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1. Introduction

Suppose that X is a standard Borel space and T: X — X is a Borel automorphism of X.
A Borel measure w on X is T -invariant if u(T (B)) = w(B) for all Borel sets B C X. The
characterization of the class of Borel automorphisms of standard Borel spaces admitting
an invariant Borel probability measure is a fundamental problem going back to Hopf (see
[Hop32)).

A compression of an equivalence relation £ on X is an injection ¢: X — X sending
each E-class into a proper subset of itself. Building on work by Murray and von Neumann
(see [MVN36]), Nadkarni has shown that the existence of a Borel compression of the
orbit equivalence relation E%( induced by T is the sole obstruction to the existence of a
T -invariant Borel probability measure (see [Nad90]).

Suppose that E is a Borel equivalence relation on X that is countable, in the sense that
all of its equivalence classes are countable. A Borel measure p on X is E-invariant if it is
T -invariant for all Borel automorphisms 7: X — X whose graphs are contained in E. It
is easy to see that a Borel measure is 7'-invariant if and only if it is E %‘ -invariant. Becker
and Kechris have pointed out that Nadkarni’s argument yields the more general fact that
the existence of a Borel compression of E is the sole obstruction to the existence of an
E-invariant Borel probability measure (see [BK96, Theorem 4.3.1]).

An equivalence relation is aperiodic if all of its classes are infinite. A set ¥ C X is E-
complete if it intersects every E-class in at least one point, and a set ¥ C X is a partial
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transversal of E if it intersects every E-class in at most one point. A transversal of E is
an E-complete partial transversal of E. The Lusin—-Novikov uniformization theorem (see,
for example, [Kec95, Theorem 18.10]) ensures that there is a Borel transversal of E if and
only if X is the union of countably many Borel partial transversals of E. We say that E
is smooth if it satisfies these equivalent conditions. Dougherty, Jackson and Kechris have
pointed out that the existence of a Borel compression of E is equivalent to the existence of
an aperiodic smooth Borel subequivalence relation of E (see [DJK94, Proposition 2.5]),
thereby obtaining another characterization of the class of countable Borel equivalence
relations on standard Borel spaces admitting an invariant Borel probability measure.

A substantially weaker notion than E-invariance is that of E-quasi-invariance,
where one asks that w(7(B)) =0 <= u(B) =0 for all Borel sets B € X and Borel
automorphisms 7: X — X whose graphs are contained in E. Given a group ', we
say that a function p: E — I' is a cocycle if p(x, z) = p(x, ¥)p(y, z) whenever x E
y E z. Given a Borel cocycle p: E — (0, 00), we say that a Borel measure © on X
is p-invariant if w(T (B)) = fB p(T(x), x) du(x) for all Borel sets B C X and Borel
automorphisms 7: X — X whose graphs are contained in E. Clearly E-invariance is
equivalent to invariance with respect to the constant cocycle, whereas the Radon—Nikodym
theorem (see, for example, [Kec95, §17.A]) and the Feldman—Moore observation that
countable Borel equivalence relations on standard Borel spaces are orbit equivalence
relations induced by Borel actions of countable groups (see [FM77, Theorem 1]) ensure
that E-quasi-invariance is equivalent to invariance with respect to some Borel cocycle
p: E — (0, 00) (see, for example, [KMO04, §8]). A characterization of the class of Borel
cocycles p: E — (0, co) admitting an invariant Borel probability measure was provided
in [Mil08a]. Here we investigate more natural generalizations of the characterizations
mentioned above.

In §2 we introduce the direct generalizations of aperiodicity and compressibility to
cocycles that come from viewing p as endowing each E-class with a notion of relative
size. We also introduce the generalization of smoothness to cocycles that comes from the
Glimm-Effros dichotomy. We note that, unfortunately, even when E is smooth, there are
Borel cocycles on E admitting neither a compression nor an invariant Borel probability
measure. In order to bypass this obstacle, we introduce the quotient of p by a finite
subequivalence relation of E. Generalizing the observation of Dougherty, Jackson and
Kechris, we show that the existence of an injective Borel compression of the quotient of
p by a finite Borel subequivalence relation of E is equivalent to the existence of a Borel
subequivalence relation of E on which p is aperiodic and smooth. We also note that, at
least when p is smooth, the existence of an injective Borel compression of the quotient of
p by a finite Borel subequivalence relation of E is the sole obstacle to the existence of a
p-invariant Borel probability measure.

In §3 we introduce Borel coboundaries, a natural class of particularly simple Borel
cocycles containing the constant cocycles. We note that, unfortunately, there are Borel
coboundaries admitting neither an injective Borel compression of the quotient by a finite
Borel subequivalence relation of E nor an invariant Borel probability measure. In order
to bypass this new obstacle, we then drop the assumption of injectivity, and combine the
Becker—Kechris generalization of Nadkarni’s theorem, the Dougherty—Jackson—Kechris
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characterization of the existence of Borel compressions, and an approximation lemma to
generalize Nadkarni’s theorem to Borel coboundaries.

THEOREM 1. Suppose that X is a standard Borel space, E is a countable Borel

equivalence relation on X, and p: E — (0, 00) is a Borel coboundary. Then exactly one

of the following statements holds.

(1) There is a finite-to-one Borel compression of the quotient of p by a finite Borel
subequivalence relation of E.

(2) There is a p-invariant Borel probability measure.

In §4 we no longer restrict our attention to Borel coboundaries. Unfortunately, the direct
generalization of Theorem 1 to Borel cocycles remains open. In order to bypass this final
obstacle, we consider the weakening of the notion of a compression of the quotient of p by
a finite subequivalence relation F of E obtained by only taking the quotient in the range,
which we refer to as a compression of p over F. By augmenting the main argument of
[Mil08a] with an additional approximation lemma, we generalize Nadkarni’s theorem to
Borel cocycles.

THEOREM 2. Suppose that X is a standard Borel space, E is a countable Borel

equivalence relation on X, and p: E — (0, 00) is a Borel cocycle. Then exactly one of

the following statements holds.

(1) There is a finite-to-one Borel compression of p over a finite Borel subequivalence
relation of E.

(2) There is a p-invariant Borel probability measure.

2. Smooth cocycles

One can think of a cocycle p: E — (0, 0o) as assigning a notion of relative size to each
E-class C, with the p-size of a point y € C relative to a point z € C being p(y, z). More
generally, the p-size of a set ¥ C C relative to z is given by |Y|¢ = Zyey oy, z). We
say that Y is p-infinite if this quantity is infinite. As the definition of cocycle ensures that
Y |f =|Y|? p(z, ) for all 7’ € C, it follows that the notion of being p-infinite does not
depend on the choice of z € C. It also follows that the p-size of Y relative to a non-empty
set Z C C, given by |Y |5, =1Y|2/|Z|?, does not depend on the choice of z € C.

