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A generalization of the Keller—Segel model for chemotactic systems is studied. In this model
there are several populations interacting via several sensitivity agents in a two-dimensional
domain. The dynamics of the population is determined by a Fokker—Planck system of
equations, coupled with a system of diffusion equations for the chemical agents. Conditions
for global existence of solutions and equilibria are discussed, as well as the possible existence
of time-periodic attractors. The analysis is based on a variational functional associated with
the system.

1 Introduction
1.1 General description

We consider a model equation for the time-dependent distribution p(x,t) of organisms
(bacteria, cells, humans, etc.), sensitive to the gradient of a self-produced chemical agent
(sensitivity) whose distribution is given by S(x, t). Both the organisms and the sensitivity
agents are subjected to independent diffusive fluctuations. In addition, any individual
organism ‘smells’ the local sensitivity substance S, and tends to climb up its gradient if it
‘likes’ the smell or down the gradient if it ‘dislikes’ it.

The system (1.1, 1.2) below was suggested by Keller & Segel [10] as a model for
chemotactic aggregation:

d
va—f L OV - (pVS) = 4p, (1.1)
a%—‘jzAS—O(S%—yp—l—f. (1.2)

Equations (1.1) and (1.2) are satisfied in a habitat domain @ < IR?. The boundary
conditions for (1.1) are chosen to guarantee the conservation of the number of individuals
N = [, p(x,t)dx for all times:

[0pVS —Vp] -1 =0, x € 0Q, (1.3)

where 7 is the normal to the boundary of Q. The mobility parameter 0 determines the
tendency of the population to climb up the sensitivity gradient (6§ > 0) or down (0 < 0).
Likewise, vy is the rate of production (if positive) or consumption (if negative) of the agent
S by the population. The population-independent source f(x) is a prescribed function,
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o = 0 is the disintegration rate of S. The positive parameters ¢ > 0 and v > 0 stand
for the (possibly different) time scales of the substance concentration and population
dynamics, respectively.

In this paper, we consider a generalization of (1.1, 1.2) to a system of n populations
{p1,...pn} and k sensitivity agents {sy,...s;} living together in a common habitat domain

Q:
k
api .
vi§+j§=l 0.,V - (piVs;) = dp;i, i€[l,...n], (1.4)
aSj . .
O'jE =ASj—OCSj+ E Vi,jpi+fj» J € [l,k] (15)

i=1
Here y;j, 0;; define a pair of n x k matrices for the production/consumption rate and the
mobilities, respectively.

We show that the tendency of a population i; towards a population i; due to the action
of all the agents can be quantified by the parameter 4;;, = ZI;'=1 0, jvi,,j- The condition
Aini, > 0 means that i; is attracted to i, while 4;;, < 0 means that i; is repelled by
ir. In particular, 4;; > 0 (< 0) is the condition of self-attraction (self-repulsion) of the
population i.

The situation where /4;;, and /;; are opposite in sign is of a particular interest. We
denote this case as a ‘conflict of interests’ between the iy and i, populations. We shall,
however, concentrate on the conflict-free case in this paper, and defer the discussion on
conflicts to a separate publication.

The paper is organized as follows. In §2.1-2.2 we set the foundation of our variational
approach: let Y be the state space of the populations density vectors p = {pi,...pn}
subjected to the integral constraint

/ pidx = N, i €[1,...n], (1.6)
Q

where N; > 0 is the prescribed population size (determined by the initial data). In addition,
denote the state space of vector-valued sensitivity agents $ = {sy,...s¢} by X.

It is shown that, under some additional assumptions, a variational functional ¥ =
¥ (p,3) can be introduced on Y ® X. The state space Y is composed of two disjoint
components Y, and Y_, where ¥ is convex on Y and concave on Y_. The conflict-free
case is characterized by the condition Y_ = 0, i.e. ¥ is convex with respect to p. Likewise,
the space X is composed into a direct sum X = X+ @ X, where ¥ is convex on X* and
concave on X . Any stationary solution of (1.4, 1.5) is determined by a critical point of
the functional ¥ on the combined space. In general, ¥ is not monotone along solutions
of (1.4, 1.5). §2.3 and 2.4 deal with singular limits of the system, where the population
dynamics (1.4) is much faster (resp. slower) than the sensitivity dynamics (1.5).

In §2.3 we consider the fast population dynamics, i.e. 6; = 0, for all 1 < j < k. In this
case, we extremize the free energy ¥ with respect to the sensitivities s to obtain

F=7(p) = inf sup ¥ (p,51 +5,).
51€XF gex-
We show that & is a monotone functional for (1.4) in this singular limit, if and only if
the system is conflict-free.
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In §2.4 we consider the analogous limit of slow population dynamics, i.e. v; = 0 for all
1 < i< n. Define a functional
DN,,.N, = Dn,..N, 8) == inf  sup ¥ (p1 + p2,3),
PMEYy prey_
where the extrema on p € Y is subject to (1.6). The condition for monotonicity of Zy,_ n,
for the system (1.5) in this singular limit is obtained as well. It follows that the relative
values of the diffusion rates o1,...0; play an important rule in this limit.

In §3 we study the existence and stability of local minimizers to the functionals ¥, &
and %5, The global solvability of (1.4, 1.5) is obtained by joining together two independent
results: the first concerns the global solvability of the single population system (1.1, 1.2)
[1], and the second concerns the properties of Liouville systems and its relation to the
functional ., studied in Chipot et al. [3].

In §4 we study periodic solutions, using the Andronov—Hopf bifurcation theorem [6].

Before turning to the main parts of the paper, we introduce a short review of known
results for the single component system (1.1, 1.2) and an informal discussion on its multi-
component analog. This discussion provides motivation for the investigation of periodic
solutions in §4.

