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UNCOUNTABLE TREES AND COHEN «-REALS
GIORGIO LAGUZZI

Abstract. We investigate some versions of amoeba for tree-forcings in the generalized Cantor and
Baire spaces. This answers [10, Question 3.20] and generalizes a line of research that in the standard case
has been studied in [11], [13], and [7]. Moreover, we also answer questions posed in [3] by Friedman,
Khomskii, and Kulikov, about the relationships between regularity properties at uncountable cardinals. We
show E} -counterexamples to some regularity properties related to trees without club splitting. In particular
we prove a strong relationship between the Ramsey and the Baire properties. in slight contrast with the
standard case.

§1. Introduction. This article is concerned with forcings consisting of uncount-
able trees. In particular we focus on some issues about pure decision and Cohen
k-reals, attacking some points raised in [10, Question 3.20]. The main part of the
article is centered around the investigation of amoeba forcings. and more generally,
the effects of adding uncountable generic trees over models of ZFC. The importance
of such a topic is that it has crucial applications in questions concerning cardinal
invariants associated with tree-ideals and regularity properties. In the standard
case, such a topic has been extensively studied: see [11]. [13]. [1], [7]. and [14] for
important results in the context of 2* and w®.

When dealing with trees on w, even if the most natural versions of amoeba usually
do not have pure decision, some refinements can be defined in order to even get
the Laver property. This is indeed possible for Sacks, Miller, Laver, and Mathias
forcing, whereas in [14] Spinas has shown this cannot be done for Silver forcing.
Rather surprisingly. we show that the situation with trees on x > w is completely
different, and we are going to show that pure decision gets very often lost. In the last
section, we also present some results about regularity properties for tree-forcings at
k. showing Xl-counterexamples for Mathias and Laver measurability even without
club splitting, and we obtain an interesting and rather surprising result connecting
the generalizations of Ramsey property and the property of Baire. This contributes
to solve some questions raised by Friedman, Khomskii, and Kulikov concerning
the regularity properties diagram at & (see [3]).

We remark that this research field has largely spread out in the last years among
set theorists. In particular, the problems analysed in this article are part of those
collected in [10], which is the output of a series of workshops which took place in
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Amsterdam (November 2014). Hamburg (September 2015), and Bonn (September
2016).

§2. Definitons and notation. Throughout the article we assume x be an uncount-
able regular cardinal and k<* = k. The elements in A® are called x-reals or
k-sequences, where A is also a regular cardinal, usually 4 = 2 or 4 = k. Given
s.t € 2* we use the standard notation: s L ¢ iff neither s C ¢ nor ¢ C s (and we say
s and ¢ are incompatible). The following notation is also used.

e A tree T C 2<F is a subset closed under initial segments and its elements
are called nodes. We consider <xk-closed trees 7', i.e., for every C-increasing
sequence of length <k of nodes in 7', the supremum (i.e., union) of these nodes
is still in 7. Moreover, we abuse of notation denoting by |¢| the order type of
dom(#) (such a choice is rather standard in the literature).

e We say that a <k-closed tree T is perfect iff for every s € T there exist 1 O s
anda, f € A,a # f.suchthatt~a € T and ¢t~ f € T wecall such ¢ a splitting
node (or split node) and set Split(T') := {¢t € T : t is splitting}.

e We say that a split node 7 € T has order type o (and we write ¢ € Split,, (7)) iff

Hs €T :sCtAseSpit(T)} = a.

o succ(t.T) :={a€i:t"acT} forteT.

e 1 € T is a terminal node iff there are no s 2 ¢ such that s € 7', and we write
t € TErRM(T).

e For every tree T we define the boundary of T b(T) as:

b(T)={t¢T:VsCit(seT)}

e Given a tree S, let ¢/(S) denotes the <-closure of S, i.e.. t € c/(S) iff either
t € S ort is the limit of a C-increasing sequence of length <x of nodes
inS.

e We say that T end-extends S ifft T O S and for every 1 € T \ S there exists
s € TerMm(c/(S)) such that s C 1.

e stem(7') is the longest node in 7" which is compatible with every node in T';
T, :={s € T : s is compatible with 7}.

o Let p C T be <k-closed, we define T|p := {r € T : 3s € TerM(p)(s C ¢ V
tCs)}

o [T]:={x € A* : Va < k(x]a € T)} is called the set of branches (or body)
of T.

We say that a poset P is a tree-forcing if the conditions are perfect trees in A<
with the property that if 7 € Pand ¢t € T, then 7, € P too. The ordering is the
inclusion C, ie.. T/ < T < T' C T. The generic x-real added by a tree-forcing P
is xg = Uycq stem(T).

Along the article we are going to introduce several types of tree-forcings: Sacks,
Silver, Miller, Cohen, Laver, and Mathias. We remark that some popular forc-
ings can be seen as tree-forcings, even if this might not be evident « priori. For
instance:
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e x-Cohen forcing C,, := (2<%, D) can be seen as a tree-forcing by associating
s € 2<% with the tree T := {r € 2<% : ¢ D s}. Also we will often write
[s]:= {x €2 : x D s} instead of [T}].

e r-Mathias forcing

R, :={(s,x):5 €2, x €2, 5 C x
Ha<k:x(a)=1} =rAx]|s|=s}.

and we define (7, y) < (s, x) if and only if
s CrAVi(ls| <i<|t]| = t(i) < x(i)) AVi< k(y(i) < x(i)).
Again, one can associate (s.x) € R, with a tree 7|, . as follows:
Ty ={1€2 1 Csv (1t 2sAVi<|t|(2(i) < x(i)))}.

Each section is indeed devoted to focus on a particular kind of trees. The specific
definitions are given at the beginning of the corresponding section.

DEFINITION 2.1 (Tree-ideals and tree-measurability). Let IP be a tree-forcing and
let X be a set of k-reals. We define:

o X isP-opendenseiff VT € P3T’ < T([T'] € X). The complement of a P-open
dense set is called P-nowhere dense. X is P-meager iff it can be covered by a
<k-size union of P-nowhere dense sets. The ideal of P-meager sets is denoted
by Zp. (The complement of a P-meager set is called P-comeager.)

e X is P-measurable iff for every T € P there is 7’ < T, such that

[T1NX € Zp or [T']\ X € Tp.