We say that a cocycle p: E — (0, 00) is aperiodic if every E-class is p-infinite. Note
that the aperiodicity of p trivially yields that of E. Conversely, when p is bounded, the
aperiodicity of E yields that of p.

We say that a function ¢: X — X is a compression of p if the graph of ¢ is contained in
E,|¢ ' (x)|? <1 forall x € X, and the set {x € X | |¢p~'(x)|¥ < 1} is E-complete. Note
that, when p is the constant cocycle, a function ¢: X — X is a compression of E if and
only if it is a compression of p.

PROPOSITION 2.1. Suppose that X is a standard Borel space and E is an aperiodic
smooth countable Borel equivalence relation on X. Then there is an aperiodic Borel
cocycle p: E — (0, 00) that does not admit a compression.

Proof. Fix a strictly decreasing sequence (r,),cN of positive real numbers for which
ZneN r, =00. As E is both aperiodic and smooth, the Lusin—-Novikov uniformization
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theorem yields a partition (B,),en of X into Borel transversals of E. For each x € X, let
n(x) denote the unique natural number for which x € Bj,(x), and define p: E — (0, 00)
by setting p(x, ¥) = ru(x)/n(y) Whenever x E y.

The fact that ), 7, =00 ensures that p is aperiodic. To see that there is no
compression of p, note thatif ¢: X — X is a function such that the graph of ¢ is contained
in E and |¢ ! (x)|? <1 for all x € X, then a straightforward induction on n(x), using the
fact that (r,),en is strictly decreasing, shows that ¢ (x) = x forall x € X. O

A digraph on X is an irreflexive set G € X x X. Given such a digraph, we say that a set
Y C X is G-independent if GN (Y x Y) =0. A Y-coloring of G is a functionc: X — Y
with the property that ¢~!(y) is G-independent for all y € Y.

The vertical sections of a set R C X x Y are the sets of the form R, ={y e Y | (x, y)
€ R}, where x € X. When G is Borel, it follows from [KST99, Proposition 4.5] that there
is a Borel N-coloring of G if and only if X is the union of countably many Borel sets
B C X for which the vertical sections of G N (B x B) are finite.

We say that a Borel measure ;& on X is E-ergodic if every E-invariant Borel set is
p-conull or pu-null. Given a Borel cocycle p: E — I'" and a set Z C T, let G'; denote
the digraph on X with respect to which distinct points x and y are related if and only if
they are E-equivalent and p(x, y) € Z. The Glimm-Effros dichotomy for countable Borel
equivalence relations (see [Wei84]) ensures that E is smooth if and only if there is no
atomless E-ergodic E-invariant o -finite Borel measure. In [Mil08b], this was generalized
to show that if p: E — (0, co) is a Borel cocycle, then there is an open neighborhood
U < (0, o0) of 1 for which there is a Borel N-coloring of Gf] if and only if there is no
atomless E-ergodic p-invariant o -finite Borel measure. Consequently, we say that a Borel
cocycle p: E — (0, 00) is smooth if it satisfies these equivalent conditions. Note that the
smoothness of E trivially yields that of p. Conversely, when p is bounded, the smoothness
of p ensures that X is the union of countably many Borel sets whose intersection with each
E-class is finite, thus E is smooth.

We say that a set Y € X is p-lacunary if it is G’Z,—independent for some open
neighborhood U C (0, oo) of 1.

PROPOSITION 2.2. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, T is a Polish group, and p: E — T is a Borel cocycle. If there
is an open neighborhood U C T of 1r for which there is a Borel N-coloring of Gf], then
there is a Borel N-coloring of G'})( for all compact sets K C T'.

Proof. Given adigraph G on X, we say thataset Y € X is a G-clique if all pairs of distinct
points of Y are G-related. It is sufficient to show that if a set ¥ C X does not contain an
infinite G‘[’]-clique, then the vertical sections of G‘I’( N (X x Y) are finite. Towards this
end, fix a non-empty open set V C I" with the property that V~!V C U, as well as a finite
sequence (y;);<n of elements of I' for which K € J,;_, 'V, and note that if x € X, then
(G‘I){)x S U (G;/:,-V)x’ so we need only show that each (G;V)x is a Gg-clique. But if

i<nandy,ze€ (G}p,iv)x, then p(y, 2) = p(y, X)p(x,2) € V) lyyVv=Vv-lv CcU. O

The following fact ensures that a Borel cocycle p: E — (0, 00) is smooth if and only
if there is an E-complete p-lacunary Borel set.
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PROPOSITION 2.3. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, T is a locally compact Polish group, p: E — I is a Borel
cocycle, and U C T is a pre-compact open neighborhood of 1r. Then there is a Borel
N-coloring of G'f] if and only if there is an E-complete G[p]—independent Borel set.

Proof. If ¢: X — N is a Borel N-coloring of G%,, then set A, =c~'(n) and B, =
A \U,;y<n[Am]E for all n € N. As the Lusin—-Novikov uniformization theorem ensures
that the latter sets are Borel, it follows that their union is an E-complete ij-independent
Borel set.

Conversely, suppose that B € X is an E-complete G'Z—independent Borel set. The
Lusin—Novikov uniformization theorem then yields Borel functions ¢,: B — X such
that EN (B x X) =, N graph(¢y,), from which it follows that there are such functions
satisfying the additional constraint that the sets K, = p(graph(¢,)) are pre-compact.
As Proposition 2.2 yields Borel N-colorings of G” o N (B x B), and the Lusin—

KnU
Novikov uniformization theorem ensures that ¢, sends G’;{ o -independent Borel sets
to GpU-independent Borel sets, there are Borel N-colorings of GPU N (¢pn(B) x ¢, (B)), and
therefore of G7. m

Remark 2.4. Propositions 2.2 and 2.3 easily imply that a Borel cocycle p: E — (0, 00) is
smooth if and only if X is the union of countably many p-lacunary Borel sets.

We say that a function ¢: X — X is strictly p-increasing if its graph is contained in E
and |¢p 1 (x)|} < 1forall x € X.

PROPOSITION 2.5. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, and p: E — (0, 00) is a smooth Borel cocycle. Then there
is an E-invariant Borel set B C X for which E | ~B is smooth and there is a strictly
(p | (E | B))-increasing Borel automorphism.

