility under situation A is:

EU 4+8+16+ + 2 +
r— - - —_— _— = —0Q.
5 9 17 2k+1 41

This implies that the expected utility is not defined. Moreover, it is easy to see that EU(¢)
(expected utility under situation B) is also infinite. However, we can see that
2k+1 2k+1 2k+1(2k+1 W 8) _ 2k+1(2k+1 + 1)
MUy M lpl4e QT+ )M 41 4 ¢)
2kHlg
M+ 41 4e)
and EU(¢) — EU = )2 | B(k). Note that

B(k) =

e 2k+18

> .
2kl T 2k 4 (2K 4 1+ ¢)

Thus, it follows that

o0
EUG) —EU < Y = < 00
k=1
This implies that our dismal-theorem-like result disappears. This observation shows how
it can be the case that both EU and EU(¢) are infinite and their difference is finite.
Nordhaus (2009) also pointed out that a fat-tailed distribution is a key factor in the
dismal theorem. Weitzman (2009, 2014) noted that the dismal theorem does not hap-
pen under a normal distribution. The probability distribution employed in this study

https://doi.org/10.1017/51355770X20000121 Published online by Cambridge University Press


https://doi.org/10.1017/S1355770X20000121

Environment and Development Economics 429

can be regarded as a type of fat-tailed distribution. Moreover, in the context of the St.
Petersburg paradox, it has been recognized that a combination of a utility function and
a probability distribution is quite important. Seidl (2013) provided a general result by
utilizing d’Alembert’s ratio test. We can provide a general dismal-theorem-like result by
modifying Seidl’s argument. Let x : N — X C R be such that x; > x4 for all k > 1.
Let U(x) be a non-decreasing function and p(x) € [0, 1] a probability function such that
Y o, p(xk) = 1. Lete > 0be a small real number. Then we have the following result:

(i) EU(e) — EU < oo if there exists k* > 1 such that p(xx) = 0 for all k > k*;
(ii) EU(¢) — EU < oo if there exists k* > 1 such that

u (U1 + &)xkr1) — Ulxi1)1p(Xk41)
b U+ &)x0) — Ul Ipee)

>

(iii) EU(e) — EU = oo if there exists k* > 1 such that

. (U(A + &)xks1) = Ul DIpOoks)
=kt [U((1 + &)xk) — Ulxk) ] p(xk) ’

(iv) EU(e) — EU may converge or diverge if

im [U(A + &)xk+1) — Ul 1) 1p (k1) -1
k—oo  [U((1+ &)xx) — Ulxi)]p(xi) ’

where

EU =) p(x)U(xp),
k=1

and

EU(e) = ) p) U((1 + £)xp).
k=1

Note that case (iii) corresponds to our dismal-theorem-like result. The key is comparing
the growth rate of improvement in consumption and the shrinking rate of probability.
As demonstrated by Seidl (2013), his result from the ratio test unifies many observations
associated with the St. Petersburg paradox.

In order to apply this result, let us consider a risky situation with a Poisson distribu-
tion. Suppose that 100/2¥ per cent of wealth remains with probability e=*1% /!, where
A > 0. That is, the agent loses a fraction 1 — 2 of wealth with probability e~*1%/k!.
His/her utility function is assumed to be U(C) = —1/C. Note that

[U(( + &)xk+1) — Ui )]pCei1) 224

(U1 +e)x) — UG)lpt) — k

Thus, case (ii) can be applied. The dismal-theorem-like result disappears, and then a
standard cost-benefit method works for the Poisson distribution.

https://doi.org/10.1017/51355770X20000121 Published online by Cambridge University Press


https://doi.org/10.1017/S1355770X20000121

430 Susumu Cato

Consider another case. Suppose that the agent earns 1/d* (d > 1) dollars with prob-
ability —(1/log(1 — p))(pk/k), where 0 < p < 1. This is the logarithmic distribution.
His/her utility function is assumed to be U(C) = —1/C. Note that

U + &)xxr1) — Ulxpg1) 1p(xig1) _ k
(U1 + &)xx) — Ulxp)1p(xx) k+1

pd.

Thus, if pd > 1, then the dismal-theorem-like result appears; if pd < 1, then the dismal
theorem disappears.

3. Expression with environmental damages

We now consider another way of obtaining some dismal-theorem-like result by revis-
iting the standard St. Petersburg paradox. Consider a society that faces the risk of
environmental damage. The society suffers from: (i) 2 units of environmental damage
with probability 1/2; (ii) 22 units with probability 1/(2)?; (iii) 2* units with probability
1/(2)% and so on. That is, the environmental damage is 2K units with probability 1/ ()k.
The social welfare function is:

u(e,d) = &/c — d,

where ¢ is the consumption level and d is the environmental damage. Here, c is positive
and fixed. It is easy to see that EU = —oo under this utility function. This is the same as
the St. Petersburg paradox.