DEerINITION 2.2. e Let P be a tree-forcing. We say that 7" € P is an absolute
P-generic tree over V if for every forcing extension N O V via a <k-closed
poset

N =T € PAVx € [T](x is P-generic over V).

e Wesay that AP is an amoeba forcing for P whenever AP adds an absolute generic
tree T € Pover V.

DEFINITION 2.3 (k-Axiom A). Let IP be a forcing notion. We say that PP satisfies
r-Axiom A iff there is a sequence {<,: a < s} of partial orders satisfying the
following properties:

1. <p=<.andforevery a < . <p C <q:

2. if {po : @ < k} C Pis such that for every a < . pg <o pa. then there is

g € Psuch that for all @ < &, ¢ <, pa (such g is called fusion);
3. if A C Pis an antichain, p € P and a < &, then there is ¢ <, p such that
{p’ € A: p’ and ¢ are compatible} has size <k.

DEFINITION 2.4. Let P be a forcing satisfying k-Axiom A and {<,: a < k} be
the corresponding sequence of orders. We say that P satisfies pure decision iff for
every formula ¢, every p € P there exists ¢ <y p deciding ¢, i.e., either ¢ IF ¢ or
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83. k-Sacks trees.

DEFINITION 3.1. A tree T C 2<% is called club r-Sacks (T € SS°)iff T is perfect
and for every x € [T], {a < k : x[a € Split(T)} is closed unbounded (briefly
called “club”, from now on).

This forcing was introduced by Kanamori [6] as a suitable generalization of
Sacks forcing in order to obtain <k-closure and preservation of x* under <x-
support iteration. In more recent years, SC"® has been investigated by several
authors, such as Friedman and Zdomskyy [2] and Friedman, Khomskii, and
Kulikov [3].

DEFINITION 3.2, (p. T') € ASS™ iff the following holds:

e T € SSIUb;

e p C T is a <k-closed subtree of size <« such thatif {#; : i < J} is a <k-
sequence of split nodes of p then lim,s #; € Split(p) too;

e TerM(p) C Split, (T). for some a < k.

The order is given by:
(. T <(p.T)&T CTAp 2Dp.

If G is ASC™-generic over V. put T := J{p : 3T (p.T) € G}.
The following result shows that ASS™® is really an amoeba forcing for S with
respect to Definition 2.2. The proof is similar to the one of [7, Lemma 12].

PROPOSITION 3.3. Let G be ASS™-generic over V. Then Tg is an absolute SS'b-
generic tree over V.

PrOOF. T € SE™ is clear, since any approximation p C T has the property
that limits of splitting nodes are splitting.
We first check that

VIG] = Vx € [T6](x is SC™P-generic over V)

Fix D C S dense and put Ep := {(p. T) : V¢ € b(p)(T, € D)}. We claim Ep is
dense. In fact. fix (p.T) € AS?“", and for every t € b(p). pick S; C T, such that
S; € D. Then put S := J,¢p(,) S Clearly (p. S) € Ep. Hence, for every D C ST

open densein V., V[G] |= Vx € [T¢](H, N D # (). where H, := {T € SI"*: x ¢
[T1}. Note that H, is a filter. If not, there are 7, T’ € H,, such that 7 N 7" is not
in SCM®, Let A = TN T’; then Dy := {S € ST"* : [S] N [A4] = 0} is dense, as for
every S € SC° we can find ¢ € S ¢ A. But then H, N D4 # 0, contradicting the
fact that x € [T]1N[T’'] = [4]. Note that what we have proven is

VIGlE ¢ =3F C2"Wx e2*(x €[Tg]l= 3t € F(t C x AN (Tg), € D)).

But ¢ isa 2} (k") statement and so for every <x-closed forcing extension N 2 V[G],
N = . Since D C SS"° is arbitrary, we are done. ~

We now assume « be inaccessible and we consider the ordering:
(p/.T") < (p.T) & T' C T A p' end-extends p.

Now we aim at showing the following.
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Club
K

PROPOSITION 3.4. Let k be inaccessible. AS,;™" satisfies k-Axiom A.

The sequence of orders {<,: @ < k} is defined as follows:
forevery (p.T).(p’.T') € ASS'“b,

(P T") <a (p.T)iff p'=pANT' <o T.
where 7" <, T :& T’ < T ASplit, (T') = Split, (T'). Proposition 3.4 follows from
the following two lemmata.

LEMMA 3.5, ASS™® satisfies quasi pure decision, i.e., given D C ASS™ open dense
and (p. T) € ASS™ there is T' € S such that T < T. (p. T') € ASS™ and

¥(g.S) < (p.T")((q.S) € D = (¢.T'lq) € D).

Proor. To simplify the notation, we give a proof for p = () and leave the general
case to the reader. We use the following notation: given a <x-closed tree ¢’ of size
<k we say that ¢ C ¢’ is a terminal subtree iff Vt € TerM(q), t € TERM(q') too.

In the following construction, we use the following notation:

— T[p] denotes the tree generated by Splitﬁ(T). ie..
T[B]:={t: 3" € Split,(T)(r € ¢')}.

— For a tree T, q <k-size <k-closed subtree of 7, and S < T such that S
end-extends ¢, put

Tx1S:={teT:(3tgecTermq)(ty L 1)) =teS}.