Proof. Fix a partition (B,),en of X into p-lacunary Borel sets. For each x € X, let n(x)
be the unique natural number for which x € By, (y). Let < be the partial order on X with
respect to which x < yifand only if x E y, n(x) = n(y), and p(x, y) <1, and let B be the
set of x € X such that for all n € N, either B, N [x]g =W or <X [ (B, N [x]g) is isomorphic
to the usual ordering of Z. Then E [ ~B is smooth, and the (< | B)-successor function is
a strictly (o | (E | B))-increasing Borel automorphism. O

Given a cocycle p: E — (0, 00) and a finite subequivalence relation F of E,
define p/F: E/F — (0, 00) by (po/F)([x]F, [¥]F) = |[x]p|f)y]F. The Lusin—-Novikov
uniformization theorem ensures that if F is Borel, then X/F is standard Borel, so that
E/F is a countable Borel equivalence relation on a standard Borel space. Moreover, if
p is Borel, then p/F is a Borel cocycle on E/F. The Lusin—Novikov uniformization
theorem also implies that, when p is the constant cocycle, a Borel compression of p/F
gives rise to a Borel compression of p. In spite of Proposition 2.1, such quotients allow us
to generalize the fact that aperiodic smooth countable Borel equivalence relations admit
Borel compressions.
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PROPOSITION 2.6. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, and p: E — (0, 00) is an aperiodic smooth Borel cocycle.
Then there is a finite Borel subequivalence relation F of E for which there is a strictly
(p/ F)-increasing Borel injection.

Proof. By Proposition 2.5, we can assume that E is smooth. As the aperiodicity of p
yields that of E, there is a partition (B,),cN of X into Borel transversals of E. For each
x € X, let n(x) be the unique natural number with x € By(x), set n;(x) =i for all i <2,
recursively define ;42 (x) to be the least natural number such that the p-size of the set {y €
(X1 | nit1(x) <n(y) < nis2(x)) relative to the set {y € [x]g | n;(x) <n(y) < nit1(x)
is strictly greater than one for all i € N, and let i(x) be the unique natural number with
the property that n;(x)(x) < n(x) < n;)+1(x). Let F be the subequivalence relation of E
with respect to which two E-equivalent points are F'-equivalent if and only if i (x) =i (y).
Then the function ¢: X/F — X/F, givenby ¢ ([x]r) ={y €[x]g | i(y) =i(x) + 1},is a
strictly (p/ F)-increasing Borel injection. O

The following fact yields an equivalent form of p-invariance that will prove useful when
considering Borel injections.

PROPOSITION 2.7. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, and u is a p-invariant
Borel measure. Then (T (B)) = fB o(T (x), x) du(x) for all Borel sets B C X and Borel
injections T : B — X whose graphs are contained in E.

Proof. Fix a countable group I' = {y, | n € N} of Borel automorphisms of X whose
induced orbit equivalence relation is E, recursively define B, ={x € B\U,,., Bm |
T (x) =y, - x} for all n € N, and note that

W(T(B)) =Y u(yu(Bn))

neN

=> / p(Vu - x, x) dp(x)
B,

neN
=/B/>(T(X),X) dp(x)
by p-invariance. O

The following fact yields an equivalent form of p-invariance that will prove useful when
considering Borel functions.

PROPOSITION 2.8. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, and u is a p-invariant
Borel measure. Then ,u(¢_1(B)) = fB |</>_1(x)|fz du(x) for all Borel sets B C X and
Borel functions ¢: X — X whose graphs are contained in E.

Proof. By the Lusin—Novikov uniformization theorem, there are Borel sets B, C B
and Borel injections 7,,: B, — X with the property that (graph(7,)),en partitions
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graph(¢_1) N (B x X). Then

IRECIRIEEDY

neN

/B Pp(Ty(x), %) du(x) = n(@~ (B))

by Proposition 2.7. O

Much as before, we say that a function ¢: X — X is a compression of p over a finite
subequivalence relation F of E if the graph of ¢ is contained in E, |¢_1 ([x] F)|f)x]1~" <1 for
all x € X, and the set {x € X | |¢_1([x]p)|'[(;]F < 1} is E-complete. The Lusin—-Novikov
uniformization theorem ensures that every Borel compression of the quotient of p by a
finite Borel subequivalence relation F of E gives rise to a Borel compression of p over F.
It also implies that, when p is the constant cocycle, a Borel compression of p over a finite
Borel subequivalence relation of E gives rise to a Borel compression of p.

PROPOSITION 2.9. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, and there is a Borel
compression ¢: X — X of p over a finite Borel subequivalence relation F of E. Then
there is no p-invariant Borel probability measure.

Proof. By the Lusin—Novikov uniformization theorem, there exist a Borel transversal
BC X of F, Borel sets B, € B, and Borel injections 7,: B, — X for which
(graph(Ty,))nen partitions F N (B x X). If w is a p-invariant Borel measure, then
Proposition 2.7 ensures that

wX) =Y w(Tu(By)

neN

=3 [ ot 5 duo)

neN
=/ IIx1F 1L dp(x),
B

whereas Propositions 2.7 and 2.8 imply that

w(X) = / o~ (012 dp(x)

=Z/ 167101 dut)
T, (By)

neN

=y /B 1@~ o T)@IF. () (T () (x)

neN “ =n

=Z/ @' o T ()Y duu(x)

neN
= /B o~ ([x1R) 12 dpu(x).

As the set A={xeB||¢p " ([x1p)|? < |[x]r|?} is E-complete, it follows that if
w(X) >0, then w(A) > 0. As [~ (x]1F)|L < |[x]F|% for all x € B, it follows that if
Ww(A) > 0, then pu(X) = oo. O
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We next note the useful fact that smoothness is invariant under quotients by finite Borel
subequivalence relations of E.

PROPOSITION 2.10. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, and F is a finite Borel
subequivalence relation of E. Then p is smooth if and only if p/ F is smooth.

Proof. By partitioning X into countably many F-invariant Borel sets, we can assume

that there is a real number r > 1 with |[x]r|Z <r for all x € X. As [Y]g/F is Gfl//ir)—
P

(172 rz)—independent sets Y € X, the smoothness of p yields that of
p/F. As every F-invariant set ¥ € X for which Y/F is G(pl/ /1;2 rz)-independent is itself

(Gf 1, r)\F )-independent, the smoothness of p/F' yields that of p. O

independent for all G

Generalizing the Dougherty—Jackson—Kechris observation that there is a Borel
compression of E if and only if there is an aperiodic smooth Borel subequivalence relation
of E, we have the following proposition.