We suppose that the society puts a resource g to make the situation better. The
following constraint is imposed:

c+g=c

Given g, we can obtain the following situation instead of the original one: (i) 2/(1 + &g)
units of environmental damage with probability 1/2; (ii) 2%/(1 + &g) units of environ-
mental damage with probability 1/(2)?; (iii) 23 /(1 + £g) units of environmental damage
with probability 1/(2)%; and so on. Here, ¢ is strictly positive. The resulting expected
social welfare is:

EU(e,g) = Ji—g

L L L
(1+eg) |2 22 23 2k

In spite of this prescription, the expected social welfare is still negative infinity. However,
we have

dEU(e,g) o
dg -

>

for any ¢ > 0 and g > 0. Thus, it is optimal to put all resources ¢ into this possibility
of improvements. That is, ¢ = ¢. Under this choice of the society, the expected social
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welfare becomes

EU(e, ) ! S C L S S Y

£,¢€) = ——| — J— j— J— = —0Q.
(1+¢€0) [2 22 23 2k

We now take the difference between EU (¢, ¢) and the expected utility under the original

situation,

EU(e,c) — EU(¢,0) = o0,

where we use the same argument as that in the previous section. This implies that the
government is willing to spend an extremely large amount of money to make a very small
improvement. We note that a difference is that catastrophe is represented by a very small
level of consumption in the original version, while it is represented by a very large level
of environmental damage.

4. Concluding remarks

This paper examined Weitzman’s dismal theorem, which has attracted attention in the
field of climate economics and environmental economics. We showed that a conclusion
similar to the dismal theorem can be obtained from a variation of Menger’s version of
the St. Petersburg paradox. In spite of its long history, there is no absolute resolution
of the St. Petersburg paradox.!® Although many authors have argued about the mean-
ing and significance of the dismal theorem, it is still controversial. We believe that this
controversy is due to the nature of the St. Petersburg paradox, whose resolution is still
controversial.

Acknowledgments. The author thanks Professor E. Somanathan, a Co-editor of this journal; three anony-
mous referees; and Kohei Kamaga and Kaname Miyagishima for their helpful comments. This paper was
supported by JSPS KAKENHI (18K01501).

References

Arrow KJ (1974) The use of unbounded utility functions in expected-utility maximization: response.
Quarterly Journal of Economics 88, 136-138.

Arrow KJ and Priebsch M (2014) Bliss, catastrophe, and rational policy. Environmental and Resource
Economics 58, 491-509.

Bernoulli D (1954) Exposition of a new theory on the measurement of risk. Econometrica 22, 23-36.

Cato S (2019) Inutsu-na-kikitaiou [Dismal countermeasures against crisis]. In Genda Y and Iida T (eds),
Kikitaiou-no-Shakaikagaku. Tokyo: University of Tokyo Press, pp. 229-250 (in Japanese).

Geweke J (2001) A note on some limitations of CRRA utility. Economics Letters 71, 341-345.

Horowitz J and Lange A (2014) Cost-benefit analysis under uncertainty - a note on Weitzman’s dismal
theorem. Energy Economics 42, 201-203.

Menger K (1934) Das Unsicherheitsmoment in der Wertlehre. Zeitschrift fur Nationalokonomie 5, 459-485
(in German).

Millner A (2013) On welfare frameworks and catastrophic climate risks. Journal of Environmental
Economics and Management 65, 310-325.

Nordhaus WD (2009) An analysis of the dismal theorem. Cowles Foundation Discussion Paper No. 1686,
New Haven, CT.

Peters O (2011) The time resolution of the St Petersburg paradox. Philosophical Transactions of the Royal
Society 369, 4913-4931.

19For example, Peters (2011) recently provided a new resolution of the paradox.

https://doi.org/10.1017/51355770X20000121 Published online by Cambridge University Press


https://doi.org/10.1017/S1355770X20000121

432 Susumu Cato

Pindyck RS (2011) Fat tails, thin tails, and climate change policy. Review of Environmental Economics and
Policy 5, 258-274.

Samuelson PA (1977) St. Petersburg paradoxes: defanged, dissected, and historically described. Journal of
Economic Literature 15, 24-55.

Seidl C (2013) The St. Petersburg Paradox at 300. Journal of Risk and Uncertainty 46, 247-264.

Wagner G and Weitzman ML (2016) Climate Shock: The Economic Consequences of a Hotter Planet.
Princeton, NJ: Princeton University Press.

Weitzman ML (2009) On modeling and interpreting the economics of catastrophic climate change. Review
of Economics and Statistics 91, 1-19.

Weitzman ML (2014) Fat tails and the social cost of carbon. American Economic Review 104, 544-546.

Cite this article: Cato S (2020). From the St. Petersburg paradox to the dismal theorem. Environment and
Development Economics 25, 423-432. https://doi.org/10.1017/S1355770X20000121

https://doi.org/10.1017/51355770X20000121 Published online by Cambridge University Press


https://doi.org/10.1017{/}S1355770X20000121
https://doi.org/10.1017/S1355770X20000121

	1. Introduction
	1.1. Motivation
	1.2. The dismal theorem

	2. The St. Petersburg paradox and the dismal theorem
	3. Expression with environmental damages
	4. Concluding remarks