1.2 Background and motivation

The system (1.1, 1.2) has been extensively investigated, in particular, for the singular limit
¢ = 0. In this case with f =0 and v = 1, equations (1.1) and (1.2) take the form
op

L0V (pVS) = dp, S0 = / Go(x (v, Dy, (1.7)
Q

where G, is the Green’s function for the operator —A + o subject to the prescribed
boundary conditions associated with (1.2) (say, Dirichlet). Particular attention has been
given to the self-attractive (‘gravitational’) case 0y > 0. In this case, it is known that
time-dependent solutions of (1.7) may blow up in a finite time [5, 7, 8, 10, 12]. For two
dimensional, starlike domains  there exist blow-up solutions provided the conserved,
total population number N = [ p exceeds a certain critical number

_8n
=0
It is also known that stable equilibria of (1.7) do exist, and that it is globally solvable for
two-dimensional domains provided N < N¢ if a Dirichlet boundary condition is assumed
for (1.2), and for N < 4n/6fy in the case of a Neumann boundary condition [1, 13].

This type of result is a manifestation of the critical role played by the spatial dimension
two [11] in the context of the system (1.1, 1.2). If the total population number N is above
a critical number, then the self-attraction dominates the smoothing effect of the diffusion
in (1.1), resulting in a finite time blow up of the solution. If, however, N < N¢, then the
smoothing effect of the diffusion dominates the self-attraction, preventing the blow-up
and implying the asymptotic convergence of solution toward an equilibrium.

An essential tool for the study of (1.7) is the ‘Free-Energy’ functional

0n
F=F(p) = /Q pin pax — 2 /Q /Q p(x)Ga(x,)p(v)dxdy.

c .

(1.8)
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We chose the name Free Energy after the classical definition
F = —T - Entropy + Energy

of Free energy in thermodynamics. Recall that — [plnp is the statistical-mechanics
definition for entropy, while the second component resembles the energy of self-interaction
via gravitational or electrostatic interaction. The ‘temperature’ T is normalized to one (in
accordance with our choice of the diffusion coefficient in (1.1)).

It is known that the Free Energy is monotone non-increasing (Lyapunov) functional
for the singular limit ¢ = 0 in (1.7) for both the self-attractive 0y > 0 and self-repelling
(‘electrostatic’) 0y < 0 cases (cf. Wolansky [14]). It yields useful a priori estimates for
the time-dependent solution p in this singular limit, as well as a variational formulation
for stable steady solutions via its local minimizers. It was investigated in other contexts
as well (in particular, statistical mechanics and fluid-dynamics: cf. Wolansky [14] and
Caglioti et al. [4]) and its properties are well understood.

A basic feature of this functional is the convexity of the first (negative entropy) term
and the positivity of the Green’s function (—4 + «)~!. This implies, in particular, that
F is strictly convex and bounded from below in the self-repelling case, which yields the
existence and uniqueness of a minimizer.

Deeper mathematical questions arise for the self-attracting case. Here the second
(energy) term is concave and the boundedness of F is conditional on the total mass (or
population number) N = [ p. The fundamental inequality of Moser and Trudinger (e.g.
see McLeod & McLeod [11]) implies that F is bounded if and only if N < N¢ (1.8).

Turning back to the application of F to the system (1.1, 1.2), we note that F is not a
Lyapunov functional unless the singular limit ¢ = 0 is assumed. However, for ¢ > 0 we
can still define an extension of F into a Lyapunov functional of (1.1, 1.2), namely

0
w(p,S)z/plnp+—/ [\VS|2+aSZ]—9/ps
Q 2y Jo Q

provided 0y > 0. F is related to p by
F(p) = inf p(p,S). (1.9)

It is remarkable that this extension is not a Lyapunov functional in the repelling case (cf.
Wolansky [15]).

Obviously, the existence of a time-monotone (Lyapunov) functional excludes the pos-
sibility of time-periodic solutions. This is the case for self-attraction in general (¢ = 0),
and self-repulsion in the singular limit (¢ = 0). The natural question which we now pose
is: can time-periodic solutions to (1.1, 1.2) exist in the non-singular limit ¢ > 0 in the
self-repelling case?

We conjecture that the answer to this question is negative. In fact, we cannot point to
any mechanism which will drive a periodic solution for the self-repelling case for ¢ > 0,
but exclude it in the singular limit. Still, this conjecture is awaiting for a proof and
intuition can be a bad consultant, as we shall see below.

The limit ¢ = 0 is not the only one possible. The second singular limit v = 0 is also of
interest. Note that, in that case, equation (1.1) takes the form

V- (Vp—0pVS)=0
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which, together with the boundary condition (1.3) and the prescribed mass condition
[ p =N, yields

eBS

When (1.10) is substituted in (1.2), we obtain the singular limit v = 0 as the non-local
diffusion equation

08
%f =AS—o¢S+yN%. (1.11)
Unlike the singular limit ¢ = 0 (1.7), equation (1.11) has been studied very little. Global
(in time) existence of solutions is proved for N < N¢ in the attractive case y0 > 0 [15].
We are not aware of any finite time blow-up result in the super-critical case N > N°.
It is interesting to note that (1.11) has a variational formulation analogous to the Free

Energy F, namely
Dy(8) = infp(p. S),

where the infimum is taken over the set p =0 ; [ p = N. Explicitly,

Dn(S) = %/Q [|VS|2+ch2} ~Nln [/605}

The functional Dy is, again, a Lyapunov functional for the singular limit (1.11). It is
monotone non-increasing in the self-attractive case, and monotone non-decreasing in the
self-repelling case. In particular, its critical points are equilibria (steady states) of (1.11).