PROPOSITION 2.11. Suppose that X is a standard Borel space, E is a countable Borel

equivalence relation on X, and p: E — (0, 00) is a Borel cocycle. Then the following

statements are equivalent.

(1) There is an injective Borel compression of the quotient of p by a finite Borel
subequivalence relation of E.

(2) There is a Borel subequivalence relation of E on which p is aperiodic and smooth.

(3) There exist an E-invariant Borel set B C X and a Borel subequivalence relation F
of E such that F | ~B is smooth, p [ (F [ ~B) is aperiodic, and there is a strictly
(p | (F | B))-increasing Borel automorphism.

Proof. To see (1) = (2), observe that by Proposition 2.10 we can assume that there
is an injective Borel compression ¢: X — X of p. Set A={xe X ||¢p~'(x)|f <1},
and let F be the orbit equivalence relation generated by ¢. As the sets A, = {x € X |
lp~ 1 (x)|¥ <r} are (p | F)-lacunary for all < 1, it follows that p | (F | A) is smooth,
thus p [ (F [ [A]F) is aperiodic and smooth. By the Lusin—Novikov uniformization
theorem, there is a Borel extension ¥ : X — [A]F of the identity function on [A]fr whose
graph is contained in E, in which case the restriction of p to the pullback of F [ [A]F
through v is aperiodic and smooth.

To see (2) = (3), note that if condition (2) holds, then Proposition 2.5 immediately
yields the weakening of condition (3) in which the set B need not be E-invariant. To see
that this weakening yields condition (3) itself, note that if B’ C X is a Borel set and F’ is
a smooth Borel subequivalence relation of E [ B’ for which p | F’ is aperiodic, then the
Lusin—Novikov uniformization theorem yields a Borel extension 7 : [B']g — B’ of the
identity function on B’ whose graph is contained in E, the subequivalence relation F” of
E | [B'lg givenby x F” y <= m(x) F' w(y) is smooth, and p | F” is aperiodic.

It only remains to note that Proposition 2.6 yields (3) = (1). O
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We close this section by noting that, at least when p is smooth, the existence of an
injective Borel compression of the quotient of p by a finite Borel subequivalence relation
of E is the sole obstacle to the existence of a p-invariant Borel probability measure.

PROPOSITION 2.12. Suppose that X is a standard Borel space, E is a countable Borel

equivalence relation on X, and p: E — (0, 00) is a smooth Borel cocycle. Then exactly

one of the following statements holds.

(1) There is an injective Borel compression of the quotient of p by a finite Borel
subequivalence relation of E.

(2) There is a p-invariant Borel probability measure.

Proof. Proposition 2.9 ensures that conditions (1) and (2) are mutually exclusive. To
see that at least one of them holds, note first that if p is aperiodic, then Proposition 2.6
yields a finite Borel subequivalence relation F of E for which there is a strictly (p/F)-
increasing Borel injection. And if there is a p-finite equivalence class C of E, then the
Borel probability measure u on X, given by u(B) = |B N C|’é for all Borel sets B C X, is
p-invariant. O

3. Coboundaries

We say that a Borel cocycle p: E — (0, 00) is a Borel coboundary if there is a
Borel function f: X — (0, oo) such that p(x, y) = f(x)/f(y) for all (x, y) € E. The
following observation shows that, even for Borel coboundaries, the equivalent conditions
of Proposition 2.11 do not characterize the non-existence of an invariant Borel probability
measure.

PROPOSITION 3.1. Suppose that X is a standard Borel space and E is an aperiodic
countable Borel equivalence relation on X admitting an invariant Borel probability
measure. Then there is a Borel coboundary p: E — (0, 00) with the property that there is
neither an injective Borel compression of the quotient of p by a finite Borel subequivalence
relation of E nor a p-invariant Borel probability measure.

Proof. Set Bp =X and let to: Bp — By be the identity function. Recursively apply
[KMO04, Proposition 7.4] to obtain Borel sets B,y € t,(B,) and Borel involutions
tnt1: tn(Bp) — t,(By) such that the graph of (,41 is contained in E and the sets By,
and t,41(By+1) partition ¢, (B,) for all n € N. For each x € X, let n(x) be the maximal
natural number for which x € By (), and set f(x) = 2" Define p: E — (0, 00) by
setting p(x, y) = f(x)/f(y) forall (x, y) € E.

To see that there is no p-invariant Borel probability measure, note that if u is a p-
invariant Borel measure, then the fact that ¢,,11(B,+2) and (¢;,41 © ty+2)(Br+2) partition
B, 41 for all n € N ensures that

w(Bp+1) =/ P (nt1(x), x) + p((tn1 0 tag2) (%), x) dp(x) = u(Bpy2)
n+2
for all n € N, thus u(X) € {0, oo}.

Suppose, towards a contradiction, that there is an injective Borel compression of the
quotient of p by a finite Borel subequivalence relation of E. Then Proposition 2.11
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yields an E-invariant Borel set A € X and a Borel subequivalence relation F of E
such that F [ ~A is smooth, p [ (F [ ~A) is aperiodic, and there is a strictly (o [ (F |
A))-increasing Borel automorphism ¢: A — A. Fix an E-invariant Borel probability
measure . As (,(By41) and (i o ty4+1)(By41) partition B, for all n € N, it follows
that w(By) = 2u(By41) for all n € N. As the aperiodicity of p [ (F [ ~A) yields that of
F | ~A, Propositions 2.6 and 2.9 imply that A is u-conull, thus so too is A N |J,,cry Bat1-
As the definition of p ensures that ¢ (A N J, oy Bat1) € A N U, eny Bnt2, and the latter
set has p-measure 1/2, this contradicts E-invariance. O

The following fact yields an equivalent of p-invariance that will prove useful when
dealing with finite Borel subequivalence relations.

PROPOSITION 3.2. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, and | is a p-invariant
Borel measure on X. Then u(B) = f |B N [x]p|’E)x]F du(x) for all Borel sets B C X and
finite Borel subequivalence relations F of E.