We build a fusion sequence {7, : @ < x} by induction as follows (with Ty = T'):

Stepa + 1. Let {p!, : i < J,} enumerate all terminal subtrees of T,[a + 1].
Note that 6, < 22" < k. since  is inaccessible. Then we proceed
by induction on i < J, as follows:

i =0. If3S° < T, sothat (p?,S%) € D.thenput 70 := T, x 7 50;
otherwise let 70 := T,.
i+ 1. If3SIH < T so that (pit!, SiF!) € D, then put
Titl iy pa! gitl.
[e% ° [e% [e% ’
otherwise let 7/*! := T,
i limit. Put T, := ;. Ta.
Then put Tyt == ;s T4 Note that Tpy <o Ta.
Step e limit. Put 7, := ., T¢. Note that forall £ < o, Toy <¢ T
Finally put 7" := (,., Ta. We claim that 7" as the required property. Indeed

pick any (¢,S) < (@, T’) such that (¢..S) € D. Choose o < x and i < J, such that
g = p.,. Then the statement 3Sy(p..Sy) € D is satisfied (with Sy = S), and so

(¢.T"1q) < (q.Talq) < (q.S0) € D. 5
LEMMA 3.6. Let A C ASS™ be a maximal antichain, (p. T) € ASS™ and o < k.
Then there exists T' € SS°, T’ < T such that (p,T') <o (p. T) and (p. T"') only
has <k many elements compatible in A.
PrOOF. Let 4 € ASS™® be a maximal antichain and D := {(p.T) : I(¢q.S) €
A.(p.T) < (g.85)} its associated open dense set. Given any (p. T') € ASS™ o < k.
let {p":i <} (0 < k) list all terminal subtrees of T[a + 1] end-extending p and
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apply Lemma 3.5 in order to find 77 C T|p', for i < §. satisfying quasi pure
decision for (p’. T| p') with D = D . Then define 7’ as the limit of the following
recursive construction on i < d (starting with Sy = 7'): successor case i + 1: put
Sit1 == S; x? T': limit case i: S; := (), S;. Finally put 7" := (,_; S;. We get
(p.T') <a (p.T) and

{(g.9)eA:(q.9) L (p. TV} S| J{(g.5) € 4:(q.8) L (p'.T")}.

i<o

j<i i<o

But for every i < &, Lemma 3.5 implies {(¢.S) € 4 : (¢.S) £ (p'.T")} has size
<k, and so also the 0-size union has size <k. -

RemaARrk 3.7. Looking at the w-case, without particular care, amoeba forcings
tend to add Cohen reals (and indeed they fail to have pure decision). For instance,
the naive Sacks amoeba adds the following Cohen real ¢ € 2“: let T be the generic
Sacks tree added by the amoeba, z its leftmost branch, {#, : n € w} the set of
splitting nodes such that z = J,,.,, Z». Define ¢(n) to be 0 iff min{[s| : 7,70 C s A
s € Split(Tg)} < min{|s|: ;)1 € s A's € Split(Ts)}. This construction straight-
forwardly generalizes to our context 2*. This kind of Cohen real can be suppressed
by considering a finer version of Sacks amoeba, that not only kills this instance
of Cohen real, but in the w-case actually turns out to have pure decision and the
Laver property (see [11] and [7]). However, in the generalized framework we are
considering, this kind of construction fails, since we do not have an appropriate
partition property for perfect trees in S'"?. A symptom of this problem is revealed
by the existence of another kind of Cohen x-real, that seems to be more robust
compared to the previous one. To build this Cohen x-real we fix a stationary and
costationary subset S C & in the ground model. Let ASS“b be an amoeba ordered
by: (p/.T") < (p.T) & T' C T A p’ end-extends p. Then let x € [Ts] be the
leftmost branch, where T’ is the generic tree added by ASC™® and let {r¥ : a < }
enumerate all splitting nodes that are initial segments of x. Then put c(a) = 0 iff
|t3.| € S.Itis easy to check that ¢ is a Cohen x-real. Indeed let (p.T) € ASgl“b,
t € p be the longest leftmost split node in p and z € T be the leftmost branch.
Then

C={|t'|: (' eSplit(T)Nt' DtAl Cz)}
is a club, per definition of ASSlub, and so there are both split nodes with length
in C NS and split nodes with length in C N (k \ S). as S is both stationary and

costationary. Hence we can freely select the first split node extending ¢ in oder to
meet either S or its complement, and this implies ¢ is Cohen.

3.1. Coding by stationary sets. The main result in this section will be the
following.

THEOREM 3.8. Let V' C N be ZFC-models such that in N there is an absolute
SCb_generic tree over V and N is a forcing extension of V via a <k-closed poset.
Then there exists z € N N 2" that is Cohen over V.

We remark that this result highlights a strong difference from the standard Sacks
forcing in the w-case, for which one can construct an amoeba for Sacks satisfying
pure decision and the Laver property. Theorem 3.8 essentially asserts that no matter
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how we refine our amoeba for SS“b, we never find a version not adding Cohen
k-reals.

To prove Theorem 3.8 we introduce a way to read off a Cohen k-sequence from
T € S in an absolute way. This coding will use stationary subsets of .

So fix {S; : T € 2<¢} family of disjoint stationary subsets of x in V. Let
{4a : @ < K} be an increasing enumeration of all limit ordinals <. The set
H,, we will refer to is meant in different ways, depending whether we are dealing
with a successor or an inaccessible .

inaccessible case: put H, = 2%,
successor case: let W be a well-ordering of all s € 2% and for every a < &,
t € 2% let W be a well-ordering of all s € 2%+ extending 7. In what
follows ot (s) refers to the order type of s € 2%+ in the well-ordering W,>*1.
Then recursively define:
— Hy:={te W% ot(t) < i} and
— t € Hqy iff there exists {#: : £ < a + 1} with the following properties:
* for every ¢ < a, one has: t: € 2%, 1z € W,EH, and o1(t:) < da+t1.
Ot(la-H) < Aatl.
* 1= lim¢<,¢ tg, for A limit,
< =t Cte,
ot =tat1.
- H; :=,., Ha. for Z limit.
Note that every H, has size <k.
LemMmA 3.9 (Coding Lemma). Let T € SS™°, {D: : ¢ < w} be a C-decreasing

family of open dense subsets of C,. in V. Then there is T' € S, T' < T such that
for every a < k. there exists T, € 2<% such that

Vit € Split, | (T')Vs € Ho(Jt| € S, A 5714 € Da).

The first step is to prove the following.
CLamM 3.10. Given T € SSIUb, a €K, TE2F thereis T' <, T, such that

Vit € Split, (T')(|7| € S7).

Proor ofF CLAM. Fix a < k and © € 2<%. For every ¢ € Split, (7)., i € {0,1}.
pick a(z,i) € Split(T) such that o(z,i) D ¢~i and |o(¢,i)| € S;. Note that we can
do that, since S; is stationary and we have clubbed many split nodes above each
t~i. Moreover, note that for every t’ # 7, |o(z.i)| ¢ Sy since the stationary sets
are pairwise disjoints. Finally let 7" := (J{T, ;) : t € Split,(T).i € {0.1}}. By
construction, 77 € S, 77 <, T and has the desired property. .