The existence of monotone functionals in both singular limits excludes the possibility of
limit cycles for the single-component system (1.1, 1.2), at least in the singular limit ¢ =0
or v = 0. In the multi-component analogue (1.4, 1.5), on the other hand, we do expect
periodic solutions (and more general attracting sets) due to the possibility of conflicting
pairs. In this case there is a population i; which is attracted to a population i, while the
population iy is repelled from i;. This dynamics points to a mechanism by which i; is
chasing i, like a dog chasing its tail, namely, a limit cycle.

The reason we concentrate on the conflicts free multi-component system (1.4, 1.5) is
that, in fact, periodic solutions do exist, under certain assumptions, also in the absence
of conflicts. This is shown in §4, using Andronov—Hopf bifurcation. We find this result
quite surprising since, in the absence of conflicts, all populations have a mutual interest
to settle in a local minimizer of the Free Energy functional %, which is the generalization
of F in the multi-component case. This is indeed the case for the singular limit ¢; = 0,
but, as we prove in §4, the diffusion rate o; play an essential rule in the dynamics.

The multi-component system introduces an additional challenge: what is the analogue
of the critical mass N¢ obtained for the self-attracting, single component system? Recall
that the condition N < N°¢ is sufficient (and, in some cases, necessary) for the global
solvability of the single component system (1.1, 1.2) in the self-attractive case.

A version of the Free Energy functional & for a multi-component system was introduced
in Chipot et al. [3]. The condition (1.8) is generalized (for n components) into 2" — 1
conditions:

> aiNiN; — 8 <Z N,») <0 VIc{l,...n}, I+0 (1.12)

ilel iel
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where N; = f pi» ai and A;; are certain constants defined in §2. Note that in the case of a
single component (n = 1), a; = 1, 411 = 0y and (1.12) is reduced to (1.8).

In §3 we prove that condition (1.12) is sufficient for the global solvability of (1.4, 1.5)
in the singular limit ¢; = 0, and for the asymptotic convergence of its solutions into
a regular steady state. This result is also generalized to the case of finite diffusion rate
g; > 0, provided some conditions on ¢; are assumed. It is also optimal in the case where
all pairs are mutually attracting (i.e. 4;; > 0 for all 1 <i,I <n).

2 Preliminaries
2.1 Basic assumptions
We consider a boundary condition of zero flux for (1.4), that is
(Vpi —piVS)) - fi(x) =0; on 02 xR'; 1<i<n

where S; = le;l 0;js; and fi(x) is the normal vector to the boundary at x € 0Q. As for the

boundary condition for (1.5) we adopt either Dirichlet (s; = 0) or Neumann (Vs; - it = 0)
for any x € 0Q. In the first case, the boundary condition for (1.4, 1.5) is nonlinear, given
by
0=s5;=(Vpi—piVS;)) =0 on R xRY 1<i<n 1<j<k (2.1)
while in the second case, it is a linear set of boundary conditions:
Vpi-i=Vs;-i=0 on 02 x Rt 1<i<n 1<j<k. (2.2)

Both (2.1, 2.2) lead to the conservation of the population’s size for each population
separately:

/ pi(x, t)dx = / pi(x,0)dx=N; >0Vt 20,1 <i<n (2.3)
Q Q

Let 0; = {0i1,...0ix} € R be the n- IR* valued mobility vectors. Likewise, let 5; =
(yits--.7ik} € RF be the n-IR* valued production/consumption vectors. Let us define the
n x n-matrix 4 = {/;;} as:

k
i =Y 0y = 0i . (24)
j=1
The following definition is self-explanatory.

Definition 1 (i) A population iy is attracted (resp. rejected) to (resp. from) a population i,
if Zi,i, > 0 (resp. i, <O0). In particular, a population i is self-attracting (' self-repelling )
if;Li,i >0 (resp. /’Li,i <0).

(ii) A pair of populations iy, iy € {1,...n} is said to be in a conflict if A, i, X Ay <O.

In general, the matrix 4 is not a symmetric one. In this paper, however, we shall assume
that there exists n constants ay,...a,, all different from zero, for which

aiﬂvi,l = alllvi, (2.5)

ie. the matrix D;4 is a symmetric matrix, where D; = Diag{ay,...a,}.
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If we assume that A is non-singular then there exists a k X k matrix B which transforms
y; into a; 0; for all 1 < i < n. Moreover, (2.5) implies that B can be chosen as a symmetric
matrix. This leads us to our fundamental hypothesis:

Hypothesis A There exists a vector a = {ay,...a,} whose components are all different from
zero, and a nonsingular, symmetric matrix B = {b;;} which satisfy

Bji = a0, forall 1<i<n. (2.6)

Remark 1 Hypothesis A is equivalent to (2.5) if A is non-singular. We shall use the con-
vention by which there exists at least one population i for which a; > 0. Evidently, we may
always achieve this by switching form {B,a} to {—B,—a}, if necessary. In particular, the
conflict-free case is characterized, via Definition 1 and (2.5), by a; > 0 for all i € {1,...n}.

A special case of Hypothesis A is n =2 and k > 1 arbitrary. In this case, the matrix B
can always be found, provided 41> X 42 =+ 0, where

ar A
—_ =, 2.7
a i 27)

Another special case is obtained if k = 1 and n > 1 is arbitrary. Then we may choose the
scalar 1 x 1 matrix B = {1} and @; = 7;/0;. In particular, it follows that g; are all positive
if all the populations are attracted to the sensitivity s (and hence attracted to each other).
In the opposite situation where 0; < 0 for all populations, we may define a; = —v;/0;
and B = {—1}, using the convention defined below (2.6). In the third case we may have
mobility coefficients of different signs. This is interpreted as a ‘conflict of interests’, where
one of the populations is attracted to a second, while the second is rejected from the first
one. In particular, the coefficients a; are not all of the same sign.