Proof. Fix a Borel transversal A € X of F, Borel sets A, C A, and Borel injections
T,: A, — X with the property that (graph(7},)),en partitions F N (A x X), and observe

that
/ |Bﬂ[x]F|[X]F du(x) = Z/ |Bm[x]F|x]F du(x)
neN
-y f 1B O IFlf, AT e ()
neN
—Z/ 1B O [x1F |y, p(Tn(x), ) dp(x)
neN
=/ B O] Fl? dpn(x)
=y / , P @0 i)
neN A mT"
=Y w(Tu(A) N B)
neN
= u(B)
by Proposition 2.7. O

Given a Borel set R C X x X with countable vertical sections and a Borel function
p: R— (0, 00), we say that a Borel measure u on X is p-invariant if w(T(B)) =
fB o(T(x), x) du(x) for all Borel sets B € X and Borel injections 7: B — X whose
graphs are contained in R~!. The composition of sets RC X x Y and S C Y x Z is given
by RoS={(x,2)€eXxZ|3yeYx RySz}. The Lusin—Novikov uniformization
theorem ensures that if R and S are Borel sets with countable vertical sections, then so
too is their composition. The following fact will prove useful in verifying p-invariance.
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PROPOSITION 3.3. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, R, S C E are Borel, and p: E — (0, 00) is a Borel cocycle.
Then every (p | (R U S))-invariant Borel measure i is (o [ (R o S))-invariant.

Proof. Note first that if B € X is a Borel set, Ts: B — X is a Borel injection whose graph
is contained in $~1, and Tk : Ts(B) — X is a Borel injection whose graph is contained in
R~!, then

w((Tg o Ts)(B)) =/ p(Tr(x), x) du(x)
Ts(B)

_ fB p((Tx o Ts)(x). Ts(x)) d((T5)opt) (x)

= /B p((Tg o Ts)(x), x) dju(x).

As the Lusin—Novikov uniformization theorem ensures that every Borel injection whose
graph is contained in (R o §)~! can be decomposed into a disjoint union of countably
many Borel injections of the form Tk o Ty as above, the proposition follows. O

We say that Borel cocycles p: E— (0,00) and o: E — (0, 00) are Borel
cohomologous if their ratio is a Borel coboundary. We say that a Borel function f: X —
(0, 0o0) witnesses that p and o are Borel cohomologous if f(x)/f(y) =o(x, y)/p(x, y)
for all (x, y) € E.

PROPOSITION 3.4. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, f: X — (0, 0c0) is a Borel function witnessing that Borel
cocycles p,o: E — (0, 00) are Borel cohomologous, and p is a p-invariant Borel
measure. Then the Borel measure given by v(B) = f g [ du is o-invariant.

Proof. Simply observe that if BC X is a Borel set and 7: X — X is a Borel
automorphism whose graph is contained in E, then

v(T(B))=/ fdu

T(B)
Z/Bford((T—l)*u)
:/B(foT)(x)p(T(x),x) dp(x)
:/Bf(x)a(T(x),x)dM(x)

=/ o(T(x), x)dv(x)
B
by p-invariance. O

We say that a Borel set B C X has p-density at least € if there is a finite Borel
subequivalence relation F' of E such that |B N [x] p|f;]F > ¢ for all x € X. We say that
a Borel set B C X has positive p-density if there exists € > 0 for which B has p-density at
least €.
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PROPOSITION 3.5. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, and B C X is a Borel set
with positive p-density. Then every (p | (E | B))-invariant finite Borel measure | extends
to a p-invariant finite Borel measure.

Proof. Fix € >0 for which B has p-density at least ¢, as well as a finite Borel
subequivalence relation F of E such that |B N [x] Flfx]F > ¢ for all x € X, and let i be
the Borel measure on X given by

T(A) = / A VX G, A

for all Borel sets A C X.
As (X) < u(B)/e, it follows that 1 is finite, and Proposition 3.2 ensures that

uw=plB.

LEMMA 3.6. Suppose that f: X — [0, 00) is a Borel function. Then [ fdm=
S X yeisre FONON g, drlo).

Proof. 1t is sufficient to check the special case that f is the characteristic function of a
Borel set, which is a direct consequence of the definition of 1. O

LEMMA 3.7. The measure @ is (p | F)-invariant.

Proof. Simply observe that if AC X is a Borel set and 7: X — X is a Borel
automorphism whose graph is contained in F, then

/A P D dam = [ 3 o@D oy, i)

yeAN[x]Fr
- / IT(A O X0 gy, )

= (T (A)

by Lemma 3.6. O

As E=Fo(EN(B x B))o F, two applications of Proposition 3.3 ensure that 7z is
p-invariant. O

The primary argument of this section will hinge on the following approximation lemma.

PROPOSITION 3.8. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, and p: E — (0, 00) is a Borel cocycle. Then for all Borel sets
A C X and positive real numbers r < 1, there exist an E-invariant Borel set B C X, a
Borel set C C B, and a finite Borel subequivalence relation F of E | C such that p | (E |
~B) is smooth, r < |A N [x]p|fx]F\A <lforallx e C,and AN|[x]g S Cor[x]Jg\ACC
forall x € B.

Proof. By [KM04, Lemma 7.3], there is a maximal Borel set S of pairwise disjoint non-
empty finite sets S € X with S x SC FE and r < |AﬁS|§\A <1.Set D=A\JS and
D'=(~AN\US.
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LEMMA 3.9. Suppose that (x, x') € E. Then there exists a real number s > 1 with the
property that x has only finitely many Gfl/sys)—neighbors in D or x' has only finitely many
Gé)l/s 5)"heighbors in D'.

Proof. Fix n, n’ € N such that (n/n’)p(x, x’) lies strictly between r and 1, and fix s > 1
sufficiently small that (n/n")p(x, x') lies strictly between rs? and 1/s2. Suppose, towards
a contradiction, that there are sets S € D and S’ C D’ of Gfl /S’S)-neighbors of x and x’ of
cardinalities n and n’. Then n/s < |S|% < ns and n’p(x’, x)/s < |S'| < n'p(x’, x)s, so
the p-size of S relative to S’ lies strictly between (n/n')p(x, x')/s? and (n/n")p(x, x')s>.
As these bounds lie strictly between r and 1, this contradicts the maximality of S. O

Lemma 3.9 ensures that [D]g N [D']g is contained in the E-saturation of the union of
the sets of the form {x € D | |D N (G” )x| <Ro} and {x € D' | |D' N (G?, )l <

(1/s,s) (1/s,s)
Ro},s0p0 | (E | ([D]g N[D']g)) is smooth. Set B=~([D]g N[D']g)andC = BN S,
and let F be the equivalence relation on C whose classes are the subsets of C in S. O

We say that a Borel set B C X has o -positive p-density if X is the union of countably
many E-invariant Borel sets A, € X for which A, N B has positive (p | (E | A,))-
density.

THEOREM 3.10. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, and A C X is an E-
complete Borel set. Then X is the union of an E-invariant Borel set B C X for which
o [ (E | B) is smooth, an E-invariant Borel set C C X for which A N C has o -positive
(p | (E | C))-density, and an E-invariant Borel set D C X for which there is a finite-to-
one Borel compression of the quotient of p | (E | D) by a finite Borel subequivalence
relation of E | D.