PRrOOF OF CODING LEMMA. We build a fusion sequence {7, : o < k}. with
Tos1 <o T, as follows (we start with 7o = T):

case a+ 1:first find 7, € 2<% sothatVs € H,, s" 1, € D,; note this is possible
since |H,| <  and D, is open dense in C,. (Moreover, note that 7, is not
uniquely determined, but we can simply choose the <j-least.)

Then apply the previous claim for 7' = T, and 7 = 1, to obtain T, <, T,
such that

https://doi.org/10.1017/js1.2019.46 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.46

884 GIORGIO LAGUZZI

Vit € Splity | (Tas1)Vs € Hy(|t] € Sty As7Tq € Dy).
case / limit: put 7; :=(,_; T.

a<l T o
Finally put 7’ := (), T.. Note that. Split,(7’) = Split,(7.). Hence, by
construction 7’ has the desired properties. -

REMARK 3.11. Given T' € ST, let {7, : @ < &} be such that, for every a < &,
the leftmost node ¢* € Split, (7) satisfies [t*| € S,,. We call {7, : @ < K} the
Cohen k-sequence associated with T .

Note that for every 7' € SS® for every 7 := {7, : @ < Kk} € (2<%)" there exists
T’ < T such that 7 is the Cohen x-sequence associated with 7".

ProoF oF THEOREM 3.8. Let ¢ be a Cohen s-real over N. Let T¢ € N denote
the absolute SC'"P-generic tree over ¥, f : 2<% — Split(Ts) C-isomorphism, f :
2% — [T] the homeomorphism induced by /. and finally let x = f(c) € [T5].
Remark that Tg, f, f € N, while f(c¢) € N[c]\ N obviously. Note that, in N[c].
x is SCP_generic over V', since T is absolute generic and N[c] D V is a forcing
extension via a <k-closed poset. Let A be the family of all maximal antichains of
SCb in 1. For every 4 € A, pick T4 € 4 and s € C, such that s |- x € [T4]. For
every s € C,, one can then define,

B(s) := ﬂ{TA cAe ANs I x € [T4l}).

Fact 3.12. B(s) contains a tree in SS'°.
PrOOF oF FACT. To reach a contradiction, assume not. Define D, := {7’ € 2<% :

[f (¢)IN[B(s)] = 0}. Note Dy € N. For every ¢ € 2" there is t* € Split(7 ) such
that 7* D f(z) and ¢* ¢ B(s): this is possible as (7¢) 7, € Sg™ and so there is
t* e (TG)ﬂI)\B(s). Then pick 1’ € 2<% so that f(¢/) = ¢* isin Dy and ¢ D ¢. That
implies Dy is denge in C,. Hence, ¢ N D # (. i.e., there is i < & such that ¢|i € Dy,
which gives I [/ (¢]i)] N [B(s)] = 0. But we know s IF x = f(¢) € [B(s)]. by
definition. Contradiction. -

So we can assume for every s € 2<% there is T(s) C B(s) in SC*. Now let
{T" :i € Kk} enumerate all such T'(s)’s, and let {7/ : @ < k} be the components
of the Cohen k-sequence associated with 7. Then put z := | J.__ o;, where the ¢;’s
are recursively defined as follows:

i<k

® J) .= @

e 0iy1 :=0; 1, . where o, is chosen in such a way that H,

° g, = U_/<,' ;. for i limit ordinal.

We aim at showing that z is Cohen over V. Let D C C,; be open dense in V'; we
say T satisfies the Coding Lemma for D if the sequence is so that D; = D. for every
¢ < k. Let S(D) := {T € S : T satisfies Coding Lemma for D} in V', which
is a dense subset of SC"*. Let 4 C S(D) maximal antichain (note A is a maximal
antichain in SC"® as well, as S(D) is a dense subposet of SC'°). Then pick T < T,
for some T4 € A. For every s € H,,,, we have s™t), € D. By construction,
Uj<i0; € Hy,,,. and so 0511 € D. Hence, for every D € V' open dense of Cy. there
exists a < k such that z[a € D, which means z is Cohen over V. -

COROLLARY 3.13.  Let AS be any amoeba for SS'™° satisfying <r-closure and G be
AS-generic over V. Then there is ¢ € 2° N V[G] which is Cohen over V.

S 0;

i+1
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Proor. It is simply a direct application of the main theorem. By definition, an
amoeba for SC"P adds an absolute generic tree 7. Then simply apply the theorem
for N = V[G], which satisfies the assumption, as AS is <k-closed. -

REMARK 3.14. Given T € S satisfying the Coding Lemma and {7, € 2<% :
a < K} its associated k-Cohen sequence, one can define E* (o, T') = User, [s7 7l
and then

EXT):=(|JE(@T)and E(T):= () E*(T)).

p<k a>f teSplit(T)

By construction, both E*(7) and E(T) are dense ITJ sets (k-intersection of open
dense).

So there is a way to associate 7 € S with dense IT) sets. This might be useful
to answer the following interesting and natural question.

QUESTION 3.15.  Let M be the ideal of meager sets, Lo, is the ideal of SEMb_meager
sets, and <t denotes Tukey embedding. Is M <rp Igglub?

Note that we can prove an analogue of Proposition 3.8 by replacing x-Cohen
reals with dominating x-reals. Recall that z € x* is dominating over V' iff Vx €
k® N V3a < kY > alx(B) < z(B)). Indeed the analogue of the Coding Lemma
we need in this case is the following.

LEMMA 3.16. Let T € S, let {t, : o < K} denote the increasing sequence of
leftmost splitting nodes in Split, (T'). Let {x¢ : £ < k} be a family of k-reals. Then
thereis T' € SSW°, T’ C T such that for every a < &, |to11| > di<a xe(a) + |tal.

This result about dominating x-reals is not so surprising, since the same occur
for the standard generic Sacks tree in the w-case.

3.2. Other versions of Sacks amoeba. May one generalize the Sacks forcing in
order to get an amoeba with pure decision and not adding Cohen k-reals?