Remark 2 In the remainder of the paper, we shall always assume Hypothesis A. The results
are valid for either boundary conditions (2.1) or (2.2), unless a specific reference is made to
one of the boundary conditions.

2.2 Variational formulation

Set

k
F; = Zflbl,j-
=1

Define
lII (pla"'pnysla"'sk) =

k
Za,/pllnpldx %ZZb[]/ Vs; - Vs[—i—ocs]sl]d
—ZZaH,J/pls]dx—Z/Fs]dx (2.8)

i=1 j=1
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Let p = {p1,...pn}s S = {s1,...5}. Set D, = Diag{qy,...q;} be the diagonal [ x [ matrix
where ¢ = {qi1,...q}. A direct application of the definition of ¥ yields the following
lemma.

Lemma 1 The system (1.4, 1.5) can be written as

B oW

sPl
D, D'V, |p - Vi—|, —=D;'B'—. 2.
ot~ DaV ["Vap]’ o 5% (29)
In particular, it follows that
d . " . ow | 031" 0%
2 L1),3(51) = — i Ave=—| ax— [ |=| BD,~— 1
i 0560 = =3 (o) /Qp‘vépi dx /QM SRINCAT)

if {p(-,1),3(, 1)} is a classical solution of (1.4, 1.5).

Recall that the conflict-free case is characterized by a; > 0 for all i € {1,...n}. From
this and Lemma 1, we obtain the following corollary.
Corollary 1 ¥ (p,s) is monotone along classical solutions of (1.4, 1.5) if
(a) There are no conflicts;

(b) BD, + (BD,)" is positive definite.

In general, the evolution system (1.4, 1.5) is not a gradient flow of ¥ and the right-
hand side of (2.10) is rarely definite. Still, we may characterize all stationary solutions by
Theorem 1.

Definition 2 If the boundary condition (2.1) is assumed, let
(s1,...5) € X := H}(Q,RF).

If, on the other hand, (2.2) is assumed, set X = H'(Q,R¥). Also,

{p1s-..pn} €Yy = {,5 :Q > R"

/ pi = N,‘; Pi logp,-dx < OO} (211)
Q Q
where N = {Ny,... Ny}

Theorem 1 {p(lo),... o, s(lo),...sﬁco)} € Yy, ® X is a stationary solution to (1.4, 1.5) if and
only if it is a critical point of ¥ in the above domain. Moreover, pl(-o) are strictly positive
on Q.

Proof of Theorem 1 The representation (2.9) immediately implies that a critical point of

¥ is an equilibrium of (1.4, 1.5). Conversely, let S; = ZI;:1 0ijs;. Then 6, ¥ =In (e_sf p£0)>

V- [pﬁ"’v (e_s"pl(o))] =0.

and (2.9) implies
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The boundary condition (2.1) implies
\% (e_s‘p(o)) n=0 VYxeoQ.

The maximum principle now implies that e*S"pgo) must be a constant throughout @,
hence J,,¥ = p;, where y; is a constant, corresponding to the Lagrange multiplier of the
constraint (2.11). In particular, we obtain that p}o) = p;eS is strictly positive on Q. O

2.3 The singular limit ¢ =0

Define the subspaces X* of X to be the positive/negative decomposition

k k

$={¢..dfexX =D ,»,z/QVX¢,-VX¢,-dx>o
j_

=1 I=1

and

ko ok
= Z ij,l/ Vi - Vipjdx <0
j=1 I=1 Q
Since B is non-singular
X=X"eX". (2.12)
Define
F(p15...pn) = Inf sup ¥Y(p,51+352) = sup inf ¥ (p,31 + 3). (2.13)

S ext $eX~ $eX— s ext
It is easy to find an explicit expression for & as follows: let U = u;; be the orthogonal
matrix diagonalizing B and set S; = Zf‘n:l Up,jSm- Then

koK )
;ZZ l’/ [Vsj - Vsi + asjsi] dx—;z /[|V5j|2+a5ﬂ dx,

where b; is the jth eigenvalue of B (as in Definition 1). Similarly,

ZZa@,J/p,sjdx+Z/stdX—ZZa,q,j/p,de+Z/Hdex

i=1 j=1 i=1 j=1

where

k k
=Z@i,1u1’j; E EZ Uy j.
1=1 I=1
If b; > 0, let S; be the minimizer of
b; 2 .
e SP+a|SPP— =55 ) dx — / iSpid 2.14
2 [ (wsPrais? = L) s > [ asps 2.14)

over H}(Q) (resp. H'(R2)). The minimum of (2.14) is obtained at § = S;, which solves the
elliptic boundary value problem

1 n E
—ASj +aS; — b; Z aidijpi — bij] =0. (2.15)
i=1
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That is,

1 n
() = 5 >y [ Gl oy + 6, (.16)
Ji=1
where
1 -
b=~ / Golx,)Z)()dy
bj Jo
and G,(-,-) is the Green kernel corresponding to the Dirichlet problem
(—Ax + ) Go(x,y) = O(jx—y))-

Multiply (2.15) by S; and integrate by parts over  to obtain

— n
bj/ (VSJ|2 + OC|Sj‘2 — ;JSJ) dx — Zaiqi,j/ pideX =0. (2.17)
Q j 1 Q
Insert (2.17) in (2.14) to obtain the minimum of (2.14):
1/7<S-dx—1ia' / Sidx (2.18)
5 Q*—f} j 2I=1 iql,j Qpl j .

where for S;, we use (2.16). Apply the same argument for the analogous problem (2.14)
corresponding to b; < 0, where this time we maximize over S € H' (S € H}) and sum
over all j and i to obtain

?(pl,.--pn)ZZai/pilnpidx
i=1 Q

n

52w [ [ oG x (s + > [ p. 2.19)

i=1 I=1
where we have used the definition of ¢;; and (2.5, 2.6) to obtain

k
Z 4ij41j
aj T = )‘i,l-
=t

The singular limit ¢ = 0 for the system (1.4, 1.5) is now defined as
opi

Vi = ai'V- [piV (6,7)] (2.20)
Equation (2.20) can be written explicitly as
0p; .