Proof. Fix a positive real number » < 1. We will show that, after throwing out countably
many E-invariant Borel sets B C X for which p [ (E | B) is smooth, as well as
countably many E-invariant Borel sets C € X for which A N C has positive (p | (E | C))-
density, there are increasing sequences of finite Borel subequivalence relations F, of
E and E-complete F,-invariant Borel sets A, C X with the property that r <|A, N
[x1F,,, |€An+1\An>ﬂlxan+1 <1forallneNandx € A,.

We begin by setting Ag = A and letting Fj be equality. Suppose now that n € N and we
have already found A, and F,. By applying Proposition 3.8 to A, /F,, and throwing
out an E-invariant Borel set B C X for which p | (E [ B) is smooth, we obtain a finite
Borel subequivalence relation F,;1 2 F, of E and an F},;-invariant Borel set A,,;1 € X
such that r < |A, N [x]F,,, |'E)X]F N\, <1 for all x € Ay4+1, and A, N[x]g € Ay OF
[x]E\A, € A,y forallx € X. ﬁ; throwing out an E-invariant Borel set C € X for which
A N C has positive (p | (E | C))-density, we can assume that A, C A, 41, completing the
recursive construction.

Set B, = A;\U,,, Am and define ¢,: B,/F, — Byy1/Fy4+1 by setting ¢, (B, N
[x]F,) = Byy1 N [x]F,,, for all n € N and x € B,. Then the union of UneN ¢n and the
identity function on ~(_J, .y A, is a Borel compression of the quotient of p by the union
of U, Fu | Bn and equality. O
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As a corollary, we obtain the desired characterization.

THEOREM 3.11. Suppose that X is a standard Borel space, E is a countable Borel

equivalence relation on X, and p: E — (0, 00) is a Borel coboundary. Then exactly one

of the following statements holds.

(1) There is a finite-to-one Borel compression of the quotient of p by a finite Borel
subequivalence relation of E.

(2) There is a p-invariant Borel probability measure.

Proof. Proposition 2.9 ensures that conditions (1) and (2) are mutually exclusive. To see
that at least one of them holds, fix a bounded open neighborhood U C (0, co) of 1. As
p is a Borel coboundary, the Lusin—Novikov uniformization theorem implies that there
is an E-complete Borel set A € X for which p(E [ A) € U. By Theorem 3.10, after
throwing out E-invariant Borel sets B € X and D C X for which p [ (E | B) is smooth
and there is a finite-to-one Borel compression of the quotient of p [ (E [ D) by a finite
Borel subequivalence relation of E [ D, we can assume that A has o -positive p-density.

If there is a (p | (E | A))-invariant Borel probability measure 1, then by passing to an
(E | A)-invariant p-positive Borel set, we can assume that A has positive p-density, in
which case Proposition 3.5 yields a p-invariant Borel probability measure.

If there is no (p [ (E | A))-invariant Borel probability measure, then Proposition 3.4
ensures that there is no (E [ A)-invariant Borel probability measure, in which case
the Becker—Kechris generalization of Nadkarni’s theorem and the Dougherty—Jackson—
Kechris characterization of the existence of a Borel compression yield an aperiodic
smooth Borel subequivalence relation ' of E [ A. Then p [ F is smooth, and the fact
that p [ (E [ A) is bounded ensures that p [ F is also aperiodic. Fix a Borel extension
¢: X — A of the identity function on A whose graph is contained in E, and observe
that o is aperiodic and smooth on the pullback of F through ¢. Proposition 2.6 therefore
yields an injective Borel compression of the quotient of p by a finite Borel subequivalence
relation of E. O

4. The general case

Here we generalize Nadkarni’s theorem to Borel cocycles. As in §3, our primary
argument will hinge on a pair of approximation lemmas. Given a finite set S € X for which
S x S € E, let jus be the Borel probability measure on X given by ug(B) = |B N S|¢.

PROPOSITION 4.1. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, f: X — [0, 00) is Borel,
§>0,and € > SUDP(x, y)eE f(x) — f(y). Then there exist an E-invariant Borel set B C X
and a finite Borel subequivalence relation F of E | B for which p | (E | ~B) is smooth

and 8¢ > sup. yyep s [ [ dugy, — [ fdugy,

Proof. We can clearly assume that 6 < 1, and since one can repeatedly apply the
corresponding special case of the proposition over the corresponding quotients, we can
also assume that § > 2/3. For each x € X, let ?([x]E) be the average of inf f([x]g) and
sup f([x]g). By [KMO04, Lemma 7.3], there is a maximal Borel set S of pairwise disjoint
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non-empty finite sets § C X_with SxSCFEande(§ —1/2) > | f f_dug —T([S]E)|. Set
C={xe~USIfx)<fxlp)}and D={xe~JS| f(x)> f(x]p)}

LEMMA 4.2. Suppose that (x, y) € E. Then there exists a real number r > 1 such that
X has only finitely many Gfl/ryr)-neighbors in C or y has only finitely many Gfl/r,r)_
neighbors in D.

Proof. As § > 2/3, a trivial calculation reveals that —e(§ — 1/2) is strictly below the
average of —e/2 and €(§ — 1/2), and that the average of —e(§ — 1/2) and €/2 is
strictly below €(§ — 1/2). In particular, by choosing m,n € N for which the ratios
s=m/(m+np(y, x)) and t =np(y, x)/(m + np(y, x)) are sufficiently close to 1/2,
we can therefore ensure that the sums s(f ([x]g) — €/2) + t(f ([x]g) + €(8 — 1/2)) and
s(f(x1g) — €8 — 1/2)) + t(f ([x]1g) + €/2) both lie strictly between f ([x]g) — €(8 —
1/2) and ?([x]E) + €(§ — 1/2). Fix r > 1 such that they lie strictly between (?([x]E) —
€ — 1/2)r% and (F(Ix1g) + €(8 — 1/2))/r2

Suppose, towards a contradiction, that there exist sets S € C and T < D of G’(o1 )
neighbors of x and y of cardinalities m and n. Then m/r < |S|} < mr and np(y, x)/r <
|T|Y < np(y, x)r, from which a trivial calculation reveals that s/r2 < |S|2/|SUT% <
sr? and t/r? <|T|Y/ISUTIY <tr?. As [ fdu§ lies between f([x]g)—€/2 and
f(x1g) — €8 —1/2), and [ f duf lies between f([x]g) +€(8 — 1/2) and f([x]g) +
€/2, it follows that [ f du% ;. lies between (s(f([x]g) — €/2) +t(f ([x]g) + €(8 —
1/2)))/r* and (s(f ([x1g) — €8 — 1/2)) +t(f ([x]E) + €/2))r?, so strictly between
F(x1g) — €8 — 1/2) and f([x]E) + €(8 — 1/2), contradicting the maximality of S. O