In this section we actually give a partially negative answer to this issue, by showing
that even finer versions of amoeba for Sacks without club splitting have problems
in killing all Cohen k-sequences. So in what follows we are going to work with any
version of amoeba for S, being <k-closed as a forcing notion. (For instance one
might consider x measurable and require the set of splitting levels to be in a given
normal measure on x; we get back to this example in more details in the end of this
section, as it does not play a specific role in the coming construcion.)

If one analyses the proof to get an amoeba for Sacks forcing in the w-case one
can realize that the main step is the following (with kK = w).

Partition property. Let {T; : i < 0}, withd < k and T; € S,. Let C :
[1,.5 Split(T;) — {0.1} be a 2-coloring. Then there exist 7/ < 7; such that
for every i < d. C[[],; Split(7}) is constant, i.e., there is k € {0,1} such that
V(t; 1i <) € [[;os SpIit(T)). C((t; :i < d)) = k.

We are going to build a counterexample to such a partition property in our
generalized context k > w. (Specifically our counterexample work foré = w.)

DEerNITION 3.17. Given T C 2<% perfect tree, we say that 7' is w-perfect iff there is
an C-isomorphism /2 : 2¢ — T.i.e., foreverys.t € 2” onehass C 1 < h(s) C h(t)
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and s L ¢t < h(s) L h(t) (roughly speaking, T is w-perfect if it is an isomorphic
copy of 2 inside 2<%). Then we define

Q:={T C 25" : T is w-perfect}.

Given T € Q. xr denotes the leftmost w-branch in 7. For every T. T’ € Q we
define

TNTI<Z>XT=XTI/\3ngT(T1:T;).

It is easy to check that ~ is an equivalence relation. Pick a representative for each
equivalence class. We now define the following coloring C : Q — {0.1}. For
every representative 7* we put C(7*) = 0. Given T € Q, pick the corresponding
representative 7* ~ T and let t = stem(7") and t* = stem(7*). Note that t C t*
ort* Cr.

Foreveryt,t' € T,witht C ¢’ C xr, let

, 0 iff [{s €Split(T):t C s C t'}|is even,
Ale.t') = {1 els|e{ !

Then define

C(T) = {A(m*) ifr e,

Alz*.7) ift* C 1.

Cram 3.18. There is no T € S, homogeneous for C w.r.t. w-perfect trees, i.e.,
thereisno T €S, andi € {0, 1} such thatNT' C T.T' € Q one has C(T') = i.

Indeed, given any T € Q, let ¢ = stem(S) with S = T N T* (where T* is the
representative of 7). and pick 7 be the first split node of T extending ¢"0. Then
clearly C(T) # C(T).

As specified above, in the following result, AS, be an amoeba for S, satisfying
<k-closure, and defined like in Definition 3.2 (but in a more general framework.,
not necessarily with club splitting levels).

COROLLARY 3.19. AS, adds Cohen k-reals.

Proor. Given T generic tree added via AS,, we can define z € 2% as follows:
First let {/o : @ < k} be an increasing sequence of all limit ordinals <x (but
starting with 49 = 0), then let {#, : @ < k} be an increasing subsequence of
the leftmost split nodes in Split, (T) and g, be the w-perfect tree generated by
Split; (7%, ). i.e.. the tree consisting of those nodes s such that there exists s’ D s
with s” € Split, ., (77,). Then define z(a) = C(qq). for every o < k.

To show that z is Cohen we argue as follows: given (p. T') € AS,. and w € 2<%
arbitrary, let Z be the part of z and {#, : @ < J} the leftmost split nodes with
1o € Split; (T ) decided by (p. T). Pick 15 and let pg be the w-perfect tree generated
by Split;, ., (7},). By definition of C. we can always find go C po. g0 € Q. such that
C(go) = w(0). Then replace py by qo in T'. i.e.. define T'! as follows: r € T if and
only if

e { Ct5,0r

et ltsandr e T, or

e ¢ D t;and Js € TERM(qo) (¢ and s are compatible).

https://doi.org/10.1017/js1.2019.46 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.46

UNCOUNTABLE TREES AND COHEN «-REALS 887

Then proceed by induction on 1 < & < |w]: let p; be the w-perfect tree generated
by Split;, ., (7},.). Then pick an w-perfect tree g: C p¢ such that C(g:) = w(&)
and define 7<*! by replacing p: with ¢ as follows: 1 € 7<*! if and only if

o t Ctsie.0r

ot ltsieandt e T<, or

e 1 D15, and Is € TERM(g¢)(¢ and s are compatible).

(For ¢ limit ordinals, simply put 7 := ), _. T".)

Finally let 77 := ﬂmw‘ T¢ and p’ be the tree generated by p U U¢<|w| g:. By
construction, (p’, T’) € AS.. (p'.T') < (p.T).and (p'. T’) IF z D 2" w, and this
shows that z is k-Cohen. -

QUESTION 3.20. Can we prove an analogue of Proposition 3.8? In other words: can

we prove that if N D V' is a ZFC-model containing an absolute S-generic tree over
V., then thereis ¢ € 2° N N Cohen over V?

REMARK 3.21. As we mentioned at the beginning of this section, an example
of <k-closed forcing, without splitting levels, can be obtained by working with &
measurable. Let ¢/ be a normal measure on x, and define

SU:={T €S, :Vx e [T{a <k :xlacSplit(T)} €U)}.
(p.T) e ASHiff T € S and p is an initial subtree of T.

84. x-Miller and x-Silver trees. The situation for x-Miller and x-Silver trees is
rather similar to that of k-Sacks forcing.

DEFINITION 4.1, A tree T C k<" is club k-Miller (T € M) iff

e foreverys € T thereis¢ D s, ¢ € Split(T) and {a € k : 1" € T} is club;
o forevery x € [T], {a € k : x]a € Split(T)} is club.

A tree T C 2<% is club k-Silver (T € VS iff

e T is perfect and for every s,7 € T such that |s| = |¢| one has s/ < 71, for
i €{0.1};
o {a<rk:3teT(reSplit(T)) Alt| = a}isclub.