Vi% +V- <PiV ;ii,lvyl + ¢i > = Ap;, (2.21)

where #; are the ‘virtual’ agents determined by
7= [ Gy

The following is an immediate conclusion of Lemma 1.
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Lemma 2 Let p(-,t) be a classical solution of (2.20). Then
d 0F
E Z (V al / Pi ’ 5pi
. 2

k
ai
=-Y = " / 0i |V |1np; — ; 0ijs;| | dx. (2.22)

i=1

2
dx

Analogously to Corollary 1, an immediate Corollary of Lemma 1 is:

Corollary 2 % is monotone non-increasing along classical solutions of (2.20) if and only if
there are no conflicts.

It is evident that the set of stationary solutions of (1.4, 1.5) are independent of v; and
d;. In the case ¢ = 0, one may eliminate si,...,s; from the equations, using the definition
of #. The proof of Theorem 1 yields

Theorem 2 Let the conditions of Theorem 1 be satisfied. Then {p©,39% is a stationary

solution of (1.4, 1.5) subjected to (2.1) if and only if p'© is a critical point of F, subject to
the constraint (2.11). If this is the case, then 3 is obtained from p\© via (2.16).

2.4 The singular limit v =0

Define
Iy ={ie{l,...n} ; ta; >0},
NJ_r = {AN1,... Ny} where A 5=N; if iely, A3=0 otherwise. (2.23)
+ .
Let Yﬁ = YNi o)
Y=Y @Yy (2.24)
and define
Dy = sup inf W (3,p1+p2)= inf sup ¥ (3,01 + p2). (2.25)
preYy paeY], preYy preYy

For an explicit expression for &5, observe that the infimum (supremum) in (2.25) is

attained at
0. :s; Nz'
175 where = ———— (2.26)
k9. .5
fQ ezj:] i.jSj

provided the integral in (2.26) makes sense. Substitute p; from (2.26) in the definition (2.8)

of ¥ to obtain
n
_Z(liNi In [/ X H’*"Sfdx]
i=1 @

pi = pie>r-

k  k
1
+§ZZ”U/Q Vs; - Vs + as;si] dx—Z/Fs]dx (2.27)

j=1 I=1
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The singular limit ¥ = 0 under the initial data p(-, 0) satisfying fQ o(x,0)dx =N;,1 <i<n,
is now defined, analogously to (2.20), as

0s 095
—=D,'B' X 22
ot ° 03 (2.28)
The explicit form of (2.28) is given by
as] . Nez' 10usy
o5/ 2)s; +Z /l,f SSIREL (2.29)

The analogue of Lemma 2, Corollary 2 and Theorem 2 evidently holds for the singular
limit (2.29). We summarize it in Theorem 3.

Theorem 3 Let 3(-,t) be a classical solution of (2.29). Then

03 03
DG, 1) = — /Q [aﬂ BD, adx (2.30)

In particular, Z5(3(-,t)) is monotone non-increasing along time-dependent solution of (2.28)
if BD, +(BD,)" is positive definite. {p\®, 50} is a stationary solution of (1.4, 1.5) subjected
to (2.11) iff {3} is a critical point of 5 and p\¥ given by (2.26).

3 Equilibria in the conflict-free case

Our interest in this section is the case in which the functionals ¥, & are monotone for the
corresponding systems (1.4, 1.5) and (2.20), respectively. It is evident from Corollary 1 and
Corollary 2 that a conflict-free condition is necessary for ¥ to be monotone for (1.4, 1.5),
and sufficient for # to be monotone for (2.20). Hence, in this section we shall impose the
standing assumption of a conflict-free system. This is equivalent to ¢; > 0 for 1 <i<n
which, in turn, is equivalent to Yz = Y;\; (cf. (2.24)). In addition, we shall concentrate
on two-dimensional domains 2 and Dirichlet b.c. (2.1). To elaborate, we summarize our
standing assumption below:

HO

(i) @ = R?is a bounded domain with a C! smooth boundary.
(ii) The source terms f; are in L%(Q) for any 1 < j < k.
(iii) The system is conflict-free.

(iv) The Dirichlet boundary conditions (2.1) hold for the sensitivity agents s;.

In addition to the standing assumption (HO), we shall refer to some of the following
assumptions:
H1 All populations are self-attracting, i.e. 4;; >0 for all 1 <i<n.
H1.1 All populations are mutually attractive, i.e. 4;; > 0 for all 1 <i,I <n,
H1.2 The matrix B is positive definite, i.e. X = X.
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The fact that Assumption (H1.1) implies (H1) is trivial. In addition (H1.2), together
with the conflict-free assumption (a; > 0), implies assumption (H1), since
()" Bj; = aidi; > 0.
In certain cases, we shall replace (H1.2) by the still stronger assumption:

H1.2.1 The matrix D,B + BD, is positive definite.

Remark 3 Assumption (H1.2.1) is indeed stronger than (H1.2). In fact, the following is an
elementary exercise: If B and D are symmetric matrices, D and DB + BD are positive
definite, then B is positive definite as well.