Lemma 4.2 ensures that [C]g N [D]g is contained in the E-saturation of the union
of the sets of the form {x € C | |C N (G(pl/m)x| <®}and {xeD||DN (Gfl/mm <
Ro}, so p [ (E | ([Clg N[D]Eg)) is smooth. Set B =~([Clg N[D]g), and let F be the
equivalence relation on B whose classes are the subsets of B in S together with the

singletons contained in B\ | J S. O

PROPOSITION 4.3. Suppose that X is a standard Borel space, E is a countable Borel
equivalence relation on X, p: E — (0, 00) is a Borel cocycle, f, g: X — [0, 0c0) are
Borel, and r > 1. Then there exist an E-invariant Borel set B C X, a Borel set C C B,
and a finite Borel subequivalence relation F of E | B such that p | (E | ~B) is smooth

and [ f d,ufx]F < fB\C gdu’[ox]F <rfcf d,ufx]F forall x € B.

Proof. As the proposition holds trivially on f~!'(0) U g~'(0), we can assume that
f, g: X — (0, 00). By [KM04, Lemma 7.3], there is a maximal Borel set S of pairwise
disjoint non-empty finite sets § € X with § x S C Eand 1 < fS\T gdus / [r fdug<r
for some T C S.

Set Dy.y = (f~HU)Ng ' (V)\ U Sforall U, V C (0, 00).

p

LEMMA 4.4. For all x € X, there exists s > 1 such that x has only finitely many G(l/m)-

neighbors in Dy (x)/s, f (x)s),(g(x)/5,g(x)s)-

Proof. Fix m, n € N for which 1 < (g(x)/f(x))(n/m) < r, as well as s > 1 sufficiently
large that 5O < (g(x)/f (X)) (n/m) < r/sC. Suppose, towards a contradiction, that there is

https://doi.org/10.1017/etds.2019.28 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.28

Cocycle-invariant probability measures 3165

aset S C Drxy/s, f(x)s).(g(x)/s,g(x)s) OF Gfl/s’s)—neighbors of x of cardinality k =m + n,
and fix T C S of cardinality m. Then f(x)u(T)/s < [; fdus < f(x)u§(T)s and
(m/k)/s* < pg(T) < (m/k)s?, so fx)m/k)/s® < [, fdul < f(x)(m/k)s>. And
gUGS\T)/s < [ 8 dus < gIuS(S\T)s and (n/k)/s* < u§(S\T) < (n/k)s,
so g(x)(n/k)/s3 < Jo\r 8 dufs < g(x)(n/k)s3. Tt follows that Jor 8dus | [ fdus
lies strictly between (g(xX)/f(x)(n/m)/s® and (g(x)/f(x))(n/m)s®, and therefore
strictly between 1 and r, contradicting the maximality of S. O

As Lemma 4.2 ensures that ~ | J S is contained in the union of the sets of the form
{xeDy,yv||DyynN (G’(Ol/s s))x| < Rp}, it follows that p [ (E | [~ |J Slg) is smooth. Set
B =~[~|J S]E, let F be the Borel equivalence relation on B whose classes are the subsets
of B in &, and appeal to the Lusin—-Novikov uniformization theorem to obtain a Borel set
C C B with the property that 1 < fB\C g duﬁ]F /fe f dufx]F <rforallx € B. O

We are now ready to establish our primary result.

THEOREM 4.5. Suppose that X is a standard Borel space, E is a countable Borel

equivalence relation on X, and p: E — (0, 00) is a Borel cocycle. Then exactly one of

the following statements holds.

(1) There is a finite-to-one Borel compression of p over a finite Borel subequivalence
relation of E.

(2) There is a p-invariant Borel probability measure.

Proof. Proposition 2.9 ensures that conditions (1) and (2) are mutually exclusive. To see
that at least one of them holds, fix a countable group I'" of Borel automorphisms of X
whose induced orbit equivalence relation is E, and define p, : X — (0, 00) by p, (x) =
po(y -x,x)forally eT.

By standard change of topology results (see, for example, [Kec95, §13]), there exist a
Polish topology on [0, co) and a zero-dimensional Polish topology on X, compatible with
the underlying Borel structures of [0, co) and X, with respect to which every interval with
rational endpoints is clopen, I' acts by homeomorphisms, and each p,, is continuous. Fix
a compatible complete metric on X, as well as a countable algebra I/ of clopen subsets of
X, closed under multiplication by elements of I', and containing a basis for X as well as
the pullback of every interval with rational endpoints under every p,, .

We say that a function f: X — [0, co) is U-simple if it is a finite linear combination of
characteristic functions of sets in I/. Note that for all ¢ > 0, y € I', and Y € X on which
Py is bounded, there is such a function with the further property that | f(y) — o, (¥)| <€
forallyeY.

Fix a sequence (€,),eN of positive real numbers converging to zero, as well as an
increasing sequence (Uy,),cn of finite subsets of &/ whose union is U.

By recursively applying Propositions 4.1 and 4.3 to functions of the form [x]r >
,uf)x]F(A) and [x]f +— M’E)X]F(B) — fo]F(A), and throwing out countably many E-
invariant Borel sets B € X for which p [ (E | B) is smooth, we obtain increasing
sequences of finite algebras .A,, 2 U, of Borel subsets of X and finite Borel subequivalence
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relations F}, of E such that:
(1) VneNVAe AV, y)eE ul (A) — ufy] l(A) <e€,.

[X]Fn-H Fpy
2) VneNVA,BecA,(VxeX fo]F (A4) < M[’;]F (B) =
ACe AV e X0=pfy,  (B\O) =y,  (A) <€),
Set A=, ey An and F =,y Fn. Condition (1) ensures that we obtain finitely
additive probability measures p, on U by setting uy(U) = lim,_, o [,L'[(;]F (U) for all

Ueldand x € X.

LEMMA 4.6. Suppose that (Uy,)nenN is a sequence of pairwise disjoint sets in U whose
union isinU and B ={x € X | ), o 1x(Up) < pex(U,eny Un)}. Then there is a finite-to-
one Borel compression of p [ (E | B) over a finite Borel subequivalence relation of E | B.