When & is measurable, we can similarly define MY and V¥ by replacing “being
club” with “being in normal measure U”. Pure decision for x-Miller forcing has
been studied in detail by Brendle and Montoya (private communication: they indeed
proved that MS™" does not have pure decision and adds Cohen r-reals, while MY
satisfies the x-Laver property, and so it does not add Cohen «-reals).

REMARK 4.2. The situation occurring for s-Silver trees is essentially the same
as for k-Sacks trees, when « is inaccessible; the only innocuous difference when
defining the corresponding amoeba AV, is that one has to maintain the uniformity
of the frozen part as well, and the same care has to be taken when doing the
various fusion arguments. Apart from that, the reader can easily realize that all
of the definitions and proofs in the previous section work for the x-Silver case as
well.
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So we only focus on the x-Miller case, which requires some slight modifications,
though it is rather similar. When defining the corresponding amoeba we have to
require the frozen part to have size <x. This will be crucial to have quasi pure
decision, and therefore not to collapse x*. In what follows,  is inaccessible.

DEFINITION 4.3. We say that (p. T') € AMS™ iff the following hold:

o T c M, p C T and|p| <k, p<s-closed;

e if y is limit and {#, : @ < y} is a C-increasing sequence of splitting nodes in p,
then U, ., ta € Split(p):

e if y is limit and {«; : j < y} is a set of ordinals in & such that 1~ c; € p. then
1"a* € p,where o™ ==, a;.

PROPOSITION 4.4. Let G be AMS™-generic over V and T = \J{p : 3T (p.T) €
G}. Then, for every <k-closed forcing extension N 2 V[G],

N | T € MS™ AVx € [T6](x is MS¥°-generic over V).

Proor. Similar to the one of amoeba for Sacks. For checking that the set H, be a
filter, for 7, T’ € H,, we argue by contradiction as follows: if 7N 7" ¢ MS™ then
D = {S:[SIN[T N T’] =0} is dense. Hence we should have H, N D # 0, i.e.,
x € [S]forsome S € D, butalso x € [T NT'].

LemMa 4.5, AMS"™ has quasi pure decision. i.e.. given D C AMS™ and (p. T) €
AMS™ there is T' € MS™ such that T' C T (p. T') € AMS™ and

V(g.S) < (p.T")((q.S) e D= (q.T'|q) € D).

Given T € MS" let {¢I : ¢ € K<F} be the natural enumeration of all splitting
nodes of 7" with the property that for every 6.0’ € k<%, 0 <jx ¢’ iff 15, <jex 157.
Given T. T’ € M we define T’ C,, Tiff T/ C T and forevery g € a®, 1] = tI".

Proor. The proof is analogous to the proof of quasi pure decision for ASgl“b.
The only difference is that at step a + 1, instead of considering all terminal subtrees
of Tyl + 1], we consider all terminal subtrees of the tree generated by the set
{tIe 10 € (a+ 1)tV =

As for ASS™ we then get the following corollary.
COROLLARY 4.6. AMS"™ satisfies k-Axiom A.

We remark that the analogous results hold for AMY as well.

AMS™ adds Cohen k-reals, since even MC"™ itself adds Cohen k-reals. On the
contrary MY does not add Cohen x-reals, but the reader can easily realize that we
can consider a construction as in the case of AS,, in order to show that AM,. adds
Cohen k-reals, for any <x-closed version of amoeba forcings.

85. k-Mathias and x-Laver trees.

k-Mathias forcing. The k-Mathias forcing R, for x uncountable is defined as the
poset of pairs (s. 4), where s C k of size <k and A C & of size x such that sup(s) <
min(A4), ordered by (7, B) < (5. 4) < ¢ D sAt|sups = sAB C ANt\s C A. Note
that this definition is equivalent to the forcing notion given in the introduction and
its analogous tree-version. As for the other tree-forcings, it might be convenient to
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assume some further assumptions, in order to obtain a <k-closed forcing, having
some kind of fusion (such as 4 € Club, or 4 € U, for some normal measure I{).
We remark that k-Mathias satisfies quasi pure decision and so k-Axiom A as well,
for k inaccessible. The proof works exactly as in the w-case, so we can omit it. We
just remark that the use of x inaccessible is important in the proof; in fact we have
to recursively run through all <k-size subsets of a given set of splitting levels of
order type «, for every a < k., and we need this procedure to end in <k-many steps,
for each «. The situation for x successor in not known and it is listed as an open
question in the last section.

REMARK 5.1. Let S C & be stationary and costationary. Note that for RS we
have the following three straightforward facts:

1. RS adds Cohen r-reals. Let z be the canonical RS-generic branch and
then define ¢ € 2° by: ¢(a) = 0iff z(a + 1) € S. One can easily check that ¢
is k-Cohen, by arguing that S is both stationary and costationary, as we did
above for ASS™®.

2. RSP does not have pure decision. In fact, let (s, 4) € RS and @ € &
successor ordinal such that (s, 4) does not decide z(«a) (for instance fora € A4).
Consider the formula ¢ = Z(a) € S then ¢ cannot be purely decided by (. A4).
as 4 is a club.

3. Let f : [k]™® — [k]®" be a map defined as follows: for every ¢ € [k]<",
t:={o; 1 i < j}.put f(1)(i) =0« o € S. Then let [ : [k]" — [&]
be the extension induced by /. Then f is obviously continuous. Moreover, if
X C [r]" is closed nowhere dense. then f~'[X] is R$P-meager; indeed. for
every (s.4) € RS leto = f(s).and pick 6’ D o such that [¢/]NX = (). Note
that we can pick s C s’ C A4, so that f(s’) = ¢’. Then, we get (s, 4) < (s. A4)
and [s’, A]N £~ [X] =0 (where [s, 4] :== {x € [k]": x D s Ax C A}).

Now we want to show that any <k-closed version of k-Mathias forcing adds
Cohen k-reals, and in particular has no pure decision. I thank Heike Milden-
berger for suggesting me an idea about w-tuples giving me a hint for the coming
construction.

‘We work with the standard version of k-Mathias forcing, but clearly an analogous
construction works for the tree-version as well. For every a.b € [k]”, we define
the following equivalence relation: ¢ ~ b < |a A b| < w. We also choose a
representative for any equivalence class. We then define a coloring C : [k]” — {0, 1}
as follows:

for b € [k]“. let a be the representative of [b]~. Then put:

Clb) = 0 iffa ADbiseven,
1 else.