The purpose of this section is to prove the stability of minimizers under either (1.4, 1.5)
or (2.20), respectively. For this, we need first to prove the global (in time) solvability of
the above systems, as well as the actual existence of such equilibria. To answer the last
question, we introduce the following theorem.

Theorem 4 Assume (HO) and either

(i) (H1) and Q is the disk |x| < R < R, or
(i) (H1.1).

Assume, in addition,

(iii) For any I = {1,2...n}, I * 0, the inequality

8 (Z a,‘N,') — Z Zaiii,lNiNl >0

icl iel lel
holds. Then

(a) If alternative (ii) holds, then F is bounded from below on Yy, and there exists a
minimizer {p©'} € Yy, of F. If alternative (i) holds, then the same is true for the set
of all radial functions p = p(|x|) in Yj.

(b) If condition (H1.2) replaces (H1.1), then ¥ and &, are bounded from below on X x Y,
and X, respectively. Moreover, a minimizer {p©,30} (resp. {30} ) exists for ¥ and
D5, on the underlying spaces.

Proof of Theorem 4 The first part of the theorem follows from Theorem 1.1 in Chipot
et al. [3]. To show the second part, we introduce:

Lemma 3 Under assumptions (HO) and (H1.2), the following are equivalent (Here p'© and
3O are related by (2.26) and (2.16), respectively ) :

N >

(i) p is a local (global) minimizer of F on Yy
(ii) 39 is a local (global) minimizer of Z5 on X.
(iii) {p'¥ ; 3O} is a local (global) minimizer of ¥ on Yy ® X.
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Before turning to the proof of Lemma 3, we need

Definition 3 Let §;) be the extremizer of W (p,3) on X, where p is prescribed. Equivalently,
S; is the solution vector of (2.15), where p is the source term. Likewise, let p; € Yy, be the
extremizer of W (p,3) on Y, where 3 is prescribed. Equivalently, ps is given by (2.26).

Claim Under assumption (HO), S;, is a continuous mapping from Yy to X, and p; is a
continuous mapping from X to Y.

Proof of Lemma 3 Let p(° be a local minimizer of .%. To show (i) = (ii),
v p =Y (5.5) =7 3> 7 ()

for any p in a Yj neighbourhood of p*), and for any s € X. The argument for (i) = (iii)
is analogous.
Assume now (iii). Then

v (5,3 > ¥ (5°,3) (3.1)

for any {$;3} in a Yj @ X-neighbourhood of {p®;3®}. By our claim, S; is also in a
X-neighbourhood of 3, hence

Fp=Y (ﬁ, §,~,) > v (p0,30) =7 ().

for any p in a Yy neighbourhood of p©. hence (iii) == (i). Analogously, (iii) = (ii).
This implies the proof of Lemma 3 and Theorem 4. O

O

By Theorem 4 we obtain a non-trivial set of critical points of % in Yy, hence a
non-trivial set of critical points of % on X and of ¥ on X X Y. To prove the stability
of such minimizers we need, in particular, the global solvability of the corresponding
systems:

Theorem 5 Assume the conditions of Theorem 4. Then, for any p(-,0) € Yy (p(-,0) =
0(1x|,0) if alternative (i) holds ) there exists a global (in time ) classical solution of (2.20) with
p(-,0) as an initial data. If we replace conditions (H1) in (i) and (H1.2) in (ii) by (H1.2.1),
then the same holds for the systems (1.4, 1.5) and (2.29), where {p(-,0),5(,0)} € Yy x X
and {3(,0)}, respectively, are initial data. Moreover, the limit

lim p(-,t) = p©;  lim 3(-, 1) =39 (3.2)

t—0o0 t—0o0

holds in L*, where p\© € Y, and 39 € X are critical points of F and Dy, respectively.

Corollary 3 Under the assumptions of Theorem 4, {p\°)} is a stable equilibrium of (2.20)
iff it is a local minimizer of F on Yy, If this is the case, then the corresponding 50 s a
local minimizer of %, on X, {p9,3 is a local minimizer of ¥ in Yy © X and are stable
equilibria of (2.29) and (1.4, 1.5), respectively.
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Proof of Theorem 5 The global solvability and regularity of solutions to the system (2.20)
and (1.4, 1.5) is a slight generalization of known results for the case of single component
system [1]. The local solvability and regularity of (2.28) is evident by elementary arguments.

To obtain the global solvability of (2.28) (which is the easier part of the proof) we only
need to derive an a priori LP(Q) estimate on the right-hand side of (2.29) for some p > 1.
We know by Theorem 4 that &, is bounded from below. Since &, is non-increasing by
Theorem 3 and assumption (H1.2.1), it follows that &, (3(-,t)) is bounded from below for
any t > 0 for which the local solution exists. Denote 9“}}} the functional %, where B is
replaced by B — ¢l, where I is the unit k x k matrix and ¢ > 0. Evidently, we may choose
¢ small enough for which the conditions of Theorem 4 are still satisfied for 93\] Then

ell3C,0llx = Z5 (1) — 25 3(. 1) < 25 (3(,0) + C

where 7% > —C on X. Hence [[$(-,1)|[x is a priori estimated for ¢ > 0. In particular,
0; - 3(-,t) is uniformly bounded in H} for any ¢ > 0. Using the Trudinger inequality [11],
we obtain that exp(ai -3(-,t)) is uniformly bounded in L?(Q) for any 1 < p < oo and any
1 <i < n. In addition, we observe that [ exp(éi -3(-,t)) is uniformly bounded from below,
for otherwise &, (3(-,t)) will be unbounded from above (cf. (2.27)). This implies that the
source terms in (2.29) are uniformly bounded in L for some p > 1.