Proof: As px(Uy=pn Un) — Y uon x(Un) is independent of n, it follows that for
all x € B, there exist 8§ >0 and n € N with the property that § + 2 Zm>n Ux(Up) <
tx(Uy>pn Un). So by partitioning B into countably many E-invariant Borel sets and
passing_to terminal segments of (U,),cN on each set, we can assume that B ={x € X |
§+2 ZneN wx(Up) < oy (UnEN U,)} for some § > 0. Fix a sequence (§,),eN of positive
real numbers whose sum is at most §.

SUBLEMMA 4.7. There are pairwise disjoint sets A, < | J,,-,, Un in A with the property
that for all n € N, there exists k € N such thatVx € B 0 < MEC]F (Ap) — o (U,) < 6,
k

[x1F,

Proof. Suppose that n € N and we have already found (A,;),,<,- Note that if x € B, then

mx(Up) + Z O < Mx(U Um) - (Mx(Un) + Z 2ux (Un) + (Sm)

m=n meN m<n
§MX<U Um>_ZMx(Um)+5m’
m>n m<n

so Vx € B ,uf’x]Fk (Uy) < I‘L'[Ox]pk Upon Un\U,, = Am) for sufficiently large k € N, by
condition (1). It then follows from condition (2) that there exists A, € U,,~, Un\
Upm<n Am in A with the property that Vx € B 0 < /L'E;]Fk (Ap) — Mﬁf]Fk Uy) <6, for
sufficiently large k € N. O

Fix k, € N with the property that ”fx]Fk Uy < ,u,fx]Fk (A,) forall n e N and x € B,
as well as Borel functions ¢,: BN U, — ri4,, whose graﬁhs are contained in Fy, for all
n € N. Then the union of |,y ¢» and the identity function on B\, Us is a finite-to-
one Borel compression of p [ (E | B) over the union of | J,,cyy Fi, | (A, N B) and equality
on B. O

Lemma 4.6 ensures that, after throwing out countably many E-invariant Borel sets
B C X for which there is a finite-to-one Borel compression of p [ (E | B) over a finite
Borel subequivalence relation of E [ B, we can assume that for all § >0 and U € U,
there is a partition (Uy),en of U into sets in I/ of diameter at most § such that u,(U) =

ZneN wx(Uy) forall x € X.
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LEMMA 4.8. Each iy is a measure on U.

Proof. Suppose, towards a contradiction, that there are pairwise disjoint sets U, € U
with (e Un €U but (U, ey Un) > Y ,en x(Uy), for some x € X. Fix a sequence
(8n)nen of positive real numbers converging to zero, and recursively construct a sequence
(Vi);en=<n of sets in U, beginning with Vy = UneN Uy, such that (V;~(4))nen is a partition
of V; into sets of diameter at most §),) with the property that p, (V;) = ZneN x(Viam),
for all t e N<N, Set r = Y nen Mx(Uy), and recursively construct a sequence (i,),en Of
natural numbers with the property that ZteTn wx(Vy) > r, where T, =[], _,, im, for all
neN.SetV, = UleTn V; foralln € N. As (Uy),en covers the compact set K = (), oy Vi,
so too does (Up)m<n, for some n € N. Set U =J,,_, Un, and let T be the tree of all
t € U,yeny Tm for which V; & U. Note that T is necessarily well founded, since any branch
b through T would give rise to a singleton (), .y Vi}» contained in K\U. Konig’s lemma
therefore yields m € N with T C | ¢<m T¢, in which case V,, € U, contradicting the fact
that py (Vin) > px(U). u

As a consequence, Carathéodory’s theorem ensures that there is a unique extension of
each 1, to a Borel probability measure iz, on X.

LEMMA 4.9. Suppose that y €', U elU, p, is bounded on U, and B={x € X |
n(yU)) # fU py dit,}. Then there is a finite-to-one Borel compression of p | (E | B)
over a finite Borel subequivalence relation of E | B.

Proof. By the symmetry of our argument, it is enough to establish the analogous lemma
for the set B = {x € X | L, (y (U)) < [, v Py dit,}. By partitioning B into countably many
E-invariant Borel sets, we can assume that B={x € X | § + £, (y(U)) < fU py dix, } for
some 6 > 0.

SUBLEMMA 4.10. For all € > 0, there exists n € N with the property that |fU oy dity —
Ju oy d,u'[ox]F| <eforallx € X.

Proof. Fix a U-simple function f: X — [0, co) with the property that | f (x) — p), (x)| <
€/3 for all x e U. By condition (1), there exists n € N such that | fU fdw, —
Ju Fdufy, | <e/3forall x € X. But then

‘/ pydﬁx_/ p)’d“fx]Fn 5‘/ Pydﬁx_/ Jd,
U U U U
— p
| [ ram [ rau,
U U

o o
+ ’/U fdugg, — _/U Py Al
<e

forall x € X. O

Condition (1) and Sublemma 4.10 ensure that there exists n €N such that
'uf)x]F,, (y()) <fU Oy d,ufx]Fn for all x € B. As the former quantity is |y(U)N
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[x1F, 15/1[x1F, |5 and the latter is |y (U N[x]g,)|5/|[x]F, |5, it follows that |y(U) N
[x1F, 1% < |y (U N[x]g,)|% for all x € B, so any function from B Ny (U) to BNy (U),
sending y(U) N [x]F, to y(U N[x]f,) for all x e BNy (U), is a compression of p |
(E [ (BNy(U))) over the equivalence relation (y x y)(F,) [ (BN y(U)). The Lusin—
Novikov uniformization theorem yields a Borel such function, and every Borel such
function trivially extends to a finite-to-one Borel compression of p [ (E [ B) over a finite
Borel subequivalence relation of E [ B. O

Lemma 4.9 ensures that, after throwing out countably many E-invariant Borel sets
B C X for which there is a finite-to-one Borel compression of p [ (E [ B) over a finite
Borel subequivalence relation of E | B, we can assume that 1t (y (U)) = fU py dit, for
all y e I', U € U on which p,, is bounded, and x € X. As our choice of topologies ensures
that every open set U C X is a disjoint union of sets in ¢/ on which p, is bounded, we
obtain the same conclusion even when U C X is an arbitrary open set. As every Borel
probability measure on a Polish space is regular (see, for example, [Kec95, Theorem
17.10]), we obtain the same conclusion even when U C X is an arbitrary Borel set. And
since every Borel automorphism 7: X — X whose graph is contained in E is a disjoint
union of restrictions of automorphisms in I" to Borel subsets, it follows that each 1z, is
p-invariant. O
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