Let x C k be the Mathias generic and {o; : j < x} enumerate all limit ordinals
<k. i*(&) denotes the &th elements of x. Define, for j < .

Lo ifC{i*(é) exa; <E<aj)}) =0.
z(j) = |
else.
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(Note that a1 = a; + w and so C is well defined, since the set {i*(£) € x : a; <
&< aji1)} € [k]°.) Weclaim z is Cohen. Fix (s, 4) € R,, and let zy be the <x-initial
segment of z already decided by (s, 4). Let 1 € 2<%. We are going to find 4’ C 4
and s’ O s such that (s'.4") < (s.4) and (s’.4’) IF z't C z. This will imply z
be Cohen. W.lo.g., assume (s. 4) exactly decides the first o; + 1-many elements
in x. Then let b; := {i*(¢) € A : a;4; < & < a;4j11}. a; be the corresponding
representative, and &; := min(b; N a;). We then recursively define 5, C b;. for
J < |t|, as follows:

b, it C (b)) = 1()).
’ bi\{&} it Cby) #t(j).

Let T := {{; : b} # b;} and 4’ := A\ T. Moreover, let s’ = s Ua, where
o =, b} Hence, for every j < [t]. (s A I z(A+ j) = t(j). since (s'. 4") IF
z(A4j) = C(b}) =t(j).

Note that this construction provides a counterexample to pure decision as well.
Indeed, given (s, 4) € Ry, pick ; so large that b := {i*({) e x : oy < E< a1}
is not decided by (s. 4). where x is the Mathias generic. Then the formula ¢ :=
“C(b) = 0” cannot be purely decided by (s. 4).

PrOPOSITION 5.2. Let T be a topologically reasonable family of subsets of k-reals,
i.e., I closed under continuous preimages and intersections with closed sets. Then

I'(R,) = I'(BAIRE).

PrROOF. Let {a; : j < k} enumerate all limit ordinals <« (but starting with
ap = 0) and without loss of generality we consider trees T € R, for which there
exist j < k so that

{& < K :stem(T)(&) = 1} has order type ;.

(Note that such trees form a dense subposet of R, as one can always lengthen the
stem with as many Is as we need in order to catch the subsequent limit ordinal.)

Let H consist of the sequences in 2® which are not eventually equal 0. Define
h: H — H so that, for every x € H,

h(x)(j) == C{i"(&) e x 1 aj < &< ajp}).

For every j < k. put H; := {t € 2<% : |{¢ : 1(¢) = 1}| has order type o }. Let
h* U, Hj = U, H; be the function induced by /. i.e., h* is such that for every
xeH,
h(x) :=limh*(x|a;).
j<
Note that any subset of 2% differs from X N H by a set of size <k, and so it does
not affect either the R,-measurability or the Baire property.

Itis easy to check that / is continuous and surjective. Moreover, forevery T € R,
one has A[[T]] = [h*(stem(T))]. As an immediate consequence, for every X C 2,
if h=1[X]is R.-open dense. then X is open dense.

Fix X € I'and let Y := h~'[X]. We want to show that X has the Baire property.
Note that Y € I" too, and so it is R, -measurable. This provides us with two possible
cases.
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Cask 1. There is 7' € R,; such that [T'] N Y is R,-comeager, and so there are sets
B,. a < k. so that each B, is R,-open dense in [T] and (., B, € Y N[T]. We
claim that X is comeager in 1*(stem(7T)). Put ¢ := h*(stem(7")). We aim at building
asequence {U; : i < k} of open dense sets in [¢] such that (),_,, U; C [t]N X, which
means X is comeager in [¢]. For ¢ € k<* define T, € R, such that:

1. T() = T;

Uj<clh* (stem(T,~;))] € [7*(stem(T))] is comeager in [/*(stem(T5,))]:

for every a < kK, g € k<" such that |o| = «, we have Uj<~[Ta“j] C ﬂﬁga By:
for every j € k. |stem(T,~;)| > |stem(7T)|:
for every n € k" there is (unique) z € Y such that (,_.[T}] = {z}:

6. (i<, Ui can be written as (", U, All75]]-

This can be done as follows. Fix @ < k and ¢ € <" such that |¢| = . Given
T € 2<%, by definition of #* and the same argument used for proving R,, adds Cohen
r-reals, we can pick S(z) < T, such that 4*(stem(S(7))) = h*(stem(7T,))"z: then,
by using the fact that each B, is R.-open dense, we can find 7' (z) < S(z) such that
[T(r)] C Np<a Bp- Thenlet {T,~; : j < x} enumerate all such T(z)%s, fort € 2<F.

Now let 1, := h*(stem(T,)). for all ¢ € k<*. Find a, C & such that:

o fori.j € ag. [t,~]N[t,~;]1=0:

® Ujeq, lt5~;]1s open dense in 7,.

nbk v

Note this can be done by refining the choices of 7~ ;’s. Then define by recursion:
Ao ={0}. 4i1 = UggA,{O'Aj :j € as}.and put U; := U(reAi[ta']'

Then clearly U := ,_, U; is dense in [¢] := [h*(stem(T))]. Finally, U C X:
indeed given y € U, the construction of the #,’s provides us with a unique € k"
such that y € (,_.[#;1:]. Also the construction of the 7,’s gives a unique z €
NiculTyril.and h(z) = y. Butz € Y := h~'[X]. and so y € X.

CasE 2. For densely many T € R,;, it holds [T] N Y € Zg,. Hence, for densely
many s € 2<% one has [s] N X is k-meager, which means that X has the Baire
property (following the notation of Definition 2.1, the Baire property is equivalent
to C,-measurability). =

By picking 4~ ![Club] we then obtain the following straightforward consequence.
COROLLARY 5.3. There is a £} set that is not R-measurable.