We turn now to the proof of global solvability in the case of the system (1.4, 1.5). The
corresponding problem for a single-component system and Neumann b.c. was proved in
Biler [1]. For this reason, we shall only sketch the proof, indicating the points of difference
between our case and Biler’s.

We shall use standard notation ||- ||, for the Sobolev norm in W*? and shall abbreviate
- Tlop =1+ 1p-

We first show a uniform (in time) estimate on |p;Inp;|; for 1 < i< n Seti=1 and
af =a;—¢ d;=a forn=i>1,0;; = (1+e(ay —e) ') 0, and 0;; =0 forn>i>1,
1 < j < k. Note that a;0;; = af@ﬁj forall 1 <i<n 1< j<k Letus denote V¢ the
functional (2.8), where {a;} and {0;;} are replaced by {af} and {0};}. Again, we choose ¢
sufficiently small for which the conditions of Theorem 4 still hold for ¥*. It then follows
that

elpr(, ) Inp (L0l =¥ (p(,0),50, 1)) — P (p(,1),5(, 1) < C + ¥ (p(:,0),5(-,0)),
where V¢ > —C. By symmetry |p;In p;|; is uniformly bounded for all 1 <i < n.
Next we show a priori estimate for |[3||x (equivalent to [|s|[i») independent of t. For
this, choose some { € R* and set B: = B — ¢l ® (7. If we replace 7; by
> s\ "ls o
7 = [I+(B—s¢®ﬂ) cmﬂn
then Bj; = B%)! = a,@j. Set ¥*¢ as before, where B replaced by B, then

N 2
e 'V§(',t)’2 =¥ (p(,0),50, 1) — P (p(, 1), 3, 1)) < C+ ¥ (p(+,0),5(-,0)).

>

Since ( is arbitrary we obtain a priori estimate for [|3]|;.5.
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Next we multiply the ith equation of (1.4) by p; and integrate by parts, using the
boundary condition (2.1), to obtain

k
10 2 2 >
zatmb+wVmb=;;%hémWwV%<meWMzwm~ (33)

To estimate the right-hand side of (3.3) we use the logarithmic inequality

lpl§ < 6llplliLlpInply + Cslplt

for arbitrary small 6 > 0 (cf. [2, eq. (32)], and the Sobolev inequality
Vsls < C|V3s/Y4|vsf3/.
In addition,

o1z < Clipllialph
implies that |p;|» can be controlled by ||pi||12, using |p;|1 = N;. Finally, the estimate

t t
/ lIs;(-0l3, < € (max/ [1piC, 9117 ds + 1) (34)
0 1<ign 0

follows from the diffusion equations (1.5). The same estimate was given in Biler [1] for
Neumann b.c., where integration by parts of the corresponding diffusion equation is
possible. In our case (2.1), such integration by parts is impossible, so we justify (3.4) in
the appendix.

Collecting all the above estimates, we end up with an a priori bound on |p|, which is
sufficient for extending the local solution into a global one and to (3.2) [2]. The case of
the system (2.20) requires only minor modifications. O

4 Limit cycles

From Lemma 2 we obtain that, in the case of a conflict-free system (a; > 0), the functional
Z 1s monotone for the singular system (2.20), hence no limit cycles can exist. The same
result holds for the system (1.4, 1.5) under the additional condition that D,B + BD, is
positive definite (see (2.10)). We shall now demonstrate, via an explicit example, that if
the condition D,B + BD, > 0 is relaxed into the condition that B is positive definite
(cf. the remark below condition H1.2.1, § 3) then non-stationary attractors may exist even in
the case of a conflict-free system.

For our result we use the Neumann b.c. (2.2) and f; = 0. In this case there always
exists a constant steady state, determined only by the populations N;, namely

NA
©) i
pi =3 i=1...n (4.1
0] :
where |Q2| is the volume (area) of the domain Q. The corresponding sensitivities are
(cf (1.9)
(0)= Zivisti. =1 k 4
S; 7049\ ; ,... k. (4.2)

We shall consider the singular limit (2.29). Our result is based on the Andronov—Hopf
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bifurcation theorem. To start with, let us compute the linearization of (2.29) at the steady
state. The second derivative 7%, at a stationary 3 induces the operator £ via

(.00 259) = (0.29) .
where

Fh=—B(4—0)d—Gd+P(P).

Here G is a k x k matrix-valued function given by
k
Gj,l = Z aigi,jei,lpi‘())y (4.3)
i=1
while P is a projection-matrix operator given by

Kk
P={(P;}: Py = ZaiOi,jOi,lego'(@
i=1

and
P(O) (0)
Ppto,(qﬁ) = Wl ; pi quX
Using (4.1) we set
k
N;
Gj,[ = Z aiGi,jH,;l‘Q—'. (44)
i=1

We note that & is a self-adjoint operator. In addition, it is positive definite if and only if
the operator

B-2yB-1/2 — _ (4 — o) — B 12GB~/2 + B~/2pB'/2

is positive definite.
Given a domain Q € IR, let

0=ldo<Mh<..<i—>ow (4.5)

be the eigenvalues of the negative Laplacian —A4 under Neumann b.c. in Q.

Lemma 4 The eigenvalues and eigenfunctions of B=1/2. 2B~/ are given by
o; wf)j); j=1,2...k is a basis of IR

dito—p; P =vd i=12...,j=12..k (4.6)

where A; are given by (4.5), ¢; the corresponding eigenfunctions of the Laplacian, while
w; and v; € R* are the eigenvalues of the eigenvectors of the matrix B~'/2?GB~"/2. In
particular, B-'2. B2 and & are positive iff

M+oao—u>0 (4.7)

where |1 = max ;.
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Proof The non-constant eigenstates are obtained by separation of variables. For the con-
stant states 1o, note that (f’ — G) wioy = 0 hence B~/2.#B~12y( = op® as claimed. []

Corollary 4 Under condition (4.7), the constant steady state (4.2) is stable if 6; = a; > 0
forall 1<, j<k.

Proof By Theorem 4 we obtain that &y is monotone if D,B + BD, is positive definite.
Since D is a multiple of the identity and B is positive definite by assumption, then we
have the monotonicity of 2y in our case. By Lemma 1 we have that the constant state
§© is a local minimizer of Zy. This implies Lyapunov-stability. O

Let us now write the linearization of (2.28) at the steady solution 3(©:

% _ —D;'B' %¢. (4.8)
ot

Let (ZS(O) € Z = H'(Q,IR"). Then (4.8) induces a semigroup flow in Z. We may split Z
into a direct sum IR¥ @ Z (i.e. Zo is the orthogonal complement to the constants in Z).
Since (f’ — G)(?) = 0 on constants and P(ZS = 0 on the orthogonal complement, we may
reduce the linearized equation to the orthogonal complement of constants, and omit the
action of P from .#. Thus

Z‘f D;' {(4— )l +B7'G} d;  ¢(0) € Zg (4.9)
defines a semigroup flow on Zy.

Let
G =B '’GB~

With this definition we may rewrite (4.9) as
¢
o

Assume that J; is a simple (non-degenerate) eigenvalue of the Laplacian and let ¢; be
the corresponding eigenstate. Then the space Z; = Sp{i¢, ; ¥ € IR"} is a k-dimensional
invariant space of Zy for (4.10). With

=D;'B 2 {(4— )+ G*} B2 (4.10)

Q' =G —(h+ol; Q=B QB
we may represent (4.10) on Z; simply as

0v

— =D;'Qs. 4.11

5 = D' (4.11)
We shall now show that a set of mobility and production vectors can be found such

that there exists ¢ = {7y,...0x} € (IR*)k and positive population numbers {Ny,...N,}

for which the system (2.28) satisfies the condition of the Hopf bifurcation at the critical

solution (4.2). Let Q* be some symmetric, negative definite matrix, and B a positive

definite matrix so that Q = B~'/2Q*B!/? has a positive diagonal element. As an example,
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we take k = 2 and define

«_ [ q P i2_( B b)
- ) B - )
Q (p qz> (b B

where q1qg» — p> > 0, B2—b*> >0, and B > 0, q; + ¢» < 0. The diagonal elements of Q
are given by ¢q; B?> — ¢»b* and ¢, B? — q,b?, respectively. If —q; is sufficiently large then we
can choose a pair of positive {51,5,} for which

0.

Trace [D,'Q] := 4B — b’ + Vel [L =
01 )
This implies that the spectrum of (4.11) is composed of a pair of purely imaginary
eigenvalues and that ¢ is a Hopf bifurcation point for the original system (2.28) at the
critical solution (4.2), as required.
We now show how the corresponding production and mobility vectors as well as the
population densities can be obtained, such that the resulting system is conflict-free. Let

us first reconstruct the matrix G from the matrices Q, Q* and B given above. Note that
G =B'’G'B> =B[Q + (A + 0)I]

is a symmetric k X k matrix. Moreover, we can shrink the domain Q so that the second
eigenvalue 4; of the Laplacian in Q is sufficiently large, to guarantee that G is positive
definite. Thus, if we chose n = k and the mobility vectors éj = {01,...0cj} € R¥ to be
the eigenvectors of G, then

Gji=>_ Bibij0u (4.12)
1

where 5; > 0 are the eigenvalues of G. Comparing (4.12) with (4.4) we may set a; and the
population densities N; such that

aiN; = Bi|Q|.
The production vectors 9; € IR" are now determined, via (2.6), by
“7)1' = aiB_l éi.

Since a; are all positive by the positivity of N; and f3;, the system we obtained is consistent
with the conflict-free assumption.

Conclusion 1
There exists a conflict-free system which admits a periodic solution in the singular limit
v =0.

5 Conclusion

The Keller-Segel model of chemotaxis can be extended to a system of populations and
sensitivity agents. For such a system, there is a structure which exhibit the interaction
between different populations via the agents. In particular, the notion of ‘conflict’ can
be introduced. A conflict free system admits, under certain additional assumption, a
Lyapunov functional. Using this formulation, the steady states of the systems can be
investigated via variational methods. In addition, this structure is useful to investigate
time-periodic solutions in a parameter range where a Lyapunov functional does not exist.
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6 Appendix

Consider the equation
0
a—?zAu—i—p ; {x 1t} € QxRY,
where Q € IR? is a bounded domain and u =0 on 0Q x IR" and on Q x {0}.

We will show the estimate:

T T
/0 V(0 Pdt < /0 p(, )1 odt

Let u;(t), r;(t) be the Fourier coefficients of u(-,t), p(-,t) with respect to the eigenstates of
the Dirichlet Laplacian. If 4; are the eigenvalues of —A4, then ||p(~,t)||i2 is equivalent to
S=(4i + Dri(t)]> while |V3u(-,1)|3 is equivalent to > 23 |u;(t)|*. In addition

t
ui(t)=/ M0 (s)ds
0

Let 7; = \/ir;. Then

t 2 t
S Bl =>4 ( / e)"'(‘”)?'i(s)ds) <>k / IR (s)ds
0 0

We now integrate over ¢ from 0 to T to obtain
T s 2 o Jils—1)=2 T ! 2
[Vou(-, t)|5dt < C ii/ / eI (s)dsdt < / Fi(t)dt < / [lp(:, t)||1Hdt.
/0 ? Z o Jo Z 0 0 b2
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