This is a rather surprising result; indeed, to our knowledge, it is the first example
where a tree-measurability fails at X! for trees without “fat” splitting (e.g., club).

k-Laver forcing. First we consider LS“b, which consists of trees T C k<" such
that:

o Vi D stem(T)(z € Split(T)):

e Vi € Split(T)(succ(z) is club);

For L"® we have an analogue of Remark 5.1. Like for the x-Mathias forcing,
we can consider version without club splitting. For « inaccessible, a standard proof
shows that x-Laver satisfies quasi pure decision and xk-Axiom A. We want to show,
for kK = w1, we can build a Cohen w;-real, and implicitly a sentence that cannot be
purely decided. So let L, denote any version of Laver forcing at w; with possibly
any extra requirement on the splitting nodes in order to have <w;-closure and
fusion.
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Aiming at that, we first consider the following version of Laver forcing L(w;. )
inwf. Wesay T € L(w, w) iff T C o is a tree such that for every 7 O stem(T').
|succ(z, T)| = w. Note that a diagonalization against trees in L, (w1, ) provides
us with a Bernstein-type set X, i.e., X C w{ such that for every T € L(w;. o)
one has X N[7T] # 0 and X \ [T] # 0. So we can build the following Cohen
w1 -real.

Let z € o' and {a; : j < w;} enumerate all limit ordinals <cw; (but starting
with ap = 0) and let 4.(j) := (z(&) : a; <& < a;j41). Note we can view 4. (/) as
an element of w{. Define h. € 2°' as: h-(j) =1 < A.(j) € X.

Now let x € w}" be L, -generic and put ¢ = A,. We claim ¢ is Cohen. Indeed.
given T € L,,, let ¢r be the initial segment of ¢ already decided by 7', and fix
¢t € 2“1 arbitrarily. W.l.0.g. we can assume [stem(7')| be a limit ordinal. We have
to find 7/ < T such that 77 I+ ¢t C ¢. We recursively build the set {o; : j < [¢|}
consisting of elements of w{’ in order to obtain:

j=0. stem(T) gy € T such that 6y € X iff 1(0) = 1;
J successor. stem(7')”(®;<;0:)"c; € T such thatg; € X iff #(j) = 1 (where
@< ;0; simply consists of the concatenation of the ;’s, for i < j);
j limit. gj = @,’<]'O','.

Finally put ¢ := stem(T)”(@KMaj) and T’ := T,. By construction, for every
J<lt]. T"IF A,(j) € X & t(j) =1,andso T’ IF ¢(j) = (j), as desired.

Like for k-Mathias forcing, this idea provides us with a counterexample to pure
decision too. Indeed, given 7' € L,,,, pick j € w; ordinal large enough so that T’
does not decide ¢(j). Then the formula ¢ = “c(j) = 1” cannot be purely decided
by T.

Hence, for K = w, an analogue of Proposition 5.2 and Corollary 5.3 holds for
Laver measurability as well.

PROPOSITION 5.4. T'(L,,, ) implies T(BAIRE), for T topologically reasonable family.
As a corollary, there is a £} set which is not L, -measurable.

Actually, if one looks at the proof, one can easily realize that it perfectly works
for any k < 2%, as the argument for building a Bernstein sets works in such cases
as well. On the contrary, if £ > 2 then we have too many trees compared to the
possible branches we can select, and so the Bernstein-type construction of X does
not work anymore. It then remains open what about the case k > 2%.

86. Concluding remarks. In [9] it was proven that if one drops the club splitting
on the trees then it is possible to obtain a tree-measurability which can be forced for
all projective sets (e.g., for Silver forcing) or in other cases for X! sets (e.g., for Miller
forcing). On the other hand, in this article we have seen that for k-Mathias and w; -
Laver measurability this is subject to more restriction, as specified in Propositions
5.2 and 5.4. In the following table we summarize the currently known situation.
In the column “X}-counterexample” we list all cases for which the existence of a
nonmeasurable E} set is provable in ZFC; in the column “Forceable” we list all cases
for which X} or even projective measurability is forceable; the last column obviously
exhibits the open questions.
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FORCING NOTIONZ]-counterexample Forceable] Unknown
SACKS SCb ([3]) S, ([9]) su
SILVER VEIb ([97) V. ([90) VY
MILLER MICHP (13]) M. ([9]) MY
LAVER LS ([3]). Ly, . LY (Proposition 5.4) L. LY. k> w
MATHIAS REWP (13]), RY, RY (Corollary 5.3)

COHEN C. ([4])

(Recall C,-measurability is simply the Baire property: the * for L, and R, simply
mean that we require <x-closure of the forcing together with fusion.)

About this type of questions, concerning the consistency of certain regularity
properties for a given family of sets, we remark that an important tool used in
the standard w-case is the amalgamation of Boolean algebras. It was originally
introduced by Shelah in [12] for proving the consistency of the Baire prop-
erty in the w-case for all projective sets without using an inaccessible cardinal.
Other applications of Shelah’s amalgamation were presented in [5] and [8], where
the authors proved some results about separating different notions of regularity
properties.

An interesting point to investigate would be to what extend we can generalize
Shelah’s amalgamation in our generalized context with Kk > @. We know that a
rough and trivial generalization cannot work properly, as we know that the Baire
property fails for Xl-sets. Indeed if we look at Shelah’s construction, we can realize
that in general the amalgamation does not ensure <rs-closure; in the w-case this
was not a point, as any tree-forcing is trivially <w-closed, and w is preserved. The
point is that amalgamation might collapse k. A possible solution that we aim to
further investigate could be to amalgamate in order to obtain strong homogeneity
over a restricted set of x-branches only, instead of all. (This idea was also used
in [9] for proving that all projective sets are V,-measurable, where we used strong
homogeneity of Cohen k-branches of a Silver tree.)

About generic trees we recall the main questions that remain open.

QUESTION 6.1. Let M,; be the ideal of k-meager sets. Iscw is the ideal of SClub.
meager sets, and < denotes Tukey embedding. Is M,; <r Igglub?

QUESTION 6.2.  Can we prove an analogue of Proposition 3.8 for AS, (without club-
splitting) and the other tree-forcings? In other words: can we prove that if N O V is a
ZFC-model containing an absolute S,-generic tree over V', then there is ¢ € 2" N N
Cohen over V?

Finally we remark that in all proofs about k-Axiom A, we use that x be
inaccessible. So the following is still open.

QUESTION 6.3. Can one prove k-Axiom A for the amoebas and tree-forcings
analysed in this article, for k regular successor?
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